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EXISTENCE AND GLOBAL BEHAVIOR OF SOLUTIONS TO
FRACTIONAL p-LAPLACIAN PARABOLIC PROBLEMS
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ABSTRACT. First, we discuss the existence, the uniqueness and the regularity
of the weak solution to the following parabolic equation involving the fractional
p-Laplacian,

ut + (—A);u +g(x7u) = f(xv u) in Qr =2 x (07 T)7
u=0 inRY\Qx(0,7T),
u(z,0) = up(x) in RV,

Next, we deal with the asymptotic behavior of global weak solutions. Pre-
cisely, we prove under additional assumptions on f and g that global solutions
converge to the unique stationary solution as ¢t — oo.

1. INTRODUCTION AND PRELIMINARIES
In this article we study the parabolic problem involving fractional p-Laplacian,
ug + (=A)pu+g(z,u) = f(z,u) in Qr:=Qx(0,T),
u=0 inRY\Qx(0,7), (1.1)
u(z,0) = ug(z) in RY

where 2 is a smooth bounded domain in RV (at least C?), s € (0,1), 1 < p < N/s,
ug € L*(Q) and f(z,2), g(x, z) are Carathéodory functions, locally Lipschitz with
respect to z uniformly in z and satisfying the following assumptions:

(A1) f(x,2),9(x,2) >0 fort >0 and f(x,0) =0, g(x,0) =0 for a.e. z € Q.
(A2) For a.e. z € Q and z > 0, g(x, z) satisfy the growth condition:

Np

2)<CL+C2" Y 1<r<pti = ———
g(x,z) < Ci + Cyz r<p; N

for some positive constants C; and Cs.
(A3) f(x,2)/2P~! is non-increasing and g(z, z)/2P~! is non-decreasing in z for
a.e. x € .
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(A4) limsup,_ g+ f(x,2)/2P71 > A\ 5 p, limsup,_, o f(z,2)/2P71 < A1 s,p, where
Als,p is the first eigenvalue of (—A)3, limsup, o+ g(2,2)/2P~" = 0 and
limsup, . g(x,2)/2P~! = oo, uniformly in x € €.

For instance we can take f(x,z) = a(x)2?! and g(z, 2) = b(x)2"~! where 1 < ¢ <
p,p <r <ptanda,be L>®(f) as these functions satisfy (A1) — (A4).

We recall that the fractional p-Laplacian operator (—A); (up to a normalizing

constant) is defined as

u(z) — u(y) P~ (u(z) — uly))
|z —y[NHer

(—A) u(x) := lim

dy, zeRY.
p e—0t RN\ B,(z) ’

The systematic study of the problems involving non-local operators have found
great interest in the recent years due to there occurrence in concrete real-world
applications, such as, the thin obstacle problem, optimization, finance, phase tran-
sitions. Elliptic theory of linear or quasilinear non-local operators has been actively
studied during last decades in the works of Caffarelli and collaborators [3] [ [§],
Kassmann [I6], Silvestre [2I] and many others. For further references, we refer
to the surveys [24], [I8] and in the nonlinear diffusion of degenerate type case (p-
fractional operators type) [19]. We also refer to [I0, 11l 25 26, 27] on related
existence results for nonlocal problems driven by the fractional Laplace operator.

Concerning the parabolic equation involving fractional Laplacian, the study of
anomalous diffusion equation has gained interest for its occurrence in a number of
phenomena in several areas of physics, finance, biology, ecology, geophysics, and
many others which can be characterized as having non-Brownian scaling.

Contrary to the stationary version, there are quite few results about the corre-
sponding evolution equations involving quasilinear and nonlocal operators. We can
quote first that local existence and uniqueness of mild solutions are investigated in
[T7] by semi-group theory. The homogeneous Dirichlet problem for the fractional
p-Laplacian evolution equation is studied also in the recent work of Vazquez where
the author proved everywhere positivity of weak solutions. This striking prop-
erty contrasts with the finite propagation property occurring in the local setting
(p-Laplace operator). In [I], authors have studied with the nonlinearity f
depending only on z and ¢t and prove the existence and some properties of entropy
solutions. In particular, the questions related to the extinction in finite time and
the finite speed of propagation are analyzed.

In this article, we investigate different issues of the existence and the regularity
of energy weak solutions that in our knowledge are not discussed in former works.
We also deal with the long-time behavior of weak solutions for a class of sub-
homogeneous nonlinearities f and g following the approach in [5] for the local
homogeneous p-Laplacian operator and in [I2] for the local non-homogeneous p(z)-
Laplacian operator. We point out that using the results in [2], authors in [I3]
have studied similar questions for the semilinear version of (|l.1) with singular
nonlinearity.

2. PRELIMINARIES

We consider the function space

WeP(RN) := {u\u :RY — RY is measurable ,u € LP(RY)
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N+4sp
z—y|

and (8B ZUW) o pppn RN)}.

W#P(RN) is a Banach space endowed with the norm

) = WP 1 )7

ey o= laogemy + ([ el

Also define the closed linear subspace Xo(Q) of W*P(RY) as
Xo(Q) := {u € WHP(RN)|u(z) = 0 a.e. z€CN}

xRN

endowed with the norm

L[ [u() - u(y)? v
”u”Xo(Q) = (2 o de dy

where Q@ = RY x RVM\CQ x CQ, CQ = RV\Q. Then X((2) is a uniformly convex
Banach space. Also C§°(Q2) is dense in Xo(Q2) and X(2) is compactly embedded
in L"(Q) for 1 <r < pt.

Remark 2.1. Let t* = max(t,0). If v € X(Q2), then
[o(z) — P20 (@) — v+ () (0() — o)) > [0 (2) — o ()P
Definition 2.2. Set d(z) := dist (z,02). Define the normed space
Cao) == {u € Co(Q) : I¢ > 0 such that |u(z)| < cd(z),Vz € Q}

Definition 2.3. Define the open convex subset of Cyq),

+ o IC))
Caeqa) = {u € Cy : ;r&_lg () > 0}.

Let ¢1,5,, be the eigenfunction corresponding to the first eigenvalue A; 5, of the
operator (—A)5. Then ¢1 5, € C. ().
We also recall the following inequalities due to Simon [22]: for all u,v € RY,

P20 — o]=20| < clu —vl|(Jul +v[)P72 ifp>2, 2.1)
~ |eclu—opt if p <2,
¢lu — vl|P if p>2,
(JulP=?u — [P 20, u —v) > J ,| . = (2.2)
_u—vl” e <9
CQulFpz=r "P=2

where c, & are positive constants and (-, -) is the canonical scalar product of RY.

3. MAIN RESULTS
First we consider the problem
ug + (=A)yu = h(x,t) in Qr:=Qx(0,7),
u(z,t) =0 in RN\ Qx (0,7), (3.1)
u(z,0) =up(z) in Q,

where T > 0, h € L*°(Qr). Considering the initial data uy € L (), we study the
weak solution of (3.1]) defined as follows:
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Definition 3.1. A weak solution of (3.1)) is a function u € L>(0,T; X((£2)) such
that u; € L2(Qr) and for any ¢ € C5°(Q7),

/Tut¢>da:dt+ //‘“ _“|x_p |]\(,1i£p)_u(y))(¢(a:)—gb(y))dxdydt

= / h(z,t)¢p dxdt

and u(z,0) = ugp(z) for a.e. x € Q.

Next, we consider the initial data ug in Ot‘(ﬂ) and study the evolution equation
ug + (=A)u+g(z,u) = f(z,u) in Qr:=Qx(0,T),
u(z,t) =0 in RN\ Qx (0,T), (3.2)
u(z,0) =up(z) in Q.

Definition 3.2. A solution of (3.2) is a function u € L*(0,T; X((£2)) such that
u; € L*(Qr) and for any ¢ € C5°(Qr),

/wcbdxdt+ //‘“ —uP— (x)_u(y))w(m)*éﬁ(y))dxdydt

|z —y[NHer

+ / g(x,u)p dx dt

= flz,u)pdxdt
Qr

and u(z,0) = ug(x) for a.e. xz € Q.

Theorem 3.3. Let T > 0, h(z,t) € LOO(QT) and ug € L>*(Q). Then there exists
a unique weak solution u to the problem (3.1). Moreover u € C([0,T], Xo(2)) and
satisfies for any t € [0,T):

au
/ / “dwds 1L Hu<>||XO<Q
- P
_/0 /Qh(x,s) a) dmds-&-];HUOHXO(Q)

Concerning problem (3.2)), we deduce the following similar result.

(3.3)

Theorem 3.4. Let f,g be Carathéodory functions, locally Lipschitz with respect to
second variable uniformly in x € Q and satisfying the assumptions (A1), (A2) and
(A4). Let ug € Ct(ﬂ). Then for any T > 0, there exists a unique weak solution u

to problem (3.2)). Moreover u € C([0,T], Xo(R2)) and satisfies for any t € [0,T]:

¢ ou\ 2 1
— ) dxds+ =||u(z, )|
|G HERL
1
:/F(M(m))dx—/ Gl ula ) do +  [uo(@) %, o
Q

where F(x, z) fo f(z, 8)ds and G(z, 2) fo (z,s)ds.

(3.4)

Next we observe that the operator A := (—A);, with Dirichlet boundary condi-
tions, is m-accretive in L>°(2). Precisely, we have the following lemma.
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Lemma 3.5. Consider D(A) = {u € Xo(Q) N L>®(Q) : Au € L*(Q)} as the
domain of the operator A. Then A is m-accretive in L>°().

Now by appealing the theory of maximal accretive operators in Banach spaces,
we obtain the following results for the solutions of (3.1)) and (3.2)), respectively.

oo

Theorem 3.6. Let T >0, h € L>®(Qr) and let ug be in D(A)L . Then
(i) the unique weak solution u to (3.1) obtained in Theorem belongs to
C([0,77; Co(£2)).

(i1) If v is another mild solution to (3.1) with the initial datum vy € D(A)L
and the right-hand side k(z,t) € L>®(Qr), then the following estimate

oo

holds:
t
[u(t) — v(t)|| Lo () < [luo — vollLe<(q) +/0 [h(s) = k()| L (a) ds, (3.5)
for0 <t <T.

(iii) If up € D(A) and h € WH(0,T; L*°(Q)) then u € Wh>°(0,T; L>=(Q2)) and
(=A)su € L>=(Qr), and the following estimate holds:

ou R Oh
12Dl < B0+ Ol + [ IR amrdr. (39
0
Theorem 3.7. Assume that conditions and hypotheses on f, g in Theorem[3.]] are

satisfied and ug € ’D(A)L . Then, the unique weak solution to (3.2)) belongs to
C([0,T); Co(Q)) and
(i) there exists w > 0 such that if v is another weak solution to (3.2)) with the
initial datum vy € D(A)L then the following estimate holds:
lu(t) = v(t)]lL~(@) < e llug = voll=(@), 0<t<T.
(i) If ug € D(A) then u € Wh*°(0,T;L>(Q)) and (—A)su € L=(Qr), and
the following estimate holds:
H@u
ot

Next, we investigate the asymptotic behavior of global solution of (3.2)), in par-
ticular the convergence to a stationary solution. For this first we study the following
stationary problem corresponding to (3.2]).

(_A)gs)u —I—g(x,u) = f(xau) in Qa
u>0 in £, (3.7)
u=0 in RV \Q.

()l Lo ) < e [(=A)5u0 + f(2, uo)ll Lo (0)-

Definition 3.8. A function u € X((f2) is said to be a weak solution of (3.7) if
u>0in Q and

lu(x) — uly) P2 (u(z) — u(y))(d(z) — d(y))
/ |z — y|N+sp dxder/Qg(x,U)qﬁ(x)dx
/ flz,u)p

for all ¢ € Xo(92).
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Theorem 3.9. Let f,g be Carathéodary functions, locally Lipschitz with respect
to second variable uniformly in x € Q and satisfying the assumptions (A1)—(A4).
Then there exists a unique weak solution us of (3.7). Moreover, us, € CC';;(Q).

Theorem 3.10. Assume that f satisfies (A1)—(A4). Then the weak solution u to
(3.2)) is defined in (0,00) x 2 and

u(t) = U i L®(Q) ast— oo

where u, is the unique solution to the stationary problem (3.7)).

4. PROOFS OF THE MAIN RESULTS

In this section we give the proofs of the results stated in Section [3] We begin
with the following sequence of results.

Lemma 4.1. Let f, g be Carathéodory functions, locally Lipschitz with respect to
second variable uniformly in x € Q and satisfying the assumptions (A1)—(A3). Then
there exists a non-negative and non trivial weak solution u € Xo(Q2) to the equation

m .

Proof. Consider the energy functional J corresponding to (3.7]), given by

1 [ fu(z) —uly)” / /
Juw)=-| ————drdy+ | Glz,u)dx — [ F(z,u)dz.
= [ e [ Gawydo— [ Pl
Note that J is coercive in Xy(€2). Indeed, by the assumption (A1), (A2) and the
Sobolev embedding theorem we have
L[ u(z) —u(y)P

J(u) = - 7dxd+/G:c,udx—/Fx,udm
= | i v+ [ G wds— [ P

1 * *
> o) — Ci lulxo(@ — Gl oy

which tends to oo for ||ul|x,(q) large enough. Thus J is coercive. Furthermore
J € CY(Xo(9)) and weakly lower semi-continuous in Xo(f2) and therefore admits
a global minimizer which is a weak solution to (3.7). From (A4), we obtain easily
infx o)/ < 0 and then u # 0. Also J(|u|) < J(u). Indeed, as by triangle
inequality, for z,y € RN, we have |Ju(z)| — |u(y)| < |u(x) —u(y)|. Also from (A1),
F(z,|u(z)]) = F(z,u(z)) and G(z,|u(z)|) = G(z,u(z)) for all x € Q. Thus we
have J(|u|) < J(u) for u € Xy(12), and hence the minimizer of J in X((€2) can be
assumed non-negative. This establishes the existence of a non-negative, non-trivial
weak solution u € Xo(Q) of (3.7). O

Now we prove that u € L>°(2) and is unique. For proving these properties, first
we recall the following Picone inequality (see [1]).

Lemma 4.2. For every ai,as > 0 and by, bs > 0

p p
-2 a ay
a1 — az|” = [by — b [P (b1 — 52)(1){_1 - bg‘l)'

The equality holds if and only if (a1,a2) = k(b1,bs) for some constant k.
Proposition 4.3. Let u € Xo(2) be a weak solution of (3.7). Then u € L*>().
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Proof. We adapt arguments from [9]. First we note that due to the homogeneity
of the problem ([3.7)), it suffices to prove that

|[ut]| Lo () < 1 whenever [[u®||1s(q) < & for some § > 0. (4.1)

A similar assertion can be established for u~ where u™(z) = max{u(z),0}
u™ (x) = max{—u(x),0}. Therefore v € L*(R). For k > 1, set wi(z) = (u(x
(1 —27%))*. Then first we make the following observations about wy(x).
(i) wrs1(z) < wi(x) for all x € Q,
(ii) u(z) < (2" + Dwg(z) for € {wyy1(z) > 0}. For proving this, take
7 € {wiy1(2) > 0}. Then wy(x) = u(z) — (1 — 27%). This implies
(28 Dwg(z) = u(x) + 25 u(z) — (28 + 1)(1 — 275).

Now as for z € {wgi1(z) > 0}, u(z) > (1 —2-F+FD) =1 — 27F 4 o= (k+1),
This implies

)

2k Ty (x) > 281 (1 —27F) +1
> 281 — 277y 4 (1 —-27F)
= (2" 1)1 -27").
Therefore (2841 + 1wy (z) = u(z) + 28 1 u(x) — (2FH1 +1)(1 - 27%) > u(x)
for € {wr41(x) > 0}.
(iil) {wpy1 >0} C {wy > 27D
Now set Uy := ||wg||},. Taking v = u — (1 —2=¢+1) in Lemma we obtain
[u(z) = u(y) P~ (w1 (@) = wiia (y)) (W) = uy)) > [wrr (@) — wera(y)l.

Therefore, using (i)-(ii) above, we obtain

[wi1(2) — wiy1(y)]?

||wk+1‘|1;(0( = |.73— ‘N—&-sp dl'dy
/ ) — )P (0) = s ) ) =)
|z — y| NP

< [ 15 wlwnds

Q
< / (Ch + ColulP=Ywp 1 da

{wi41(x)>0}
=C; / Wr1dT + C’g/ |u|P~ w1 de

{wk+1(z)>0} {wk+1(w)>0}
< Cil{z € Q:wiy (x) > 0Py lP
+ 02/ (28 4 )Pl da
{wg+1(z)>0}

< Cil{z € Qi wpya(z) > 0} VPULMP 4 Oy (28 4 1P

Now as for (iii) we have

Uk:/wijde/ 222 (k+1p|{l'€Q U}k+1( )>0}|
Q {wi+1>0}
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Therefore,
||wk+1||1;(0(9) < (012(k+1)(p71) + 02(2k+1 + l)pil)Uk < 03(2k+1 + l)pilUk. (42)

Also from Holder’s inequality we have

Ugy1 = / wZ_de
{wk+1(x)>0}
e E . sp/N (4.3)
< Wy Hz € Q: wiiqi(x) > 0}
{wi41(x)>0}

< C4||wk+1||§(0(9)(2(k+1)pUk)sp/N.

Hence,
Upsr < Cs(28H1 4 1)P=Lp, (20 Dpy, )sp/N
< O 4 1P (4.4)
< C5CkU]$+a
where C' > 1 and a = 3¢. This will imply that
klirgo U,=0 (4.5)

provided that |[u*|7, o) = Uo < C™a7 =: 6P, As wi(z) — (u(z) — 1)* for ae.
r € RV, [@.1) follows from ([4.5)). O

Now we recall [I5, Theorem 1.1] that provides the C%(Q) regularity of weak
solution of ([3.7).

Theorem 4.4. There exista = a(N,p, s) € (0,8] and C = C(N, p, 3, Q, ||u|| L= (),
such that, for all weak solutions u € Xo() of (3.7), u € C*(Q) and [ull ga@ < C-

Next, we have the following Hopf Lemma from [20, Theorems 1.4 and 1.5, p.
778].

Lemma 4.5. Let Q satisfy the interior ball condition and u € Xo(2) N C(Q) be a
non-trivial, non-negative weak super-solution of

(—A)yu= c(@)|ulP™t in Q

with ¢ € LL (Q) and non-positive. Then u > 0 in 2 and

loc

fminf —2F (4.6)
Br>z—x0 dR(:L')S

where Bg is a ball such that xg € Br C Q and dgr(z) is distance from x to OBR.

Writing g(z,u) = c(z)uP~! and using (A1) and (A4), we obtain that any non-
negative and non trivial weak solution u to the equation in is positive and
satisfies u > kd(z) for some k > 0. Next, using [I5] Theorem 4.4], we obtain that
any nonnegative and non trivial weak solution u to the equation in belongs to
C’js ) Then it follows that any couple of non trivial and nonnegative weak solu-
tions u, v to the equation in satisfy u/v, v/u € L>°(Q). We use this property
to prove the uniqueness of the solution of (3.7).

Theorem 4.6. Let u,v € Xo(Q2) be two non trivial and nonnegative weak solutions
to the equation in (3.7). The u = v for a.e. in Q.
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Proof. Set u, =u+ % and v, = v + % and define

- uP - VP
Up 1= —, Uy = —.
—1>° n 1

vh ub,

First we claim that o, @, € Xo(Q2). Note that since u,v > 0 in Q, 0,, @, > 0
in Q, 9,1, = 0in RN \ Q for all n € N. Also since u,v € L*(£2), we have that
Up, U, € LP(Q) for all n € N. Also as

|0n(2) = On(y)]

:| uP(x) _ u”(y) |

A € I A ()

’ uP(z) _ u”(y) ’ ‘ uP(y) -~ uP(y) ’

Pla)  ob @) RN @) R ()
_ @) —wP () PR W) — v ()
=T OIS T |

nP~ VP (z u vh~(y) — v~ (2)
< n o) — b Ol | = pmr St wn

< 2np71p|‘uan;l(Q)‘u( ) — u(y)
“(y) +op?
)k (y
— 2 a2 ) — u(y)|

1 1

x) vy (y) vﬁil(y)vn(x)

+@—nwnwm|"

(z) . —vp(z
) [vn(y) = vn(2)]

[lv(y) = v(@)]

< ) = )] + 20 (p — 1) [ul]] o  [0(y) — 0(2)
< C(n,p, ull (o) (fule) — uy)| + [v(y) - v()])

for all (z,y) € R?YN. Thus 9, € Xo(Q) for all n € N. Similarly @, € Xo(Q) for all
n € N. As u and v solve (3.7]), we have

<(7A);’U,, U — ﬂn> - (.f(xa ’LL) - g(xﬂ u)) (U - ﬂn)v (48)
(=A)pv,v =) = (f(z,v) — g(x,v)) (u— 1n).

2 plluly mw

Set
L(u,v)(z,y)
. B . 7 p—2 - uP(z) B uP(x)
= Ju(z) —u(y)[F — |v(@) = v(y) P> (v(@) — oY) (= )-

vP=i(z)  oPTH(y)
Now using (4.8), (4.9) and Lemma we have the estimate
0< [ Luyva) @) + L(v,un)(w.v) dody
Q

[u(@) —u@)IP _ |on(@) = va ()P~ (0n (@) — va(y))

|z — y|NFsp | — y|N+sp

uP(x) u”(y)
* <vﬁ—1<z) B vz*(y))dxdy
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(@) —v@)P _ [un(@) — un (@) [P~ (un (@) — un(y))

Q lz—y[Nter |z —y|Nep
o) )y
. (uffl(m) uz*(y)) Y
[ Ju@) — @)l Jul) — uly) P2 () - u(y)
@ |z —y[Ntep |z — y|N e
@) ) N,
. <uﬁ‘1<x> uz—1<y>) Y
(@) — v o) — o)) — o))
Q lw—y[Nrer |z — y|NVHep

" (Uu”(w) _ uP(y) ) d dy

n 1(96‘) vh ()

/ |u(z )P~ (u(x )—U(y))( uP (x) uP(y)

S i )Y

)
/Iu —u()[P*( ()—u(y))( vP(x) (y)

R )
/ — U|x _| y|N+sp) ) (UZEJE;) Szé))>dx dy
/ v(x u|x_| |N+Sp) —v(y)) <U§—§2) g gzg)))dxdy

= / (f(@,u) = g(z,u)) (v — ) dx + / (f(z,v) = g(x,v)) (v = p) dz. (4.10)
Q Q

Also using the Monotone convergence theorem we estimate the right-hand side of
(4.10)) for large n as follows.

[ e = g (u =)ot [ (F(o0) = go0) (0 - 5) do
Q Q
= / (f(z,u) — g(z,u)) ude —/ (f(z,u) —g(z,u)) ————

Q Q

(u+ Lyt
+ [ G - g@apvis = [ (1) - o(o0) s
+ on(1)
- [ (e - g w)udo~ [ () - g(o,w) uﬁidx
Q Q
+ [ ) =gt vde = [ (o) = glo0) Spda+ 0,01
:/ <f(£L’,’LL) 79(:”’“) . f(iL’,’U) 7g(x?v))(up 7,0;7) dz + o (1)
Q up—1 Pl "
< o,(1).

Thus from this inequality and (4.10]), and passing to the limit as n — oo together
with u/v,v/u € L>®(Q), we infer that
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/ (L(u,v) + L(v,u))dz = 0.
Q

Using Lemma [4.2] this implies ku(z) = v(z) for a.e. x € Q for some k > 0. Assume
that k # 1. Then, without loss of generality, we can take k < 1. Therefore, using
(A3),

(— )3 (ku) = kP~ L(—A)su = k0= (F(z,u) — g(z,u))

< fla, ku) = g(x, ku) = (=A);(v)

from which we obtain a contradiction. Hence k = 1 and u = v. O

Now we proceed to prove Theorem [3.3] First, we consider the following station-

ary problem.
u+A=A)pu=g inQ

u=0 inRY\Q

where A > 0 and g € L*°(€2). We have the following existence result for the problem
(4.11]).

Lemma 4.7. For any A > 0, (4.11) admits a unique weak solution u in the sense
that u € Xo(Q) satisfies

/QW dz+ A/Q i) P L) ol (o(x) = p(y)) de dy = /Qéw da,

o — gV

(4.11)

for all p € Xo(2). Moreover, u € Cp(£2).

Proof. The proof follows using the similar arguments as above. Precisely, for the
existence of a weak solution we can argue as in the proof of Lemma [4.1] From
the weak comparison principle, we obtain ||u|z) < [|gllz~0) and from Theo-
rem u € Cp(2). The uniqueness of the weak solution is a consequence of the

monotonicity of the operator (—A)s. O

Proof of Theorem[3.3 Let N € Nand T > 0. We set A, = % For 0 <n <N, we
define t,, = nA;. We perform the proof along four steps.

Step 1. Approximation of h. For n € {1,...,N'}, we define for t € [t,,_1,t,) and
r €,

tn,
ha,(t,z) = h™(z) := Ait/t h(s,z)ds.

Then by Jensen’s Inequality for any 1 < g < oo,

N N t
n 1 "
Iy = X I = 80 Y - [ htsiajasii,
n=1 n=1

tn—1

n—1

< C(QvT)Hh”qOO(QT)'

Thus ha, € L9(Qr). Also note that ha, — h in LIY(Q7).

Step 2. Approximation of (3.1)). We define the iterative scheme: u° = ug and for
1 <n <N, u" is solution of

u” — unfl

A, + (=A)pu"=h" inQ,

p

u" =0 onRV\Q.

(4.12)
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Note that the sequence (u™)neq1,.. Ay is well defined. Indeed, we apply Lemma
with g = Akt +u® € L>(Q) to prove the existence of ul € Xo(Q) N L>=(Q).
Inductively we obtain the existence of (u"), for any n = 2,...,A. Defining the

functions ua, and ta,, forn=1,...,N and t € [t,_1,t,) as
t— tn— — _
ua,(t) =u" and aa,(t) = %(u” — " gyt (4.13)
t
we obtain 9%
U
8? + (=A)yua, = ha, in Qr. (4.14)

Step 3. A priori estimates for ua, and @a,. Multiplying the equation in (4.12)) by
(u™ — u”‘l) and summing from n = 1 to N’ < A/, we obtain

zAt / (*““)de

t

T Z / ) — WP @) Z W) () drdy (415)

\x—yIN“p

— Z/ hn(un _ un—l) dx.
n=1 Q

Hence by Young’s inequality and using the convexity property

L — ! 0" (@) = " ()P (0" (@) = o 1)
S, = ) < 5 / R e
"= @) = (W = )(y) dody
we obtain

- ZAt/ (77”1)261%

t

WP @) — ()l
+Z/ |a:— |N+ep - |z — y[NFer )dxdy
c(Q,7)
< 7||h||L°°(QT)
This implies that
i
( gtAt>At is bounded in L?*(Qr) uniformly in Ay, (4.17)
(ua,) and (@a,) are bounded in L*°(0,T, Xo(€2)) N L (Q1) LIS
and uniformly in A,. (4.18)
Furthermore, we have
lua, = ta,llz=01:22(0) < _max lu™ — u”_lﬂLz(Q) < OAtl/Z. (4.19)

Therefore for A; — 0, there exist u,v € L>®(0,T, Xo(2)) N L (Qr) such that (up
to a subsequence)

iia, = uin L°(0,T, X0(Q)), ua, — v in L®(0,T, Xo()), (4.20)
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agtAt - % in L2(Qr). (4.21)
It follows from that u = v.

Step 4. u satisfies . Plugging , and since X¢(Q) — L%(Q) com-
pactly, the Aubin-Simon’s result implies that {ua,} is compact in C([0, T]; L*()).
Now using interpolation we obtain, up to a subsequence

aa, — u € C([0,T],L9(52)), forallg>1. (4.22)
and hence, from (4.19)), we have
ua, — u € L=([0,T],LY(2)), forall ¢ > 1. (4.23)

Multiplying (4.14) by (ua, — u) we obtain

8 T T
/ / uAt (ua, —u) dx dt—l—/ (=A)yun,,ua, —u) dt = / / ha,(ua, —u) dx dt.
0 0o Ja
Rearranging the terms in the above equation and using (4.19))-(4.20)) we have

0t -
/ gtAt - a) (ia, —u)dxdt

/0 (~A)ua, — (~A)uua, — ubdt = oa, (1)

Thus we obtain
1 ~ T
5 [ 188 (D) —uD)Pdo+ [ ((-Aus, ~ (-A)uus, — u) = os, (1)
Q 0
Using (4.22)), we obtain

This implies
T
[ () = (P2, ) = i, () = ) — ) 2(0(a) = (1)

< (1, (2) — ua, () — u(z) +u(y))) W dz dydt = o, (1).

Thus by (2.2), for p > 2 we conclude that
/T AR NORT G LT Y
0 JQ

|z —y|Nrep

Also for 1 <p <2, . together with the Holder inequality in R? imply

/ / "U,At(.’ﬂ) — uAf( )‘2 _ OAt(l)-
(lua, (x) = ua, @ + [u(x) — uly)[?) 7" |z — y|N+or

Therefore using Holder s inequality we obtain

T (ua, (@) — ua, (y) — ulz) + u(y))l?
0< /0 /Q dx dydt

|z — y [N

T
- / / (I(ua @) = us,(v) = u(@) + u(w))[”
0 JQ
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x (Jua, (2) = ua, ()P + |u(z) — u(y) ) =)

X L — dx dy dt
(lua, (2) = us, ()P + Ju(@) — uly)|) = |o —y|V+n G252
/ / s (@) — v, () + u(@)*_ )
(lua, () — us, ()P + [u(x) — uly)|P) 7 |o - y|V+or
/ / (ua, (2) = ua, )P + Ju(@) —u <>|p>)T"
v — y|NHop
/ / s (@) — ua, () + u(@)f*_ )
(lua,(2) — ua, )P + lu(z) — uy)p) 7" o — y|¥+or
% (llea ey ey + Nl o)~ = 0au (D).

Thus in both cases we have

/T/ [(wa, (@) = ua,(y) —ul@) +w@)I” |0 o
0 JQ |

|z —y|N+ep

This implies ua, converges to w in LP(0,T, X¢(£2)). Therefore, for ¢ € C3°(Q),

/T/ ua, () — ua, ()P~ (ua, (x) — ua, (1) (@) — ¢(y)) dz dy dt

|z — y| N

_>/ /lu —u()[P*(u(@) — u(y))(d(z) — d(y)) dz dy dt

o=y~

Hence, we conclude passing to the limit, in the distribution sense, in equation
4.14)) that u is a weak solution of . Also u is the unique weak solution of
z_lﬁ.b Indeed, assume that there exists v a weak solution of . Then, we have
for any arbitrary to € (0,7

' Hu o) —ux,t)ar ! —A)u— (A v,u—v)dt =
/o/g 5w v t)d dt+/0 (=A)pu— (=A)sw,u—v)dt = 0.

Since (—A)s is monotone, this together with u(0) = v(0) imply

1 fo
2/((t0)—vt0 dx—/ 8t/ (u —v)?dx dt
—/ Lv)(u—v)dmdt<0
O0t)xo Ot

from which it follows that « = v. Next we claim that u € C([0,T]; Xo(2)) and
satisfies (3.3). Using and the compact embedding of Xo(£2) into LP(R), it
is easy to check that u(-,t) € Xo(Q) and the map [0,7] 5 t — u(-,t) € Xo(Q),
is weakly continuous. Therefore, ||u(-,to)||x,(Q) < liminf; ¢, [[u(-,t0)|lx,(0). Now
multiplying by v —u™"!, taking integration over RY both sides, summing



EJDE-2018/44 FRACTIONAL p-LAPLACIAN PARABOLIC PROBLEMS 15

from 1 <n=N"to N' <N, and using (4.16) we obtain

n=N’'

um — unfl 2 1 , .
At Z (T) + » (”“N [ [ 1||Xo(9))
e (4.24)
n=N un — un—l
n=N"

For any t € [tg,T], choose N and N’ such that N”A; — t and N'A; — t5. Then

(EZ1) sives
K A 1
—ddtf ot
| (G +Mw,m%@

// d dt + = |\u(~,to)llxo<9)-

Now from the above inequality and ( we infer that

(4.25)

lim sup HU(wt)llxom) < flul- o)l x0 @)
t—tg

and hence the map [0,7] 5 t — u(-,t) € Xo(Q2) is right continuous. Now for
proving the left continuity, take 0 < k < t — ¢y and multiply (3.1) by 7 (u)(s) =
M and integrate over (to,t) x RV. Using (4.16)), we obtain

/ /m dmw+—f/lwe+km — [[u(6) 1%, (040

(4.26)
2/ /Tk(u)hdmdﬁ.
to Q
It follows that
1 t+k to+k
A/m G At ([ O o= [ 1u(O) )9
0 to (4.27)

Z/ /Tk(u)hda:d&
to JQ

By the right continuity of ¢ — u(-,t), as k — 0T, we have

1 t+k 1

| IO a0 = SO
1 otk 1
— do — =||uto)||% -
ok " ||u( )”XO(Q - p”u( O)HXO(Q)

Hence as k — 07, (4.27) becomes

¢ 0
//(l dedo+ Hu B e = //h—dmds—&— e o) %, g (4:28)
to JQ at

From the above inequality, we deduce that we have the equality in (4.25)) and hence
the claim. This completes the proof of the Theorem O
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Proof of Theorem[3.9 First we show that there exists a sub-solution u and a super

solution @ of (3.7 such that u,u € C’;;(Q). Since f and g satisfy (A4) and using

the fact that ¢1 5, € Cqs(€2), we can choose € > 0 small enough such that

(=) (ed1,5p) = Al,s,p€p_1¢1f;1p < fx,€1,5p) — g(x, €01 6,p)- (4.29)
and €15, < up. Also let w be the solution of the following problem
(—A)w = pwP™t +C inQ
w>0 inQ
w=0 in RV\Q,

where lim supg_, fe(f,’?) < B < Aispand C > 0. Then arguing as in the proof of
Proposition we obtain w € L®(£2) and hence by [15, Theorem 1.1], w € C*(Q)
with o € (0,s]. Furthermore from [I5] Theorem 4.4] we have for some constant
Co > 0, |lw(z)| < Cod?(x) a.e. x € Q. Then, w € Cys(2) and from the Hopf lemma
(see Lemma , we obtain w € Cf; (). Again using the fact that f and g satisfy
(A4), we have that for some constant C’ > 0,

f('r70) - g(a:,&) < ﬂa + C/.

Then for M > 0 large enough, we obtain
(=A),(Mw) = B(Mw)P~ + CMP~! > f(x, Mw) — g(z, Mw) (4.30)

and ugp < Mw. Then u := €¢;1,,p and @ := Mw are the required sub-solution and

the super-solution of (3.7)), respectively, such that u,u € Cdt(ﬂ). We define the

0

sequence (u™) by the iterative scheme: u’ = ug and

u" + (A" + Ku" =u" ' + fz,u" ) = g(z,u ) + Ku™in Q,
u" =0 onRY\ Q.

where K > 0 is chosen such that the map t — Kt+ f(x,t)— g(x,t) is nondecreasing
in [0, ||a]|x,], for a.e. € Q. Then the existence of a weak solution us, € [u,]
to is obtained by the standard arguments of the monotone iteration method.
Also we have u < us < @ in Q and us € CCJ[S (€2). The uniqueness of the solution

to (3.7) follows from Theorem O

Proof of Theorem[3.]] Now we proceed as in the proof of Theorem [3:3] Set A, :=
%, N € N and let u and % be as defined in the proof of Theorem We define
the sequence {u"} € Xo(Q) as the solutions to the iterative scheme: u’ = ug and

u" + Ap(—A)u" + Ku™) = uf 4 Ay(f(z, 0" — gla,u ) + Ku) in Q,

The existence of u™ € C’;Q (Q), for any n > 1 follows from Lemma and the Hopf
Lemma. Note that from Theorem we have u < ug < u, a.e. in Q. We claim
that u < u* < @. Indeed for k = 1, we have

u—u'+ A ((—A)ju—(=A)u') < u—u’+A(f(z,0) - f(z,u”)—(g(z, 1) —g(z,u’))).

p

Therefore,

u—u' + A((—A)u— (—A)u' + K(u—u')) <0

p = Ul
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Thus by comparison principle given in [I5, Theorem 2.10], we have u < u!. Simi-
larly we prove u! < @. The rest of the claim follows by induction. Now we define
ua, and G, as in the proof of Theorem and

ha, (t,x) = f(z,un, (t = Ay, x)) — g2, ua, (t = A, ).

Then clearly as u < ua, < @, ha,(t,2) € L*(Q).
Therefore following a similar arguments as in the proof of Theorem for
A; — 0, there exist u € L*(0,T, Xo(€2)) such that (up to a subsequence)

aAuuAt = u in LOO(Oa T7 XO(Q)) and LOO(QT)7 (431)
ouna ou . o
L — L . 4.32
ot ot m (QT) ( 3 )
Again using a similar arguments as in the proof of Theorem we have
aa, — u € C([0,T],L9(2)) and aa, — u € L=([0,T], LI(Q)), (4.33)

for all ¢ > 1. Also using the Lipschitz continuity of f and g we have
1ha, (1) = (f = @) ul D)z @)
=1(f =) Cua (0= A) = (f =9 ul- )2 @) (4.34)
< CHUAt(-,t - At) - u('vt)HLQ(Q)

Thus ([4.33)-(4.34), we deduce that ha,(z,t) — f(z,u(z)) in L>=(0,T; L*(Q2)). The
rest of the proof follows using step 4 of the Theorem [3.3 O

Now we study the regularity of the solutions of ([3.1)) and (3.2)) given in Theorem
[3.6 and Theorem [3.7

Proof of Lemma[3.5 Let hi,hy € L>(Q) and u,v € X,(2), respectively, be the
solutions to

u+ (=A)y(u) =hy inQ,
v+ (=A)y(v) =hy inQ
For w € L>(Q), define w'(z) = max{w(x),0}. Setting
Qp={z€Q: (u—v—|h —ha|Le@)(x) > 0},
and noting that for z € Qy and y € RY \ Q. , u(x) —u(y) > v(x) — v(y), we obtain
(=A)pu = (=A)pv, (u—v — 7y = holl =) ")

— |u(z) — u(y) P> (u(z) — u(y))
_/Q+ </sz |z — y|N+sp dy)(u_v_th_h2||Loo(Q))(x)dm
j0(2) — )P (0(z) — v(y))
_/Q+ (/RN |z — y|N+sp dy)(u—v— ||h1_h2||Loo(Q))(m)dx

=, =)

X (u—v = [lhy = ha| L= (@) (2) dz

u(z) — u(y) P> (u(z) — u(y))
* /m (/RN\Q+ |z — y|NHep dy)
X (u—v—[lh1 = ho| L= (o)) (z) dz
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(@) —v(y)[P2(v(x) — v(y))
_/52+([)+ |I*y|N+5p dy)
(u—v—|h1— hQHLW(Q))(x) dx

lo(z) — v(y)|P~2(v(x) — v(y))
R /9+ (/RN\KM | — y| NP dy)
X (u=v—[h1 = h| L~ (@) (z) dz

> /Q+ (/Q+ |u(z) — u(y)[P—>(u(x) —u(y))dy) (u—v— by — hall ooy (&) dz

|z — y|[ NP

B /Q (/ lo(z) —v(y) P2 (v(x) — v(y))dy) (u—v— [|h1 = ha| L= (q))(z) do

|z —y|NFsp

Q4
= [ (00— w2 o) — ulo) ~ [o() = o)) — v(0)
Q4 Jay

< (=)&) = (= 0))) gy

This implies the m-accretivity of A in L>(2). O

dydx > 0.

Now Theorem and Theorem follow using the approach as in [6, Theorem
4.2 and 4.4]. Next we prove the asymptotic behavior of the solution of (3.2) as
given in the Theorem [3.10]

Proof of Theorem[3.10 Let u and @ be the sub and super solutions respectively
to (3.7) as constructed in the proof of the Theorem such that u < ug < .
Let uy and uz be the unique and global solution to (3.2) with the initial data u

and @ respectively. Note that using the approach as in proof of [5, Theorem 0.15]
—— L= (D
we have u,u € D(A) ® and uw < up(t) < u(t) < ue(t) < wand t — uy(t)

(t — wus(t)) is non-decreasing (non-increasing respectively) and converges a.e. to
u$® (u§°® respectively), as t — oo. Now from the semi-group theory we have

ui® = lim S(t'+6)(w) = S@)( Jim S(t')u) = S
us® = lim S(t'+1t)(u) = S(t)(t}irréo S(t"u) = S(t)us®

where S(t) is the semi-group on L>({2) generated by the given evolution equation.
This implies that u$® and u3® are the stationary solutions to (3.2)). From the
uniqueness of the solution in Theorem [3.9 we obtain that u® = ue = u3°. Thus
u(t) — Uso in L (RN). O
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