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SUFFICIENT CONDITIONS FOR THE EXISTENCE OF
NON-OSCILLATORY SOLUTIONS TO FIRST-ORDER
DIFFERENTIAL EQUATIONS WITH MULTIPLE
ADVANCED ARGUMENTS

JULIO G. DIX

ABSTRACT. This article concerns the existence of non-oscillatory solutions to

the equation
m

2 (t) = ap(B)x(hi(t)),
k=1
where aj > 0 and hy(t) > ¢t. We generalize existing results and then give an
answer to the open question stated in [4]. Moreover we present a new condition
based on the integral of (3 ax)?.

1. INTRODUCTION

In this article we show sufficient conditions for the existence of non-oscillatory
solutions to the equation

2(t) =Y an(t)z(hi(t)), (1.1)
k=1

where ay, and hy, are in C([tg, 00),R) with ax(t) > 0, and hg(t) > t.

Advanced equations have applications in real world problems where the current
rate of change may depend on future events. Such phenomena happen in popula-
tion dynamics and in economics, see [7]. For additional information on advanced
equations see the books [11, 2] [8] @] 10} [1T].

By a solution we mean a nontrivial function z € C1([tg,c0),R) that satisfies
. A solution is called oscillatory if it has arbitrarily large zeros; otherwise is
non-oscillatory. Note that if x is a positive solution of for sufficient large t,
then —x is also a solution; so among non-oscillatory solutions, we only consider
positive solutions.

The main two approaches for solving are: using a fixed point argument,
and solving an inequality that implies the solvability of (1.1)). In this article we use
the second approach. It is well known that the existence of positive solutions to
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(1.1) is equivalent to the existence of a solution to the inequality
m hp (t)
At) =) an(t) exp (/ A(s) ds) Vi >t . (1.2)
k=1 t

However there is no specific way for finding solutions to . Our strategy is
to define solutions A of special form, and then find the corresponding inequalities
for > aj that guarantee the existence of solutions to . These inequalities can
include values Y ax(t), or integrals of > ay. In some publications, the inequalities
are called pointwise and integral conditions, respectively. Here, we generalize some
of the existing conditions and then give an answer to the open question stated in
M] (see inequality (3.6))). Also we present a new condition based on the integral of

(X ax)?.

The following theorem shows sufficient conditions for the existence of solutions
to (1.1); see [I, Thm. 5.1], and for m = 1 with hi(t) =t + 7, see [0, Thm. 1]. The
converse of the theorem is easy to prove by using A(¢) = 2/(¢)/z(t).

Theorem 1.1. Suppose that inequality (L.2)) has a non-negative solution that is
integrable on each interval [to,b]. Then (1.1) has a positive solution for t > tg.

Note that letting
h(t) = max{hi(t) : k=1,2,...,m}, (1.3)

it follows that solutions to
m h(t)
At =S ai(t) exp (/ A(s)ds) V= to. (1.4)
k=1 t

are also solutions to (|1.2)). Furthermore, if there is a constant 7 > 0 such that
ht)—t<T, Vt>to, (1.5)

then solutions to
m t+1
D) > Y an(t) exp (/ Ms)ds) ¥ > 1y (1.6)
k=1 ¢
are also solutions to ([1.4]), and hence to (|1.2).

2. CONDITIONS USING POINT VALUES OF Y ay

Initially we look for a constant solution to (1.6). This leads to an extension of
the well-known condition 1/(re) > aq(t), see [11].

Theorem 2.1. Under assumption (1.5, the condition

1
— >N at) VE>te>1 (2.1)
TE

k=1

is sufficient for the existence of solutions to (1.1)).

Proof. Let A(t) = A\ be a constant. In this case, assuming (1.5)), condition (1.6]) is
implied by

Ao > (iaﬂt))e’\‘ﬁ YVt > to.
k=1
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Note that the mapping \g — \o/e*” has its maximum at \g = 1/7. With this
value we obtain (2.1) which implies the existence of a solution to (|1.6), and hence
the existence of a positive solution to (1.1). O

Next we perturb the constant solution 1/7, with a positive function that tends
to zero as t — 0 and leads to a simple integral in (|1.6).

Theorem 2.2. Under assumption (1.5)), the condition

1(1+T

gD at) ez 22)

is sufficient for the existence of solutions to (1.1)).

Proof. We look for solutions, to (L6), of the form A(t) = L + ¢, where o > 0 and
t > 1. In this case (1.6 is implied by

%4— % > (éak(t)) exp (/tHT (% + %) ds = (iaﬂt))e(l-l— %)a

which is equivalent to

TE

(1 + ﬂ) /(1+ %)" > ]éak(t) VE>1. (2.3)

Note that for t > 1 and 0 < a < 1, using two terms of the Taylor series for the
mapping x — (1 + x)® about = 0, we have

(1+%)/(1+%)az (1+%)/(1+%) =1,

with equality when o = 0 or @« = 1. Therefore (2.3)) is less restrictive, on > ag,
than (2.1). Setting o = 1/2, we have condition (2.2 which implies the existence of

solutions to (|1.6)); thus the existence of solutions to (1.1). O

Another perturbation of the constant solution 1/7 is A(t) = L + & with o > 0
and ¢t > 1. In this case assuming (|1.5]), condition (1.6]) is implied by

- +§ > (Zak )exp(/ T (%+%) dg) = (éak(t))ee}(p(t(toiﬂ)'
Then the condition
i(1—&-%)/exp

TE

ap(t) Vt>1. 2.4
t+T Z a - (24)
is sufficient for the existence of a positive solution to (| . Since
@ arT ar
e — ) 2>l 4+ —2>14 —,
Xp(t(t+7))— TS te

the coefficient of - in (2.4) is less than 1. Therefore, (2.4) is more restrictive, on
> ag, than (2.1). Then there is no advantage in using 1-) instead of (2.1).

Next we consider the perturbed function A(t) = 1 4 T Witha > 0and ¢ > e.

Under assumption (|1.5]), condition (L.6)) is implied by

t4r o
tln (Zak )eXp(/t (%—Fsln(s))ds)

—+
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Then the condition
1 ar In(t + 1)\
=0/ o) =
(1 o) T ) 2
is sufficient for the existence of a positive solution (|1.1]). There is no optimal value

for v in (2.5]), and if its exists, it depends on 7.

To compare (2.5) with (2.2) we graph the upper bounds in both inequalities.
The graph corresponding to (2.5 is eventually above the graph corresponding to

(2.2)) for each . This indicates that ([2.5]) is less restrictive, on Y ag, than (2.2)).
Next we consider the perturbed function A(t) = 1 + Ty Ity With @ > 0 and
t > e°. This leads to the condition

Tle(1+tln(t)?r?(ln(t)))/Cnlglh(lt+T ) ZZ:: k) Wzt (26)

which is sufficient for the existence of a positive solution (1.1)). Graphing their
upper bounds, we conclude that is less restrictive than , but more restric-
tive than . Apparently further iterations of the logarithm do not lead to less
restrictive conditions.

Combining two of the perturbations above, we have A(t) = L + L + ﬁn@ For
this A, we obtain the condition

LY YT ) A VR

Using the the same A and Taylor polynomials, Diblik [3] obtained the condition

(2.5)

gt

QL

=

e~
<C
o~
Vv
e

2

1 T
—(1 7) > ay(t). 2.
Te( +8t2 = a(t) (2:8)

Comparing the graphs of their bounds, we realize that ( is less restrictive than

(2.8)). Some other functions A have been considered in [ ] such as

1 T T
=102 - )
W= 5 T omm T Am@ @) (@)

We conclude this section by stating that there are many good choices for A, but
there is no known optimal choice.

3. CONDITIONS USING WEIGHTED INTEGRALS OF Y ay

Initially we look for solutions to (T.4)), of the form A(t) = >_;" | ax(t)e’, where §
1.3

is a constant. Under assumption (1.3)), condition ([1.4)) is implied by

m m h(t) m
e‘s(Zak(t)) > (Zak(t)) exp (e‘s/ Zak(s) ds)
k=1 k=1 t k=1
which is equivalent to

65—/ Zak
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Note that the mapping § — §/e® has its maximun when 6 = 1. Therefore we set
- > > an(s)ds V>t (3.1)

as a sufficient condition for the existence of positive solutions for (1.1)). This con-
dition is the same as in [I, Corollary 5.1]. Also when m = 1 and h(t) = t+ T,

condition (3.1)) becomes the classical condition 1/e > f s)ds. Tt is albo well

known that if liminf;_, . f:+T ai(s)ds > 1/e, then every solutlon of with
m =1 is oscillatory; see [8, p. 31]

Now we consider a perturbation of the solution A(t) = Y7, ax(t)e, by using a
non-negative function w that decays to zero as t — oo. Let

E ak l+w

Then under assumption , condltlon is implied by

(i ak(t))el+w(t) > (i ak(t)> exp (/h(t) el tw(s) i ax(s) ds)
k=1 k=1 ¢ k=1

which is equivalent to the condition

1 h(t) m
g(l +w(t)) > / ev(®) Z ar(s)ds Yt >tg, (3.2)
¢ k=1

which correspond to [4, Lemma 1]. This is a sufficient condition, but it is an implicit
condition. With the goal of separating the variables w and 3 ax(s) in the above
inequality, we assume that w is non-decreasing. Then we obtain the condition

(&) m
é(l + w(t))/ew(t) > /h Z ap(s)ds Yt >tg. (3.3)
t k=1

The variables are separated, but is more restrictive than , because of the
inequality 1+ w < e®.

Next we follow the approach in [4] of partitioning the interval [t,t 4+ 7] into n
subintervals of equal length, 7/n.

Theorem 3.1. Assume (L.4)), n > 2, and w is non-increasing. Also assume that
there exists a non-increasing function 3, r such that

t+7/n M
/t > a(s)ds < B (1), (3.4)

k=1
and

é(l%—w( ))>,6’7LTt+ Zexp 1—1) ))’ (3.5)

n

for allt > ty. Then (3.2)) is satisfied so that there exists a positive solution to (|1.1)).

Proof. Note that the right-hand side of (3.2]) satisfies
t+it/n

/H—T w Q)Zak ds_Z/ w(s)zm:ak(s)ds
t k=1

+(i—1)T/n
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t+it/n m

§Zexp (w(t+ (i —1)7/n)) /+(' - Zak(s)ds
i=1 t+(—1)7/n 1
< B~ ( t—|— Zexp Z_nl) ))

This inequality and (3.5)) imply (3.2)); thus there exists a positive solution to (1.1).
O

A concrete example of Theorem was obtained in [4], where

1 p(n—1)272 (n—1)7
n,T t)=— T o 2.9 T a4,
Bnr (8) ne * 8ndt2e 2nt
with 0 < p < 1and n > 2.
Trying to address the case n = 1, Diblik [4] formulated the open question: Prove

of disprove that if for some p € (0,1) and to > 0,
t+7
1
sup t* (/ ay(s)ds — 7> < BT (3.6)
t>to t

then there exists a positive solution to (L.1) with m = 1 and h(t) = t+7. A positive
answer to this question is found as a particular case of the next Theorem. First we

rewrite as (3.7) below.

Theorem 3.2. Assume that (1.5) holds and

/tmi ()ds<1(1+'l;%) (3.7)

k=1

and w(t) =

for some p € (0,1) and all t > tg. Then there exist a positive solution to (L.1)).

Proof. Our strategy is to show that (2.2) is satisfied, so that Theorem can
be applied. Since > ay is a continuous function, by the mean value theorem for
integrals, there exists £ € [t,t + 7] such that

tHr m m
/ Zak(s)ds:TZak(«f)
t k=1

k=1
Note that £ depends on ¢, 7, ar. Then by (3.7)), and since t < £ <t + 7, we have

2 2
Z“k < im) < (v g )

To show that Y aj, satisfies (2.2)), we need to show that

2
%(l—i—%)/(l—i- )1/2*%(”5;(#—%)2)' (3.8)
Squaring both sides, this inequality is equivalent to
1T
t o 42
— T . 2 i 2t 270

i aa—n Y mi— teaa =t Temg—nt
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Note that

T2 uTQ B T2 ( 1—pu 2T 72 )

TERR T

C—7)2 Hi—12E  B_r)?

Since (;:77“)2 > 0 and its decay is slower that the other two terms as ¢ — oo, the

above inequality is true for ¢ large enough. Therefore Y ay satisfies (2.2]), and by
Theorem there exists a positive solution to (|1.1)). The proof is complete. [

We conclude this section by remarking that (3.7) is less restrictive than (3.1).

Also for some examples the pair (3.4)-(3.5) is less restrictive than (3.7)), but for
other examples is more restrictive.

4. CONDITIONS USING INTEGRALS OF (3 ay)?

In this section we define solutions of (|1.4) depending on ) aj, and obtain integral
conditions for (3" ay)?.

Theorem 4.1. Under assumption (1.3)), the existence of a non-negative and con-
tinuous function g such that

gz(t)/(/h(t) 029(5) ds) > /t+T (i ak(s))2 ds Yt >t (4.1)
t t k=1

implies the existence of a positive solution to (|1.1)).
Proof. Letting \(t) = >_1° | ar(t)e9™®, condition (T.4) is implied by

(iak(t))eg(ﬂ > (iak(t)) exp (/
k=1 k=1 t

which is equivalent to

h(t) m

Z ar(s)ed® ds)
k=1

h(t) m
g(t) > / e9(®) Z ag(s)ds.
t k=1

From (4.1) and the Cauchy-Schwarz inequality, we have

20> (/h(t) 2000 ds)(/h(t) (iak(s))QdS) > (/h(t) €g(s)iak(3) d8)2.
t t k=1 t k=1

Therefore A(t) is a solution of ([L.4)), which implies the existence of a positive solution

to (|1.1)). O
Now we consider g(t) = R, where R > 0. Then (4.1) is implied by

R2 h(t) ™ 9
7(h(t)—t)ezR Z/t (’;ak(s)) ds.

Assuming ([1.5) and recalling that R/eft < 1/e for all R, we have the condition

1 t+7 m
— 2/ (Y an(s))*ds vt >to. (4.2)
t k=1

This is a sufficient condition for the existence of a positive solution to ([L.1)), because

A(t) =>4, ak(t)e is a solution of (1.4).
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Now we consider the perturbed function g(t) = 1+ 11In(1 + 7/t). Then

t+71 t+7
/ e29(s) ds:/ 62(1+T/s)ds:Te2(1+ln (1+T/t)>.
t t

Following the above process we set

%(1—}—%ln(l+T/t))2/(1+ln(1+7/t)) 2/t+7(iak(s))2ds Vit >ty (4.3)
t k=1

as a sufficient condition for the existence of a positive solution to ([1.1)). Note that
expanding the square above, we have

(1+ %ln(l +7/0) =1+ (1 +7/t) + (% (1 + 7/t))
> 14+ 1In(1+7/1).

Therefore the coefficient of 1/(7€2?) in (4.3)) is greater than 1; thus (4.3) is less
restrictive than (4.2)).

Now we consider the perturbed function g(t) =1+ 31In (1 + 7/(tIn(t)). Then

(t1
/t+7'€29(s) ds:/t+T62(1+7/(31n(5))ds:762(1+ln( i 0 )))

Following the above process we set

(1+21n(1+7/(t1n( >))2/(1+1n(m$1(+t)7))) Z/tt T i O

as a sufficient condition for the existence of a positive solution to (|1.1)). Graphing
their upper bounds we notice that is less restrictive than . As an example
of a function that satisfies but not (£.3), we have ay(t) = (14 7/(t?), when
m=11in .

We conclude this section with a theorem that uses [(}aj)? to establish the
oscillation of all solutions.

1

Te2

Theorem 4.2. Assume that m = 1, 0 < a1(t) < amax < 00 and h(t) =t + 7 for
all t > tg. If

1 t+7
— < lim mf/ a3 (s)ds, (4.5)
t

Te? t—00

then all solutions to (L.1)) are oscillatory.

Proof. The strategy is to show that l/e < liminf;_ ft (s) ds which implies
the oscillation of all solutions. From , there exist ¢ and € > 0 such that

1 t+7
f—|—e</ at(s)ds Vt>t;.
t

Te?

Then
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Therefore,

€ t+71 t+71 1
713/ al(s)dsf/ —ds Vt>t,
(amax + ﬁ) t t Te

1 € t+7

< lim inf ay(s)ds.

g (amax + é) t—oo [,

Thus, all solutions of (|1.1) are oscillatory. O

which implies
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