Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 203, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

LYAPUNOV-TYPE INEQUALITIES FOR o-TH ORDER
FRACTIONAL DIFFERENTIAL EQUATIONS WITH 2<a <3
AND FRACTIONAL BOUNDARY CONDITIONS

SOUGATA DHAR, QINGKAI KONG

Communicated by Jerry Goldstein

ABSTRACT. We study linear fractional boundary value problems consisting of
an a-th order Riemann-Liouville fractional differential equation with 2 < o < 3
and certain fractional boundary conditions. We derive several Lyapunov-
type inequalities and apply them to establish nonexistence, uniqueness, and
existence-uniqueness of solutions for related homogeneous and nonhomoge-
neous linear fractional boundary value problems. As a special case, our work
extends some existing results for third-order linear boundary value problems.

1. INTRODUCTION

We consider the a-th order fractional linear differential equation

<D2‘+m) t)+qt)x=0, 2<a<3. (1.1)
Recall that for any v > 0 and ¢ > a,
1 ¢ 1
IW - _ v
( a+ac) (t) := ( )/a (t—s)"""x(s)ds

denotes the y-th order left-sided Riemann-Liouville fractional integral of x(t) at
a, and (D7, z)(t) denotes the y-th order left-sided Riemann-Liouville fractional
derivative of x(t) at a defined as

(D;m) (t) == j; (Ij;;m) (t) = ﬁ% / t(t—s)”_"’_lx(s)d& (1.2)

oo

where n = |v] 4+ 1 with [v] the integer part of v and I'(y) = [;~ t7"e~"dt is the
Gamma function. In the following, we denote

(Dg‘ka) (@) := lim (Dg;kx) (t) fork=1,2,3

t—at

with
D¢ 333 a = lim I3 “x)(t for 2 < a < 3.
( at )( ) ( at )( )

t—a
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In this paper, we derive Lyapunov-type inequalities for the boundary value prob-
lems (BVPs) consisting of (L.1) and one of the following boundary conditions (BCs):

(D% %z) (o) = (D2 %2) (b)) =0 and (D% %z) (¢) =0, a<c<b (1.3)
(D7%2) () = (D22) (b)) = 0 and (D2 %z) (a™) =0, a<b; (1.4)
(De7%2) (aT) = (D27°z) (b)) =0 and (D% 'z) (a) =0, a<b. (1.5)
Lyapunov-type inequalities have been used as an important tool in oscillation,
disconjugacy, control theory, eigenvalue problems, and many other areas of differen-
tial equations. Because of their importance, these inequalities have been extended
and generalized in many directions by several authors. Now we briefly review some
existing results on Lyapunov-type inequalities for both integer-order and fractional-

order differential equations.
For the second-order linear differential equation

2" +qt)r=0 on (a,b) (1.6)

with ¢ € C([a, b],R), the following result is known as the Lyapunov inequality, see
[T, 2].

Theorem 1.1. Assume (1.6) has a solution x(t) satisfying x(a) = x(b) = 0 and
x(t) #£0 fort € (a,b). Then

[ i (1.7

It was first noted by Wintner [24] and later by several other authors that in-

equality (1.7) can be improved by replacing |q(t)| by ¢4 (t) := max{q(¢),0}, the
nonnegative part of ¢(t), to become

b 4
/ g¢(t)dt > 5—. (1.8)

Inequality was generalized to a more general form of second-order linear dif-
ferential equations by Hartman [I1, Chapter XI], and improved by Harris and Kong
[12] and Brown and Hinton [I] later on. We note that the number 4 in the above
inequalities is the best in the sense that if it is replaced by any larger number, then
the inequalities fail to hold, see [ITl, p. 345] and [I6]) for examples.

Lyapunov-type inequalities have been further extended to higher order linear
differential equations and half-linear differential equations by many authors. See
[5L 7, 19, 20, 26l 27, 25] 28] for the higher order linear case, [3, 4] for the half-linear
case, and Pinasco [21] for an excellent survey on various Lyapunov-type inequalities.
Among the above, Dhar and Kong [7] established Lyapunov-type inequalities for
odd order linear differential equations. Restricting their results to the third-order
equation

2" +q(t)r =0, (1.9)

we have the following result.

Theorem 1.2. Assume (1.9) has a nontrivial solution x(t) satisfying z'(a) =
2'(b) = 0 and x(c) = 0 for ¢ € [a,b]. Then one of the following two statements
holds:

. b

6 [Pa (@t > 5,
.. b
(ii) fa q+(t)dt > (b_ga)z ,
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(iii) [Cq_(t)dt + [ qy(t)dt > C=LE
As a result,

b
P la@)ldt > 55

Dhar and Kong [3] also established Lyapunov-type inequalities for third-order
half-linear differential equations. The following is one of their results restricted to
the linear case.

Theorem 1.3. Assume (1.9) has a solution x(t) satisfying x(a) = x(b) = 2" (a) =0
and z(t) # 0 fort € (a,b). Then

b 4
/a 0 (i > .

Although Lyapunov-type inequalities have been developed in many directions
for the integer-order differential equations, there are only a few known results for
the fractional differential equations. In [9], Ferreira obtained such inequalities for
a Riemann-Liouville fractional BVP for the equation

(Df;+x) ) +qt)z=0, 1<a<?2 (1.10)
where ¢ € C ([a, ], R).
Theorem 1.4. Assume (1.10) has a solution x(t) satisfying x(a) = x(b) = 0 and
x(t) # 0 fort € (a,b). Then
b 4 a—1
/a a0t > 7o) ()" (1.11)

It was indicated in Dhar and Kong [6] that (1.11)) can be improved by replacing
lg(t)] by g4 (t) to become

/abq+(t)dt>1‘(a)(b4 )

—a

Moreover, Dhar and Kong [6] obtained Lyapunov-type inequalities for the fractional
BVP consisting of (1.10]) and the fractional integral BC

(D 2z) (o) = (D27 22) (b) = 0. (1.12)
Theorem 1.5. (a) Assume (1.10) has a nontrivial solution x(t) satisfying BC
(1.12)). Then

max] { /ab ’Difo‘[G(t,s)q(s)H ds} > 1.

t€la,b

(b) Assume (L.10) has a solution x(t) satisfying BC (1.12)) and (DZ‘;QJJ) (t)#0
on (a,b). Then

max ’ Dgfo‘[G(t,s)q(s)] dsp > 1.
1 L Ja +

tela,b

Here,

Cb—a|(t—a)b—s), a<t<s<b (1.13)

is the Green’s function for the BVP
—u”" =h(t), ula)=u()=0 (1.14)

Glt,s) = — {(s_a)(b_t>’ a<s<t<b
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with h € L([a,b)],R); Dg__a[G(t,s)q(s)] denotes the (2 — a)-th order right-sided
fractional derivative of G(t, s)q(s) with respect to s at b for fixed ¢ € [a, b], i.e

-1 d [*

DE"IG(8)0(o)) = F ey o / (r — 5" HG(t, () (115)
and [Dgfo‘[G(t,s)q(s)]]Jr represents the positive part of D;~“[G(t,s)q(s)]. Re-
cently, Lyapunov-type inequalities for Riemann-Liouville fractional differential equa-
tions with 3 < a < 4 and pointwise BCs were established by O’Regan and Samet
[18]. For Caputo fractional differential equations, Lyapunov-type inequalities were
derived so far only for 1 < a < 2, see [8 13| 14, 15, 22]. To the best of our
knowledge, no Lyapunov-type inequalities have been found for 2 < o < 3.

In this article, we derive Lyapunov-type inequalities for each of the BVPs ,

(1.3); , 1.4)) and (1.1), (1.5) and utilize them to establish the existence and

uniqueness for solutions of related homogeneous and nonhomogeneous linear BV Ps.
Our work covers the result of Theorem and improves that of Theorem for
the third-order linear differential equation (L.9).

This article is organized as follows: After this introduction, we present the

Lyapunov-type inequalities for each of the BVPs (L.1)), (L.3); (1.1), (1.4) and (1.1),

(1.5) in Section 2; and then apply them to establish the existence and uniqueness
for solutions of certain related homogeneous and nonhomogeneous linear fractional
BVPs in Section 3.

2. MAIN RESULTS

In this Section, we let —o0o < a < b < oo and assume g € L([a, b],R). To prove
our results, we will need the following fractional integration by parts formula, see
[23, (2.64)]:

b b
/ o(s)(D) ) (s)ds :/ ¥(s)(D)-¢)(s)ds, 0<vy<1, (2.1)

for any ¢ € Ly(a,b), ¥ € L,(a,b) such that p~* +r~! <1+, where

B b
(Dg_qi)) (s) := F(l—l’y)zs/ (1 — ) V¢(r)dr

Similar to the notation in Section 1, we denote by D~*[G(t,s)q(s)] the (3 —
«)-th order right-sided fractional derivative of G(t, s)q(s) with respect to s at b
for fixed ¢ € [a,b] and by [D;=*[G(t,s)q(s)]] , the positive and negative parts of
D3 *[G(t, s)q(s)], respectively. First we present the Lyapunov-type Inequalities for

BVP (L), (L3

Theorem 2.1. Assume (1.1)) has a nontrivial solution x(t) satisfying BC (1.3)).

Then
/ / }D?’ *[G(t, s)q(s)]| dsdt > 1. (2.2)
Proof. Let

y(t) == (D?z) (t) fora<t<bandy(a)= (D ’z)(a™). (2.3)
Then y(t) is continuous on [a,b]. Note that z(t) = (D>7“y)(t). We claim that

(Dgia) @) = y" (). (2.4)
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In fact, for 2 < a < 3, from we have
d 3— d3 a—3 Mg,
(Doa) ) = 25 (I 2) () = 75 (Da2) (1) = o (1);
and (2.4) holds clearly when a = 3 since y(t) = x(¢). Also,
a—2 a—3 .
(Ds22) ) = = © (D)) = v (o).
Then BVP (| . . ) becomes the third-order linear BVP

Y =r, Y@=y ) =0, y)=0 foreclab. (25
We denote z(t) = ¢/ (t) and rewrite BVP as
— 2" =q(t)z, z(a) = z(b) = 0. (2.6)

Using the Green’s function G(t,s) defined in (1.13]) for BVP (1.14) we have

b
0 = [ Git.s)ats) ds—/ G(t,5)a(s)(D%5°)(5)ds.

For a fixed t € [a,b] and 2 < o < 3, applying with ¢(s) = G(¢,s)q(s),
Y(s) = y(s), and v = 3 — «, we obtain

b b )
— [ Gts D s = [ yo)Di Gt (2)

Replacing z(t) by 3/(¢), and then integrating both sides from ¢ to ¢ and using the
fact that y(c) = 0, we see that

// $)DI=[G(r, s)q(s)] ds dr. (2.8)

()] = ’/ / D=2 (G (r, s)a(s)]ds dr]

Hence

(2.9)
< [ [ wnpiei6e )] asd
Let m := max;c[q5] |y(t)|. Then
b b
m < m/ / |D)=*[G(7,5)q(s)]| dsdr (2.10)

from which it follows that

b b
1§/ / | D= [G(7, 8)q(s)]| dsdr.

Using the same argument as given in the proof of [6l Theorem 3.1], we come to the

conclusion that -
1< / / |DZ’__O‘[G(T, s)q(s)]| dsdr.

‘We omit the details. O

In the following, we say that a function u(¢) does not change sign on an interval
Jif u(t) > 0on J or u(t) <0 on J. Under the assumptions that (Dgf?’x) (t) does
not change sign on (a, ¢) and on (¢, b), we derive sharper Lyapunov-type inequalities

than (2.2).
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Theorem 2.2. Assume (1.1) has a nontrivial solution x(t) satisfying BC (1.3
3

with ¢ € (a,b). Furthermore, assume (D7 z) (t) does not change sign on (a,c)
and on (c b). Then one of the following holds:
Dy~ )a(s)]] _dsdt > 1,

a )
G( )q(s) |, dsdt>1,
()]

@) f, Jo |

(b) ff’ fa s a[ .
(©) Ji Ji (DG s)a())) _dsdi+ [ [7 | DG s)a(s)]] | dsdt > 1.
(@ [ [7 [Dy(Gs)a(s)]] _dsde+ [7 [ [DF=°(G(t, 9)a(s)]] , dsdt > 1.

Proof. Let y(t) be defined by (2.3)). As shown in the proof of Theorem (2.8)
holds. Since y(t) is continuous on [a, b] and y(c) = 0, there exist t; € [a,c) and t5 €
(¢, b] such that |y(t1)| = max{|y(t)| : t € [a,c]} and |y(t2)| = max{|y(t)| : ¢ € [c,b]}.
Without loss of generality, we may assume y(t) satisfies one of the following cases:

(I) y(t) =0 on (a ¢) U (c,b) and y(t1) > y(ta);
(I1) y(¢t) > 0 on (a,c) U (¢,b) and y(t1) < y(t2);
(I1T) y(t) > 0 on (a,c) and y(t) <0 on (¢, b), and y(t1) > —y(t2);
(IV) y(t) > 0 on (a,c) and y(t) < 0 on (c,b), and y(t1) < —y(ts).
In the sequel, we denote m = max{|y(t1)|, ly(ta)|}-

Case I: In this case, m = y(t1). Then with ¢ = ¢, shows that

m = /t/ Dy (G 9)a()] dsd7'<m// [Di=(G(r. a(s)]] _dsdr.

Similar to the proof of Theorem [2.1] we have

1</ / D3 )q(s)]}idsdT

which shows that conclusion (a) holds.

Case II: In this case, m = y(t2). Then with ¢ = t3 shows that

m = // 5)D3=[G(r, s)q(s dsd7-<m// [Dye6(r )4 _ds

Again, this leads to
1<// D3 ] )q(s)]} dsdr
+

which shows that conclusion (b) holds.
Case III: In this case, m = y(¢;). Then with ¢ = t; shows that

e / /ab s)| - DYlG s)q(s)]] ds dr
- /t / Cy(s) ~ DI [G(r, 5)a(s)]| dsdr
// |23 “[G<ns>q<s>]} ds dr
SINARE d“’”m/tl/ (D=6 9)q(s)] ds dr



EJDE-2017/203 FRACTIONAL LYAPUNOV-TYPE INEQUALITIES 7

Once again, this shows that conclusion (c¢) holds.

Case IV: The same argument as in Case III shows that conclusion (d) holds. We
omit the detail. O

As a consequence of Theorem we have the following corollary.

Corollary 2.3. Assume (1.1) has a nontrivial solution z(t) satisfying BC' (1.3)).

Furthermore, assume (D2°x) (t) does not change sign on (a,c) and on (c,b).

(a) Suppose Dy~ *[G(t,s)q(s)] < 0 for (s,t) € [a,b] x [a,b]. Then

/ab(s —)*2(b— 8)g_(s)ds > 20(a — 2). (2.11)
(b) Suppose DE=*[G(t, 5)q(s)] > 0 for (s,t) € [a,b] x [a,b]. Then

/ab(s —a)*"2(b— 5)q4 (s)ds > 2T (o — 2). (2.12)

(¢) Suppose that Dl‘:’__o‘[G(t,s)q(s)] 0 for (s,t) € [a,c] x [a,b] and that
Dy~ *[G(t,5)q(s)] = 0 for (s,t) € [c,b] x [a,b]. Then

c b
/ (s —a)*2(b— s)q_(s)ds +/ (s —a)* 2(b—s)qy(s)ds > 2T'(a — 2). (2.13)
Proof. (a) By assumption we have [D;~*[G(t, s)q(s)]] _ = —D;}~*[G(t,s)q(s)] and

[D}=*[G(t, s)q(s )H =0 for (s,t) € [a,b] x [a,b]. Tt is easy to see that in this case,
all feasible 1nequahtles in (a)-(d) of Theorem [2.2|lead to

/ / D= s)q(s)) dsdt > 1. (2.14)

By the definition of D}~ “[G(t, s)q(s)] given in (L.15) we have

//D Ja(s) d
- 7 / / / —9)°7G(t, T)a(r)dr) ds di
:ﬁ / / (7 — a)*3G(t, 7)q()drdt
- a_Q/ /Gmdt — 0)°3g(r)dr.

Hence becomes
/ab </ab G(taT)dt) (7 — )*3(—g(7))dr > T(a — 2).

Using the facts that —q(t) < ¢_(t), G(t,7) > 0 on [a,b] X [a,b] we have

/ab (/b G(t, T)dt) (r — a)*3q_(r)dr > T(a —2). (2.15)
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Note that for 7 € [a, b],

/GtT (T—a)(b—T).
Therefore, (2.17)) leads to (2.11).

(b) The proof is similar to case (a) and hence is omitted.
) It is easy to see that Theorem [2.2] conclusions (a)-(d) leads to

// D}~ “[G(t,s)q(s)] dsdt+// D}~ )q(s)]+dsdt>1.

Then the proof is similar to case (a) and hence is omitted. O

Remark 2.4. Let g(s) := (s —a)® (b —s) for 2 < a < 3. It is easy to see that
the maximum of g(s) occurs at d = [(a — 2)b + a]/(a — 1). Hence for s € [a, b],

_ (a—2)*"2(b—a)*!
(a— 1)1 '

Therefore, — (2.13) become respectively the following
2(a—1)*"'I(a—2
f q—(s)ds > W

2(a—1)*"I'(a—2
11 f Q+ dS > W

« 1P (q
(iii) faq dS—l—f q+(s dS>WM

The following provides supplements to Theorem [2.2]
Theorem 2.5. (a) Assume (1.1)) has a nontrivial solution x(t) satisfying
(D %z) () = (D2 %2) (b)) and (DS7°z) (a) = 0. (2.16)

[ ]l

Furthermore, assume (DS 32) (t) does not change sign on (a,b). Then

Then

)q(s)‘ dsdt > 1. (2.17)

/ / D3 “[G(t,8)q (s)]]+dsdt> 1. (2.18)

(b) Assume (L.1) has a nontrivial solution x(t) satisfying
(DZ‘;ZQS) (a™) = (Dg;2z) (b) and (ng‘?z) (b) = 0.

//|D3 *[G(t, s)q(s)| dsdt > 1.

Furthermore, assume (D7 ac) (t) does not change sign on (a,b). Then

// D3 of )q(s)]}_dsdt>1.

Proof. (a) As in the proof of Theorem [2.1] . we see that (2.8)) holds with ¢ = a, i.e.,

// $)DX=[G(r, s)q(s)] ds dr. (2.19)

Then
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|—\// DG, )a(s)] ds dr|
/ / ()| D= (G (7, 5)a(s)]

Let m = maxyc[q, |y(t)|. Then as shown in the proof of Theorem [2.1] this leads to
1.

Furthermore, assume y(t) = (D% *z) (¢) does not change sign on (a,b). Without
loss of generality, we may assume y(¢) > 0 in (a,b]. Then there exists to € (a,b]
such that m = y(t2) = max{y(t) : t € [a,b]}. Letting t = t5 in (2.19) we obtain

m = /t/ §)D¥(G(r, 8)q( dsd7'<m// DGl 9)a(s)]]  dsdr.

As shown in the proof of Theorem [2.1] . this leads to .
(b) The proof is similar to Part (a) and hence is omitted. O

Hence

dsdr.

Remark 2.6. Now, we remark on the special case of Theorems [2.1}2.5] with o = 3,
where BVP ([L.1)), - ) becomes the third-order linear BVP

2" +qt)r =0, 2'(a)=2'(b)=0, z(c)=0 forcée [a,b]. (2.20)
In this case, conclusion (2.2)) in Theorem n becomes

//\Gts s)|dsdt > 1. (2.21)

Note that G(t,s) > 0 for (s,t) € [a,b] x [a,b]. Hence

//|Gts §)| dsdt = //Gts\q )| ds dt = /([G(t,s)dt)m(s)us.

With a simple calculation we have

b
1
— Z(b— —a) <
AG(Ls)dt 2(b s)(s—a) < 3
and hence (2.21]) leads to
b
8

d —_—.
[ latelias > =

Similarly, conclusions (a)-(d) in Theorem [2.2|lead to

f q-(t)dt > 7= a)2’
(ii) f g (t)dt > (b a)27
(iii) faq dt+f g+ (t)dt > ba)g
The same remark applies to the case when ¢ = a or b given in Theorem It
is easy to see that the condition z(t) does not change sign on (a,c) and on (c,b)
in Theorem [2.2] and its parallel conditions in Theorem 2.5 are not essential for the

integer-order differential equations. Therefore, these results agree with Theorem
1.2
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Next we derive the Lyapunov-type inequalities for BVP (1.1)), (1.4). Note from
(1.13) that the Green’s function of BVP

—u" = h(t), wula)=u(n)=0

is given by
Gy(t,s) =
A sisiss

for any i € (a,b). Then the following results for BVP . are derived from
Theorems and [2.5 for BVP (L.1), (1.3). Here, we will use D3 Gy (t, 5)q(s)]
to denote the (3— a) th order right-sided fractional derivative of G (t, 8)q(s) with
respect to s at n for fixed t € [a, b], i.e.,

_]_ d n _ o
e T-7 At T

Theorem 2.7. (a) Assume (1.1)) has a nontrivial solution x(t) satisfying BC' (1.4)).
Then

1{(s—a)(n—t), a<s<t<m,

D= [G(t, s)g(s)] ==

sup
ne(a,b) a

(b) Assume ) has a nontrivial solution z(t) satisfying (1.4) and (Dg‘jgx) (t)
does not chcmge szgn on (a,b). Then

sup / / D3 UGy(t,s)q (s)]} dsdt > 1. (2.23)
ne(a,b) +
Proof. (a) Since (D37 2) (at) = (DaF %2) (b) = 0, by Rolle’s Theorem there exists
an € (a,b) such that (D7 *z) () = (Dar 39:) (n) = 0. Hence it satisfies

(D %z) () = (D2 %2) (n) = 0 and (D2 %z) (™) = 0. (2.24)
Applying Theorem to BVP (1.1)), (2.24) we have

A
Then (2.22) follows.
(b) From the proof of Part (a) we see that there exists a n € (a,b) such that
(Dg:zz) (n) = 0. Hence x(t) satisfies . By the assumption, (Da_3 ) (t) does
not change sign on (a,n). Applying the second part of Theorem [2.5] Part (a) to

BVP (L.1), (2.24]) we have

/an /an [Dzja[Gn(t’s)Q(S)]}+ dsdt > 1.

Then ([2.23) follows. O

! D3=(Gy (1, s)q(s)]‘ dsdt > 1. (2.22)

n(t,s)q(s)]‘ dsdt > 1.

With the same argument as in Corollary we obtain the corollary below from
Theorem

Corollary 2.8. Assume | . ) has a nontrivial solution x(t) satisfying BC (1.4)).
Suppose D3 “[Gy(T,5)q(s)] = 0 on [a,n] x [a,n] for every n € (a,b). Then

b 2(a—1)*" T (a — 2)
/a q+(s)ds > (0290 20— a1
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In the last part of this section, we derive the Lyapunov-type inequalities for BVP
(L.1), (L.5).

Theorem 2.9. (a) Assume (1.1)) has a nontrivial solution x(t) satisfying BC' (1.5)).
Then
max/ / G(t, s) D?’,o‘q) ‘des > 1. (2.25)

tEab]

(b) Assume ) has a nontrivial solution x(t) satisfying (1.5) and (ng?’x) (t)
does not change sign on (a,b). Then

max /b /S G(t, s) {(Di’:aq) (7‘):| drds > 1. (2.26)

te(a,b]

Proof. Let y(t) be defined by . As shown in the proof of Theorem [2.1, BVP
(1.1, (1.5) becomes

-y =q(t)x, y(a)=y(b) =0and y"(a) =0.
It follows that

' = [ ear = [ ar) (D) (ar

For any ¢ € (a,b], applying with ¢(7) = q(7), ¥ (1) = (DI %) (1), v =3 —a,
and b replaced by ¢, we obtain

t
-y = / y(7) (foo‘q) (7)dr.
Using the Green’s function G(t, s) given by (1.13)) for BVP (1.14) we see

/ / G(t,s)y(r) (D*=%q) (r)drds. (2.27)

) = ‘/ / G(t,s)y D3 “q) (T)des‘
< / / G(t, 5)ly(r)| | (D*=q) (7)| drds.

Let m = maxy¢(q,) |y(t)|. Then

Hence

m<mmax//Gts Di’fo‘)(T)’des

t€la,b
from which it follows that

1< max/ / G(t, s) D3,aq) ‘des

t€la,b]

This, together with the argument in the proof of Theorem [2.1] leads to (2.25).

(b) From the proof of Part (a) we see that holds. Without loss of generality,
assume that y(t) > 0 on (a,b). Let m = maxyc(q y(t). Then from (2.27) we see
that

m < tgl% / / (t,s)y (D3 q) (1 )]+d7ds.
After this the same argument as in the proof of Theorem leads us to . (I
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With the same argument as in Corollary [2.3] we obtain the corollary below from
Theorem 2.9

Corollary 2.10. Assume (L.1)) has a nontrivial solution x(t) satisfying BC (1.5)).
Suppose (foaq) (1) >0 for s € [a,b]. Then
8T —2)

b
| =t 0

Remark 2.11. Here we remark on the special case of Theorem with o = 3
where BVP becomes the third-order linear BVP

x’” + q( o =0, z(a)=x(b) =0 and z"(a) = 0. (2.28)
Note that

b ps
max/ / G(t, s)|q(r)|drds < max/ / G(t, s)|q(T)|drds
tefa,b] Jo Ja t€la,b]
/ max/ G(t,s)ds)|q(T)|dr
a tela,b]

max /b G(t,s)ds = (b= a)Q.

tela,b] J, 8
Hence conclusion (2.25) in Theorem [2.9 leads to

b 8
/a lg(7)|dT > m.

Similarly, conclusion ([2.26)) in Theorem [2.9| leads to

b 8
/a q+(T)dr > =k

These inequalities improve those in Theorem

and by Remark

3. APPLICATIONS TO BOUNDARY VALUE PROBLEMS

In the last section, we apply the results on the Lyapunov-type Inequalities ob-
tained in Section 2 to study the nonexistence, uniqueness, and existence-uniqueness
of solutions of certain fractional order linear BVPs.

Definition 3.1. A nontrivial solution z(t) of (L.1) is said to be I-positive if
(I"jax)(t) >0 on [a,b], where n = |a] + 1.

The following result is on the nonexistence of certain solutions of BVP (| ,
(L.3).
Theorem 3.2. (a) Assume

b rb
/ / |D,="[G(t,s)a(s)]] dsdt < 1. (3.1)

Then BVP (1.1)), (1.3) has no nontrivial solution.
(b) Assume

/ / D3 )q(s)]}idsdtg 1, (3.2)
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/ / (D36t s)as))]_dsdi <1 (3.3)
+
Then BVP (1.1)), (1.3) has no I-positive solution.

Proof. (a) Assume the contrary, i.e., BVP (L)), has a nontrivial solution x(t).
Then by Theorem [2.1] . . ) holds. This contradictb assumption (3

(b) Assume the contrary, i.e., BVP (L)), (I.3) has an I- p031t1ve solutlon x(t).
Then from the proof of Theorem 2.2] we see that only Cases I and II in the proof
are feasible. Hence either

/ / D} )q(s)]}idsdt>1
/ / D3 ll )q(s)]}+dsdt> 1.

This contradicts the assumptions. ([

or

Next we apply the results of Theorem to study the nonhomogeneous linear
BVP consisting of the equation

(Dg+ x) (t) + q(t)z = w(t), on (a,b) (3.4)

and the BC
(D7%z) (™) = k1, (D27%2) (b) = ko,  (D2%2) (c) = k3, (3.5)
where ¢,w € L((a,b),R), 2 < a < 3, and kq, ko, ks € R. Based on Theorem

we obtain a criterion for BVP (3.4), (3.5) to have a unique solution and reveal a
relation among the solutions if the problem has more than one solution.

Theorem 3.3. (a) Assume

/ / | D)= [G(t, 5)q(s)]| dsdt < 1. (3.6)

Then BVP , ) has a unique solution on (a,b) for any ki, ks, ks € R.
(b) Assume

// (D16t 9)a(s)]] dsdt<1<//\p $)a(s))| ds dt.

If BVP (3.4)), . has two solutions x1(t) and x5(t), then there exists a d € (a,b)
such that + xl I?’+ x2> (d).

Proof. (a) By Theorem [3.2] . Part (a), BVP 7 has only the zero solution.
Then by the Fredholm alternative theorem [10], we conclude that BVP ,
has a unique solution.

(b) The conclusion is clearly true when x(¢) = z2(t) on [a,b]. Assume x;(t) #
:L’Q (t on [a b] and let z(t) = xl(t) x2(t). Then x(t) is a nontrivial solution of BVP
(L3), (1.3). By Theorem Part (b), x(t) is not I-positive on [a,b]. With the
same reason, —z(t) is not an I -positive solution on [a,b] either. Then there exists
a d € (a,b) such that (I>,°z)(d) =0, i.e., (I’7“z1)(d) = (I3 *z2)(d). O

The rebultb in this 5ection can be easily extended to the homogeneous linear

BVPs , and . , and their corresponding nonhomogeneous linear
BVPs. We left the details to the interested reader.
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