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ABSTRACT. We prove that the non-simple thermoelastic model, with Catta-
neo’s or Gurtin-Pipkin’s law, is indifferent to the presence of the inertial term.
That is, considering or not the irrotational term, there is a lack of exponential
stability. Additionally, we show that the semigroup is polynomially stable and
that the rate of decay of the solution (both optimal) are the same with or
without the rotational term.

1. INTRODUCTION

The Euler Bernoulli thermoelastic model is

PUt — YUzt + QUggre — Bemz = 07 in ]ng[XRJr ) (11)
CHt"'Qx_"ﬂua:wt :Ov in}07€[XR+' (12)

In Graselli’s article [7] is proved that the thermoelastic plate (v = 0) with heat
flux given by the theory of Gurtin and Pipkin, ¢ = — fooo g(8)0.(t — s)ds, is not

exponential stable, but when the irrotational term (y > 0) is inserted, the model
becomes exponentially stable. Another case of the same phenomenon occurs when
the flux is defined by Cattaneo’s law: 7¢; + ¢ + K6, = 0. System f with
v = 0, does not have exponential stability, but when ~ is positive, the resulting
model is exponentially stable, see [g].

Here we consider the same problem to non-simple thermoelastic model, which
mathematically is analogous to model (1.1)—(1.2). The difference is due to the
coupling. Whereas in model 7 the coupling terms are of second order, in
non-simple thermoelastic model, they are of first order. The non-simple thermoe-
lasticity with second sound is

puge =Ty — Spey, T = puz + 00, S = ug,. (1.3)
The balance of the energy is give by
pLoOt = @z, PO = —Puy + b, (14)

where ¢ is the heat flux. Therefore the system of field equations are

PUt — VlUgztt — PWlgy + QUgree — B0, =0, in |0, (xR, , (1.5)
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by + qz — Buge =0, in ]Ové[XR-i- . (16)
Here we consider both, the second sound constitutive equation
T+ q+ kb, =0, in]0,¢[xR4 (L.7)

and the Gurtin-Pipkin’s law [10]

q :/0 9(8)0..(t — s) ds. (1.8)

The memory kernel g : R; — R is assumed to be positive, such that |g(s)] < Ce™75.
For both models we consider the following boundary and initial conditions

w(0,t) = Uz (0,8) = u(l,t) = uge(£,8) =0, 6,(0) =6,(¢) =0, (1.9)

uw(z,0) =ug(z), wu(z,0)=wui(x), O(x,0)=0(x), ¢q(x,0)=qo(z). (1.10)

When 7 = 0 in (1.7) (Fourier law) it was proved in [9], that the system is expo-
nentially stable. The main result of this paper is that the non-simple thermoelastic

model (1.5)—(1.6) with Cattaneo’s law (|1.7) or Gurtin and Pipkin’s law (1.8]) are

not exponentially stable for v > 0. Still, we prove that the inertial term does not
improve uniform stability at all. That is, the decay rate is equal to t—1/2 for v > 0.

2. SEMIGROUP APPROACH

The semigroup approach to Gurtin and Pipkin’s law follows the same ideas as
n [I0]. We introduce the summed past history of 8 (cf. [2]), defined as

n(s,t) = /OS 0t —o)do, (t,s)€[0,00[xRy

Therefore integrating by parts, ¢ can be rewritten as

o0
0= [ Rl =s)ds. r(s) = ~/(3 (21)
with 7 satisfying the following conditions
n+ns =0, in)0,¢, (ts)€][0,00[xRy,
1(0) =0, n(s,0) = no(s).

Therefore the corresponding resolvent model for v > 0 is
iu—v=f, (2.2)
IAPY — INVVzg — [llgy + QUgaae — B0z = pfo + 7 f2,00 (2.3)

tACH + qz — P, = f3.

In the case of Cattaneo’s law, we additionally have

NG+ q+ KB, = [fa. (2.5)
For Gurtin and Pipkin law ([2.1)) we have
i+, — 6= fy. (2.6)

For v > 0, fo € H}, where H} = H(0,4), L? = L*(0,¢) and so on. The space
for n is My = L®(Ry; H!), where

L
H = H'A L2, Li:{feLz(O,E):/f(s)ds:O}.
0

The main tool to show the asymptotic properties is the next theorem.
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Theorem 2.1. Let et be contraction semigroup. Then the exponential [5] and
polynomial characterization [1] are

€At < Ce™ < iR C o(A) and ||(iX — A)7Y|| < C, YA € R, (2.7)

leAt A & iR C o(A) and |\ — A7V < CIA®, YAER.  (2.8)

<

Let H{, H2 be the phase space to Cattaneo and Gurtin-Pipkin law respectively
for v = 0, where

Hy=H*NH) x L x L2 xV;, i=1,2, Vi =L*0,0), Vo= M,.
The corresponding domain of the infinitesimal generator A for v =0 is
D(Ap,;) = H*NH) x H*NHy x H: x W;,
where

Wy = H{, Wgz{neMltnseMl, 77(0):0,/ m(s)mdseHé}
0

Instead when v > 0, the phase space is of the form
H = H* N H(0,€) x H(0,0) x L2(0,4) x V;
The domain of the infinitesimal generator A for v > 0 is given by
D(A,;)=H*NH{ x H*NH} x H x W,

and the corresponding norm we use to get a contraction semigroup is

1
.
19180, = [ plol? + 3o+ e + oo+ clf? + Tl e
o0

Y
1913 = [ ol + 2l + o + @luza P+ cloP + [kl P ds o
v 0 0

for any ®' = (u,v,6,q) € H} and ®" = (u,v,0,n) € H2. It is not difficult to see
that

Re(A%@,@)H:—f/ gl dz, Re(A, 20, @)y / / (5)|na? ds dz.

Therefore the above inequalities imply

/ g2 dz = K(®, F)y, / / ) l1af? ds dz = K(®, F)yga (2.9)

3. ASYMPTOTIC BEHAVIOUR

In this section we prove the lack of exponential stability and the polynomial

decay to zero.
Theorem 3.1. The semigroups S1 = et and S, = et are not exponentially
stable for v > 0. That is, for v > 0 there exists sequences \, € R such that

I(Zix, = Ay ) THE = CIG P, ([(Tid, = Ay 2)7H > O
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Proof. Let us take £ = 7, fi = f3 = f4 = 0 and fo = sin(vz) when v = 0 and
fo = 1/vsin(vz) to v > 0. Because of the boundary conditions, we can assume
that the solution is

u= Asin(vz), v=1iAAsin(vz), 0= Bcos(vz), q= Csin(vx)
Note that A = A, to simplify, we omit this dependence. To find the solution we
solve system ([2.2)-(2.5) for F = (f1,..., f1):

p(A\)A+ BvB =m,
—iNGVA + icAB +vC =0,
—kvB+ (iAT+1)C =0,
where p(A) = —A2p + y2\2 + w? + avt and m = p or m = p/v + v if y =0 or
~ > 0 respectively. Solving for A we obtain
[=A\2er +ide + kv m

pN)? = (70% —iA)(ep(\) — °v?)

=A

A:

(3.1)

Now, for v = 0 we take \ such that cp(\) — 3?v? = pﬁ , therefore we have

2 92 2
P e s B

—epA? 4 cp? + cavt — A% = .-
cart cp P car

Note that \ =~ \/%ﬂ for large values of v. Substitution of A\ into the definition of
A yields

2 2
~ 242 e +ﬂ
CcCaT

2
A= %1/4 Qpﬁ v?

Therefore we have that A ~ O‘CCOTV‘; = ¢;2, where ¢; does not depend on v. There-
fore

us s
1
||<I>||§{(1) > / s |* dr = aA2V4/ |sin(vz)|? de = iochus ~ ag|A|* — 0.
0 0

For v > 0 we choose p(\) = &2 hence A is given by
(p+yHN =+t -2 & N2 =\~ &2
v
Taking ¢ such that (7 — acr)é = —7a/3? we have
A = p\) (V% — erA?) + 726202 +id(ep(N) — B20?)
act Taﬂ

~E(1- 5 — i+

Substitution on (3.1) we obtain A = fo, that is A is asymptotically equals to a
constant for v large. Recalling the definition of A\ we obtain

— vt i€ = B et

s ™
1
@[3, > / gy de = aA2u4/ |sin(va)|? dz = iafgﬁl ~ ag|A\|* — oo.
v 0 0

So the result follow in case of Cattaneo law. Let us consider the Gurtin-Pipkin law.
We take f;, i = 1,...,4 as above and k(t) = Ke ?%. Therefore, the solution is of
the form

u= Asin(vz), v=1iMAsin(vz), 6= Bcos(vz), n = pcos(vz)
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Solving ([2.6)) we obtain
B K Bv?
= (1= 7z)\s = :cx o ds = ——~
v i/\( ¢ / S)1 8) ds o(iN+ o) cos(v)
To find the exact solutions we solve the system

p(N)A+ BvB =m

Kuv?

o(=A2 + gi) )B=0

—BvA+ (c+

so we have

s [co(—A2 + 0i)) + Kv2]m
PN Kv2 + (ep+ B2v2)o (=A% + gil)
Note that A have the same estructure of , therefore using the same arguments
we obtain that

]2 > a0l |* — oc.
Since ® = (I\, — A, ;)"'F,, them item (2.8) of Theorem implies the result. O

Now we are able to show the polynomial rate of decay
Theorem 3.2. The optimal rate of decay of the semigroup S;(t) = e”rit

by

s given

let* || < IIAw@oIIw 720, i=12

\[

Proof. Here we use relation of Theorem Since D(A, ;) has compact
embedding over the phase space 'ny, then the corresponding resolvent operators
are compact. It is not difficult to see that 0 € p(A, ;). Therefore to show that
iR C p(A, ;) it is enough to prove that there is no imaginary eigenvalues. Suppose
that there exists W # 0 such that i\W — A, ;W = 0. Using we conclude
that flux ¢ = 0, from equations or we conclude that § = 0. Using that
q=0and # =0 in we conclude that v = 0, therefore W = 0. This is the
contradiction that implies that {R C p(A,;). Next we prove that the resolvent
operator is bounded. Multiplying by foxgds we obtain

K/Zw?dz
:J/ /czAGdsdach/ /Hdsdxf/ f4/0 Pdsde o
:_2/0 e ﬂv)dm+/ /9dsdx+R

< Cl@llnl Fll# + Cliolliall,
where R is such that |R| < C||®||#||F||#. Using (2.6) we conclude that

¥ ¥/ ¥/
/ 6,2 dx < c(1+ |AP) / g2 da + ¢ / \fal? do.
0 0 0

L
/0 1017 dz < AP @[IF ] + | FIJ*. (3-3)

Therefore
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Multiplying (L.7) by [y vdx we have

14 14 T 4 4 T
ﬂ/ \v|2dx:c/ cwm/ cmdsdx+/ q@dmf/ f3/ vdsdx
0 0 0 0 0 0

¢ ¢ ¢
:C/i/ GTzdx—ca/ Hm@dm—f—cﬂ/ |9|2dm—|—R,
0 0 0

where w is the solution of w,, = 0, w,(0) = w,(£) = 0. Using (3.3]) we obtain

v/ l
ﬁ/QWFdwécuMw¢muwwH+e/'mmﬁdx (3.4)
0 0

for A large. Multiplying (1.4) by @ we obtain

¢ ¢ ¢ ¢ ¢
/ 04|um|2dx+/ p|um|2dw:/ p\v\de+'y/ p|vm|2dw—/ B0ty dx + R.
0 0 0 0 0

Therefore, using (3.4) we obtain (with v = 0)
¥/ ¥/
/mMﬁM+/umfmsmmmwm (3.5)
0 0

Finally, summing inequalities (3.2)), (3.4]), (3.5) we obtain
[1@]l7 < CIAP[F 2.

So our conclusion follows for Cattaneo’s law with v = 0. Now let us consider v > 0.
Multiplying (2.4) by Gz we have

¢ ¢ ¢ ¢
/ \qx\de:i)\c/ Gq*xdxfﬂ/ vqu:ﬂJr/ f3Qz dx .
0 0 0 0

Using (1.4) we obtain
¥/ ¥/ ¥/
g/I%ﬁdx§<ﬂM2/mWFdx+CHAFMﬂMFH+e/‘medx+CWFW-
0 0 0

On the other hand, multiplying (1.7) by v, we have

¢ ¢ ¢
5/ |vr|2dx:i)\c/ 0@dm+/ ¢.Uz dx + R.
0 0 0
Therefore
¢ ¢ ¢
6/ |vm|2dx§C’|>\|2/ \0|2d:c+C/ lgz|*dz + R.
0 0 0
Using ([2.3) with v > 0 we obtain
IMllvllz2 < Cllugall + CllO]—1 + CIF] = [Alllv]l2 < CIIUI+ C|F]|.
The above inequality and (3.2 imply
¢
C|>\|2/0 6] dz < CAP|UNIF] + CIE|? + €| U|1%.

So we have
IUN1* < CAPIUNIEN + CIE? + € U2
Therefore our conclusion follows. Finally, for Gurtin-Pipkin’s model, inequality

(2.9) implies

¥/ %) ¥/
Amﬁm§én@4ﬁmﬁm§ﬂwMWM~ (3.6)
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Multiplying (2.4) by [;* k7 ds and using (2.5)), we obtain

(o) ¥
/0 o ds / 162 dx < Cl[B]l 5| F 3¢ + Cllnllaas 10]]

Differentiating ([2.6)) with respect to x and multiplying by k6, and using (2.9) we
obtain

[e%) v/
/0 o ds / 10,2 dz < CIAR @Il | Flla + CIIFI.

Therefore, to estimate v and v we follows same above reasoning, so our conclusion
follows. Finally, the optimality follows from Theorem [2.I]and Theorem [3.1] In fact,
let us suppose that the rate of decay can be improved, for example as t~1/(27¢),
Then relation of Theorem implies that

[(GAT — A, )7 < CIAPS, VAER.

This is a contradiction to Theorem Hence the rate can not be improved. The
proof is complete. O
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