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CARLEMAN ESTIMATE AND NULL CONTROLLABILITY OF A
CASCADE DEGENERATE PARABOLIC SYSTEM WITH

GENERAL CONVECTION TERMS

JIANING XU, CHUNPENG WANG, YUANYUAN NIE

Abstract. This article shows Carleman estimate and null controllability of a

cascade control system governed by the semilinear degenerate parabolic equa-
tions with the general convection terms. The semilinear parabolic equations

are weakly degenerate on the boundary and the convection terms cannot be

controlled by the diffusion terms. We establish the Carleman estimate and the
observability inequality for the linear conjugate system, and prove that the

control system is null controllable.

1. Introduction

In this article, we study the Carleman estimate and the null controllability of
the cascade semilinear degenerate parabolic system with convection terms

ut − (xαux)x + (P1(x, t, u))x + F1(x, t, u) = h(x, t)χω, (x, t) ∈ QT , (1.1)

vt − (xαvx)x + (P2(x, t, v))x + F2(x, t, u, v) = 0, (x, t) ∈ QT , (1.2)

u(0, t) = v(0, t) = 0, u(1, t) = v(1, t) = 0, t ∈ (0, T ), (1.3)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1), (1.4)

where 0 < α < 1/2, QT = (0, 1)× (0, T ), h is the control function, ω ⊂ (0, 1) is an
interval, χω is the characteristic function of ω, u0, v0 ∈ L2(0, 1), and P1, P2, F1, F2

are measurable functions. It is noted that (1.1) and (1.2) are degenerate at the
boundary x = 0. The cascade system (1.1) and (1.2) arises in some models from
mathematical biology and physics, such as the Keller-Segel model [6] and the Lotka-
Volterra model [25].

Controllability theory has been widely investigated for nondegenerate parabolic
equations and systems over the last forty years and the known results are almost
complete (see [3, 4, 5, 16, 18, 19, 20, 21, 22] and the references therein). Recently,
controllability theory for degenerate ones has been studied and there have been
many results (see [1, 2, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 23, 24, 26, 27, 28, 29, 31]).
But it is far from being solved. The null controllability of the following system,
governed by a degenerate diffusion equation, is already investigated

ut − (xαux)x + c(x, t)u = h(x, t)χω, (x, t) ∈ QT , (1.5)
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u(0, t) = u(1, t) = 0 if 0 < α < 1, t ∈ (0, T ),

(xαux)(0, t) = u(1, t) = 0 if α ≥ 1, t ∈ (0, T ),
(1.6)

u(x, 0) = u0(x), x ∈ (0, 1), (1.7)

where α > 0, c ∈ L∞(QT ). It was shown that the system (1.5)–(1.7) is null con-
trollable if 0 < α < 2 [1, 10, 11, 24], while not if α ≥ 2 [9]. Although system
(1.5)–(1.7) is not null controllable for α ≥ 2, it was proved in [14, 26, 27, 28] and
[7, 8, 9] that it is approximately controllable in L2(0, 1) and regional null control-
lable for each α > 0, respectively. Flores and Teresa [17] studied the degenerate
convection-diffusion equation

ut − (xαux)x + xα/2b(x, t)ux + c(x, t)u = h(x, t)χω, (x, t) ∈ QT (1.8)

with b ∈ L∞(QT ) and proved that the system (1.8), (1.6) and (1.7) is null control-
lable for 0 < α < 2. Clearly, the convection term can be controlled by the diffusion
term in (1.8). Wang and Du [29] considered the degenerate convection-diffusion
equation

ut − (xαux)x + (b(x, t)u)x + c(x, t)u = h(x, t)χω, (x, t) ∈ QT , (1.9)

and proved that system (1.9), (1.6) and (1.7) is null controllable if 0 < α < 1/2.
Here 0 < α < 1/2 is optimal when one establishes the Carleman estimate in such
a way as in [29]. Since (1.9) is degenerate, the convection term can cause essential
differences. For example, problem (1.9), (1.6) and (1.7) is well-posed in the weakly
degenerate case (0 < α < 1), while may be ill-posed in the strongly degenerate case
(α ≥ 1) (see [30, 32]). Moreover, the system

ut − (xαux)x + b(x, t)ux + c(x, t)u = h(x, t)χω, (x, t) ∈ QT

with (1.6) and (1.7) was shown to be null controllable for 0 < α < 1 if b, bx, bxx, bt ∈
L∞(QT ) in [31]. As for systems, the authors in [2] studied the null controllability of
system (1.1)–(1.4) without convection term, i.e. the case that P1 = P2 = 0. It was
shown in [2] that the system is null controllable if 0 < α < 2 (a different boundary
condition at x = 0 is prescribed if 1 ≤ α < 2). Du and Xu [15] considered the
linear case of system (1.1)–(1.4) when the convection terms can be controlled by
the diffusion terms. Furthermore, the Carleman estimate in [15] depends on the
derivatives of the coefficients of the convection terms and cannot be used to treat
the semilinear case.

In this article, we consider the more general system (1.1)–(1.4) where the con-
vection terms are independent of the diffusion terms. More precisely, we assume
that P1, P2, F1, F2 are measurable functions satisfying

P1(x, t, 0) = P2(x, t, 0) = F1(x, t, 0) = F2(x, t, 0, 0) = 0,

F2(x, t, ·, ·) ∈ C1(R2), (x, t) ∈ QT ,
(1.10)

|P1(x, t, y1)− P1(x, t, y2)| ≤ K|y1 − y2|,
|P2(x, t, z1)− P2(x, t, z2)| ≤ K|z1 − z2|,
|F1(x, t, y1)− F1(x, t, y2)| ≤ K|y1 − y2|,

(x, t) ∈ QT , y1, y2, z1, z2 ∈ R,

(1.11)

∣∣∂F2(x, t, y, z)
∂y

∣∣ ≤ K, ∣∣∂F2(x, t, y, z)
∂z

∣∣ ≤ K, (x, t) ∈ QT , y, z ∈ R, (1.12)
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∂F2

∂y

∣∣∣
(x0,x1)×(0,T )×R2

≥ c0 or
∂F2

∂y

∣∣∣
(x0,x1)×(0,T )×R2

≤ −c0, (1.13)

where K > 0, c0 > 0 and 0 < x0 < x1 < 1 such that (x0, x1) ⊂ ω. Since (1.1) and
(1.2) are degenerate at the boundary x = 0, the classical solution may not exist
and weak solution should be considered. The key to prove the null controllability
of system (1.1)–(1.4) is the Carleman estimate for its linear conjugate problem.
The degeneracy of the equations and the existence of the general convection terms
cause essential difficulties for the Carleman estimate. In order to establish the
needed Carleman estimate for the degenerate parabolic system, we use the Carle-
man estimate for a single degenerate parabolic equation in [29], where the auxiliary
functions for the Carleman estimate were chosen by the method of undetermined
coefficients and it was turned out that only the case 0 < α < 1/2 can be treated
in such a way. Using the Carleman estimate in [29] and the classical Carleman
estimate, together with some other energy estimates, we establish the Carleman
estimate for the linear conjugate problem of problem (1.1)–(1.4). Some techni-
cal difficulties caused by the degeneracy of the equations and the existence of the
general convection terms have to be overcome. After the Carleman estimate, we
establish the observability inequality and further prove the null controllability of
system (1.1)–(1.4).

This article is organized as follows. In § 2, we introduce the well-posedness of
problem (1.1)–(1.4) and some a priori estimates. The Carleman estimate and the
observability inequality are established in § 3. Finally, the null controllability of
system (1.1)–(1.4) is shown in § 4.

2. Well-posedness and some a priori estimates

Consider the linear nondegenerate parabolic problem

uηt − ((x+ η)αuηx)x + (c1(x, t)uη)x + c3(x, t)uη + c4(x, t)vη = f1(x, t),

(x, t) ∈ QT ,
(2.1)

vηt − ((x+ η)αvηx)x + (c2(x, t)vη)x + c5(x, t)uη + c6(x, t)vη = f2(x, t),

(x, t) ∈ QT ,
(2.2)

uη(0, t) = vη(0, t) = 0, uη(1, t) = vη(1, t) = 0, t ∈ (0, T ), (2.3)

uη(x, 0) = u0(x), vη(x, 0) = v0(x), x ∈ (0, 1), (2.4)

where 0 < α < 1, 0 < η < 1, ci ∈ L∞(QT ) (1 ≤ i ≤ 6), f1, f2 ∈ L2(QT ),
and u0, v0 ∈ L2(0, 1). The problem (2.1)–(2.4) admits a unique solution (uη, vη)
with uη, vη ∈ L∞(0, T ;L2(0, 1)) ∩ L2(0, T ;H1(0, 1)). Moreover, (uη, vη) satisfies
the following a priori estimates.

Lemma 2.1. Assume that 0 < α < 1, 0 < η < 1, ci ∈ L∞(QT ) with ‖ci‖L∞(QT ) ≤
K (1 ≤ i ≤ 6), f1, f2 ∈ L2(QT ), and u0, v0 ∈ L2(0, 1). Then the solution (uη, vη)
to problem (2.1)–(2.4) satisfies

‖uη‖L∞(0,T ;L2(0,1)) + ‖(x+ η)α/2uηx‖L2(QT ) + ‖vη‖L∞(0,T ;L2(0,1))

+ ‖(x+ η)α/2vηx‖L2(QT )

≤ N(‖f1‖L2(QT ) + ‖f2‖L2(QT ) + ‖u0‖L2(0,1) + ‖v0‖L2(0,1)),

(2.5)
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∣∣ ∫ 1

0

(uη(x, t2)− uη(x, t1))ς(x) dx
∣∣+
∣∣ ∫ 1

0

(vη(x, t2)− vη(x, t1))ς(x) dx
∣∣

≤ N(t2 − t1)1/2(‖f1‖L2(QT ) + ‖f2‖L2(QT ) + ‖u0‖L2(0,1)

+ ‖v0‖L2(0,1))‖ς‖H1(0,1), 0 ≤ t1 < t2 ≤ T, ς ∈ H1(0, 1),

(2.6)

∫ T−δ

0

∫ 1

0

(uη(x, τ + δ)− uη(x, τ))2 dxdτ

+
∫ T−δ

0

∫ 1

0

(vη(x, τ + δ)− vη(x, τ))2 dx dτ

≤ Nδ1/2(‖f1‖2L2(QT ) + ‖f2‖2L2(QT ) + ‖u0‖2L2(0,1) + ‖v0‖2L2(0,1)),

0 < δ < T,

(2.7)

where N > 0 depends only on K, T , and α.

Proof. Without loss of generality, it is assumed that (uη, vη) is a smooth solution.
Otherwise, one can mollify ci (1 ≤ i ≤ 6), f1, f2, u0, v0, and prove the lemma by
a standard limit process. For convenience, uη and vη are abbreviated as u and v,
respectively, in this proof.

For 0 < s < T , multiplying (2.1) and (2.2) by u and v, respectively, then
integrating over (0, 1)× (0, s) by parts and summing up, we obtain

1
2

∫ s

0

∫ 1

0

((u2)t + (v2)t) dxdt+
∫ s

0

∫ 1

0

(x+ η)α(u2
x + v2

x) dxdt

=
∫ s

0

∫ 1

0

(c1uux + c2vvx) dx dt−
∫ s

0

∫ 1

0

(c3u2 + (c4 + c5)uv + c6v
2) dx dt

+
∫ s

0

∫ 1

0

(f1u+ f2v) dx dt

≤ K
∫ s

0

∫ 1

0

(|uux|+ |vvx|) dxdt+ 2K
∫ s

0

∫ 1

0

(u2 + v2) dxdt

+
∫ s

0

∫ 1

0

(|f1u|+ |f2v|) dxdt

≤ 1
2

∫ s

0

∫ 1

0

(x+ η)α(u2
x + v2

x) dxdt+
1
2
K2

∫ s

0

∫ 1

0

(x+ η)−α(u2 + v2) dxdt

+
(

2K +
1
2

)∫ s

0

∫ 1

0

(u2 + v2) dx dt+
1
2

∫ s

0

∫ 1

0

(f2
1 + f2

2 ) dxdt.

Therefore,∫ 1

0

(u2(x, s) + v2(x, s)) dx+
∫ s

0

∫ 1

0

(x+ η)α(u2
x + v2

x) dx dt

≤
∫ 1

0

(u2
0(x) + v2

0(x)) dx+K2

∫ s

0

∫ κ

0

(x+ η)−α(u2 + v2) dxdt

+ (κ−αK2 + 4K + 1)
∫ s

0

∫ 1

0

(u2 + v2) dxdt+
∫ s

0

∫ 1

0

(f2
1 + f2

2 ) dx dt,

(2.8)
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where 0 < κ < 1 will be determined. It follows from (2.3) and 0 < α < 1 that∫ s

0

∫ κ

0

(x+ η)−αu2(x, t) dxdt

=
∫ s

0

∫ κ

0

(x+ η)−α
(∫ x

0

ux(x̃, t) dx̃
)2

dxdt

≤
∫ s

0

∫ κ

0

(x+ η)−α
(∫ x

0

(x̃+ η)−α dx̃
)(∫ x

0

(x̃+ η)αu2
x(x̃, t) dx̃

)
dx dt

≤ 1
1− α

∫ κ

0

(x+ η)1−2α dx
∫ s

0

∫ κ

0

(x+ η)αu2
x(x, t) dx dt

≤ (κ+ η)2−2α − η2−2α

2(1− α)2

∫ s

0

∫ 1

0

(x+ η)αu2
x(x, t) dx dt.

(2.9)

Similarly, it holds that∫ s

0

∫ κ

0

(x+ η)−αv2(x, t) dx dt

≤ (κ+ η)2−2α − η2−2α

2(1− α)2

∫ s

0

∫ 1

0

(x+ η)αv2
x(x, t) dx dt.

(2.10)

Take 0 < κ < 1 so small that

K2 max
0≤γ≤1

((κ+ γ)2−2α − γ2−2α) ≤ (1− α)2. (2.11)

Substituting (2.9)–(2.11) into (2.8) yields∫ 1

0

(u2(x, s) + v2(x, s)) dx+
1
2

∫ s

0

∫ 1

0

(x+ η)α(u2
x + v2

x) dxdt

≤
∫ 1

0

(u2
0(x) + v2

0(x)) dx+ (κ−αK2 + 4K + 1)
∫ s

0

∫ 1

0

(u2 + v2) dxdt

+
∫ s

0

∫ 1

0

(f2
1 + f2

2 ) dxdt.

(2.12)

Then, (2.5) follows from (2.12) and the Gronwall inequality. For 0 ≤ t1 < t2 ≤
T and ς ∈ H1(0, 1), multiplying (2.1) and (2.2) by ς, and then integrating over
(0, 1)× (t1, t2) by parts, we obtain∫ 1

0

(u(x, t2)− u(x, t1))ς(x) dx

=
∫ t2

t1

∫ 1

0

(−(x+ η)αuxςx + c1uςx − c3uς − c4vς + f1ς) dxdt,∫ 1

0

(v(x, t2)− v(x, t1))ς(x) dx

=
∫ t2

t1

∫ 1

0

(−(x+ η)αvxςx + c2vςx − c5uς − c6vς + f2ς) dxdt,

which, together with the Hölder inequality and (2.5), lead to (2.6). It remains to
prove (2.7). For 0 < δ < T and 0 < τ < T − δ, multiplying (2.1) and (2.2) by
u(x, τ + δ) − u(x, τ) and v(x, τ + δ) − v(x, τ), respectively, then integrating over
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(τ, τ + δ) with respect to t and summing up, we obtain

(u(x, τ + δ)− u(x, τ))2 + (v(x, τ + δ)− v(x, τ))2

=
∫ τ+δ

τ

((x+ η)αux)x(u(x, τ + δ)− u(x, τ)) dt

+
∫ τ+δ

τ

((x+ η)αvx)x(v(x, τ + δ)− v(x, τ)) dt

−
∫ τ+δ

τ

(c1u)x(u(x, τ + δ)− u(x, τ)) dt−
∫ τ+δ

τ

(c2v)x(v(x, τ + δ)− v(x, τ)) dt

+
∫ τ+δ

τ

(f1 − c3u− c4v)(u(x, τ + δ)− u(x, τ)) dt

+
∫ τ+δ

τ

(f2 − c5u− c6v)(v(x, τ + δ)− v(x, τ)) dt.

Integrating this equality by parts, over (0, 1)× (0, T − δ), yields∫ T−δ

0

∫ 1

0

(u(x, τ + δ)− u(x, τ))2 dxdτ +
∫ T−δ

0

∫ 1

0

(v(x, τ + δ)− v(x, τ))2 dxdτ

= −
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

(x+ η)αux(x, t)(ux(x, τ + δ)− ux(x, τ)) dtdxdτ

−
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

(x+ η)αvx(x, t)(vx(x, τ + δ)− vx(x, τ)) dtdx dτ

+
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

c1(x, t)u(x, t)(ux(x, τ + δ)− ux(x, τ)) dtdx dτ

+
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

c2(x, t)v(x, t)(vx(x, τ + δ)− vx(x, τ)) dtdxdτ

+
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

(f1(x, t)− c3(x, t)u(x, t)− c4(x, t)v(x, t))

× (u(x, τ + δ)− u(x, τ)) dtdxdτ

+
∫ T−δ

0

∫ 1

0

∫ τ+δ

τ

(f2(x, t)− c5(x, t)u(x, t)− c6(x, t)v(x, t))

× (v(x, τ + δ)− v(x, τ)) dtdx dτ

≤
(
T

∫ τ+δ

τ

∫ 1

0

(x+ η)αu2
x dxdt

)1/2

×
(
δ

∫ T−δ

0

∫ 1

0

(x+ η)α(ux(x, τ + δ)− ux(x, τ))2 dxdτ
)1/2

+
(
T

∫ τ+δ

τ

∫ 1

0

(x+ η)αv2
x dxdt

)1/2

×
(
δ

∫ T−δ

0

∫ 1

0

(x+ η)α(vx(x, τ + δ)− vx(x, τ))2 dxdτ
)1/2

+K
(
T

∫ τ+δ

τ

∫ 1

0

(x+ η)−αu2 dx dt
)1/2
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×
(
δ

∫ T−δ

0

∫ 1

0

(x+ η)α(ux(x, τ + δ)− ux(x, τ))2 dxdτ
)1/2

+K
(
T

∫ τ+δ

τ

∫ 1

0

(x+ η)−αv2 dxdt
)1/2

×
(
δ

∫ T−δ

0

∫ 1

0

(x+ η)α(vx(x, τ + δ)− vx(x, τ))2 dxdτ
)1/2

+
(
T

∫ τ+δ

τ

∫ 1

0

(|f1|+K|u|+K|v|)2 dxdt
)1/2

×
(
δ

∫ T−δ

0

∫ 1

0

(u(x, τ + δ)− u(x, τ))2 dx dτ
)1/2

+
(
T

∫ τ+δ

τ

∫ 1

0

(|f2|+K|u|+K|v|)2 dxdt
)1/2

×
(
δ

∫ T−δ

0

∫ 1

0

(v(x, τ + δ)− v(x, τ))2 dxdτ
)1/2

≤ 2(Tδ)1/2

∫ T

0

∫ 1

0

(x+ η)αu2
x dxdt+ 2(Tδ)1/2

∫ T

0

∫ 1

0

(x+ η)αv2
x dxdt

+ 2K(Tδ)1/2
(∫ T

0

∫ 1

0

(x+ η)−αu2 dxdt
)1/2(∫ T

0

∫ 1

0

(x+ η)αu2
x dx dt

)1/2

+ 2K(Tδ)1/2
(∫ T

0

∫ 1

0

(x+ η)−αv2 dxdt
)1/2(∫ T

0

∫ 1

0

(x+ η)αv2
x dxdt

)1/2

+ 2(3Tδ)1/2
(∫ T

0

∫ 1

0

(f2
1 +K2u2 +K2v2) dxdt

)1/2(∫ T

0

∫ 1

0

u2 dxdt
)1/2

+ 2(3Tδ)1/2
(∫ T

0

∫ 1

0

(f2
2 +K2u2 +K2v2) dxdt

)1/2(∫ T

0

∫ 1

0

v2 dxdt
)1/2

.

(2.13)

For 0 < κ < 1 satisfying (2.11), it follows from (2.9) and (2.10) that∫ T

0

∫ 1

0

(x+ η)−αu2 dxdt

≤ 1
2K2

∫ T

0

∫ 1

0

(x+ η)αu2
x dx dt+ κ−α

∫ T

0

∫ 1

0

u2 dxdt,

(2.14)

∫ T

0

∫ 1

0

(x+ η)−αv2 dxdt

≤ 1
2K2

∫ T

0

∫ 1

0

(x+ η)αv2
x dxdt+ κ−α

∫ T

0

∫ 1

0

v2 dx dt.

(2.15)

Then, (2.7) follows from (2.13)–(2.15) and (2.5). �

Using the a priori estimates in Lemma 2.1, one can prove the well-posedness of
problem (1.1)–(1.4).

Proposition 2.2. Assume that 0 < α < 1, and P1, P2, F1, F2 satisfy (1.10)–(1.13).
For h ∈ L2(QT ) and u0, v0 ∈ L2(0, 1), problem (1.1)–(1.4) admits a unique so-
lution (u, v) ∈ Hα(QT ) × Hα(QT ). Furthermore, u, v ∈ L∞(0, T ;L2(0, 1)) ∩
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Cw([0, T ];L2(0, 1)). Here, Hα(QT ) =
{
w ∈ L2(QT ) : xα/2wx ∈ L2(QT )

}
and

a function ξ ∈ Cw([0, T ];L2(0, 1)) means that
∫ 1

0
ξ(x, t)γ(x) dx ∈ C([0, T ]) for each

γ ∈ L2(0, 1).

The proof of Proposition 2.2 is standard and is omitted here. We refer to [29,
Theorem 2.1] for the single equation case.

3. Uniform Carleman estimate and observability inequality

In this section, we prove the uniform Carleman estimate and the observability
inequality for the linear nondegenerate conjugate system

Uηt + ((x+ η)αUηx )x + c1(x, t)Uηx − c3(x, t)Uη − c4(x, t)V η = 0,

(x, t) ∈ QT ,
(3.1)

V ηt + ((x+ η)αV ηx )x + c2(x, t)V ηx − c5(x, t)V η = 0, (x, t) ∈ QT , (3.2)

Uη(0, t) = V η(0, t) = 0, Uη(1, t) = V η(1, t) = 0, t ∈ (0, T ), (3.3)

Uη(x, T ) = UT (x), V η(x, T ) = VT (x), x ∈ (0, 1), (3.4)

where 0 < α < 1/2, 0 < η < 1, ci ∈ L∞(QT ) (1 ≤ i ≤ 5), and UT , VT ∈ L2(0, 1).
Let ψ ∈ C∞([0, 1]) satisfy

ψ


= 1, x ∈ [0, (3x0 + 2x1)/5],
∈ [0, 1], x ∈ ω̃,
= 0, x ∈ [(2x0 + 3x1)/5, 1],

where ω̃ = ((3x0 + 2x1)/5, (2x0 + 3x1)/5) and ω̂ = ((4x0 + x1)/5, (x0 + 4x1)/5).
Set

ϕ(x, t) = θ(t)g(x), Ψ(x, t) = θ(t)
(
e2ζ(0) − eζ(x)

)
, (x, t) ∈ QT ,

Φ(x, t) = ψ(x)ϕ(x, t)− (1− ψ(x))Ψ(x, t), (x, t) ∈ QT ,
where

θ(t) =
1

(t(T − t))4
, t ∈ (0, T ),

g(x) = 8((x+ η)(4−2α)/3 − 8), ζ(x) = (1 + η)1−α/2 − (x+ η)1−α/2, x ∈ (0, 1).

The Carleman estimate for the solution to problem (3.1)–(3.4) is as follows.

Theorem 3.1 (Uniform Carleman estimate). Assume that 0 < α < 1/2, 0 < η < 1,
ci ∈ L∞(QT ) with ‖ci‖L∞(QT ) ≤ K (1 ≤ i ≤ 5), and c4

∣∣
(x0,x1)×(0,T )

≥ c0 or

c4
∣∣
(x0,x1)×(0,T )

≤ −c0. There exist two constants s0 > 0 and M0 > 0 depending
only on x0, x1, K, c0, T , and α, such that for each UT , VT ∈ L2(0, 1), the solution
(Uη, V η) to problem (3.1)–(3.4) satisfies∫ T

0

∫ 1

0

(sθ(Uηx )2 + s3θ3(Uη)2 + sθ(V ηx )2 + s3θ3(V η)2)e2sΦ dxdt

≤M0

∫ T

0

∫
ω

(Uη)2 dxdt, s ≥ s0.

Proof. For convenience, Uη and V η are abbreviated by U and V , respectively, in
the proof. Without loss of generality, it is assumed that U, V ∈ C2(QT ). Set

w(x, t) = ψ(x)U(x, t), W (x, t) = ψ(x)V (x, t), (x, t) ∈ QT . (3.5)
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Then, (w,W ) solves

wt + ((x+ η)αwx)x = ρ1, Wt + ((x+ η)αWx)x = ρ2, (x, t) ∈ QT , (3.6)

where

ρ1 = %1 − c1wx + c3w, ρ2 = %2 − c2Wx + c5W, (x, t) ∈ QT , (3.7)

%1 = ((x+ η)αψ′U)x + ψ′(x+ η)αUx + c1ψ
′U + c4ψV, (x, t) ∈ QT , (3.8)

%2 = ((x+ η)αψ′V )x + ψ′(x+ η)αVx + c2ψ
′V, (x, t) ∈ QT . (3.9)

Set

Y (x, t) = esϕ(x,t)w(x, t), Z(x, t) = esϕ(x,t)W (x, t), (x, t) ∈ QT . (3.10)

From (3.6) it follows that

esϕ((e−sϕY )t + ((x+ η)α(e−sϕY )x)x) = esϕρ1, (x, t) ∈ QT ,
esϕ((e−sϕZ)t + ((x+ η)α(e−sϕZ)x)x) = esϕρ2, (x, t) ∈ QT .

From [29, Proposition 3.1], there exist three positive constants M1, M2, and s1

depending only on T and α, such that for each s ≥ s1,

M1s

∫ T

0

∫ 1

0

(x+ η)(4α−2)/3θ(Y 2
x + Z2

x) dxdt+M2s
3

∫ T

0

∫ 1

0

θ3(Y 2 + Z2) dxdt

≤
∫ T

0

∫ 1

0

(ρ2
1 + ρ2

2)e2sϕ dxdt.

This formula, together with (3.7) and (3.10), leads to that for each s ≥ s1,

M1s

∫ T

0

∫ 1

0

(x+ η)(4α−2)/3θ(Y 2
x + Z2

x) dxdt+M2s
3

∫ T

0

∫ 1

0

θ3(Y 2 + Z2) dxdt

≤ 2
∫ T

0

∫ 1

0

(%2
1 + %2

2)e2sϕ dxdt

+M3

∫ T

0

∫ 1

0

(Y 2
x + Z2

x + Y 2 + Z2 + s2(x+ η)2(1−2α)/3θ2(Y 2 + Z2)) dxdt,

where M3 > 0 depends only on K, T , and α. Therefore, there exist s2 ≥ s1 and
M4 > 0 depend only on K, T , and α, such that for each s ≥ s2,

s

∫ T

0

∫ 1

0

(x+ η)(4α−2)/3θ((e−sϕY )2
x + (e−sϕZ)2

x)e2sϕ dxdt

+ s3

∫ T

0

∫ 1

0

θ3(Y 2 + Z2) dxdt

≤M4

∫ T

0

∫ 1

0

(%2
1 + %2

2)e2sϕ dxdt.

(3.11)

From (3.11), 0 < α < 1/2, (3.8)–(3.10) and (3.5), we obtain∫ T

0

∫ 1

0

(sθw2
x + s3θ3w2 + sθW 2

x + s3θ3W 2)e2sϕ dx dt

≤M5

(∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e2sϕ dxdt+
∫ T

0

∫ 1

0

W 2e2sϕ dxdt
)
, s ≥ s2,
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where M5 > 0 depends only on K, T , x0, x1, and α. Therefore, there exist s3 ≥ s2

and M6 > 0 depend only on K, T , x0, x1, and α, such that for each s ≥ s3,∫ T

0

∫ 1

0

(sθw2
x + s3θ3w2 + sθW 2

x + s3θ3W 2)e2sϕ dxdt

≤M6

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e2sϕ dxdt.

This formula, together with (3.5) and the definition of ψ, leads to that for each
s ≥ s3, ∫ T

0

∫ (3x0+2x1)/5

0

(sθU2
x + s3θ3U2 + sθV 2

x + s3θ3V 2)e2sΦ dxdt

≤M6

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e2sϕ dxdt.

(3.12)

Set

q(x, t) = (1− ψ(x))U(x, t), Q(x, t) = (1− ψ(x))V (x, t), (x, t) ∈ QT .
From the classical Carleman estimate [1, Proposition 4.2], there exist s4 > 0 and
M7 > 0 depend only on K, T , x0, x1, and α, such that for each s ≥ s4,∫ T

0

∫ 1

0

(sθeζq2
x + s3θ3e3ζq2 + sθeζQ2

x + s3θ3e3ζQ2)e−2sΨ dxdt

≤M7

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e−2sΨ dxdt.

This formula, and the definition of ψ, leads to∫ T

0

∫ 1

(2x0+3x1)/5

(sθeζU2
x + s3θ3e3ζU2 + sθeζV 2

x + s3θ3e3ζV 2)e2sΦ dxdt

≤M7

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e−2sΨ dxdt, s ≥ s4.

(3.13)

It follows from (3.12), (3.13) and the definition of Φ, ϕ,Ψ, ψ that∫ T

0

∫ 1

0

(sθU2
x + s3θ3U2 + sθV 2

x + s3θ3V 2)e2sΦ dx dt

≤M8

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )(e2sϕ + e−2sΨ + e2sΦ) dxdt

≤ 3M8

∫ T

0

∫
ω̃

(U2 + U2
x + V 2 + V 2

x )e2sΦ dxdt, s ≥ max{s3, s4},

(3.14)

where M8 > 0 depends only on K, T , x0, x1, and α. Let ξ1 ∈ C∞([0, 1]) such that
supp ξ1 ⊂ ω̂, 0 ≤ ξ1 ≤ 1 in (0, 1) and ξ1 ≡ 1 in ω̃. For s > 0, (3.1)–(3.3) show

0 =
∫ T

0

d

dt

∫ 1

0

ξ2
1(U2 + V 2)e2sΦ dxdt

= 2s
∫ T

0

∫ 1

0

ξ2
1Φt(U2 + V 2)e2sΦ dxdt

+ 2
∫ T

0

∫ 1

0

ξ2
1((x+ η)αU2

x + (x+ η)αV 2
x )e2sΦ dx dt
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+ 4
∫ T

0

∫ 1

0

ξ1ξ
′
1(U(x+ η)αUx + V (x+ η)αVx)e2sΦ dxdt

− 2
∫ T

0

∫ 1

0

ξ2
1(c1UUx + c2V Vx)e2sΦ dxdt

+ 4s
∫ T

0

∫ 1

0

ξ2
1Φx(U(x+ η)αUx + V (x+ η)αVx)e2sΦ dx dt

+ 2
∫ T

0

∫ 1

0

ξ2
1(c3U2 + c5V

2 + c4UV )e2sΦ dx dt,

which leads to ∫ T

0

∫ 1

0

ξ2
1((x+ η)αU2

x + (x+ η)αV 2
x )e2sΦ dx dt

≤ 1
2

∫ T

0

∫ 1

0

ξ2
1((x+ η)αU2

x + (x+ η)αV 2
x )e2sΦ dx dt

+M9(1 + s2)
∫ T

0

∫
ω̂

θ2(U2 + V 2)e2sΦ dx dt,

with M9 > 0 depending only on K, T , x0, x1, and α. Hence, for s > 0,∫ T

0

∫
ω̃

(U2
x + V 2

x )e2sΦ dxdt ≤M10(1 + s2)
∫ T

0

∫
ω̂

θ2(U2 + V 2)e2sΦ dx dt, (3.15)

where M10 > 0 depends only on K, T , x0, x1, and α. From (3.14) and (3.15), there
exist s5 ≥ max{s3, s4} and M11 > 0 depend only on K, T , x0, x1, and α, such that
for each s ≥ s5,∫ T

0

∫ 1

0

(sθU2
x + s3θ3U2 + sθV 2

x + s3θ3V 2)e2sΦ dx dt

≤M11

∫ T

0

∫
ω̂

(U2 + V 2)e2sΦ dxdt.

(3.16)

Let ξ2 ∈ C∞([0, 1]) such that supp ξ2 ⊂ (x0, x1), 0 ≤ ξ2 ≤ 1 in (0, 1) and ξ2 ≡ 1
in ω̂. Multiplying (3.1) by ξ2V e2sΦ, then integrating by parts and using (3.2), one
gets ∫ T

0

∫ 1

0

c4ξ2V
2e2sΦ dxdt

= −2
∫ T

0

∫ 1

0

(x+ η)αξ2UxVxe2sΦ dxdt+
∫ T

0

∫ 1

0

c1ξ2UxV e2sΦ dxdt

+
∫ T

0

∫ 1

0

c2ξ2UVxe2sΦ dxdt−
∫ T

0

∫ 1

0

(
(c3 + c5 + 2sΦt)ξ2

− ((x+ η)α(ξ2e2sΦ)x)xe−2sΦ
)
UV e2sΦ dxdt.

(3.17)

The Hölder inequality gives∣∣ ∫ T

0

∫ 1

0

(x+ η)αξ2UxVxe2sΦ dx dt
∣∣

≤ 1
2

∫ T

0

∫ 1

0

θU2
xe2sΦ dxdt+

1
2

∫ T

0

∫ 1

0

θ−1V 2
x e2sΦ dx dt,

(3.18)
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∣∣ ∫ T

0

∫ 1

0

c1ξ2UxV e2sΦ dxdt
∣∣

≤ 1
2

∫ T

0

∫ 1

0

θU2
xe2sΦ dxdt+

1
2
K2

∫ T

0

∫ 1

0

θ−1V 2e2sΦ dxdt,

(3.19)

∣∣ ∫ T

0

∫ 1

0

c2ξ2UVxe2sΦ dx dt
∣∣∣

≤ 1
2

∫ T

0

∫ 1

0

θV 2
x e2sΦ dxdt+

1
2
K2

∫ T

0

∫
ω

θ−1U2e2sΦ dxdt,

(3.20)

and∣∣ ∫ T

0

∫ 1

0

((c3 + c5 + 2sΦt)ξ2 − ((x+ η)α(ξ2e2sΦ)x)xe−2sΦ)UV e2sΦ dx dt
∣∣

≤ 1
2

(1 + s2)
∫ T

0

∫ 1

0

θ3V 2e2sΦ dx dt

+M12(1 + s2)
∫ T

0

∫
ω

θ−3U2e2sΦ dxdt,

(3.21)

where M12 > 0 depends only on K, T , x0, x1, and α. Since c4
∣∣
(x0,x1)×(0,T )

≥ c0 or

c4
∣∣
(x0,x1)×(0,T )

≤ −c0, it follows from (3.17)–(3.21) and the definition of ξ2 that

c0

∫ T

0

∫
ω̂

V 2e2sΦ dxdt

≤ 3
2

∫ T

0

∫ 1

0

θU2
xe2sΦ dx dt+

1
2

∫ T

0

∫ 1

0

θV 2
x e2sΦ dxdt

+ 2
∫ T

0

∫ 1

0

θ−1V 2
x e2sΦ dxdt+

1
2
K2

∫ T

0

∫ 1

0

θ−1(U2 + V 2)e2sΦ dxdt

+
1
2

(1 + s2)
∫ T

0

∫ 1

0

θ3V 2e2sΦ dx dt

+M12(1 + s2)
∫ T

0

∫
ω

θ−3U2e2sΦ dx dt.

(3.22)

Then the theorem follows from (3.16) and (3.22). �

Below we prove the observability inequality for the solution to problem (3.1)–
(3.4).

Theorem 3.2 (Uniform observability inequality). Assume that 0 < α < 1/2,
0 < η < 1, ci ∈ L∞(QT ) with ‖ci‖L∞(QT ) ≤ K (1 ≤ i ≤ 5), and c4

∣∣
(x0,x1)×(0,T )

≥ c0
or c4

∣∣
(x0,x1)×(0,T )

≤ −c0. There exists M > 0 depending only on x0, x1, K, c0,
T , and α, but independent of η, such that for each UT , VT ∈ L2(0, 1), the solution
(Uη, V η) to problem (3.1)–(3.4) satisfies∫ 1

0

((Uη)2(x, 0) + (V η)2(x, 0))dx ≤M
∫ T

0

∫
ω

(Uη)2 dxdt.

Proof. As in Theorem 3.1, Uη and V η are abbreviated by U and V , respectively,
and it is assumed that U, V ∈ C2(QT ). Multiplying (3.1) and (3.2) by U and V ,
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respectively, and then integrating over (0, 1) with respect to x, we obtain

1
2
d

dt

∫ 1

0

U2 dx−
∫ 1

0

(x+ η)αU2
xdx+

∫ 1

0

c1UUx dx−
∫ 1

0

c3U
2dx−

∫ 1

0

c4UV dx

= 0,

1
2
d

dt

∫ 1

0

V 2 dx−
∫ 1

0

(x+ η)αV 2
x dx+

∫ 1

0

c2V Vx dx−
∫ 1

0

c5V
2 dx = 0,

for t ∈ (0, T ). Using the Hölder inequality and the Hardy inequality yields

− d

dt

∫ 1

0

(U2 + V 2) dx ≤ M̃
∫ 1

0

(U2 + V 2) dx, t ∈ (0, T ),

where M̃ > 0 depends only on K and α. Hence∫ 1

0

(U2(x, 0) + V 2(x, 0)) dx ≤ eM̃t

∫ 1

0

(U2(x, t) + V 2(x, t)) dx, t ∈ (0, T ). (3.23)

Integrating (3.23) over [T/4, 3T/4] leads to

T

2

∫ 1

0

(U2(x, 0) + V 2(x, 0)) dx ≤ e3M̃T/4

∫ 3T/4

T/4

∫ 1

0

(U2 + V 2) dx dt. (3.24)

The theorem follows from (3.24), the Hardy inequality and Theorem 3.1. �

By a standard limit process, one can get the Carleman estimate and the observ-
ability inequality for the degenerate parabolic system

Ut + (xαUx)x + c1(x, t)Ux − c3(x, t)U − c4(x, t)V = 0, (x, t) ∈ QT , (3.25)

Vt + (xαVx)x + c2(x, t)Vx − c5(x, t)V = 0, (x, t) ∈ QT , (3.26)

U(0, t) = V (0, t) = 0, U(1, t) = V (1, t) = 0, t ∈ (0, T ), (3.27)

U(x, T ) = UT (x), V (x, T ) = VT (x), x ∈ (0, 1), (3.28)

where 0 < α < 1/2, ci ∈ L∞(QT ) (1 ≤ i ≤ 5), and UT , VT ∈ L2(0, 1).

Theorem 3.3. Assume that 0 < α < 1/2, 0 < η < 1, ci ∈ L∞(QT ) with
‖ci‖L∞(QT ) ≤ K (1 ≤ i ≤ 5), and c4

∣∣
(x0,x1)×(0,T )

≥ c0 or c4
∣∣
(x0,x1)×(0,T )

≤ −c0.
There exist three positive constants s0, M0 and M depending only on x0, x1, K,
c0, T , and α, such that for each UT , VT ∈ L2(0, 1), the solution (U, V ) to problem
(3.25)–(3.28) satisfies∫ T

0

∫ 1

0

(sθU2
x + s3θ3U2 + sθV 2

x + s3θ3V 2)e2sΦ̃ dxdt

≤M0

∫ T

0

∫
ω

U2 dx dt, s ≥ s0,∫ 1

0

(U2(x, 0) + V 2(x, 0))dx ≤M
∫ T

0

∫
ω

U2 dxdt,

where

Φ̃(x, t) = 8θ(t)ψ(x)(x(4−2α)/3 − 8)− θ(t)(1− ψ(x))
(
e2 − e1−x1−α/2)

,

for (x, t) ∈ QT .
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4. Null controllability

In this section, we study the null controllability of system (1.1)–(1.4). First
consider the nondegenerate parabolic system

uηt − ((x+ η)αuηx)x + (P1(x, t, uη))x + F1(x, t, uη) = hηχω, (x, t) ∈ QT , (4.1)

vηt − ((x+ η)αvηx)x + (P2(x, t, vη))x + F2(x, t, uη, vη) = 0, (x, t) ∈ QT , (4.2)

uη(0, t) = vη(0, t) = 0, uη(1, t) = vη(1, t) = 0, t ∈ (0, T ), (4.3)

uη(x, 0) = u0(x), vη(x, 0) = v0(x), x ∈ (0, 1), (4.4)

where 0 < α < 1/2, 0 < η < 1, and u0, v0 ∈ L2(0, 1).

Lemma 4.1. Assume that 0 < α < 1/2, 0 < η < 1, and P1, P2, F1, F2 satisfy
(1.10)–(1.13). For each u0, v0 ∈ L2(0, 1), there exists hη ∈ L2(QT ), such that the
solution (uη, vη) to problem (4.1)–(4.4) satisfies

uη(x, T ) = vη(x, T ) = 0, x ∈ (0, 1). (4.5)

Furthermore, there exists M > 0 depending only on x0, x1, K, c0, T , and α, such
that

‖hη‖L2(QT ) ≤M(‖u0‖L2(0,1) + ‖v0‖L2(0,1)). (4.6)

Proof. For (x, t, y, z) ∈ QT × R2, set

c1(x, t, y) =

{
P1(x,t,y)−P1(x,t,0)

y , y 6= 0,
0, y = 0,

c2(x, t, z) =

{
P2(x,t,z)−P2(x,t,0)

z , z 6= 0,
0, z = 0,

c3(x, t, y) =

{
F1(x,t,y)−F1(x,t,0)

y , y 6= 0,
0, y = 0,

c4(x, t, y, z) =
∫ 1

0

∂F2

∂y
(x, t, λy, λz) dλ, c5(x, t, y, z) =

∫ 1

0

∂F2

∂z
(x, t, λy, λz) dλ.

Then, (1.11)–(1.13) show that c1, c2, c3 ∈ L∞(QT × R) and c4, c5 ∈ L∞(QT × R2)
satisfy

‖ci‖L∞(QT×R) ≤ K (i = 1, 2, 3)

‖cj‖L∞(QT×R2) ≤ K (j = 4, 5),

c4
∣∣
(x0,x1)×(0,T )×R2 ≥ c0 or c4

∣∣
(x0,x1)×(0,T )×R2 ≤ −c0.

Let y, z ∈ L2(QT ). For ε > 0, consider the problem

min
{∫ T

0

∫ 1

0

h2 dxdt+
1
ε

∫ 1

0

u2(x, T ) dx+
1
ε

∫ 1

0

v2(x, T ) dx : h ∈ L2(QT )
}
, (4.7)

where (u, v) is the solution to the problem

ut − ((x+ η)αux)x + (c1(x, t, y(x, t))u)x + c3(x, t, y(x, t))u

= hχω, (x, t) ∈ QT ,
(4.8)

vt − ((x+ η)αvx)x + (c2(x, t, z(x, t))v)x + c4(x, t, y(x, t), z(x, t))u

+ c5(x, t, y(x, t), z(x, t))v = 0, (x, t) ∈ QT ,
(4.9)



EJDE-2018/195 CARLEMAN ESTIMATE AND NULL CONTROLLABILITY 15

u(0, t) = v(0, t) = 0, u(1, t) = v(1, t) = 0, t ∈ (0, T ), (4.10)

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1). (4.11)

As shown in [5], one can prove that problem (4.7)–(4.11) admits a unique solution
hη,ε,y,z = Uη,ε,y,zχω, where (Uη,ε,y,z, V η,ε,y,z) is the solution to the problem

Uη,ε,y,zt + ((x+ η)αUη,ε,y,zx )x + c1(x, t, y(x, t))Uη,ε,y,zx

− c3(x, t, y(x, t))Uη,ε,y,z − c4(x, t, y(x, t), z(x, t))V η,ε,y,z = 0, (x, t) ∈ QT ,
(4.12)

V η,ε,y,zt + ((x+ η)αV η,ε,y,zx )x + c2(x, t, z(x, t))V η,ε,y,zx

− c5(x, t, y(x, t), z(x, t))V η,ε,y,z = 0, (x, t) ∈ QT ,
(4.13)

Uη,ε,y,z(0, t) = V η,ε,y,z(0, t) = 0, Uη,ε,y,z(1, t) = V η,ε,y,z(1, t) = 0, t ∈ (0, T ),
(4.14)

Uη,ε,y,z(x, T ) = −1
ε
uη,ε,y,z(x, T ), V η,ε,y,z(x, T ) = −1

ε
vη,ε,y,z(x, T ), x ∈ (0, 1),

(4.15)

with (uη,ε,y,z, vη,ε,y,z) solving problem (4.8)–(4.11) for h = hη,ε,y,z. Multiplying
(4.8) with h = hη,ε,y,z, (4.9), (4.12) and (4.13) by Uη,ε,y,z, V η,ε,y,z, uη,ε,y,z and
vη,ε,y,z, respectively, and then integrating over QT by parts, we obtain∫ T

0

∫ 1

0

hη,ε,y,zχωU
η,ε,y,z dxdt+

1
ε

∫ 1

0

(uη,ε,y,z(x, T ))2 dx

+
1
ε

∫ 1

0

(vη,ε,y,z(x, T ))2 dx

= −
∫ 1

0

Uη,ε,y,z(x, 0)u0(x) dx−
∫ 1

0

V η,ε,y,z(x, 0)v0(x) dx.

(4.16)

It follows from (4.16), hη,ε,y,z = Uη,ε,y,zχω, the Hölder inequality and Theorem 3.2
that∫ T

0

∫ 1

0

(hη,ε,y,z)2 dx dt+
1
ε

∫ 1

0

(uη,ε,y,z(x, T ))2 dx+
1
ε

∫ 1

0

(vη,ε,y,z(x, T ))2 dx

≤
∫ 1

0

|Uη,ε,y,z(x, 0)u0(x)|dx+
∫ 1

0

|V η,ε,y,z(x, 0)v0(x)|dx

≤ M

2

∫ 1

0

(u2
0(x) + v2

0(x)) dx+
1

2M

∫ 1

0

((Uη,ε,y,z(x, 0))2 + (V η,ε,y,z(x, 0))2) dx

≤ M

2

∫ 1

0

(u2
0(x) + v2

0(x)) dx+
1
2

∫ T

0

∫ 1

0

(hη,ε,y,z)2 dxdt,

where M > 0 depending only on x0, x1, K, c0, T and α, is given in Theorem 3.2.
Hence∫ T

0

∫ 1

0

(hη,ε,y,z)2 dxdt+
2
ε

∫ 1

0

(uη,ε,y,z(x, T ))2 dx+
2
ε

∫ 1

0

(vη,ε,y,z(x, T ))2 dx

≤M
∫ 1

0

(u2
0(x) + v2

0(x)) dx,

(4.17)
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which, together with Lemma 2.1, leads to

‖uη,ε,y,z‖L∞(0,T ;L2(0,1)) + ‖(x+ η)α/2uη,ε,y,zx ‖L2(QT )

+ ‖vη,ε,y,z‖L∞(0,T ;L2(0,1)) + ‖(x+ η)α/2vη,ε,y,zx ‖L2(QT )

≤ N(‖hη,ε,y,z‖L2(QT ) + ‖u0‖L2(0,1) + ‖v0‖L2(0,1))

≤ N(M1/2 + 1)(‖u0‖L2(0,1) + ‖v0‖L2(0,1)),

(4.18)

∫ T−δ

0

∫ 1

0

(uη,ε,y,z(x, τ + δ)− uη,ε,y,z(x, τ))2 dxdτ

+
∫ T−δ

0

∫ 1

0

(vη,ε,y,z(x, τ + δ)− vη,ε,y,z(x, τ))2 dx dτ

≤ Nδ1/2(‖hη,ε,y,z‖2L2(QT ) + ‖u0‖2L2(0,1) + ‖v0‖2L2(0,1))

≤ Nδ1/2(M + 1)(‖u0‖2L2(0,1) + ‖v0‖2L2(0,1)), 0 < δ < T,

(4.19)

where N > 0 depending only on K, T and α, is given in Lemma 2.1. Define

Λε : (y, z) 7→ (uη,ε,y,z, vη,ε,y,z), y, z ∈ BR = {w ∈ L2(QT ) : ‖w‖L2(QT ) ≤ R}

with
R = NT 1/2(M1/2 + 1)(‖u0‖L2(0,1) + ‖v0‖L2(0,1)).

It follows from (4.18) and (4.19) that Λε is a mapping from BR to BR, and Λε is
compact and continuous. Therefore, the Schauder fixed point theorem yields that
Λε admits a fixed point (uη,ε, vη,ε) ∈ BR × BR, which solves problem (4.1)–(4.4)
with h = hη,ε = hη,ε,u

η,ε,vη,ε . Moreover, (4.17)–(4.19) yield∫ T

0

∫ 1

0

(hη,ε)2 dxdt+
2
ε

∫ 1

0

(uη,ε(x, T ))2 dx+
2
ε

∫ 1

0

(vη,ε(x, T ))2 dx

≤M
∫ 1

0

(u2
0(x) + v2

0(x)) dx,

‖uη,ε‖L∞(0,T ;L2(0,1)) + ‖(x+ η)α/2uη,εx ‖L2(QT ) + ‖vη,ε‖L∞(0,T ;L2(0,1))

+ ‖(x+ η)α/2vη,εx ‖L2(QT )

≤ N(M1/2 + 1)(‖u0‖L2(0,1) + ‖v0‖L2(0,1)),∫ T−δ

0

∫ 1

0

(uη,ε(x, τ + δ)− uη,ε(x, τ))2 dx dτ

+
∫ T−δ

0

∫ 1

0

(vη,ε(x, τ + δ)− vη,ε(x, τ))2 dxdτ

≤ Nδ1/2(M + 1)(‖u0‖2L2(0,1) + ‖v0‖2L2(0,1)).

Then there is εn ∈ (0, 1) with limn→∞ εn = 0, Em ⊂ QT with limm→∞measEm =
0, hη ∈ L2(QT ) and uη, vη ∈ L∞(0, T ;L2(0, 1)) ∩ L2(0, T ;H1(0, 1)), such that

hη,εn ⇀ hη, uη,εn ⇀ uη, vη,εn ⇀ vη, uη,εnx ⇀ uηx, vη,εnx ⇀ vηx

in L2(QT ) as n→∞,
(4.20)

uη,εn → uη, vη,εn → vη

uniformly in QT \Em as n→∞ for each positive integer m,
(4.21)

uη(x, T ) = vη(x, T ) = 0, x ∈ (0, 1), (4.22)
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0

∫ 1

0

(hη)2 dxdt ≤M
∫ 1

0

(u2
0(x) + v2

0(x)) dx. (4.23)

It follows from (1.11), (1.12) and (4.21) that

P1(x, t, uη,εn) ⇀ P1(x, t, uη), P2(x, t, vη,εn) ⇀ P2(x, t, vη),

F1(x, t, uη,εn) ⇀ F1(x, t, uη),

F2(x, t, uη,εn , vη,εn) ⇀ F2(x, t, uη, vη) in L2(QT ) as n→∞.
(4.24)

From (4.20) and (4.24), one can show that (uη, vη) is the solution to problem (4.1)–
(4.4). Finally, (4.5) and (4.6) follow from (4.22) and (4.23). �

Now we are ready to prove the null controllability of the degenerate parabolic
system (1.1)–(1.4).

Theorem 4.2. Assume that 0 < α < 1/2, and P1, P2, F1, F2 satisfy (1.10)–
(1.13). The system (1.1)–(1.4) is null controllable. More precisely, for each u0,
v0 ∈ L2(0, 1), there exists h ∈ L2(QT ), such that the solution (u, v) to problem
(1.1)–(1.4) satisfies

u(x, T ) = v(x, T ) = 0, x ∈ (0, 1). (4.25)

Furthermore, there exists M > 0 depending only on x0, x1, K, c0, T , and α, such
that

‖h‖L2(QT ) ≤M(‖u0‖L2(0,1) + ‖v0‖L2(0,1)). (4.26)

Proof. For each 0 < η < 1, Lemma 4.1 shows that there exists hη ∈ L2(QT ) with

‖hη‖L2(QT ) ≤M(‖u0‖L2(0,1) + ‖v0‖L2(0,1)), (4.27)

such that the solution (uη, vη) to problem (4.1)–(4.4) satisfies

uη(x, T ) = vη(x, T ) = 0, x ∈ (0, 1), (4.28)

where M > 0 depends only on x0, x1, K, c0, T , and α. Rewrite (4.1) and (4.2) into

uηt − ((x+ η)αuηx)x + (c1(x, t)uη)x + c3(x, t)uη = hηχω, (x, t) ∈ QT ,
vηt − ((x+ η)αvηx)x + (c2(x, t)vη)x + c4(x, t)uη + c5(x, t)vη = 0, (x, t) ∈ QT ,

where for (x, t) ∈ QT ,

c1(x, t) =

{
P1(x,t,uη(x,t))−P1(x,t,0)

uη(x,t) , uη(x, t) 6= 0,

0, uη(x, t) = 0,

c2(x, t) =

{
P2(x,t,vη(x,t))−P2(x,t,0)

vη(x,t) , vη(x, t) 6= 0,

0, vη(x, t) = 0,

c3(x, t) =

{
F1(x,t,uη(x,t))−F1(x,t,0)

uη(x,t) , uη(x, t) 6= 0,

0, uη(x, t) = 0,

c4(x, t) =
∫ 1

0

∂F2

∂y
(x, t, λuη(x, t), λvη(x, t)) dλ,

c5(x, t) =
∫ 1

0

∂F2

∂z
(x, t, λuη(x, t), λvη(x, t)) dλ.
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Then, ci ∈ L∞(QT ) with ‖ci‖L∞(QT ) ≤ K (1 ≤ i ≤ 5). Lemma 2.1 yields

‖uη‖L∞(0,T ;L2(0,1)) + ‖(x+ η)α/2uηx‖L2(QT ) + ‖vη‖L∞(0,T ;L2(0,1))

+ ‖(x+ η)α/2vηx‖L2(QT )

≤ N(‖hη‖L2(QT ) + ‖u0‖L2(0,1) + ‖v0‖L2(0,1)),

(4.29)

∫ T−δ

0

∫ 1

0

(uη(x, τ + δ)− uη(x, τ))2 dxdτ

+
∫ T−δ

0

∫ 1

0

(vη(x, τ + δ)− vη(x, τ))2 dx dτ

≤ Nδ1/2(‖hη‖2L2(QT ) + ‖u0‖2L2(0,1) + ‖v0‖2L2(0,1)), 0 < δ < T,

(4.30)

where N > 0 depending only on K, T and α, is given in Lemma 2.1. By (4.27)–
(4.30), there exist ηn ∈ (0, 1) with limn→∞ ηn = 0, Em ⊂ QT with
limm→∞measEm = 0, h ∈ L2(QT ) and u, v ∈ L∞(0, T ;L2(0, 1)) ∩Hα, such that

hηn ⇀ h, uηn ⇀ u, vηn ⇀ v, (x+ η)α/2uηnx ⇀ xα/2ux,

(x+ η)α/2vηnx ⇀ xα/2vx in L2(QT ) as n→∞,
(4.31)

uηn → u, vηn → v

uniformly in QT \Em as n→∞ for each positive integer m,
(4.32)

u(x, T ) = v(x, T ) = 0, x ∈ (0, 1), (4.33)∫ T

0

∫ 1

0

h2 dxdt ≤M
∫ 1

0

(u2
0(x) + v2

0(x)) dx. (4.34)

It follows from (1.11), (1.12) and (4.32) that

P1(x, t, uηn) ⇀ P1(x, t, u), P2(x, t, vηn) ⇀ P2(x, t, v),

F1(x, t, uηn) ⇀ F1(x, t, u), F2(x, t, uηn , vηn) ⇀ F2(x, t, u, v)
(4.35)

in L2(QT ) as n → ∞. From (4.31) and (4.35), one can show that (u, v) solves
problem (1.1)–(1.4). Finally, (4.25) and (4.26) follow from (4.33) and (4.34). �
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