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EXISTENCE OF SOLUTIONS TO AN EVOLUTION
p-LAPLACIAN EQUATION WITH A NONLINEAR

GRADIENT TERM

HUASHUI ZHAN, ZHAOSHENG FENG

Abstract. We study the evolution p-Laplacian equation with the nonlinear

gradient term

ut = div(a(x)|∇u|p−2∇u)−B(x)|∇u|q ,

where a(x), B(x) ∈ C1(Ω), p > 1 and p > q > 0. When a(x) > 0 and

B(x) > 0, the uniqueness of weak solution to this equation may not be true.

In this study, under the assumptions that the diffusion coefficient a(x) and
the damping coefficient B(x) are degenerate on the boundary, we explore not

only the existence of weak solution, but also the uniqueness of weak solutions

without any boundary value condition.

1. Introduction

Consider the evolution p-Laplacian equation with the nonlinear gradient term

ut = div(a(x)|∇u|p−2∇u)−B(x)|∇u|q, (x, t) ∈ QT = Ω× (0, T ), (1.1)

with the initial-boundary value conditions:

u(x, t) = u0(x), x ∈ Ω, (1.2)

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ), (1.3)

where Ω is a bounded domain in RN with a C2 smooth boundary, p > 1, q < p,
a(x) and B(x) ∈ C1(Ω) satisfy

a(x)
∣∣
x∈∂Ω

= 0, a(x)
∣∣
x∈Ω

> 0, ba(x) ≥ B(x) ≥ 0. (1.4)

Here and in what follows, b is a positive constant.
Equation (1.1) arises in several scientific fields such as mechanics, physics and

biology [7, 14]. If a(x) ≥ c > 0, and there exists a point x0 ∈ Ω such that B(x0) > 0,
then in general the uniqueness of the solution is not true [2, 3, 5, 6, 13, 16, 17]. In
[1], the equation

ut = div(|∇u|p−2∇u) + q(x)uγ , (x, t) ∈ QT , (1.5)

with 0 < γ < 1, was studied. It shows that the uniqueness of the solution of
equation (1.5) is not true, provided that q(x) ≥ 0 and there exists a point x0 ∈ Ω
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such that q(x0) > 0. Recently, Zhan [15] considered the equation

ut = div(ρα|∇u|p−2∇u) + f(u, x, t), (x, t) ∈ QT , (1.6)

and proved that the weak solution of equation (1.6) with the initial value (1.2) has
the stability ∫

Ω

|u(x, t)− v(x, t)|dx ≤ c
∫

Ω

|u0(x)− v0(x)|dx, (1.7)

where ρ(x) = dist(x, ∂Ω) and f(u, ·, ·) is a Lipschitz function. The inequality (1.7)
also indicates that the solution of (1.6) with the initial condition (1.2) is unique.
However, if f(u, ·, ·) is not a Lipschitz function, for an example,

f(u, x, t) = q(x)uγ ,

as given in (1.5), the problem whether the solution u of (1.6) has the stability (1.7)
or not, remains to be an open problem.

By the above short reviews, when the diffusion coefficient a(x) is degenerate on
the boundary, the uniqueness of the solution for the initial-boundary value problem
(1.1)-(1.3) has been an interesting topic. In this study, we assume that the damping
coefficient B(x) is also degenerate on the boundary, and establish the uniqueness
of weak solution. This result is different from those presented in the literature
[2, 3, 5, 6, 13, 16, 17].

To introduce the weak solution of equation (1.1), we set

V = Lp(0, T ;W 1,p
0 (Ω)) and V ∗ = Lp

′
(0, T ;W−1,p′(Ω)).

Definition 1.1. A function u(x, t) ∈ L∞(QT ), satisfying a(x)|∇u|p ∈ L1(QT ), is
said to be a weak solution of equation (1.1) with the initial condition (1.2), provided
that ut ∈ V ∗ + Lp/q(QT ) and∫ T

0

〈ut, φ〉dt+
∫ T

0

∫
Ω

a(x)|∇u|p−2∇u · ∇φdxdt =
∫ T

0

∫
Ω

B|∇u|qφdxdt, (1.8)

holds for all φ(x, t) ∈ V ∩ L
p
p−q (QT ). The initial value condition is satisfied in the

sense of that
lim
t→0

∫
Ω

u(x, t)ϕ(x)dx =
∫

Ω

u0(x)ϕ(x)dx, (1.9)

for any ϕ(x) ∈ C∞0 (Ω).

Definition 1.2. The function u(x, t) is said to be the weak solution of the initial-
boundary value problem (1.1)-(1.3), if u(x, t) satisfies Definition 1.1, and the bound-
ary value condition (1.3) is satisfied in the sense of trace.

Now, we state our main results on the existence and uniqueness.

Theorem 1.3. If p > 1, 0 < q < p, a(x) and B(x) satisfy (1.4), and

u0 ∈ L∞(Ω), a(x)|∇u0|p ∈ L1(Ω), (1.10)

then there exists a weak solution of equation (1.1) with the initial condition (1.2).

Theorem 1.4. If p > 1, 0 < q < p, a(x) and B(x) satisfy (1.4), and∫
Ω

a(x)−
1
p−1 (x)dx <∞, (1.11)

then the initial-boundary value problem (1.1)-(1.3) has a solution in the sense of
Definition 1.2
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Theorem 1.5. Let p > 1 and 0 < q < p. Suppose that u and v be two solutions of
(1.1) with the initial value u0(x) = v0(x), and with the same homogeneous boundary
value condition (1.3). If conditions (1.4) and (1.11) are true, then u = v.

In general, if condition (1.11) is not true, i.e.,∫
Ω

a(x)−
1
p−1 dx =∞,

then weak solutions of equation (1.1) may lack the regularity to have a trace on
the boundary. Accordingly, we can not impose the usual boundary value condition
(1.3). However, because of condition (1.4), we are able to prove the uniqueness of
the weak solution of equation (1.1) without any boundary value condition. In other
words, the degeneracy of a(x) and B(x) on the boundary may take place of the
boundary value condition (1.3). This is the key feature of this paper.

Theorem 1.6. Let p > 1 and 0 < q < p. Suppose that u and v be two solutions of
(1.1) with the initial value u0(x) = v0(x). If condition (1.4) is true, and for small
λ > 0 there holds

1
λ

(∫
Ωλ

a(x)|∇a(x)|pdx
)1/p

≤ c, (1.12)

where Ωλ = {x ∈ Ω : a(x) > λ}, then u = v, i.e., the solution of the initial value
problem (1.1)-(1.2) is unique.

Theorem 1.6 tells us that for the uniqueness of the solution of equation (1.1)
with the initial value u0(x) = v0(x), the condition

∫
Ω
a(x)−

1
p−1 dx <∞ may not be

necessary.
The paper is organized as follows. In Section 2, we prove the existence of the

solution to equation (1.1) with the initial condition (1.2). In Section 3, we present
the proof of Theorem 1.5. Section 4 is dedicated to the proof of Theorem 1.6 and
the uniqueness of the solution without any boundary value condition.

2. Proofs of main results

Lemma 2.1 ([8]). Let θ(s) = seηs
2
, s ∈ R, where η ≥ b2

4a2 is fixed, and let
Θ(s) =

∫ s
0
θ(τ)dτ . Then θ(0) = 0 and

Θ(s) ≥ 0, aθ′(s)− b|θ(s)| > a

2
, ∀s ∈ R, (2.1)

where b is the constant as in (1.4), and a is a constant to be determined.

Lemma 2.2 ([8]). Assume that π : R→ R is a piecewise C1 with π(0) = 0 and π′ =
0 outside a compact set. Let Π(s) =

∫ s
0
π(σ)dσ. If u ∈ V with ut ∈ V ∗ + L1(QT ),

then ∫ T

0

〈ut, π(u)〉dt :=〈ut, π(u)〉V ∗+L1(QT ),V ∩L∞(QT )

=
∫

Ω

Π(u(T ))dx−
∫

Ω

Π(u(0))dx.
(2.2)

Proof of Theorem 1.3. Consider the approximation equation

∂un
∂t
−div

[(
a(x) +

1
n

)
|∇un|p−2∇un

]
= B(x) min{|∇un|q, n}, (x, t) ∈ QT , (2.3)
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with the initial-boundary value conditions (1.2)-(1.3). The existence of the weak
solution un ∈ L∞ follows from the standard methods (for instance, the pseudo-
monotonicity operator theory [9, 10, 11], or the difference and variation methods
[12]). By the maximal theory, we have the uniform bound:

‖un(x, t)‖L∞(QT ) 6 ‖u0‖L∞(Ω). (2.4)

Our goal is to show that a subsequence of the approximate solution sequence {un}
converges to a measurable function u, which coincides with the weak solution of
the problem (1.1)-(1.2).
Step 1: Weak convergence We choose θ(un) as a test function in (2.3), then∫ T

0

〈∂un
∂t

, θ(un)
〉
dt+

∫∫
QT

(
a(x) +

1
n

)
|∇un|pθ′(un) dx dt

=
∫∫

QT

Bmin{|∇un|q, n}θ(un) dx dt.
(2.5)

From Lemma 2.2, we have∫ T

0

〈∂un
∂t

, θ(un)〉dt =
∫

Ω

[Θ(un(T ))−Θ(u0)]dx.

By Young’s inequality, (2.5) becomes∫
Ω

Θ(un(T ))dx+
∫∫

QT

(
a(x) +

1
n

)
∇un|pθ′(un) dx dt

6
∫

Ω

Θ(u0)dx+
∫∫

QT

B|∇un|q|θ(un)| dx dt

6
∫

Ω

Θ(u0)dx+
∫∫

QT

(q
p
B|∇un|p +

p− q
p
|θ(un)|

)
dx dt

6
∫

Ω

Θ(u0)dx+
∫∫

QT

(
B|∇un|p +

p− q
p
|θ(un)|

)
dx dt.

We rewrite the above inequality as∫
Ω

Θ(un(T ))dx+
∫∫

QT

[
θ′(un)−B

(
a(x) +

1
n

)−1

|θ(un)|
]

×
(
a(x) +

1
n

)
|∇un|p dx dt

6
∫

Ω

Θ(u0)dx+ c.

(2.6)

Let a = 1 in Lemma 2.1. Then

θ′(un)−B
(
a(x) +

1
n

)−1

|θ(un)| > θ′(un)− b|θ(un)| > 1
2
,

so we deduce that
1
2

∫∫
QT

(
a(x) +

1
n

)
|∇un|p dx dt 6

∫
Ω

Θ(u0)dx. (2.7)

By (1.4) and (2.7), we have |∇un| ∈ Lploc(QT ). By the Hölder inequality and
ba(x) ≥ B(x), we have

B(x)|∇un|q ∈ L1
loc(QT ). (2.8)
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By (2.4), (2.7) and (2.8), there exists a function u and an n-dimensional vector
function ~ζ = (ζ1, · · · , ζn) satisfying

u ∈ L∞(QT ), |~ζ| ∈ L
p
p−1 (QT ),

and

un ⇀ ∗u, weakly star in L∞(QT ),(
a(x) +

1
n

)
|∇un|p−2∇un ⇀ ~ζ in L

p
p−1 (QT ),

B(x)|∇un|q ⇀ ν, in Lp/q(QT ).

Step 2: Strong convergence Clearly, by (2.7) and (2.8), ∂un
∂t is bounded in the

space

Lp
′
(0, T ;W−1,p′(Ω)) + Lp/q(QT ).

For a fixed s such that s > N
2 + 1, the following holds:

(1) When s > N
2 , we have Hs

0(Ω) ↪→ L∞(Ω), and then L1(Ω) ↪→ H−s(Ω).
(2) When s− 1 > N

2 , we have Hs
0(Ω) ↪→W 1,p(Ω), consequently, W−1,p′(Ω) ↪→

H−s(Ω).

As a result, we have

‖∂un
∂t
‖L1(0,T ;H−s(Ω)) 6 c,

where c is independent of n. For any given ϕ ∈ C1
0 (Ω), we have

‖∂(ϕun)
∂t

‖L1(0,T ;H−s(Ω)) 6 C (2.9)

for ϕun ∈W 1,p
0 (Ω) and∫

Ω

|∇(ϕun)|pdx ≤ c
[ ∫

Ω

|∇ϕ|p|un|pdx+
∫

Ω

|ϕ|p|∇un|pdx
]

≤ c+ c

∫
Ω

|ϕ|p

a(x)
a(x)|∇un|pdx

≤ c+ c1

∫
Ω

a(x)|∇un|pdx,

(2.10)

where c1 = maxx∈Ωϕ
|ϕ|p/a(x) > 0 is a constant independent of n, and Ωϕ is the

support set of ϕ. Notice that W 1,p
0 (Ω) ↪→compact Lp(Ω) ↪→ H−s(Ω). It follows

Simon’s compactness theorem [8] that ϕun → ϕu, strongly in Lp(0, T ;Lp(Ω)).

Step 3: Almost everywhere convergence In step 2, by the arbitrariness
of ϕ, we can let {un} be a subsequence of {uε} such that un → u a.e. in QT .
According to Egoroff’s theorem, for the fixed δ > 0, there is a closed set Eδ ⊂ QT
such that

(1) The measure µ(QT − Eδ) ≤ δ;
(2) un ⇒ u uniformly on Eδ. It follows that |un − um| < k, for the fixed k > 0

and sufficiently large m and n.



6 H. ZHAN, Z. FENG EJDE-2017/311

Suppose that ζ (0 ≤ ζ ≤ 1) is a cut-off function satisfying ζ ∈ C∞0 (QT ), and ζ = 1
on Eδ. Let Tk(s) be the usual truncation function defined as

Tk(s) =


s, |s| < k,

k, s ≥ k,
−k, s 6 −k.

For n 6= m, we have

∂(un − um)
∂t

= div
[(
a(x) +

1
n

)
|∇un|p−2∇un

−
(
a(x) +

1
m

)
|∇um|p−2∇um

]
− b(x)(|∇un|q − |∇um|q).

(2.11)

By choosing ζaTk(un − um) as a test function and using∫∫
QT

a(x)|∇un|p dx dt ≤ c,
∫∫

QT

a(x)|∇um|p dx dt ≤ c,

by the Hölder inequality it is not difficult to deduce that∫∫
QT

[a(x) +
1
n

](|∇un|p−2∇un − |∇um|p−2∇um)

× (∇un −∇um)ζaT ′k(un − um) dx dt

≤ k
∫

Ω

∫ T

0

a|ζt||un − um| dt dx

+ k

∫∫
QT

a(x)|(|∇un|p−2∇un − |∇un|p−2∇un)||∇(aζ)| dx dt

+ | 1
n
− 1
m
|
∫∫

QT

a|∇um|p−1[(|∇un|+ |∇um|)ζT ′k(un − um)

+ |∇(ζa)|Tk(un − um)] dx dt

+ k

∫∫
QT

a(x)B(x)||∇un|q − |∇um|q|ζ dx dt

≤ kc(δ) + c| 1
n
− 1
m
|.

(2.12)

In view of T ′k ≥ 0, T ′k(s) = 1 on |s| < k and the fact that un converges uniformly
on Eδ, we have∫∫

Eδ

a2(x)
(
|∇un|p−2∇un − |∇um|p−2∇um

)
(∇un −∇um) dx dt

=
∫∫

Eδ

a2(x)(|∇un|p−2∇un − |∇um|p−2∇um)

× (∇un −∇um))T ′k(un − um) dx dt

≤
∫∫

QT

[a(x) +
1
n

](|∇un|p−2∇un − |∇um|p−2∇um)

× (∇un −∇um)ζaT ′k(un − um) dx dt.

(2.13)
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By the arbitrariness of k, from (2.12)-(2.13), we get

lim sup
n,m→+∞

∫∫
Eδ

a2(x)(|∇un|p−2∇un − |∇um|p−2∇um)

× (∇un −∇um) dx dt = 0.
(2.14)

Using this equality and following [8, 4], we have∫∫
Eδ

a2(x)|∇un −∇um|p dx dt→ 0. (2.15)

For any ϕ ∈ C∞0 (Ω) with 0 ≤ ϕ ≤ 1 such that

ϕ
∣∣
Ω2λ

= 1, ϕ
∣∣
Ω\Ωλ

= 0,

since a2(x) ≥ c(λ) > 0 on Ωλ, it follows from (2.15) that∫∫
Eδ

|∇(ϕun)−∇(ϕum)|p dx dt→ 0.

Thus, {∇ϕu} is a Cauchy sequence in (Lp(Eδ))N . We may assume that ∇ϕun → α,
strongly in (Lp(Eδ))N . Since ϕun → ϕu strongly in Ls(Ω) with s > 1, it is easy
to see that ϕun → ϕu strongly in Lp(Eδ). From the above analysis, we see that
α = ϕu. By the arbitrariness of λ, ∇un → ∇u a.e. in Eδ, and by the arbitrariness
of δ, ∇un → ∇u a.e. in QT .
Step 4: Convergence Let θ be the function defined in Lemma 2.1. It follows
that θ(un − um) ∈ L∞(QT ) ∩ V since un, um ∈ L∞(QT ) ∩ V . Thus, for any
0 ≤ ϕ(x) ∈ C1

0 (Ω), we can take ϕθ(un − um) as a test function in (2.11). Then∫ T

0

〈∂(un − um)
∂t

, ϕθ(un − um)
〉

+
∫∫

QT

[(
a(x) +

1
n

)
|∇un|p−2∇un −

(
a(x) +

1
m

)
|∇um|p−2∇um

]
× (∇un −∇um)θ′(un − um)ϕdx dt

+
∫∫

QT

[(
a(x) +

1
n

)
|∇un|p−2∇un −

(
a(x) +

1
m

)
|∇um|p−2∇um

]
× (∇un −∇um)∇ϕθ(un − um) dx dt

=
∫∫

QT

B(min{|∇un|q, n} −min{|∇um|q,m})θ(un − um)ϕdx.

(2.16)

Using (2.2) to estimate the first term on the left-hand side of (2.16) yields∫ T

0

〈∂(un − um)
∂t

, ϕθ(un − um)
〉
dt =

∫
Ω

ϕΘ(un − um)(T )dx > 0. (2.17)

Since un → u, um → u a.e. in QT , the right-hand side of (2.17) can be estimated
as follows:∫∫

QT

B(min{|∇un|q, n} −min{|∇um|q,m})θ(un − um)ϕdx dt

6 b
∫∫

QT

a(x)(|∇un|p + |∇um|p)|θ(un − um)|ϕdx dt

≤ b
∫∫

QT

a(x)(|∇un|p−2∇un∇um + |∇um|p−2∇um∇un)|θ(un − um)|ϕdx dt
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+ b

∫∫
QT

[ 1
n
|∇un|p−2∇un −

1
m
|∇um|p−2∇um

]
(∇un −∇um)|θ(un − um)|ϕdx dt

+ b

∫∫
QT

[(
a(x) +

1
n

)
|∇un|p−2∇un −

(
a(x) +

1
m

)
|∇um|q−2∇um

]
× (∇un −∇um)|θ(un − um)|ϕdx dt.

Hence, (2.16) can be rewritten as:∫∫
QT

[(a(x) +
1
n

)|∇un|p−2∇un − (a(x) +
1
m

)|∇um|p−2∇um](∇un −∇um)

× [θ′(un − um)− b|θ(un − um)|]ϕdx dt

+
∫∫

QT

(
(a(x) +

1
n

)|∇un|p−2∇un − (a(x) +
1
m

)|∇um|p−2∇um
)

×∇ϕθ((un − um)) dx dt

6 b
∫∫

QT

a(x)||∇un|p−2∇un∇um + |∇um|p−2∇um∇un||θ(un − um)| dx dt

+ b

∫∫
QT

[ 1
n
|∇un|p−2∇un −

1
m
|∇um|p−2∇um

]
(∇un −∇um)

× |θ(un − um)|ϕdx dt.
(2.18)

Clearly, we have

lim
n→∞

lim
m→∞

∫∫
QT

[(a(x) +
1
n

)|∇un|p−2∇un − (a(x) +
1
m

)|∇um|p−2∇um]

× (∇un −∇um)∇ϕθ(un − um) dx dt = 0,
(2.19)

and
lim
n→∞

lim
m→∞

b

∫∫
QT

[ 1
n
|∇un|p−2∇un −

1
m
|∇um|p−2∇um

]
× (∇un −∇um)|θ(un − um)|ϕdx dt = 0.

(2.20)

With the help of (2.1) in Lemma 2.1 (with a = 1), since ∇un → ∇u a.e. in QT ,
and ϕ(x) ∈ C1

0 (Ω), we may utilize Fatou’s Lemma in (2.18) as m→ +∞ to obtain
that∫∫

QT

((a(x) +
1
n

)|∇un|p−2∇un − a(x)|∇u|p−2∇u)(∇un −∇u)ϕdx dt

6 cb
∫∫

QT

a(x)[(|∇un|p−2∇un∇u+ |∇u|p−2∇u∇un)]|θ(un − u)| dx dt+ o
( 1
n

)
6 cb|a

q−1
p |∇un|p−2∇un|Lp′ (x)(QT )|a1/pθ(un − u)∇u|Lp(QT )

+ cb||a
p−1
p ∇u|p−2∇uθ(un − u)|Lp′(x)(QT )|a1/p∇un|Lq(QT ) + o(

1
n

)

6 C
(∫∫

QT

a|∇un|p dx dt
)1/p′

(
∫∫

QT

a|θ(un − u)|p|∇u|q dx dt)1/p

+ C
(∫∫

QT

a(x)|θ(un − u)|p
′
|∇u|p dx dt

)1/p′(∫∫
QT

a(x)|∇un|p dx dt
)1/p

+ o(
1
n

)
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6 C
(∫∫

QT

a|θ(un − u)|p|∇u|q dx dt
)1/p

+ C
(∫∫

QT

a|θ(un − u)|p
′
|∇u|q dx dt

)1/p′

+ o(
1
n

).

Since θ(un − u) is uniformly bounded, by the Lebesgue dominated convergence
theorem we have∫∫

QT

((a(x) +
1
n

)|∇un|p−2∇un − |∇u|p−2∇u) · (∇un −∇u)ϕdx dt→ 0,

which implies∫∫
QT

(a(x) +
1
n

)(|∇un|p−2∇un − |∇u|p−2∇u) · (∇un −∇u)ϕdx dt→ 0, (2.21)

because

lim
n→∞

1
n

∫∫
QT

|∇u|p−2∇u · (∇un −∇u)ϕdx dt = 0.

Following [8], by (2.21), we arrive at∫∫
QT

(
a(x) +

1
n

)
|∇un −∇u|pϕdx dt→ 0, (2.22)

which implies
|∇un −∇u|Lp(Ω1×[0,T )) → 0,

where Ω is any compact subset including in Ω. That is, un → u strongly in
Lp(0, T ;W 1,p

loc (Ω)).
Step 5: Passing to the limit. By (2.22) and the property of Nemytskii

operator ([10, 11]), the generalized Lebesgue dominated convergence theorem yields

|∇un|p−2∇un → |∇u|p−2∇u, strongly in Lp
′

loc(QT ),

min {|∇un|p, n} → |∇u|p, strongly in L1
loc(QT ).

For each ϕ ∈ C∞0 (QT ), we get∣∣〈− div((a(x) +
1
n

)|∇un|p−2∇un − a(x)|∇u|p−2∇u), ϕ
〉∣∣

=
∣∣ ∫∫

QT

(a(x) +
1
n

)(|∇un|p−2∇un − a(x)|∇u|p−2∇u) · ∇ϕdx dt
∣∣

6
∣∣|∇un|p−2∇un − |∇u|p−2∇u|Lp′ (Ωϕ×(0,T ))|a(x)∇ϕ

∣∣
Lp(QT )

+
1
n

∫ T

0

∫
Ωϕ

|∇un|p−2∇un · ∇ϕdx dt.

It follows that

‖−div((a(x) +
1
n

)|∇un|p−2∇un − |∇u|p−2∇u)‖D′ → 0.

Thus, for the principal term in the approximate equation (2.3), we have

−div((a(x) +
1
n

)|∇un|p−2∇un)→ −div(a(x)|∇u|p−2∇u), strongly in D′.

Meanwhile,
lim
n→∞

〈B(x)|∇un|p −B(x)|∇u|p, ϕ〉 = 0.
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As a consequence, one has unt → ut, strongly in D′, it follows that un(x, 0)→ u0(x)
in the sense of measure. This proves that u ∈ L∞(QT ) is a weak solution to equation
(1.1) with the initial value condition (1.2). �

Lemma 2.3. If
∫

Ω
a(x)−

1
p−1 dx < ∞, u is a weak solution of equation (1.1) with

the initial condition (1.2). Then the trace of u on the boundary ∂Ω can be defined
in the traditional way.

Proof. Clearly, we have∫∫
QT

|∇u| dx dt

=
∫∫
{(x,t)∈QT ;a

1
p−1 |∇u|61}

|∇u| dx dt+
∫∫
{(x,t)∈QT ;a

1
p−1 |∇u|>1}

|∇u| dx dt

6
∫∫

QT

a−
1
p−1 dx dt+

∫∫
QT

(a
1
p−1 |∇u|)p−1|∇u| dx dt

=
∫∫

QT

a−
1
p−1 dx dt+

∫∫
QT

a|∇u|p dx dt 6 c.

The last inequality is because of the assumption that
∫

Ω
a(x)−

1
p−1 dx ≤ c. So u has

the trace on the boundary ∂Ω. �

By Lemma 2.3 and Theorem 1.3, we arrive at Theorem 1.4 immediately, so here
we omit its proof.

3. Proof of Theorem 1.5

Let u and v be two solutions of equation (1.1) with the initial values u0(x) =
v0(x) and with the same homogeneous boundary value condition (1.3). We will
prove the uniqueness of the solutions by the way of contradiction. Suppose that

ess supx∈Ω |u− v| > 0. (3.1)

For the function θ defined in Lemma 2.1, it follows that θ(u − v) ∈ L∞(QT ) ∩ V ,
since u, v ∈ L∞(QT ) ∩ V . Thus, θ(u − v) can be taken as a test function in (1.8)
such that〈∂(u− v)

∂t
, θ(u− v)

〉
+
∫

Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)(∇u−∇v)θ′(u− v)dx

=
∫

Ω

B(x)(|∇u|q − |∇v|q)θ(u− v)dx.

(3.2)

Using (2.2) to estimate the first term on the left-hand side of (3.2) yields

〈∂(u− v)
∂t

, ϕθ(u− v)
〉

=
∂

∂t

∫
Ω

Θ(u− v)dx. (3.3)
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By Young’s inequality, we have

|
∫

Ω

B(x)(|∇u|q − |∇v|q)θ(u− v)dx|

≤
∫

Ω

B(x)
[q
p

(|∇u|p + |∇v|p) +
p− q
p

]
|θ(u− v)|dx

≤ q

p

∫
Ω

B(x)(|∇u|p + |∇v|p)|θ(u− v)|dx+
p− q
p

∫
Ω

B(x)|θ(u− v)|dx,

(3.4)

and
q

p

∫
Ω

B(x)(|∇u|p + |∇v|p)|θ(u− v)|dx

6 b
∫

Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)|dx

≤ b
∫∫

Ω

a(x)(|∇u|p−2∇u∇v + |∇v|p−2∇v∇u)|θ(u− v)|dx

+ b

∫∫
Ω

a(x)[|∇u|p−2∇u− |∇v|p−2∇v](∇u−∇v)|θ(u− v)|dx.

(3.5)

By (3.3)-(3.5), we have

∂

∂t

∫
Ω

Θ(u− v)dx

+
∫

Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)(∇u−∇v)[θ′(u− v)− b|θ(u− v)|]dx

≤ p− q
p

∫
Ω

B(x)|θ(u− v)|dx

+ b

∫
Ω

a(x)(|∇u|p−2∇u∇v + |∇v|p−2∇v∇u)|θ(u− v)|dx.

(3.6)

Note that ∫
Ω

a(x)(|∇u|p−2∇u∇v + |∇v|p−2∇v∇u)|θ(u− v)|dx

≤ c
∫

Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)|dx.

So, by (3.6), we have∫
Ω

Θ(u− v)dx−
∫

Ω

Θ(u0 − v0)dx

≤ p− q
p

∫ t

0

∫
Ω

B(x)|θ(u− v)| dx dt

+ c

∫ t

0

∫
Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)| dx dt.

(3.7)

Since u0 = v0, by (3.7), we find that∫
Ω

Θ(u− v)dx ≤ p− q
p

∫ t

0

∫
Ω

B(x)|θ(u− v)| dx dt

+ c

∫ t

0

∫
Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)| dx dt.
(3.8)
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Notice that Θ(s) = 1
2η e

ηs2 is an even function. Without loss of generality, we
may assume that θ(u− v) ≥ 0. If

p− q
p

∫
Ω

B(x)|θ(u− v)|dx ≤ c
∫

Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)|dx,

then, by (3.8), we have∫
Ω

Θ(u− v)dx ≤ c
∫ t

0

∫
Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)| dx dt.

That is,

1
2η

∫
Ω

eη(u−v)2dx ≤ c
∫ t

0

∫
Ω

a(x)(|∇u|p + |∇v|p)|u− v|eη(u−v)2 dx dt

≤ c
∫ t

0

ess supx∈Ω |u− v|
∫

Ω

a(x)(|∇u|p + |∇v|p)eη(u−v)2 dx dt.

This is impossible when η → 0.
If

p− q
p

∫
Ω

B(x)|θ(u− v)|dx ≥ c
∫

Ω

a(x)(|∇u|p + |∇v|p)|u− v|eη(u−v)2dx,

then, (3.8) yields

1
2η

∫
Ω

eη(u−v)2dx ≤ c
∫

Ω

B(x)|u− v|eη(u−v)2dx.

This is impossible when η → 0. Consequently, we have

ess supx∈Ω |u− v| = 0,

which implies that the solution is unique.

4. Uniqueness without any boundary value condition

Proof of Theorem 1.6. For any 0 ≤ ϕ(x) ∈ C1
0 (Ω), we take ϕθ(u − v) as a test

function in (1.8) as〈∂(u− v)
∂t

, ϕθ(u− v)
〉

+
∫

Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)(∇u−∇v)θ′(u− v)ϕdx

+
∫

Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)(∇u−∇v)∇ϕθ(u− v)dx

=
∫

Ω

B(x)(|∇u|q − |∇v|q)θ(u− v)ϕdx.

(4.1)

Using (2.2) to estimate the first term on the left-hand side of (4.1) leads to〈∂(u− v)
∂t

, ϕθ(u− v)
〉

=
∂

∂t

∫
Ω

ϕΘ(u− v)dx. (4.2)
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By Young’s inequality, we have∣∣ ∫
Ω

B(x)(|∇u|q − |∇v|q)θ(u− v)ϕdx
∣∣

≤
∫

Ω

B(x)[
q

p
(|∇u|p + |∇v|p) +

p− q
p

]|θ(u− v)ϕ|dx

≤ q

p

∫
Ω

B(x)(|∇u|p + |∇v|p)|θ(u− v)ϕ|dx+
p− q
p

∫
Ω

B(x)|θ(u− v)ϕ|dx,

(4.3)

and

q

p

∫
Ω

B(x)(|∇u|p + |∇v|p)|θ(u− v)ϕ|dx

6 b
∫

Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)|ϕdx dt

≤ b
∫

Ω

a(x)(|∇u|p−2∇u∇v + |∇v|p−2∇v∇u)|θ(u− v)|ϕdx dt

+ b

∫
Ω

a(x)[|∇u|p−2∇u− |∇v|p−2∇v](∇u−∇v)|θ(u− v)|ϕdx dt.

(4.4)

Then, by (4.2)–(4.4), we have

∂

∂t

∫
Ω

ϕΘ(u− v)dx

+
∫

Ω

a(x)[|∇u|p−2∇u− |∇v|p−2∇v](∇u−∇v)[θ′(u− v)− b|θ(u− v)|]ϕdx

+
∫

Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕθ(u− v)dx

6 b
∫∫

Ω

a(x)ϕ||∇u|p−2∇u∇v + |∇v|p−2∇v∇u||θ(u− v)|dx.

(4.5)

By Young’s inequality, we have∫
Ω

a(x)ϕ[|∇u|p−2∇u∇v + |∇v|p−2∇v∇u||θ(u− v) dx dt

6 c
∫

Ω

a(x)(|∇u|p + |∇v|p)|θ(u− v)|ϕdx dt.
(4.6)

In view of ϕ ≤ c, we have∫
Ω

a(x)ϕ||∇u|p−2∇u∇v||θ(u− v)|ϕdx ≤ c(
∫

Ω

a(x)(|∇u|p + |∇v|pdx, (4.7)

|
∫

Ω

a(x)||∇u|p|∇v|p−2∇v∇u||θ(u− v)|ϕdx| ≤ c(
∫

Ω

a(x)(|∇u|p + |∇v|pdx. (4.8)

For a small positive constant λ > 0, let Ωλ = {x ∈ Ω : a(x) > λ}. By a process
of limit, we set

ϕ = φλ(x) =

{
1, ifx ∈ Ωλ,
1
λa(x), x ∈ Ω \ Ωλ.

(4.9)
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It follows from (1.12) that

∣∣ ∫
Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕθ(u− v)dx
∣∣

=
∣∣ ∫

Ω\Ωλ
a(x)(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕθ(u− v)dx

∣∣
≤ c
(∫

Ω\Ωλ
a(x)(|∇u|p + |∇v|p)dx

) p−1
p 1
λ

(∫
Ω\Ωλ

a(x)|∇a|pdx
)1/p

≤ c
(∫

Ω\Ωλ
a(x)(|∇u|p + |∇v|p)dx

) p−1
p

,

(4.10)

which approaches zero as λ→ 0.
By integrating (4.5) from 0 to t, we have∫

Ω

ϕΘ(u− v)dx−
∫

Ω

ϕΘ(u0 − v0)dx

+
∫ t

0

∫
Ω

a(x)[|∇u|p−2∇u− |∇v|p−2∇v](∇u−∇v)

× [θ′(u− v)− b|θ(u− v)|]ϕdx dt

+
∫ t

0

∫
Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕθ(u− v) dx dt

6 b
∫ t

0

∫
Ω

a(x)ϕ||∇u|p−2∇u∇v + |∇v|p−2∇v∇u||θ(u− v)| dx dt.

(4.11)

Let λ→ 0 in (4.11). Then∫
Ω

Θ(u− v)dx−
∫

Ω

Θ(u0 − v0)dx

+ lim
λ→0

∫ t

0

∫
Ω

a(x)[|∇u|p−2∇u− |∇v|p−2∇v](∇u−∇v)

× [θ′(u− v)− b|θ(u− v)|] dx dt

+ lim
λ→0

∫ t

0

∫
Ω

a(x)(|∇u|p−2∇u− |∇v|p−2∇v)∇ϕθ(u− v) dx dt

6 b
∫ t

0

∫
Ω

a(x)||∇u|p−2∇u∇v + |∇v|p−2∇v∇u||θ(u− v)| dx dt

6 c
∫ t

0

∫
Ω

a(x)(|∇u|p + |∇v|p|θ(u− v)| dx dt.

(4.12)

By (4.5)-(4.12), noticing that Θ(s) = 1
2η e

ηs2 , we have∫
Ω

Θ(u− v)dx−
∫

Ω

Θ(u0 − v0)dx

≤ c
∫

Ω

B(x)|θ(u− v)|dx+ c

∫
Ω

a(x)(|∇u|p + |∇v|p||u− v|eη(u−v)2dx.

(4.13)
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Since u0 = v0, by (4.13), we have∫
Ω

Θ(u− v)dx ≤ c
∫

Ω

B(x)|θ(u− v)|dx

+ c

∫
Ω

a(x)(|∇u|p + |∇v|p||u− v|eη(u−v)2dx.

(4.14)

From this inequality, similar to the proof of Theorem 1.5, one can obtain u = v.
Consequently, the proof is complete. �
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