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SCHRODINGER EQUATIONS WITH MAGNETIC FIELDS AND
HARDY-SOBOLEV CRITICAL EXPONENTS

ZHENYU GUO, MICHAEL MELGAARD, WENMING ZOU

Communicated by Jerry Bona

ABSTRACT. This article is motivated by problems in astrophysics. We con-
sider nonlinear Schrédinger equations and related systems with magnetic fields
and Hardy-Sobolev critical exponents. Under proper conditions, existence of
ground state solutions to these equations and systems are established.

1. INTRODUCTION

Astrophysics pose a rich class of nonlinear problems, in particular,

(=iV+ A)2u="""——— ue DR, (1.1)
with the Hardy-Sobolev term models the dynamics of galaxies; we refer to [3|
4] and the references therein. In the present paper we consider the semilinear

stationary Schrodinger equation ([1.1)) with a magnetic field and a Hardy-Sobolev
critical exponents, but also

2*(8)—2u
LV AP = T e
(=iV + A)*u — lu PO u € Hy(Q), (12)
u=0, onJ9Q,
and related systems thereof, viz.
. w20y ful*Pufo)?
(—iV + A)u = 1y " )
|z[® 2¢(s)  zl°
. R o A 2 (1.3)
(—=iV + B)*v = o ” ;
|z]® 2(s)  zl°

ue€ DY(RY), ve DE*RY),
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and . o
i [ul* ¥ 720 ay ful*Pulvl
(—’LV =+ A)2U — >\1U = U1 + - 7
af? 25(s)  fz®
(¥ 4 B0 — go = 2070 By [ulfo (1.4)
j[* 25(s)  ar

we HYy(Q), ve Hy(Q), u=v=0, on df,
where u,v : RN — C,N >3, A= (Ay,...,AN),B = (By,...,By) : RY = RV
are magnetic vector potentials, 0 < s < 2, A\, A1, Ao, 1, 2,y > 0, a, 8 > 1 with
a+f=2%s) = 2%\[:28)7 and 2 is a smooth bounded domain containing the origin
as an interior point. Set —A 4 1= (—iV + A)2, V4 := V +iA, and

DY?(RYN) := {u e L* (RN) : [Vqu| € L*(RN)},

HL(Q) :={u € L*(Q) : |Vau| € L*(Q)}.

Then —Au = —Au—iudiv A—2iA-Vu+|A2u, DY*(RN) and H(Q) are Hilbert
spaces obtained by the closures of C2°(RY, C) and C2°(£2, C) with respect to scaler

products
Re([RNVAu~W) and Re(/QVAwW)

respectively, where the bar denotes complex conjugation. Here and in the following,
[ - means [ - dz. We regard the range of function as C, except the places where
we emphasize that the range is R. LP(2, %) denotes the space of LP-integrable
functions with respect to the measure 9% . endowed with norm

al

s = ([ 125)"”
Ulps 1= )
P o lzl®

For Q = RY, denote the LP norm by

Jul N.:</ Iulp)l/P
PR g J2 )

Write |ul, := |u|p,0 and |u|, gn = |u[, o g~ for simplicity. Define

VA’LL 2

pARN) = inf 7| 3 |2’RN
weDYA@N\{0} [l (g o gy
IV a3~ Muf}

weHL @\(0}  [uld.

b

pd AN Q) =

The first existence results for this kind of problems with a magnetic potential (i.e.,
A € L2 ) were established in the seminal work [II]. Leaving aside periodic and
singular magnetic fields, a number of papers dealt with nonlinear Schrédinger equa-
tions with regular fields, for example, [5l [10, 16, 20} 2], 22], including [1, 2} 6], 15
18], 23] for the critical Sobolev exponent and [9] for the critical Hardy exponent.

As far as we know, there are no results for problems of this type with Hardy-
Sobolev critical exponents, in particular for the system case. The Hardy-Sobolev
term has the same homogeneity as the Laplacian but it does not belong to the Kato
class and, therefore, the resulting functional lacks compactness.

The present paper is mainly motivated by [2]; we apply existence results of
ground state solutions obtained in [8] [13] 14} 25] to extend [2] Theorems 1.1 and
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1.2] to the case of Hardy-Sobolev critical exponent and also systems; it is worth
to emphasize that systems are not considered in [2]. First, we establish results for
single equations.
Theorem 1.1. If A € LY (RN RY), then p2(RY) is attained by a u € D}L"Q(RN)\
{0} if and only if curl A = 0, where curl A is the usual curl operator for N =3 and
the N x N skew-symmetric matriz with entries aji, = 0; Ay — OpA; for N > 4.
Theorem 1.2. Assume that

(A1) Ae LY (RN, RN), curl A=0 or

(A2) Ae L (RN, RN), A is continuous at 0
holds. Let N > 4 and o(—A4 — \) C (0,400), where o(-) is the spectrum in
L*(RN). Then p2*(Q) is attained by some u € HY(Q) \ {0}.

Second, we establish results for systems. For this purpose we define

_ : lI(u, )5
:u’f’B(RN) = (u,v)ED}qng\{(0,0)} |u|2*(5) |v‘2*(?)73 \u|°‘|v\5 2%(5)’
’ (Jav (e + w2 e+ )
2
u,v
() 1= (ueHA A\ (0.0) Jul ) : |v)2*i?‘3 [ul*[]® ) 2=y
WEHA MO (fo (™ + Mg + v En)) O
where Da g := DY*(RN) x D*(RYN), endowed with norm
1w, )D, 5 = [Vaulipw + Vvl an,
and Ha p = H{(Q) x H5(Q), endowed with norm
1w, )7, = [Vaul3 = Mluld + [V5of3 = Aafv]3.

Then we have the following result.

Theorem 1.3. Assume that A, B € LY (RN ,RY) and

(A3) N>3,1<q,B8<2,7>0 holds.

Then p2B(RN) is attained by some (u,v) € Dap such that u # 0,v Z 0 if and
only if curl A = 0 = curl B.
Theorem 1.4. Assume that (A3) is satisfied and

(A4) A,B e LY (RN, RV) curl A= 0= curl B, or

(A5) A,Be€ L} (RN,RN), A and B are continuous at 0
holds. If o(—Aa — A1), 0(=Ap — A2) C (0,+00) and N > 4, then pB(Q) is
attained by some (u,v) € Ha p such that uw # 0, v # 0.

The corresponding energy functionals I : Dap — R and E: Hy p — R of (1.3)

and (|1.4)) are

1(u, v)
1 ) 1 () / \UI‘“Ivlﬁ)
= o)l = gy (el (s e + )
and
L 1 [ul*[v]”
E 9 =3 9 2 - 7( * ) / )7
(U ’U) 2”(” ’U)HHA’B 2*( ) /’L1|u2 ) +lu2 S)S+’y o |CC‘S
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respectively. Define

N = {(u,v) € Dap \{(0,0)} : [[(u, )|}, ,

IU\“Ivlﬁ}

|z[*

_N1|u2*(5)éRN +M2|’U|2 ()SRN—’— /]RN

M = {(u,v) € Hap \{(0,0)} : [(u, )%, ,
|U\O‘|U|ﬁ}

|z[®

2(5

= M1 *(; S—I—W

My = infe, yen I(u,v) and M := inf(, ) er E(u,v). By nontrivial solutions
(u,v) € Dy p of , we mean u # 0,v # 0. A solution of is called a
ground state solution if (u,v) € N and I(u,v) = Mp. A ground state solution is
semi-trivial if it is of type (u, 0) or (0,v). Similar definitions applies to and
single equations and . For ground states, we obtain

Theorem 1.5. If (A1) holds, then ) has a nontrivial ground state solution with
N—
energy My = 2(N 3 (n(RN)) ===

Theorem 1.6. Assume that (A1) or (A2) holds. If N > 4 and o(—A4 — \) C
(0, +oo) then has a nontrivial ground state solution with energy given by

N—s
My 2(N N (:“s (Q)) N
Theorem 1.7. If (A3) and (A4) hold, then (1.3)) has a nontrivial ground state
N—s
solution with energy given by My := 2(%\7__‘98) (phB(RN)) ===

Theorem 1.8. Assume that (A3) and one of (A4) and (A5) hold. If
U(—AA — A1), 0(—=Ap — X2) C (0, +00)
and N > 4, then ) has a nontrivial ground state solution with energy M :
sy (A2 (Q))2 g

Remark 1.9. Although the symmetric and decaying information about ground
state solutions of equations with magnetic fields is not known, the existence of
ground state solutions is heavily dependent on that of equations without magnetic
fields, under proper conditions, such as (A1)—(A5).

Consider the nonlinear system

2% (s)—2 ay a—2 8/2
k™= k=2 1P =1
M1 + 2*(5) )

2"(s)=2 By
l
et T

k>0, [>0.

k3175 =1,

Theorem 1.10. Assume that (A4) and
(A6) N>4,1<a,8<2, and

(2 2O i1 (0)F (2
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If A = B, then ) has a nontrivial ground state solution (\/koU,/1oU) with

N—s
energy My = 2(N S) (k() +1o) (us(RN)) 27, where U is a nontrivial ground state

solution of (1.1] , obtained in Theorem
(Ko, lo) satisﬁes (1.5) and ko = min{k : (k,1) is a solution of (1.5))}. (1.6)
That is, My is attained at (v/koU, /1oU).

Theorem 1.11. Assume that (A6) and either (A4) or (A5) holds. If A = B,
Al =X = A, and o(—A4 g — A) C (0,400), then ) has a nontrivial ground

N—s
state solution (v/kow, v/Iow) with energy M = 7(1@‘0 +l0)( A(Q)) =, where
(ko,lo) satisfies (1.6) and w is a nontrivial ground state solution of | , obtained
i Theorem . That is, M is attained at (v/kow, Iow).

Remark 1.12. By [I7, Lemma 1.1], we see that the above theorems also hold when
conditions (Al) and (A4) are replaced with (A1’) and (A4’) respectively:

(A1) A e LY (RN RYN), there exists ¢ € VVI1 N(RN R) such that Vi = A,

loc
(A4) A, B € LY (RN RYN), there exist p,1) € VV&)CN(]RN R) such that Vo =
A, Vi = B.
For more details, we refer to [II, Theorem 3.7] and the proof of Theorem in

this paper.

The paper is organized as follows. In Section 2, we establish several auxil-
iary results for the proof of our main results; key ingredients are Lemma and
Lemma|2.4] not found elsewhere. The latter is proven by using Ekeland’s variational
principle. In Section 3, we discuss the attainability of the infimum defined above by
applying the method of concentration-compactness. The existence of ground state
solution to the Schrédinger problems is studied in Section 4. Finally, in Section 5
we consider a magnetic field in three dimensions as an application of some of the
above theorems.

2. PRELIMINARIES

Define Va2
Vu
peRY) = inf 2R
wep 2N\ 0) [ull- )
where DY2(RY) = {u € L2®") . |Vu| € L2(RN)}. Then, by [13], pu(RY) is
attained by functions of form

(o) = (V= )V —2)) P (2 o) H

*(s)—
where ¢ > 0. The function y. is a positive solution of —Au = IU\QMS 2“, and
moreover,
N=s
Vg3 n = [elin(3) o v = (1s(RY)) *
Define
2
po(RY) = (u v>eirl>l\f{<o 0} Juf?* () H(u|1|))H<L3 lul=[o]? \\ =%y
’ E 2% (s
(Jav (Mo + p2 i + v e )) 7@

where D := DV2(RY) x DV2(RY), endowed with norm
1w, 0D = [Vul3 an + V0[5 g
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Then, by Lemma [8, 14] (s = 0) and [25] (0 < s < 2), we see that, under
condition (A3), fis(RY) is attained by (U, V'), where U and V are positive, radially
symmetric functions which decay as follows:

Uz) +V(z) SCA+[2))*™N, |VU(@)| +|VV(2)| < CA+[z)"N.  (2.1)
As proved in [IT, 9], for any u € DY*(RN) or HY(Q), the following (weak)
diamagnetic inequality holds pointwise for almost every x € RN or Q,

|Vul| = )Re (Vum)‘ = ‘Re( Vu+zAu)| |)’ < |V aul.

Then, for u € DY 2(]RN) or HY(Q), we see that |u| belongs to the usual Sobolev
space DL2(RY) or HZ(£2). Moreover, we have the following lemma.

Lemma 2.1. The embedding H () — LP(Q, I(iTw) is continuous for 1 < p <
2*(s), and it is compact for 1 < p < 2*(s), where 0 < s < 2. The embedding
D;’Q(RN) — L2 (RY, %) is continuous for 0 < s < 2.

Proof. By the diamagnetic inequality and the Hardy-Sobolev inequality, it is easy to
see that the embeddings H}(2) — LP(Q, 5F ) and DYP(RN) — L2 ()(RN, dz)

Bt

are continuous, where 1 < p < 2*(s) and 0 S s < 2.

Let {u,} be a bounded sequence in H}(Q). For compactness of the embedding,
it remains to show that there exists a subsequence of {u,}, strongly converging in

LP(Q, \dl ), where 1 < p < 2*(s).

For the case s = 0, since {|u,|} is bounded in H}(Q), we can consider the real
parts R, and imaginary parts I, of u, separately, and follow the arguments of
Rellich-Kondrachov Compactness Theorem (cf. [12]), passing to a subsequence, we
may prove that R,, — R and I,, — I strongly in LP(2), where 1 < p < 2* := 2%(0).
That is, u,, — u strongly in LP(2), where u = R+ il.

For the case 0 < s < 2, applying the ideas of [2] Lemma 2.6] and [7, Lemma
2.1], we may extract a subsequence, still denoted by w,,, such that u,, — u weakly
in H}(Q). Then, u, — u weakly in L? (), and |u, — u| is bounded in H}(Q).
Hence, up to a subsequence, |u, — u| — 0 weakly in H(Q) and u, — u a.e.
on Q. By Rellich-Kondrachov Theorem, we see that u, — wu strongly in L(Q),
where 1 < ¢ < 2*. Since H4(Q) — L? (Q), there exists a constant C' such that
luy, —u|3- < C. For any € > 0, let Q. := QN B and Q¢ := Q\ Q., where B. is the

ball centered at 0 with radius . Noting N — , we have
Uy, — wlP “\ 3 g\ 5RE
e
a. |zl Qe Q.
5 . 2" —p
< C’(/ T_QQ*jPrN_ldr) ’ (22)
0

_ O(E (N*2)(22*<5)*P) ) .

On the other hand, for any = € ¢, there exists a constant C; > 0 such that ﬁ <

|un—u|

C.. It follows from Rellich-Kondrachov Compactness Theorem that fQC =
o(1). Combining this and (2.2)), we get that lim, e [u, — ulb o = 0. O
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Remark 2.2. If 6(—A4 — A1),0(—Ap — A\3) C (0,+00), then by Lemma it is
standard to see that the quantities

pd (RY), g2 (), pZ22(Q), 1P (RY), and P ()
are strictly positive.
Lemma 2.3. If A,B € LY (RN, RY), then p2H(RY) = ps(RY) and pHBRY) =
fis(RY).

Proof. We only prove the latter equality. For any (u,v) € Da g\ {(0,0)}, by the
diamagnetic inequality, we have

‘VA’U,@’RN + |VB’U|§)RN

(Je (M 2 +'y|u||2i3‘ﬁ))2*%

|V lul[5 g +

z (e (Ml‘ullzs(s) +M2‘U\Ij\:S) +7|u\‘zl\f|ﬁ))2%®
> fis(RY),

which implies that g2 (RY) > fi,(RY). Define

U2) Velo) = (70 C)e TV (D)

2
Vol[y g

(2.3)

and

(ue(2), ve(2)) = (¢(2)Us(2), p(2)Ve(x)),
where (U, V) achieves ji,(RY) with (2.1), and ¢ € C}(Bz) is a cut-off function
satisfying ¢ = 1 on By. Then, a direct computation yields

/|Vus|2§/ VU2 + 0N 2), (2.4)
Q RN
/|Vv5|2§/ IVV[? + 0N 2), (2.5)
W e B
|U |2 () / ‘V (9 N—s
2.
lz]* 7 Jry o fxff TOET: @7
|Us| Jve|? / U]~V s N
— = > —_ ). 2.
o lz* T Jev  Jzl o) 28)

It follows from {u.} that it is bounded in L?" (RY) and u. — 0 a.e. in RY ase — 0

that for anygoeLTgiil(RN),
(/ u?’) (/ o
RN

‘/ Usp| <
RN

ie U — 0 Weakly in L2"(RN). Hence, u? — 0 weakly in L (RN). Since |AJ? €
L (RN) = (L2, g (]RN)) the dual space of L = (RN) we obtain

loc loc loc

/ Au.? = (AP, u?) — 0,

2% -1
2* oF
2% —1 — (),
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where the duality product is taken with respect to L= (RY) and L%(RN). Simi-
larly, we have f]RN |Bv:|?> — 0 as ¢ — 0. Let § > 0. For ¢ small enough, noting that
ue and v, are real-valued, by (2.4)—(2.8)), we have

|VAU/E|§,RN +

V pv.|?
B (RN < B |2,RN

(f]RN <M1 e 2% (2) TN |v5\2*s<s> n ’y|u£\“‘\f;5|ﬁ)) i

[[* | |]*

Jerv ([Vuc® + [Auc? + [V |? + |Bu )
O O el e
(Jrw (55 + a2 + o eggeel)) ™0
Jex (IVUP +|VV] + +|Bve|?) + 0(e"2)
*(s *(s a %
(f]RN (/”'1 ‘Ullwz‘s( ) +U2|V|Ij|s( ) +’Y|U‘|Z‘|Y|B) +O(€N_S))2 (s)

fis(RY) + 4,
which implies that g5 (RY) < fis(RY). Therefore, g5 (RY) = i (RN). O

IA

Lemma 2.4. The following conclusions hold.
(1) p(RN) is attained if and only if (1.1) has a nontrivial ground state solu-

tion;
(ii) pAN(Q) is attained if and only if (1.2)) has a nontrivial ground state solu-
tion;

(iii) B (RYN) is attained by (u,v) € Dap with u # 0,v #Z 0 if and only if
has a nontrivial ground state solution;

(iv) gB(Q) is attained by (u,v) € Ha g with u % 0,v # 0 if and only if
has a nontrivial ground state solution.

Proof. We only prove (iv). Setting
I, )%, ,
]2 ) 2 Juleol? e
(Jo (1 u\‘r| + p2 ‘Ums +! |x\g‘ )T
then a2 (Q) = inf(y v)em p\(0,0)} F(u,v) and F(tu,tv) = F(u,v) for any t € R.
Obviously, for any (u,v) € Ha g \ {(0,0)}, there exists an unique
= ( I, )13, , Jee
u,v 2% u|*|v]?
M1 s)s+lu’2|v| (s;s—i_’yfﬂ%
such that (¢, ,u,t,,v) € M. Therefore,

—A,B .
) = inf F(tyou,ty v
() (u,w)€HA,5\{(0,0)} (b, )

F(u,v) :=

2% (s)—2
= of Fluv)= inf 1, )7,

Noting that M = 2(N7
and only if M is attained. Assume that (| . ) has a nontrivial ground state solution,
i.e., M is attained by a nontrivial element in Ha . Then, iZ»B () is attained by
some (u,v) € Ha g with u # 0 and v # 0. On the other hand, assume that 25 ()
is achieved by a nontrivial element in H4 p. Then, there exists (u,v) € Ha p with
u # 0 and v # 0 such that M = infyq E = E(u,v). It remains to show that (u,v)
is a solution of (T.4). It is easy to see that E|r € C'(M,R) is bounded below.

inf vy | (w, 11)||HA ., we see that -5 () is attained if
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By Ekeland’s variational principle (e.g. [24]), for €,d > 0, there exists (u’,v") € M
such that
8
Bl v') < Bl o)+ 2, 1B, ), < oo 100) = (0, 0) i, < 26 (29)
Choosing €, = % and §,, = ﬁ in (2.9)), there exists {(un, vy)} such that (un,v,) —
(u,v) in Hap, E'(un,v,) — 0in H)y g, and E(up,v,) — E(u,v), as n — ooc.
Hence, E'(u,v) =0 in H) p, that is (u,v) is a solution of (L.4)). |

3. ATTAINABILITY OF THE INFIMUM

Since the proofs of Theorems and are similar to that of [2] Theorems 1.1
and 1.2] and easier than that of Theorems and in the present paper, we only
prove Theorems and here. Note that systems are not treated in [2] and the
concentration-compactness arguments therein, going back to Willem [24], has to be
combined with new arguments in order to treat these systems.

Proof of Theorem|[I.3. (Necessary condition) Let (u,v) be a minimizer of g5 (RY)

|u]*|v]®

2*(s),s,RN + u2|v 2*(s),s,RN + ’VfRN [z|® =1 By the dlamag_
netic inequality and Lemma [2.3] we have

PR = [ (190 + (9 p0f)

> [ (91l + (91
> fis(RY) = P (RY),

which means the above inequality must be equality and

normalized by p1|u

[Vau| = |Vul| = ‘Re (Vu—)’ = ‘Re( Vu+zAu)—|))

V0] = V]| = ‘Re (W‘ I)‘ - ‘Re( WHBv)M)‘

Then, we deduce that Im (Vulu‘) =0 and Im (V %) = 0, which are equivalent to

v
A= —Im( “) and B = —Im( ) Since curl(%) =0 and curl(%) =0, we
infer that curl A = 0 and curl B = 0.

(Sufficient condition) Assume that curl A = 0 and curl B = 0. By [I7, Lemma
1.1], there exist o1 € WLV (RN, R) such that Vo = A, Vi) = B. Let

loc

(ue(z), v=(2)) = (Us(2)e @ V() @),

where € > 0 and (Us, V%) is defined in (2.3). It follows from Lemma [2.3|that (ue, v )
is a minimizer for gZHB(RY).

Lemma 3.1. If (Al) or (A2) holds N >4, and o(—A4 — A1), 0(—Ap — A2) C
(0, +00), then pP(2) < min { iy T pd (), 1 T uBN (@)},

Proof. By Theorem . we assume that u,, achieves pg* (Q) with |, (s, =

L)\ 7
(%)2 7% Define t(€) == tu, eu,, i-e,

Fa + Ellug, 3, T2
2*(s) ’

t(e) = (( ”ult i

pi1 + pr2] €2 + [€l?) |uy, 2+ (s),s
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where [[ull3;, = |[Vaul3 — M|ul3 and [Jul|3;, = [VBul3 — Xa|ul3. Tt is easy to see

that (t(€)uy,,t(€)euy,) € M. Noting that [|uy, |13, = p1uw, ;85

we deduce that

lim tle) =— 78
S T @) -
that is,
vB|elP~2e
()= ———"1——(14+0(1)), ase—0.
9= "G —mm W)
Then
7lel?
tle)y=1— —(1+0(1)), ase—0,
“ (2°(s) — 2)u1( ®)
and hence,

2 (s)ylel?

a2 ) _q_ 2’
M= e — 2

(1+o0(1)), ase—0.

Thus, we have

2"(s)
2*(s),s

t(e)?" ) (u1 + polel® ) + e uy,

2*(s)7e|” 2 2°(s)
= (1= 2D (1 4 o(1))) (1 + palel” + 516l 2.
(1 G S (0000 G el 21l 5
B
_ 2(s) _ el 2% (s
= Nl‘um 2*(8),3 - 2*(5) |uu1 2*(8;,8 + 0(‘6|ﬁ)
< i fuy, ;Ezgs for |e| small enough.
Therefore,
pAB(Q) = it (mlu 20 ) 4y IUIQIU\5> . o
s (uv)eM 2*(s),s 2*(s),s ‘.’E|S
< (t(e*' @ 25) 4 mfelP) [, £ ) T
< () ) (p1 + palel )+ 1€l gy |-
et 2% (5)—2
< Hy [ty 2% (s),5

_ 2
=y (s)#?’Al(Q)-

2
Similaﬂy, ﬁ?’B(Q) < 1hs 2% (s) MB7)\2 (Q)

S

and t(0) = 1,

O

Proof of Theorem[I]. Since the proof under the assumption (A4) is similar to that

of Theorem [1.3] we only prove it under the assumption (A5). Setting

N N
0(z) == — ZAJ‘(O)J% I(z) = — ZBJ‘(O)%‘,

we have
Vo(x)
Vi (zx)

(= A1(0), ., A(0) = ~A(0),
( - Bl(0)7 R _BN(O)) = _B(O)a
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which imply that (V8 + A)(0) =0 and (VI + B)(0) = 0. Then, continuity ensures
that there exists § > 0 satisfying

(VO + A) ()| < % (V9 + B)(2)|* < % V|z| < 6, (3.1)

where A3 = min{A1, A2}. There exists p > 0 such that B, C Q. Let 2r := min{¢, p}
and

(1 (@), vo(@)) = (@)U (@), $(a)Va (w)e ")),
where ¢ € C}(Bs,) is a cut- off functlon such that ¢(z) = 1 in B, and (U, V;) is

defined by . By . and (3.1]), we deduce that

/ (IV aue|? = Muc|® + |V go- > = AoJv:|?)
Q
- /Q (IV(SUL)[2 + G2U2|V0 + AP — 0, ¢2U2)

4 / (IV(OV2)[2 + G*VEVO + BJ2 - Myg?V2)
Q
A3

2772
U
2 Ba.- ¢ :

< [ (V0P +9VE) +0E 2 +
RN

A
_)\1/ ¢2U€2 + ?3 ¢2‘/€2 _)\2 ¢2Vv€2
BQT B2T B2r

< / (IVU + [VV[2) + O(eN2) - 22 / (U2 +V2).
RN 2 Br

Since
LRy U ETE
B, |z|<r €
= [ Wwlw-2 [ Ul
RN yl>z (3.2)
Z 062 o 052/ |y|472Ndy
ly|>Z
=C? +0(eN72),
and

/ V|2 > Ce? + O(eN72),

"

by ([2.6)-(2-8), we have

Jo (|VAu5\2 — /\1|u€|2 |V Bve|? — Xo|ve |2)

~A,B
e m () < . ;
(Ml 2*( ;75 s) s + fQ ‘usl\zlgg‘ﬁ)2*<5)
< Jan ( +|VV[?) = Ce? + OV ?) (3.3)
® * (g - N-—2
(fon (L2 4+ i B2 4y IUBVIE ) 4 O (N —0)) V=

< fis(RY).
Let {(un,v,)} be a minimizing sequence for 525 (Q) normalized as

251 s T H2 g + v
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that is,

[V atun|3 = Mlunls + [VBon |3 — Aofon|3 = ﬁ?’B(Q) +o(1). (3.4)
Noting that {u,} is bounded in H} () and {v,} is bounded in H}(f2), by Lemma
we may extract two subsequences-still denoted by {u,} and {v, }-such that

up, —u weakly in H}(Q),
v, = v  weakly in Hg(9)
Up — u, v, —v strongly in L?(€),
Uy — U, VU, — vV a.e. on ),

with

aly|B
oo [ Rl

S)s o lz[* ~

H1

Setting w,, = u, — u and z, := v, — v, then w, — 0 weakly in H4(Q), z, — 0
weakly in H5(Q) and w, — 0,2z, — 0 a.e. on Q. It follows from diamagnetic
inequality and (3.4) that

2 2 _
IV aunls + [Voal3 > |v|“n||2 + |V|Un|‘2 > Ms(RN)a
ﬁf B( )+ >\1|un|§ + )‘2|UH|§ +o(1) > ﬁS(RN)-

By (3.3)), we see that Ai|ul3 + Ao|v]3 > fis(RY) — 245 () > 0, which means that
(u,v) # (0,0). Since w, — 0 weakly in H}(Q) and zp — 0 weakly in H5(9Q), we
have

Vaual} = [Vl + [ (Fauf +28e ([ Vv, Vaa)
Q Q Q
= |Vawn|3 + [Vaul3 + o(1),
IV Bunl3 = V2|3 + [VBo[3 + 0(1).
Then, (3.4)) yields
B (Q ) = [Vawnl3 + [Vaul3 — Mlul3 + |V zal3 + [VBv[3 — A2v]3 + o(1). (3.5)

The Brezis-Lieb Lemma guarantees that

2*(s) |+ wa| o + 2n|°
1—u1\U+wnl2*s)s+uz ys T

2 (s ||*
T ey Ll U
= 2*(s),s H2]|V]gx s)s v |x|s
B
w z
i e oy [l o),
Noting
|u|*[v]?
/’[’1 S)S_‘_’y | ‘ §17
* w z
Ay S
we have
By 2
2% (s) 2"(s) |u|*]v] )zw
1§ (/1*1 *(s),s S+7 |$|S
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« By =2
2 Wn | |Zn 3% (5)
(u1|wn 20 lzal) |||x||) +o(1)
s ul®[v]?\ =
(/h 2(5+7/|||s|)2()
o |zl
1 2 2
+ ,S(W(Whunl}2 +[Vlznlly) 4 o(1)
ul®|v|P PO
(/“L1|u 2*(5 s ,s+’y | ||JJ||§| )
1
+ = (RN)(|VAwn\§+|VBZn|§) +o(1).
It follows from (3.3), (3-5) and Z"P(€2) > 0 that
|V auly — M luf3 + IVBUIS — Azfuf3
ul® |\ =
< P )(,ul —l—,u2|v|2( |ul*]v] ©)
() 2 2
+ (77 —1) Vawy|5 4+ |Vezal3) + o(1
g L) (Vw3 +[Vo28) + o)
< g oy
Hs ( ) :u’l‘uz* s)s+'u’2|v|2 s)s+’y |x‘s +0( )’
which, combining with (u,v) # (0,0), implies
VAU2*>\1U2+ VBU27)\21)2 _
.40 = M+ VoolE =l o
('ul|u2* 9)9+M2|U2* 9)9+ fQ |z|s )2 )

Then, p25() is attained by (u,v). It remains to show that (u,v) can not be the
type of (u,0) or (0,v). Suppose by contradiction that 22 (Q) is attained by (u, 0).
Then

~ |Vaul2 — A |ul? -5

AP = et ey T (@),

2*(s> lu
2* (s),s
which contradicts to Lemma [3.1} Hence, (u,v) can not be the type of (u,0). Simi-
larly, it can not be (0,v), which completes the proof. a

Remark 3.2. Even if gvB(Q) < 0, it is also attained. Indeed, by (3.5) and

H1 ; +M2\U

[u]® \UI

o S)S-f—fyfﬂ 7] < 1, we obtain

[V aulz — A |ul3 + [VBv[3 — A|v]3
< uP(Q)

< P (@) (puuls:

IUI"IUIB)
|zl

2+ 5)3+N2|U|g* S)S‘FW
Q

4. GROUND STATES FOR THE EQUATIONS

By Lemma, [2 Theorems [[-BHL.8] follow from Theorems respectively.
Cons1derlng (L.3), by Theorem [1.5] we assume that u,,, and vy, are ground

. 2% (s)—2 2% (s)—2 .
state solutions of —A u = ul‘“llmﬁu and —Apgv = pl%, respectively. It
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follows from Lemma 2.3 that the ground state energies are

2-s5 5= Ny 2=
M, = AN =5yt (ns(RY)) 777, M, =

ﬁu;% (s (RN)) 2

We claim that if v < 0, then (1.3) has no nontrivial ground state solution, which
is the reason that we only consider the case v > 0 in this paper. In fact, if v < 0,

then
re) Y / [l _
2*(s),s,RN 2*(8) RN |CE|S -7

2% (s
N1|u|2*gs;,s,RN > |VAU‘§7]RN > N?(RN)|U g*(s)7s,RN'

|V aul g — pafu

which implies

If u € DYARN)\ {0}, then [ulye(yyopr > (“CED)TE72 ) which yields that

A N 2
\VAUJ\QVRN > uf(RN)(%) 27(=)=2  Therefore,
2—s N= N— 2

M, = mﬂ; . (Ms (RN)) S Q(Ni_)WAUb RN -

Similarly, M, < 2(N a5y VBl g for any v € Dg*(RM)\ {0}. Suppose that (u,v)
is a ground state solution of . Then

2—5
My = I(u, U) = mOvAu'g,Rf\f + ‘VB’Ulg,]RN)
Mﬂz, ifu:(),v;é(),
2 My, + My, ifu#0,0%#0,
M,,, if u##0,v=0.

It can be seen that My < min{M
ground state solution. Define

s M, }, which means that (1.3]) has no nontrivial

N’ = {(u,v) €Dy a:uz0,v#0,

O e [ P
2*(s),s,RN 2*( ) RN |JE‘S ’
() By / IUIalvlﬁ}
*(s),s,RN * s )
2() s BY 20 (s) Jpv 2

M = {(u,v) EHpa:uz0,v£0,

Va3 g = puful

Vavlzpn = p2v

Loy [ bl
20 0 Jo ol
() B IUI“M'B}
IOy AT i

My = inf(y vyenr I (u,v) and M’ := inf(, ,)errr E(u,v). It can be seen from Theo-
rems [L5 and [LL6] that

|VAU|2 )\|U|2 = Ml‘“

|VAU|2 >\|U|2 = p2lv

2—s

2(N —s =
Vol = (G 0)”

ul3e (o smn,  Yu € DGARN) (4.1)
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and

2—s

2(N — s N—s
Val} A3 > (2= an,)

Define functions:

ug*(s)’s, VUGHA(Q)

2% (s)—2 ary

Fi(k,0) = k2 + K82~ 1, k> 0,0>0;
2%(s)
2% (s)—2 By o B=2 (42)
Fg(k,l) = ol 2 + 2*(8)]{;517 -1, k>0,l>0.

Following the arguments as in [8 Lemma 2.4] or [14] Proposition 2.2], we have the
following result.

Proposition 4.1. If (A6) holds, then
k1< ko+ o,
Fl(k7 l) 2 Oa FQ(kv l) 2 07 (43)
k>0, (k1) (0,0)
has a unique solution (k,1) = (ko,lo), where (ko,lo) is defined by (1.6).
Proof of Theorem[1.10, Recalling (L.5), we see that (vkoU,vIoU) € N’, that
(VkoU, V1oU) is a nontrivial solution of , and that
1 1
M}, < I(VkoU, /IU) = (5 - 2*—(8))(/%0 +10)|VaU 2 en = (ko +10) M. (4.4)
On the other hand, assume that {(u,,v,)} C N’ is a minimizing sequence for
MY, that is, I(up,v,) — M{ as n — oco. Define

— 2 _ 2
Cn = |un|2*(s),s,RN7 dn = ‘U’VL 2*(s),s,RN >

and by (4.1)), we obtain
2(N — )M\ 7=
O o

2%(s) i ay |un|a|vn|ﬁ
2*(s),s,RNV 2*(5) RN |x‘s

= pi1|tn

2% (s) o a
<pien® + chr%dg/Za

2%(s)
2(N — s) M\ 7= 5
- <
( 2—s ) dn < |VAUn|2’RN

2% (s) By / |un|a|vn‘ﬂ
RN

:/j,2|’l]n|2*(s),s7]RN 2*(8) ‘.’L‘|s

2%(s) /6"')/ a 9
< padn® + 2*(8)05 a2,

2-—s E
Dividing both sides of the inequalities by (%) N=s¢, and (M) N=sd,,
respectively, and setting
~ Cn 1 dn
Chn = ———— N_2> m— . N_2

(RN My ) N= (A=) ) X5
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we have
~2*(s)72 ay . ~5/2
H1Cn 2 + 2*(5)Cn2 dn > 1,
~2%(s)—2 a ~f=2
wods 4 D0 o,
2*(s)

ie., F1(¢n, Jn) > 0 and F5(é,, dn) > 0. Then, Propositionensures that ¢, +d,, >
ko + lp, which means that

Z(N— S)Ml %
> _ . .
en +dn > (ko +1o) (S5 — 1) (4.6)
It follows from (4.4)), (4.5) and I(u,,v,) = ﬁ”(un,vn)ﬂ%f‘ , that
2(N — s)My\ 7= 2(N — s)
o S At <22
( 2 _ s ) (en+dn) < 2 _ I(un, vn)
2(N —s)
2(N —
< %(ko +lo) M1 + o(1).
Combining this with (4.6)), we obtain
2(N — s)My\ ~=
cn+dn—>(k‘o+lo)(?> , asn — oo.
Therefore,
M= lim I(un,v,)
, 2—5s (2(N —3s)By\~7—=
> = .
= nlggo 2(N —s) ( 2—s ) (en +dn) = (ko +lo) My
By (4.4), we have
M{ = (ko + lo)My = I(v/koU, \/1oU). (4.7)

Theorem [I.7] ensures that M is attained by a nontrivial ground state solution
(u,v) € N of (1.3) with B = A. It is easy to see that (u,v) € N’, which implies
that

My =I(u,v) > inf (i, )= M).
o=1(u ”)—(a,%?e/w (u,0) = M

Obviously, My < M| follows from N/ C N. Therefore, My = M/, and combining
this with (4.7), we see that (vkoU, VIoU) is a ground state solution of (1.3). By
(4.7), Theorem and Lemma we have

My = %(ko + lo)(ﬂs(RN))%-

The proof Theorem [I.11] is similar to that of Theorem [I.10} it is omitted.

5. APPLICATION IN THREE DIMENSIONS

In this section, we consider a constant magnetic field in dimension 3 as an ap-

plication of Theorems and
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Constant magnetic field. Let A : R3 — R3 by A(zy,29,23) := (—22,21,0),
which is called constant magnetic potential as curl A = 2 # 0. Theorem guar-
antees that u74(R?) is not achieved, and then

2 (s)-2,,

(—iV + rA)u = 1 o L€ DY

has no ground state solution, where r is a nonzero real number. By Theorem [I.3}
we obtain that under condition (A3), i7t424(R3) is not attained, and thus,

, TRCI (7 Gl TN A 1 )
(_Zv + TlA) U= ,LLl |£C|S 2*(3) |£L"S 9
20 By [ul*[o] P

—iV A2y =
( A ) )U H2 |CE|S +2*(S) |LE|S )

1,2 /3
u, v € D;°(R?)
has no ground state solution, where r; and ro are nonzero real numbers.
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