
Electronic Journal of Differential Equations, Vol. 2018 (2018), No. 169, pp. 1–17.

ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

UNIQUENESS OF SOLUTION IN A RECTANGULAR DOMAIN
OF AN EVOLUTION DAM PROBLEM WITH

HETEROGENEOUS COEFFICIENTS

ELMEHDI ZAOUCHE

Communicated by Jesus Ildefonso Diaz

Abstract. In this article, we consider an evolution dam problem with hetero-

geneous coefficients of type a(x1)(ux2 +χ)x2−χt = 0 in a bounded rectangular
domain of R2. We establish uniqueness of the solution for this problem. Our

proofs are based on the test function by using the method of doubling variables.

1. Introduction

Let Ω = (0, L) × (0, l) a bounded rectangular domain in R2, Ω represents a
porous medium, with Lipschitz boundary ∂Ω = Γ1 ∪ Γ2 where Γ2 = ({0} × [0, l]) ∪
([0, L] × {l}) ∪ ({L} × [0, l]) is the part in contact with air or covered by fluid
and Γ1 = [0, L] × {0} is the impervious part of ∂Ω. Q = Ω × (0, T ), T > 0, φ
is a nonnegative Lipschitz function defined in Q, Σ1 = Γ1 × (0, T ), Σ2 = Γ2 ×
(0, T ), Σ3 = Σ2 ∩ {φ > 0} and Σ4 = Σ2 ∩ {φ = 0}. Moreover, let a be a function
of the variable x1 satisfying for two positive constants 0 < λ ≤ Λ:

λ ≤ a(x1) ≤ Λ a.e. x1 ∈ (0, L) (1.1)

and χ0 is a function of the variable x satisfying

0 ≤ χ0(x) ≤ 1 a.e. x ∈ Ω. (1.2)

Now, let us consider the following weak formulation of an evolution dam problem
with heterogeneous coefficients [9, 5, 3, 7, 10, 11]: Find (u, χ) ∈ L2(0, T ;H1(Ω))×
L∞(Q) such that

u ≥ 0, 0 ≤ χ ≤ 1, u.(1− χ) = 0 a.e. in Q,

u = φ on Σ2,∫
Q

[a(x1)(ux2 + χ)ξx2 − χξt]dx dt ≤
∫

Ω

χ0(x)ξ(x, 0) dx

∀ξ ∈ H1(Q), ξ = 0 on Σ3, ξ ≥ 0 on Σ4, ξ(x, T ) = 0 for a.e. x ∈ Ω.

(1.3)

Note that the strong formulation corresponding to (1.3) is given by

u ≥ 0, 0 ≤ χ ≤ 1, u(1− χ) = 0 in Q
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a(x1)(ux2 + χ)x2 − χt = 0 in Q

u = φ on Σ2

χ(·, 0) = χ0 in Ω

a(x1)(ux2 + χ) · ν = 0 on Σ1

a(x1)(ux2 + χ) · ν ≤ 0 on Σ4.

Regarding existence of a solution of the problem (1.3) we refer to [5] and [11]
respectively for the evolutionary dam problem with homogeneous coefficients and
for a class of free boundary problem in heterogeneous domain. The regularity of
the solution of the problem (1.3) was discussed in [8], where it was proved that
χ ∈ C0([0, T ];Lp(Ω)) for all p ∈ [1,+∞) in both the class of free boundary problem
of types div(a(x)∇u+H(x)χ)−χt and div(a(x)∇u+H(x)χ)− (u+χ)t, and that
u ∈ C0([0, T ];Lp(Ω)) for all p ∈ [1, 2] in the second class.

Uniqueness of the solution for the evolutionary dam problem in the homogeneous
case for both incompressible and compressible fluids was obtained in [2] by using
the method of doubling variables. In the case of a rectangular dam wet at the
bottom and dry near to the top, the uniqueness was obtained in [4] and [9] by a
different method, respectively in homogeneous and heterogeneous porous media.
For the evolution free boundary problem in theory of lubrication, we refer to [1].

In this paper, we consider the weak formulation of an evolution dam problem
with heterogeneous coefficients (1.3) in a bounded rectangular domain Ω of R2.
We establish uniqueness of the solution for this problem. Our proofs are based
on the test function by using the method of doubling variables. This uniqueness
result is new in the general framework of an heterogeneous and bounded rectangular
domain.

2. Properties

We shall denote by (u, χ) a solution of (1.3).

Proposition 2.1 ([8]). If a ∈ C0,1([0, L]), then we have

χ ∈ C0([0, T ];Lp(Ω)) ∀p ∈ [1,+∞).

Proposition 2.2. For ε > 0, k ≥ 0 and ξ ∈ D(R2 × (0, T )) such that ξ ≥ 0, ξ = 0
on Σ3, we have ∫

Q

a(x1)(ux2 + χ)
(

min
( (u− k)+

ε
, ξ
))

x2

dx dt = 0 (2.1)

and if ξ = 0 on Σ2,∫
Q

a(x1)(ux2 + χ)
(

min
( (k − u)+

ε
, ξ
)
−min

(k
ε
, ξ
))

x2

dx dt = 0. (2.2)

Proof. Let ζ be a smooth function such that d(supp(ζ),Σ2) > 0 and supp(ζ) ⊂
R2 × (0, T ). Then there exists τ0 > 0 such that for any τ ∈ (−τ0, τ0) the functions
(x, t) 7→ ±ζ(x, t− τ) vanishes on Σ2 and in Ω× {0, T}. So, they are test functions
for (1.3) and we have∫

Q

[
a(x1)(ux2 + χ)ζx2(x, t− τ) + (1− χ)ζt(x, t− τ))

]
dx dt = 0
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which can be written as∫
Q

a(x1)(ux2 + χ)ζx2(x, t− τ) dx dt =
∂

∂τ

(∫
Q

(1− χ(x, t+ τ))ζ(x, t) dx dt
)
. (2.3)

This identity still holds for any ζ ∈ L2(0, T ;H1(Ω)) such that ζ = 0 on Σ2 and
ζ = 0 on Ω × ((0, τ0) ∪ (T − τ0, T )). So, if we consider ξ ∈ D(R2 × (τ0, T − τ0))
such that ξ ≥ 0, ξ = 0 on Σ3, and set ζ = min

( (u−k)+

ε , ξ
)
, we have from (2.3) for

all τ ∈ (−τ0, τ0) :∫
Q

a(x1)(ux2 + χ)
(

min
( (u− k)+

ε
, ξ
))

x2

(x, t− τ) dx dt

=
∂

∂τ

(∫
Q

(1− χ(x, t+ τ)) min
( (u− k)+

ε
, ξ
)

(x, t) dx dt
)

:= G′(τ)
(2.4)

where

G(τ) =
∫
Q

(1− χ(x, t+ τ)) min
( (u− k)+

ε
, ξ
)

(x, t) dx dt.

Since the integral on the left hand side of (2.4) is continuous on (−τ0, τ0), the
function G′ belongs to C0(−τ0, τ0). So, G is in C1(−τ0, τ0). Moreover, for all
τ ∈ (−τ0, τ0), G(τ) ≥ 0 = G(0) since u ≥ 0, 0 ≤ χ ≤ 1 and u(1 − χ) = 0 a.e. in
Q. So, 0 is absolute minimum for G in (−τ0, τ0) and G′(0) = 0. Using (2.4), we
deduce that (2.1) holds for ξ ∈ D(R2 × (0, T )) such that ξ ≥ 0, ξ = 0 on Σ3.

Now if we consider ξ = 0 on Σ2, and set ζ = min
( (k−u)+

ε , ξ
)
− min

(
k
ε , ξ
)
, we

have from (2.3) for all τ ∈ (−τ0, τ0):∫
Q

a(x1)(ux2 + χ)
(

min
( (k − u)+

ε
, ξ
)
−min

(k
ε
, ξ
))

x2

(x, t− τ) dx dt

=
∂

∂τ

(∫
Q

(1− χ(x, t+ τ))
(

min
( (k − u)+

ε
, ξ
)
−min

(k
ε
, ξ
))

(x, t) dx dt
)

: = K ′(τ)

(2.5)

where

K(τ) =
∫
Q

(1− χ(x, t+ τ))
(

min
( (k − u)+

ε
, ξ
)
−min

(k
ε
, ξ
))

(x, t) dx dt.

Since u ≥ 0, 0 ≤ χ ≤ 1 and u(1 − χ) = 0 a.e. in Q, we have for all τ ∈ (−τ0, τ0),
K(τ) ≤ 0 = K(0). So, 0 is absolute maximum for K in (−τ0, τ0) and K ′(0) = 0.
Using (2.5), we deduce that (2.2) holds for ξ ∈ D(R2 × (0, T )) such that ξ ≥ 0,
ξ = 0 on Σ2. �

3. Uniqueness of the solution

In this section, we state and prove our main result, that the solution of problem
(1.3) is unique. Let us assume that

a ∈ C1([0, L]). (3.1)

We begin with the following theorem.
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Theorem 3.1. Let (u1, χ1) and (u2, χ2) be two solutions of (1.3). Then we have∫
Q

a(x1)
{

(u1(x, t)− u2(x, t))+
x2

+ (1− χ2(x, t))χ{u1>u2}

+
(
(1− χ2(x, t)) + (1− u2x2(x, t))

)
χ{u1>0}

}
ηξx2 dx dt ≤ 0

∀ξ ∈ D(Ω), ξ ≥ 0, ∀η ∈ D(0, T ), η ≥ 0.

(3.2)

Proof. Let us consider (u1, χ1) and (u2, χ2) related to the variables (x, t, y, s) in the
following way

(u1, χ1) : (x, t, y, s) 7→ (u1(x, t), χ1(x, t))

(u2, χ2) : (x, t, y, s) 7→ (u2(y, s), χ2(y, s)) .

Let ξ ∈ D(Ω), η ∈ D(0, T ) such that ξ ≥ 0, η ≥ 0. For all (x, t, y, s) ∈ Q×Q, we
define

ζ(x, t, y, s) = ξ(
x1 + y1

2
,
x2 + y2

2
)η(

t+ s

2
)ρ1,δ(

x1 − y1

2
)ρ2,δ(

x2 − y2

2
)ρ3,δ(

t− s
2

),

where ρ1,δ(r) = 1
δρ1( rδ ), ρ2,δ(r) = 1

δρ2( rδ ), ρ3,δ(r) = 1
δρ3( rδ ) with ρ1, ρ2, ρ3 ∈ D(R),

ρ1, ρ2, ρ3 ≥ 0, supp(ρ1), supp(ρ2), supp(ρ3) ⊂ (−1, 1). For δ small enough, we have

ζ(·, ·, y, s) ∈ D(Q) ∀(y, s) ∈ Q (3.3)

ζ(x, t, ·, ·) ∈ D(Q) ∀(x, t) ∈ Q. (3.4)

Let ε be a positive real number. We define

ϑ(x, t, y, s) = min
( (u1(x, t)− u2(y, s))+

ε
, ζ(x, t, y, s)

)
. (3.5)

Now, for almost every (y, s) ∈ Q we can apply (2.1) (of Proposition 2.2) to (u1, χ1)
with k = u2(y, s), ξ(x, t) = ϑ(x, t, y, s), from which it follows that∫

Q

a(x1)(u1x2 + χ1)ϑx2 dx dt = 0. (3.6)

Since u1.(1− χ1) = 0 a.e. in Q, we have

χ1a(x1)
(

min
( (u1 − u2)+

ε
, ζ
))

x2

= a(x1)
(

min
( (u1 − u2)+

ε
, ζ
))

x2

a.e. in Q and (3.6) can be written as∫
Q

a(x1)(u1x2 + 1)ϑx2 dx dt = 0.

By integrating over Q, we obtain∫
Q×Q

a(x1)(u1x2 + 1)ϑx2 dx dt dy ds = 0. (3.7)

Similarly, for almost every (x, t) ∈ Q, we can apply (2.2) (of Proposition 2.2) to
(u2, χ2) with k = u1(x, t), ξ(y, s) = ϑ(x, t, y, s) to get∫

Q

a(y1)(u2y2 + χ2)
(
ϑ−min

(u1

ε
, ζ
))

y2
dy ds = 0.

By integrating over Q, we obtain∫
Q×Q

a(y1)(u2y2 + χ2)
(
ϑ−min

(u1

ε
, ζ
))

y2
dy ds dx dt = 0. (3.8)
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Then, subtracting (3.8) from (3.7), we obtain

∫
Q×Q

[
a(x1)u1x2ϑx2 − a(y1)u2y2ϑy2

+ a(x1)ϑx2 − χ2a(y1)ϑy2
]
dx dt dy ds

−
∫
Q×Q

a(y1)(u2y2 + χ2) min
(u1

ε
, ζ
)
y2
dx dt dy ds = 0 .

(3.9)

Moreover, from (3.3)-(3.5), we have

∫
Q×Q

a(x1)u1x2ϑy2 dx dt dy ds = 0 (3.10)∫
Q×Q

a(y1)u2y2ϑx2 dx dt dy ds = 0 (3.11)∫
Q×Q

a(x1)(∂x2 + ∂y2)ϑ dx dt dy ds = 0 (3.12)∫
Q×Q

χ2a(y1)ϑx2 dx dt dy ds = 0 (3.13)∫
Q×Q

a(y1)(u2y2 + χ2) min
(u1

ε
, ζ
)
x2

dx dt dy ds = 0 (3.14)∫
Q×Q

a(x1)(∂x2 + ∂y2) min
(u1

ε
, ζ
)
dx dt dy ds = 0. (3.15)

Then, by adding (3.10)-(3.15) and (3.9) we have

∫
Q×Q

[(
a(x1)(∂x2 + ∂y2)u1 − a(y1)(∂x2 + ∂y2)u2

)
(∂x2 + ∂y2)ϑ

+
(
a(x1)− χ2a(y1)

)
(∂x2 + ∂y2)ϑ

]
dx dt dy ds

+
∫
Q×Q

(
a(x1)− a(y1)(∂x2 + ∂y2)u2

)
(∂x2 + ∂y2) min

(u1

ε
, ζ
)
dx dt dy ds

+
∫
Q×Q

(
a(x1)− χ2a(y1)

)
(∂x2 + ∂y2) min

(u1

ε
, ζ
)
dx dt dy ds = 0.

(3.16)

Now, let us introduce the change of variables

x+ y

2
= z,

x− y
2

= σ,
t+ s

2
= τ,

t− s
2

= θ. (3.17)
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Note that (z, τ) ∈ Q and (σ, θ) ∈ (−L2 ,
L
2 )× (− l

2 ,
l
2 )× (−T2 ,

T
2 ) := Ω1× (−T2 ,

T
2 ) :=

Q1. Then, from (3.16)-(3.17), we obtain

∫
Q×Q1

(
a(z1 + σ1)u1z2(z + σ, τ + θ)

− a(z1 − σ1)u2z2(z − σ, τ − θ)
)
ϑz2 dz dτ dσ dθ

+
∫
Q×Q1

(
a(z1 + σ1)− χ2(z − σ, τ − θ)a(z1 − σ1)

)
ϑz2dz dτ dσ dθ

+
∫
Q×Q1

(
a(z1 + σ1)− χ2(z − σ, τ − θ)a(z1 − σ1)

)
×min

(u1

ε
, ζ
)
z2
dz dτ dσ dθ

+
∫
Q×Q1

(
a(z1 + σ1)− u2z2(z − σ, τ − θ)a(z1 − σ1)

)
×min

(u1

ε
, ζ
)
z2
dz dτ dσ dθ = 0.

(3.18)

Let us set

Iε,δ =
∫
Q×Q1

(
a(z1 + σ1)u1z2(z + σ, τ + θ)

− a(z1 − σ1)u2z2(z − σ, τ − θ)
)
ϑz2 dz dτ dσ dθ,

Jε,δ =
∫
Q×Q1

(a(z1 + σ1)− χ2(z − σ, τ − θ)a(z1 − σ1))ϑz2dz dτ dσ dθ

K1
ε,δ =

∫
Q×Q1

(
a(z1 + σ1)− χ2(z − σ, τ − θ)a(z1 − σ1)

)
×min

(u1

ε
, ζ
)
z2
dz dτ dσ dθ

K2
ε,δ =

∫
Q×Q1

(
a(z1 + σ1)− u2z2(z − σ, τ − θ)a(z1 − σ1)

)
×min

(u1

ε
, ζ
)
z2
dz dτ dσ dθ.

Thus, we have the following lemmas.

Lemma 3.2.

lim
δ→0

(lim
ε→0

Jε,δ) =
∫
Q

ηχ{u1>u2}a(z1)
(
1− χ2(z, τ)

)
ξz2dzdτ. (3.19)

lim
δ→0

(lim
ε→0

K1
ε,δ) =

∫
Q

ηχ{u1>0}a(z1)
(
1− χ2(z, τ)

)
ξz2dzdτ. (3.20)

lim
δ→0

(lim
ε→0

K2
ε,δ) =

∫
Q

ηχ{u1>0}a(z1)
(
1− u2z2(z, τ)

)
ξz2dzdτ. (3.21)
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Proof. We have

Jε,δ =
∫
Q×Q1

(a(z1 + σ1)− a(z1 − σ1))ϑz2 dz dτ dσ dθ

+
∫
Q×Q1

a(z1 − σ1)(1− χ2(z − σ, τ − θ))ϑz2 dz dτ dσ dθ

:= J1
ε,δ + J2

ε,δ.

(3.22)

We use integration by parts, (3.3)-(3.5), and the fact that a(z1 + σ1)− a(z1 − σ1)
does not depend on z2, we obtain J1

ε,δ = 0. So,

lim
δ→0

(lim
ε→0

J1
ε,δ) = 0. (3.23)

Now, we will show that

lim
δ→0

(lim
ε→0

J2
ε,δ) =

∫
Q

ηa(z1)
(
1− χ2(z, τ)

)
ξz2 dz dτ. (3.24)

Let us set Aε = {(u1 − u2)+ > εζ} and Bε = {0 < u1 − u2 ≤ εζ}. We have

J2
ε,δ =

∫
Bε

a(z1 − σ1)
(
1− χ2(z − σ, τ − θ)

)(u1 − u2

ε

)
z2
dz dτ dσ dθ

+
∫
Aε

a(z1 − σ1)
(
1− χ2(z − σ, τ − θ)

)
ζz2dz dτ dσ dθ

:= J2,1
ε,δ + J2,2

ε,δ .

(3.25)

Using (3.17) and that (1− χ2)u2 = 0, u1y2 = 0 a.e. in Q, we obtain

J2,1
ε,δ =

∫
Bε

a(y1)
(
1− χ2(y, s)

)u1x2

ε
dx dt dy ds.

Using (3.3) and that the function (y, s) 7→ a(y1)(1 − χ2(y, s)) does not depend on
x2, integrating by parts we have

J2,1
ε,δ =

∫
Q×Q

a(y1)
(
1− χ2(y, s)

)(
min

(u1

ε
, ζ
))

x2

dx dt dy ds

−
∫
Aε

a(y1)
(
1− χ2(y, s)

)
ζx2 dx dt dy ds

=
∫
Q×Q

a(y1)
(
1− χ2(y, s)

)(
min

(u1

ε
, ζ
))

x2

dx dt dy ds

−
∫
Q×Q

a(y1)
(
1− χ2(y, s)

)
ζx2 dx dt dy ds

+
∫
Bε

a(y1)
(
1− χ2(y, s)

)
ζx2 dx dt dy ds

=
∫
Bε

a(y1)
(
1− χ2(y, s)

)
ζx2 dx dt dy ds.

Applying Hölder’s inequality and taking into account that limε→0 |Bε| = 0, we
obtain limε→0 J

2,1
ε,δ = 0. So,

lim
δ→0

(lim
ε→0

J2,1
ε,δ ) = 0. (3.26)
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For J2,2
ε,δ , we pass to the limit as ε→ 0 and δ → 0, respectively, we obtain

lim
δ→0

(lim
ε→0

J2,2
ε,δ ) =

∫
Q

a(z1)χ{u1>u2}
(
1− χ2(z, τ)

)
ξz2η dzdτ. (3.27)

Hence, if we combine (3.26)-(3.27), we obtain (3.24) by letting ε→ 0 and δ → 0 in
(3.25). Now, we pass successively to the limit in (3.22), as ε→ 0 and then as δ → 0
and using (3.23)-(3.24), we obtain (3.19). Finally, arguing as in the proof (3.19),
we obtain (3.20) and (3.21). �

Lemma 3.3.

lim
δ→0

(lim
ε→0

Iε,δ) ≥
∫
Q

ηa(z1)(u1(z, τ)− u2(z, τ))+
z2ξz2dzdτ. (3.28)

Proof. We have

Iε,δ =
∫
Aε

(
a(z1 + σ1)u1z2(z + σ, τ + θ)

− a(z1 − σ1)u2z2(z − σ, τ − θ)
)
ζz2 dz dτ dσ dθ

+
∫
Bε

(
a(z1 + σ1)u1z2(z + σ, τ + θ)

− a(z1 − σ1)u2z2(z − σ, τ − θ)
)(u1 − u2

ε

)
z2
dz dτ dσ dθ

:= I1
ε,δ + I2

ε,δ.

(3.29)

The integral I2
ε,δ can be decomposed as

I2
ε,δ

=
1
ε

{∫
Bε

[
a(z1 + σ1)u1z2(z + σ, τ + θ)u1z2(z + σ, τ + θ)

+ a(z1 − σ1)u2z2(z − σ, τ − θ)u2z2(z − σ, τ − θ)
]
dz dτ dσ dθ

−
∫
Bε

a(z1 − σ1)u2z2(z − σ, τ − θ)u1z2(z + σ, τ + θ)dz dτ dσ dθ

−
∫
Bε

(
a(z1 + σ1)u1z2(z + σ, τ + θ)u2z2(z − σ, τ − θ) dz dτ dσ dθ

}
:= I2,1

ε,δ − I
2,2
ε,δ − I

2,3
ε,δ .

From (1.1), the integral I2,1
ε,δ is positive. So,

I2
ε,δ ≥ −I

2,2
ε,δ − I

2,3
ε,δ . (3.30)

For I2,2
ε,δ , we use integration by parts, (3.3), (3.5), and the fact that the function

(y, s) 7→ a(y1)u2y2(y, s) does not depend on x2, we obtain

I2,2
ε,δ =

∫
Bε

a(y1)u2y2(y, s)
(u1(x, t)− u2(y, s)

ε

)
x2

dx dtdyds

=
∫
Q×Q

a(y1)u2y2(y, s)ϑx2 dx dt dy ds

−
∫
Aε

a(y1)u2y2(y, s)ζx2 dx dt dy ds
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=
∫
Q×Q

a(y1)u2y2(y, s)ϑx2 dx dt dy ds

−
∫
Q×Q

a(y1)u2y2(y, s)ζx2 dx dt dy ds

+
∫
Bε

a(y1)u2y2(y, s)ζx2 dx dt dy ds

=
∫
Bε

a(y1)u2y2(y, s)ζx2 dx dt dy ds.

Applying Hölder’s inequality and taking into account that limε→0 |Bε| = 0, we
obtain

lim
ε→0

(I2,2
ε,δ ) = 0. (3.31)

In the same way, we prove
lim
ε→0

(I2,3
ε,δ ) = 0. (3.32)

Combine (3.31)-(3.32), we obtain, by passing to the limit as ε→ 0 in (3.30),

lim
ε→0

(I2
ε,δ) ≥ 0. (3.33)

Let us study I1
ε,δ. Applying the Lebesgue theorem to I1

ε,δ, we obtain

lim
ε→0

(I1
ε,δ) =

∫
Q×Q1

χ{u1>u2}
(
a(z1 + σ1)u1z2(z + σ, τ + θ)

− a(z1 − σ1)u2z2(z − σ, τ − θ)
)
ζz2 dz dτ dσ dθ

which can be written as

lim
ε→0

(I1
ε,δ) =

∫
Q×Q1

χ{u1>u2}a(z1 + σ1)(u1(z + σ, τ + θ)

− u2(z − σ, τ − θ))z2ζz2dz dτ dσ dθ

+
∫
Q×Q1

χ{u1>u2}(a(z1 + σ1)

− a(z1 − σ1))u2z2(z − σ, τ − θ)ζz2dz dτ dσ dθ

= I1,1
δ + I1,2

δ .

(3.34)

Using (3.1) and taking into account supp(ρ1,δ) ⊂ (−δ, δ), we obtain that for some
positive constant C,

|I1,2
δ | ≤ C

∫
Q×Q1

|σ1||u2z2 ||ξz2 |ηρ1,δ(σ1)ρ2,δ(σ1)ρ3,δ(θ)dz dτ dσ dθ

≤ δC
∫
Q×Q1

|u2z2 ||ξz2 |ηρ1,δ(σ1)ρ2,δ(σ1)ρ3,δ(θ)dz dτ dσ dθ

:= δCWδ.

So, since (Wδ)δ is bounded, we obtain

lim
δ→0

I1,2
δ = 0. (3.35)

In I1,1
δ , we pass to the limit as δ → 0, to obtain

lim
δ→0

I1,1
δ =

∫
Q

ηa(z1)(u1(z, τ)− u2(z, τ))+
z2ξz2 dz dτ. (3.36)
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Hence, if we combine (3.35)-(3.36), we obtain by letting δ → 0 in (3.34):

lim
δ→0

(lim
ε→0

I1
ε,δ) =

∫
Q

ηa(z1)(u1(z, τ)− u2(z, τ))+
z2ξz2dzdτ. (3.37)

Finally, we pass successively to the limit in (3.29), as ε→ 0 and then as δ → 0, and
using (3.33) and (3.37), we obtain (3.28). �

Now, using Lemma 3.2 and Lemma 3.3, and letting successively ε→ 0 and δ → 0
in (3.18), we obtain (3.2). This completes the proof of Theorem 3.1. �

Now, we can state our uniqueness theorem.

Theorem 3.4. The solution of the problem (1.3) associated with the initial data
χ0 (see (1.2)) is unique .

Proof. Let (u1, χ1) and (u2, χ2) be two solutions of the problem (1.3) such that
χ1(x, 0) = χ2(x, 0) = χ0(x) a.e. in Ω. Let us set v = (u1 − u2)+ and γ = (1 −
χ2(x, t))χ{u1>u2} +

(
(1 − χ2(x, t)) + (1 − u2x2(x, t))

)
χ{u1>0}. From Theorem 3.1,

we have ∫
Q

ηa(x1)(vx2 + γ)ξx2 dx dt ≤ 0,

∀ξ ∈ D(Ω), ξ ≥ 0, η ∈ D(0, T ), η ≥ 0.
(3.38)

Let ε0 = d(supp(ξ), ∂Ω) and Aε0 = {x ∈ R2/d(x, ∂Ω) > ε0}. We extend v and γ
outside Q by 0 and still denote by v (resp. γ) this function. Moreover, from (3.1),
the function a admits an extension to R, still denote by a, such that a ∈ C1(R,R).
For ε ∈ (0, ε02 ), let ρε ∈ D(R2) with supp(ρε) ⊂ B(0, ε) be a regularizing sequence
and let fε = ρε ∗ f , the regularized of a function f . We have by using Fubini’s
theorem and change of variables:∫

R2×(0,T )

ηa(x1)(vεx2 + γε)ξx2 dx dt

=
∫

R2×(0,T )

η
{∫

R2
(vx2(x− y, t) + γ(x− y, t))ρε(y)dy

}
a(x1)ξx2(x1, x2) dx dt

=
∫

R2
ρε(y)

{∫
R2×(0,T )

η(vx2(x− y, t) + γ(x− y, t))a(x1)ξx2(x1, x2) dx dt
}
dy

=
∫
B(0,ε)

ρε(y)
{∫

Q

η(vz2(z, t) + γ(z, t))(a(z1 + y1)ξ(z + y))z2dzdt
}
dy

=
∫
B(0,ε)

ρε(y)
{∫

Q

ηa(z1)(vz2(z, t) + γ(z, t))
(a(z1 + y1)ξ(z + y)

a(z1)

)
z2
dzdt

}
dy.

For all y ∈ B(0, ε), the function z 7→ a(z1+y1)ξ(z+y)
a(z1) is nonnegative and belongs to

C1
0 (Ω). Therefore, since (3.38) still holds for the functions ϕ ∈ C1

0 (Ω), ϕ ≥ 0, we
obtain by taking into account that ρε ≥ 0,∫

R2×(0,T )

ηa(x1)(vεx2 + γε)ξx2 dx dt ≤ 0

∀ξ ∈ D(Ω), ξ ≥ 0, d(supp(ξ), ∂Ω) = ε0 > 0, ∀η ∈ D(0, T ), η ≥ 0
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which using integration by parts, can be written as

−
∫
Aε0×(0,T )

ηa(x1)vεξx2x2 dx dt+
∫
Aε0×(0,T )

ηa(x1)γεξx2 dx dt ≤ 0

ξ ∈ D(Ω), ξ ≥ 0, d(supp(ξ), ∂Ω) = ε0 > 0, ∀η ∈ D(0, T ), η ≥ 0.
(3.39)

We define

αε(x) = a(x1)
∫ T

0

ηvεdt,

and suppose there exists x0 ∈ Aε0 ∩ Ω and ε1 ∈ (0, ε02 ) such that αε1(x0) > 0.
Since αε1 is continuous and Aε0 ∩ Ω is open set, there exists r > 0 such that
B(x0, r) ⊂ Aε0 ∩ Ω and αε1(x) > 0 for all x ∈ B(x0, r). Therefore, we deduce
from (1.1) that

∫ T
0
ηvε1dt > 0 in B(x0, r). Now, let us consider the following

homogeneous Dirichlet problem for linear second order partial differential equation:

− 1
αε1(x)

ξx1x1 − ξx2x2 +

∫ T
0
ηγε1dt∫ T

0
ηvε1dt

ξx2 =
1

αε1(x)
in B(x0, r)

ξ = 0 on ∂(B(x0, r))

(3.40)

which can be written as

−
2∑

i,j=1

aε1ij(x)ξxixj + βε1(x)ξx2 =
1

αε1(x)
in B(x0, r)

ξ = 0 on ∂(B(x0, r)).

where

aε111(x) =
1

αε1(x)
, aε112(x) = aε121(x) = 0, aε122(x) = 1,

βε1(x) =

∫ T
0
ηγε1dt∫ T

0
ηvε1dt

.

Observe that the matrix (aε1ij(x))ij is strictly elliptic in B(x0, r) with constant

min
( 1

max
x∈B(x0,r)

αε1(x)
, 1
)
> 0

and the coefficients 1
αε1

, βε1 are in C1(B(x0, r)). So, by the regularity theory (see [6]

for example), the problem (3.40) has a unique solution ξ̂ ∈ C2(B(x0, r)). Moreover,
since the function in the right side of the first equation of (3.40) satisfies 1

αε1
> 0

in B(x0, r), we have from the maximum principle, ξ̂ ≥ 0 in B(x0, r). Therefore, we
see that ξ̂ ∈ C2

0 (Ω), ξ̂ ≥ 0 and d(supp(ξ̂), ∂Ω) ≥ ε0. Then, we can choose ξ = ξ̂ in
(3.39) to obtain∫

Aε0×(0,T )

{
− ηa(x1)vεξ̂x2x2 + ηa(x1)γεξ̂x2

}
dx dt ≤ 0 ∀ε ∈

(
0,
ε0

2

)
.

When we write the first equation of (3.40) for ξ̂ and multiplying by αε1(x), we
obtain

−ξ̂x1x1 − αε1(x)ξ̂x2x2 + a(x1)ξ̂x2

∫ T

0

ηγε1dt = 1,
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and by integrating over B(x0, r), we obtain∫
B(x0,r)×(0,T )

{
− ηa(x1)vε1 ξ̂x2x2 + ηa(x1)γε1 ξ̂x2

}
dx dt

=
∫
B(x0,r)

ξ̂x1x1dx+
∫
B(x0,r)

dx

=
∫

Ω

ξ̂x1x1dx+
∫
B(x0,r)

dx

which leads, using integration by parts, to∫
Aε0×(0,T )

{
− ηa(x1)vε1 ξ̂x2x2 + ηa(x1)γε1 ξ̂x2

}
dx dt = |B(x0, r)| > 0.

So, we deduce that

αε(x) = a(x1)
∫ T

0

η(t)vε(x, t)dt ≤ 0 ∀ε ∈
(
0,
ε0

2
)
, ∀x ∈ Aε0 ∩ Ω

from which, we obtain by taking into account that a > 0 and integrating over
Aε0 ∩ Ω : ∫

(Aε0∩Ω)×(0,T )

η(t)vε(x, t) dx dt ≤ 0 ∀ε ∈
(
0,
ε0

2
)
.

Passing to the limit as ε→ 0, we obtain

0 ≤
∫

(Aε0∩Ω)×(0,T )

η(t)(u1 − u2)+(x, t) dx dt ≤ 0

and since ε0 is arbitrary, we have∫
Q

η(t)(u1 − u2)+(x, t) dx dt = 0.

So, for all η ∈ D(0, T ), η ≥ 0, we have η(u1 − u2)+ = 0 a.e. in Q. This leads to
u1 ≤ u2 a.e. in Q. By exchanging the roles of u1 and u2, we obtain u2 ≤ u1 a.e. in
Q. We conclude that

u1 = u2 := u a.e. in Q. (3.41)

Now, we are going to prove that

χ1 = χ2 a.e. in Q. (3.42)

Let us consider s ∈ (0, T ]. For a positive real number δ we define the following
function η on [0, s] by

η(t) =



2( tδ )2 if t ∈ [0, δ2 ]
1− 2(1− t

δ )2 if t ∈ ( δ2 , δ]
1 if t ∈ (δ, s− δ]
1− 2(1− s−t

δ )2 if t ∈ (s− δ, s− δ
2 ]

2( s−tδ )2 if t ∈ (s− δ
2 , s].
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Note that η ∈ C1([0, s]) and

η′(t) =



4 t
δ2 if t ∈ [0, δ2 ]

4
δ (1− t

δ ) if t ∈ ( δ2 , δ]
0 if t ∈ (δ, s− δ]
− 4
δ (1− s−t

δ ) if t ∈ (s− δ, s− δ
2 ]

− 4
δ ( s−tδ ) if t ∈ (s− δ

2 , s].

We extend η outside [0, s] by 0 and still denote by η this function and let us consider
ξ ∈ D(Ω). Note that ξη2 ∈ H1(Q), ξη2 = 0 on ∂Ω × (0, T ) and (ξη2)(x, 0) =
(ξη2)(x, T ) = 0 a.e. in Ω. Choosing ±ξη2 as test functions for (1.3), both for
(u, χ1) and (u, χ2), we obtain∫

Ω×(0,s)

[a(x1)(ux2 + χ1)ξx2η
2 − 2χ1ηη

′ξ] dx dt = 0 (3.43)∫
Ω×(0,s)

[a(x1)(ux2 + χ2)ξx2η
2 − 2χ2ηη

′ξ] dx dt = 0. (3.44)

Subtracting (3.44) from and (3.43), we obtain

0 =
∫

Ω×(0,s)

a(x1)(χ1 − χ2)ξx2η
2 dx dt−

∫
Ω×(0,s)

2(χ1 − χ2)ηη′ξ dx dt

:=R1
δ −R2

δ .

(3.45)

Applying the Lebesgue theorem to R1
δ , we obtain

lim
δ→0

R1
δ =

∫
Ω×(0,s)

a(x1)(χ1 − χ2)ξx2 dx dt. (3.46)

Let us study R2
δ . From the definition of η′, we have

|R2
δ | =2

∣∣∣ ∫
Ω

∫ δ

0

a(x1)(χ1 − χ2)ηη′ξ dx dt+
∫

Ω

∫ s

s−δ
a(x1)(χ1 − χ2)ηη′ξ dx dt

∣∣∣
≤C
{∫ δ

0

(∫
Ω

|χ1 − χ2|dx
)
η|η′|dtdt+

∫ s

s−δ

(∫
Ω

|χ1 − χ2|dx
)
η|η′|dt

}
:=C(R2,1

δ +R2,2
δ )

(3.47)
where C = sup(x1,x2)∈Ω |a(x1)ξ(x1, x2)|. We have χ1 − χ2 ∈ C0([0, T ];L1(Ω)) (see
Propositions 2.1), η ∈ C0([0, s]), η(0) = 0 and η is uniformly bounded indepen-
dently of δ. In particular, the function t 7→

( ∫
Ω
|χ1 − χ2|dx

)
η is right-continuous

and vanishes at 0, and uniformly bounded independently of δ. Therefore, since
|η′| ∼ 1

δ , we deduce that
lim
δ→0

R2,1
δ = 0. (3.48)

Similarly, since the function t 7→
( ∫

Ω
|χ1 − χ2|dx

)
η is left-continuous and vanishes

at s, uniformly bounded independently of δ, and |η′| ∼ 1
δ , we deduce that

lim
δ→0

R2,2
δ = 0. (3.49)

By letting δ → 0 in (3.47) and using (3.48)-(3.49), we obtain

lim
δ→0

R2
δ = 0. (3.50)
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Passing to the limit as δ → 0 in (3.45), and using (3.46) and (3.50), we obtain

0 =
∫ s

0

∫
Ω

a(x1)(χ1 − χ2)ξx2 dx dt := F (s) ∀s ∈ [0, T ]. (3.51)

Since
∫

Ω
a(x1)(χ1−χ2)ξx2dx is continuous on [0, T ] and χ1(x, 0)−χ2(x, 0) = χ0(x)−

χ0(x) = 0 a.e. in Ω, we deduce from (3.51) that F ′(s) = 0 for all s ∈ [0, T ]. So,∫
Ω

a(x1)(χ1 − χ2)(·, t)ξx2dx = 0 ∀t ∈ [0, T ], ∀ξ ∈ D(Ω). (3.52)

Let ε0 = d(supp(ξ), ∂Ω). Let us extend χ1(·, t) and χ2(·, t) outside Ω by 0 and still
denote by χ1(·, t) (resp. χ2(·, t)) this function. Moreover, since a ∈ C1([0, L],R),
there exists an extension to R, still denote by a, such that a ∈ C1(R,R). For
ε ∈ (0, ε02 ), let ρε ∈ D(R2) with supp(ρε) ⊂ B(0, ε) be a regularizing sequence and
let fε = ρε ∗ f , the regularized of a function f . Then, using (3.52), we obtain∫

R2
a(x1)((χ1 − χ2)(·, t))εξx2dx = 0

∀t ∈ [0, T ], ∀ξ ∈ D(Ω), ξ ≥ 0, d(supp(ξ), ∂Ω) = ε0.

(3.53)

For positive real number δ, we choose min
(

((χ1−χ2)(·,t))+ε
δ , 1

)
ξ as test function in

(3.53), we obtain

0 =
∫

R2
a(x1)((χ1 − χ2)(·, t))εξx2 min

( ((χ1 − χ2)(·, t))+
ε

δ
, 1
)
dx

+
∫

R2
a(x1)((χ1 − χ2)(·, t))ε min

( ((χ1 − χ2)(·, t))+
ε

δ
, 1
)
x2

ξdx

:= S1
δ + S2

δ .

(3.54)

Applying the Lebesgue theorem to S1
δ , we obtain

lim
δ→0

S1
δ =

∫
Ω

a(x1)((χ1 − χ2)(·, t))+
ε ξx2dx. (3.55)

For S2
δ , we have by using integration by parts

S2
δ =

1
2δ

∫
R2
a(x1){min(((χ1 − χ2)(·, t))+

ε , δ)
2}x2ξdx

= − 1
2δ

∫
R2
a(x1)ξx2 min(((χ1 − χ2)(·, t))+

ε , δ)
2dx.

By letting δ → 0, we obtain
lim
δ→0

S2
δ = 0. (3.56)

Passing to the limit as δ → 0 in (3.54) and using (3.55)-(3.56), we obtain∫
Ω

a(x1)((χ1 − χ2)(·, t))+
ε ξx2dx = 0

∀t ∈ [0, T ], ∀ξ ∈ D(Ω), ξ ≥ 0, d(supp(ξ), ∂Ω) = ε0.

(3.57)

Choosing x2ξ as a test function in (3.57), we obtain∫
Ω

a(x1)((χ1 − χ2)(·, t))+
ε ξdx+

∫
Ω

a(x1)((χ1 − χ2)(·, t))+
ε x2ξx2dx = 0

∀t ∈ [0, T ], ∀ξ ∈ D(Ω), ξ ≥ 0, d(supp(ξ), ∂Ω) = ε0.

(3.58)
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Let x1
1, x

2
1 ∈ (0, L) and x1

2, x
2
2 ∈ (0, l) such that x1

1 < x2
1, x

1
2 < x2

2 and d(0, x1
1) =

d(0, x1
2) = d(L, x2

1) = d(l, x2
2) = ε0. Now, for positive real number δ we define the

following functions h and g in (x1
1, x

2
1) (resp. (x1

2, x
2
2)) by

h(x1) =



2(x1−x1
1

δ )2 if x1 ∈ [x1
1, x

1
1 + δ

2 ]

1− 2(1− x1−x1
1

δ )2 if x1 ∈ (x1
1 + δ

2 , x
1
1 + δ]

1 if x1 ∈ (x1
1 + δ, x2

1 − δ]
1− 2(1− x2

1−x1
δ )2 if x1 ∈ (x2

1 − δ, x2
1 − δ

2 ]

2(x
2
1−x1
δ )2 if x1 ∈ (x2

1 − δ
2 , x

2
1]

and

g(x2) =



2(x2−x1
2

δ )2 if x2 ∈ [x1
2, x

1
2 + δ

2 ]

1− 2(1− x2−x1
2

δ )2 if x2 ∈ (x1
2 + δ

2 , x
1
2 + δ]

1 if x2 ∈ (x1
2 + δ, x2

2 − δ]
1− 2(1− x2

2−x2
δ )2 if x2 ∈ (x2

2 − δ, x2
2 − δ

2 ]

2(x
2
2−x2
δ )2 if x2 ∈ (x2

2 − δ
2 , x

2
2].

We have h(x1
1) = h(x2

1) = g(x1
2) = g(x2

2) = 0, h ∈ C2([x1
1, x

2
1]), g ∈ C2([x1

2, x
2
2])

and h, g ≥ 0. If we set Ωε0 = (x1
1, x

2
1) × (x1

2, x
2
2), we see that hg2 ∈ C2(Ω1,2) and

hg2 ≥ 0. Let us extend hg2 outside Ωε0 by 0 and still denote by hg2 this function.
Since d(supp(hg2), ∂Ω) = ε0, we can choose ξ = hg2 as test function in (3.58) to
obtain

0 =
∫

Ωε0

a(x1)((χ1 − χ2)(·, t))+
ε hg

2dx

+ 2
∫

Ωε0

a(x1)((χ1 − χ2)(·, t))+
ε x2hgg

′dx

:= N1
δ +N2

δ .

(3.59)

Applying the Lebesgue theorem to N1
δ , we obtain

lim
δ→0

N1
δ =

∫
Ωε0

a(x1)((χ1 − χ2)(·, t))+
ε dx. (3.60)

Let us study N2
δ . From the definition of g′, we have

|N2
δ | = 2

∣∣∣ ∫ x2
1

x1
1

∫ x1
2+δ

x1
2

a(x1)((χ1 − χ2)(·, t))+
ε x2hgg

′ dx

+
∫ x2

1

x1
1

∫ x2
2

x2
2−δ

a(x1)((χ1 − χ2)(·, t))+
ε x2hgg

′ dx
∣∣∣

≤ C
{∫ x2

1

x1
1

∫ x1
2+δ

x1
2

((χ1 − χ2)(·, t))+
ε g|g′|dx

+
∫ x2

1

x1
1

∫ x2
2

x2
2−δ

((χ1 − χ2)(·, t))+
ε g|g′|dx

}
:= C(N2,1

δ +N2,2
δ )

(3.61)
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where C = sup(x1,x2)∈Ω(a(x1)x2h(x1)) which is independent of δ. Since the function

x2 7→
( ∫ x2

1
x1
1

((χ1−χ2)(·, t))+
ε dx1

)
g is right-continuous and vanishes at x1

2, uniformly

bounded independently of δ and |g′| ∼ 1
δ , we deduce that

lim
δ→0

N2,1
δ = 0. (3.62)

Similarly, since the function x2 7→
( ∫ x2

1
x1
1

((χ1 − χ2)(·, t))+
ε dx1

)
g is left-continuous

and vanishes at x2
2, uniformly bounded independently of δ, and |g′| ∼ 1

δ , we deduce
that

lim
δ→0

N2,2
δ = 0. (3.63)

By letting δ → 0 in (3.61) and using (3.62)-(3.63), we obtain

lim
δ→0

N2
δ = 0. (3.64)

Now, passing to the limit as δ → 0 in (3.59) and using (3.60) and (3.64) we obtain∫
Ωε0

a(x1)((χ1 − χ2)(·, t))+
ε dx = 0 ∀t ∈ [0, T ]. (3.65)

Finally, by letting ε→ 0 in (3.65), we obtain∫
Ωε0

a(x1)((χ1 − χ2)(·, t))+dx = 0 ∀t ∈ [0, T ]

and since ε0 is arbitrary, we have∫
Ω

a(x1)((χ1 − χ2)(·, t))+dx = 0 ∀t ∈ [0, T ].

This leads to a(x1)((χ1 − χ2)(·, t))+ = 0 a.e. in Ω for all t ∈ [0, T ]. Thanks to
(1.1), we deduce that ((χ1 − χ2)(·, t))+ = 0 a.e. in Ω for all t ∈ [0, T ]. So, χ1 ≤ χ2

a.e. in Q. By exchanging the roles of χ1 and χ2, we obtain χ2 ≤ χ1 a.e. in Q. We
conclude that χ1 = χ2 a.e. in Q. Hence, (3.42) holds. If we combine (3.41) and
(3.42), we see that the solution of problem (1.3) associated with the initial data χ0

is unique. �
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