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MULTIPLICITY RESULTS OF FRACTIONAL-LAPLACE SYSTEM
WITH SIGN-CHANGING AND SINGULAR NONLINEARITY
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ABSTRACT. In this article, we study the following fractional-Laplacian system
with singular nonlinearity

ANS,, — o a—1, B -
(=A)°u = Af(2)u q+a+6b(a:)u w” in ©

_ s _ - L a, B—1:
(=A)°w = pg(x)w q+a+ﬁb(x)u w in Q

w,w>0inQ, w=w=0inR"\Q,

where € is a bounded domain in R"™ with smooth boundary 99, n > 2s,

s€(0,1),0<g<1l,a>1 8> 1satisfy 2 < a+8 < 2f —1 with
2% n2_"25, the pair of parameters (\, ) € R2\ {(0,0)}. The weight functions

f,g:QCR"HRsuChthat0<f,g€L%(Q),andb:QCR"HRis
a sign-changing function such that b(z) € L>°(Q). Using variational methods,
we show existence and multiplicity of positive solutions with respect to the
pair of parameters (A, p).

1. INTRODUCTION

Let © C R™ is a bounded domain with smooth boundary, n > 2s and s € (0,1).
We consider the following fractional system with singular nonlinearity

(=A)'u=Af(x)u"? + - ji ﬂb(a:)ua_lwﬂ in Q
(=A)'w = pg(r)w™ + ﬁb(m)u“wﬂ—l in Q (1.1)

u,w>0inQ, uw=w=0inR"\ Q.
Here, (—A)?® is the fractional Laplacian operator defined as
o1 u(ety) tuls—y) - 2u()
(-ayuz) = [ s ay
We assume the following assumptions on f and g:

(A1) f,g:Q CR" — R such that 0 < f,g € L (Q), where ¢* = ﬁ_@q.

for all z € R™.
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(A2) b: Q C R®™ — R is a sign-changing function such that b* = max{f,0} £ 0
and b(x) € L (Q).
Also the pair of parameters (A, u) € R?\ {(0,0)},0 < ¢g<landa >1,8>1
satisfy 2 < a4+ 8 < 2% — 1, with 2% = angs, known as fractional critical Sobolev
exponent.

In this work, we prove the existence of multiple positive solutions for a system
of fractional operator with singular and sign changing nonlinearity by studying the
nature of Nehari manifold with respect to the pair of parameter (A, ). These same
result can be easily extended to the following p—fractional Laplacian system with
singular and sign-changing nonlinearity

(=A)pu=Af(z)u" 7+ aajﬂb(m)ua_lwﬁ in

(—=A)yw = pg(z)w™? + a—iﬂb(m)u%ﬁ—1 in Q (1.2)
ww>0inQ, u=w=0inR"\Q.

where 0 < ¢ <1<p-1<a+p<p;—1and (-A), is a p—fractional operator
which is defined as

RV [u(y) ~ u(@)*(u(y) ~ u())
(=A)pul) 2!—’0 R7\ B, (z) |z — y|ntps 4.

This definition is consistent, up to a normalization constant depending on n and s,
with the fractional Laplacian (—A)®, for the case p = 2.
Foru=v,a=0,a+8=r, A= pand f = g, problem (1.2) reduces to the
p-fractional Laplace equation with singular nonlinearities
(=A) = f(x)w™ 7 + Ab(z)w" in Q,

p

. . (1.3)
w>0inQ, w=0inR"\ Q.

In [I9], the author studied the existence and multiplicity of positive solutions to
problem with sign-changing and singular nonlinearity. In the scalar case, the
problems involving the fractional operator with singular nonlinearity have been
studied by many authors, see [29, [, [14] and references therein. Also, in [20],
the author used the Caffarelli and Silvestre [5] approach to obtain the multiplicity
results for singular and sign-changing nonlinearity.

The fractional power of Laplacian is the infinitesimal generator of Lévy stable
diffusion process and arise in anomalous diffusions in plasma, population dynamics,
geophysical fluid dynamics, flames propagation, chemical reactions in liquids and
American options in finance. For more details, one can see [3| [I[5] and reference
therein. Recently the fractional elliptic problem have been investigated by many
authors for polynomial type nonlinearities see [28] 4 B0] and reference therein.
Moreover, by Nehari manifold and fibering maps, the author obtained the existence
of multiple solutions for p-fractional equations [2T], 22] and reference therein.

For s = 1, the paper by Crandall, Robinowitz and Tartar [7] is the starting point
on semilinear problem with singular nonlinearity. There is a large body of literature
on singular nonlinearity see [11 [2, [7, [8 9l 10} 12} 13} 23] 24 25, 26, [16} 17, 18] and
reference therein. In [6], Chen showed the existence and multiplicity of the problem

—Aw — ﬁw = flif) + pg(z)w?  in Q\ {0}
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w>0in 2\ {0}, w =0 in 09,

where 0 € 2 is a bounded smooth domain of R™ with smooth boundary, 0 < A <
%, 0<g<l<p< Z—Jjg, (z) > 0 and g is sign-changing continuous function.

The natural space to look for solutions of the problem is the product space
Wy (Q) x WP (Q). To study (L)), it is important to encode the ‘boundary con-
dition’ v = v = 0 in R™ \ Q in the weak formulation. Servadei and Valdinoci [28]
introduced the new function spaces to study the variational functionals related to
the fractional Laplacian by observing the interaction between 2 and R™ \ Q.

To the best of our knowledge, there is no work related the fractional Laplacian
system with singular and sign-changing nonlinearity. In this work, we studied the
multiplicity results for the system of fractional Laplacian equation with singular
nonlinearity and sign-changing weight function with respect to the pair of parameter
(A, ). This work is motivated by the work of Chen and Chen in [6]. But one can not
directly extend all the results for fractional Laplacian, due to the non-local behavior
of the operator and the bounded support of the test function is not preserved. Also
due to the singularity of the problem, the associated functional is not differentiable
in the sense of Gateaux. The results obtained here are somehow expected but we
show how the results arise out of nature of the Nehari manifold.

This article is organized as follows: Section 2 is devoted to some preliminaries and
notations. We also state our main results. In section 3, we study the decomposition
of Nehari manifold and the associated energy functional is bounded below and
coercive. Section 3 contains the existence of a nontrivial solutions in N ;‘ L and
Ny

We will use the following notation throughout this paper: || f

ats
the norm in La+7-1%4 ().

g%+ 19llg denote

2. PRELIMINARIES

In this section we give some definitions and functional settings. At the end of this
section, we state our main results. For this we define H*(2), the usual fractional
Sobolev space

H*(Q) = {w € L*(Q) : w@) = wW) ¢ 2 Q)

|z —y[3 T
endowed with the norm
jw(z) —w(y)|? 1/2
lwll @) = L) + (/ —n%dxdy) . (2.1)
axe T =yl

for details on fractional Sobolev spaces, we refer the reader to [27].
Because of the non-localness of the operator, we define the linear space

Xo = {w :R"™ — R : w is measurable, w|q € L”(Q)

n+2s

[z =yl
where @ = R?*"\ (CQ x CQ) and CQ := R™\ Q. The space X, was firstly introduced
by Servadei and Valdinoci [28]. The space Xy endowed with the norm

il = ) 2 ) (22)

vl —0) ¢ 12(Q), w=0ac. in R\ 0}
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is a Hilbert space. We note that, the norms in (2.1]) and (2.2 are not same because
Q x Q is strictly contained in ). Let Y = Xy x X be the cartesian product of two
reflexive Banach spaces, which is also reflexive Banach space with the norm

1w, ) = (lulk, + llwll%,)"?

] Ju() — u(y)? w(z) — w(y)|? 12
_( Q7|xfy\"+25 dx dy +/ —y|”+25 dxdy) .

Now we define the space
Cy = {(u,w) : u,w € CR") : u=w=0in R"\ Q}.

Then Cy is a dense in the space Y.
Denote

) _ 20, 7(n+2s)d d
§.— {fRn\U(x) u(y)Ple — I @ y}
ueXo (Ja [ulo+Pdz)=+m

Koo = [ f@)we) e+ [ glo)ws)"da.

Definition 2.1. A weak solution of problem is a function (u,w) € Y, with
u, w > 0 in Q such that for every (¢,¢) € Y,
[ )= ) 1) 1, [ (k) =S =Sl
|z — y|(n+29) Q |z — y|(n+29)

—A/f )dx+u/ o) (w™) (x)d
a+6 Bp)(x) dm+—/ P 1ep)(z)da

To show the existence of positive solution of (L.1]), we consider the problem

s - « « :
(=A)u = \f(x)u ?+ mb(z)u+ 1w§ in Q

(=A)*w = pg(x)w, Tt %ﬁb( )uiwﬁ_l in
uy,w>0inQ, u=w=0inR"\Q,

where w4 := max{w, 0} denotes the positive part of w. Then the function (u,w) €
Y with u, w > 0in QX is a weak solution of the problem (2)) if for every (¢,¢) € Y,
we have
[ ) o) [ =) ),
Q Q

|z — y|(n+29) |z — y|(n+29)

= [ @ 0@+ [ o)) @

+Oéiﬂ Qb(x)(u?‘flwﬁq’))( dﬂc—l— ﬁ/ u+w+ L) () d.

We note that if (u,w) > 0 is a solution of . then one can easily see that (u,w) is
also a solution (1.1]). To find the solution of , we will use variational approach.
So we define the associated functional Jy , : Y — [ — 00, 00) as

Tplsw) = glww)|? = 1 [ (M@l + pglaol™) de
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a—i—ﬁ/b u+w+

Here Jy,, is not bounded below on Y but is bounded below on appropriate subset
N, of Y. Therefore in order to obtain the existence results, we introduce the
Nehari manifold

Ny = {(w,w) €Y : (J} ,(u,w), (u,w)) =0} = {(u,w) €Y : ¢, ,(1) =0}

where (-,-) denotes the duality between Y and its dual space. Thus (u, w) € Ny
if and only if

)l = [ (A + ngtayt ") do = [ opuf s =0,

We note that N ,, contains every solution of . Now as we know that the Nehari
manifold is closely related to the behavior of the functions ¢, ., : R*T — R defined
as Gu,w(t) = Jx u(tu, tw). Such maps are called fiber maps and were introduced by
Drabek and Pohozaev in [I1I]. For (u,w) € Y, we have
t2 11 toth

¢u,w(t>:§\|(uaw)||2 1= K,\ p(u, w) — e b(x)uSwf de,

By (1) =t (u, w) [* = 47 o (0, w) — 42707 /Q bla)u§wl de,

¢Z,w(t) = ||(U, U))H2 + qt_q_lK)\7M(u7 w) - (Oé + ﬁ - l)ta+ﬂ_2 /Q b( u+w+ dx.

Then it is easy to see that (tu,tw) € Ny, if and only if ¢, ,(t) = 0 and in
particular, (u,w) € N, if and only if ¢;, (1) = 0. Thus it is natural to split
N, into three parts corresponding to local minima, local maxima and points of
inflection. For this we set

Ni ~_{ u,w) € Ny ¢y, (1) 2 0F = {(tu, tw) € Y = ¢y, ,, (1) = 0, ¢y, (1) 2
2= {(u,w) GNM' w(1) =0} = {(tu, tw) € Y : i, ,(t) = 0, &y, ,(t) =
We also observe that if (u,w) € Ny, then

1+ @)l w)[? = (@ + =1+ q) [ob@)utw] du
(when we solve for K in ¢/, ,,(1) =0),

2—a=A)(uw)? + (a+ 8 =1+ q) Ky u(u,w)
(when we solve for [, in ¢/, (1) =0).

Inspired by [6], we show that how variational methods can be used to established
some existence and multiplicity results for . Our results are as follows.

Theorem 2.2. Suppose (A, ) € T', where
r:&xmewwmmy

0 < A= (AIflle) ™ + (lulllgy) ™5 < Cnye B4, 9)

and

cnennd=(Gpieg) " e
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_ 2 _
« ()T s
bl

Then problem (1.1)) has at least two solutions

(u,w) €N, (UW) €Ny, with [T, W] > [[(u, w)]l

M

3. FIBERING MAP ANALYSIS

In this section, we show that ./\/')f# is nonempty and Ng,u = {(0,0)}. Moreover,
Jy,u is bounded below and coercive.

Lemma 3.1. Let (A, ) € T'. Then for each (u,w) € Y with Ky ,(u,w) > 0, we
have the following:

i) fQ b(x) u+w+ dx < 0, then there exists a unique 0 < t1 < tmax such that
(tiu, tiw) € J\/A and Jy ,(tiu, tiw) = infyso Iy, (tu, tw),
(ii) fQ b(x) u+w+ dx > 0, then there exists unique t; and to with 0 < t; <
tmax < t2 such that (tyu, tyw) € ./\/')\7“, (tou, taw) € NA,M and Jy ,(t1u, tyw) =
infocictimn Iau(tu, tw), Iy (tau, taw) = sup;s,, I (tu, tw).

Proof. For t > 0, we define
Y (t) = 2707 P (u, w) |2 — ¢ (u, w) — i b(x)uSw’ de.

One can easily see that ¢, ,(t) = —oco as t — 07. Now

Vi) = (2 —a =Bt (w,w)|? + (@ + B — L+ @)t P u(u, w),
Vi) =2 —a=p)(1—a-p)t " (u,w)|?
—(a+f-1+q)(a+ B+t I (u,w).
Then v, ,,(t) = 0 if and only if

(a+ 82w w)® 1773
(@+ 8 =1+ q)Kxu(u,w) '

t = tmax 1=

Also
Yl o (tmax)
_ (o + 8= 2)||(u, w)]>
—(2*0*5)(1’0‘*5)[(a+ﬁ—1+q)Km“w uIr

H2 atB+q+l

(a+ 0 = 2)|(u, w) &
(a+B—1+q)Kxu(u, )] Fxulu, )

(a+8=2)|(u,w)|? } e
(OL‘Fﬂ*l‘Fq)K)\H( )

—(a+ﬂ—1+Q)(a+ﬁ+Q)[

= —ll(w,w)*(a+ 8- 2)(1+4)] <o.
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Thus v, ,, achieves its maximum at ¢t = t;,,x. Now using the Holder’s inequality
and fractional Sobolev inequality, we obtain

Ko, w) < A / (@)l dz + |4 / j9(@)] w9

1— 1—
< A Mg lullgs s + lelllgle- llwll 2%

< <(|>\|||f q*)%q + (ulllg q*)l%ﬁifl (H(%\/g)n)lq (3.1)

2

_2 _2
)T+ (Iplllgllg-) ™.

b O‘Bd<booi/ a+ﬂd+i/ atf g
[l de < ol (55 [ ol e+ L [ ol a)

where A := (|A|||f

< 18] (M)”B_ (3.2)
= [e'e) \/g
Using (3.1 and (3.2) we obtain,
—2 2(atB-1tq)
T e g GO it
w,w\lmax) = S
(@+B-1+g)\a+8-1+¢q (K (u, w)] e
—/ b(m)uiwi dx
Q
L[t (_orBod R (E0y S (09
“latp-1+gla+f-1+q A
1 \aip
— bl (—= u, w)||*T?
Iblle ()" |l )]
= Byl (u, w)[[**7.
where
E <_[ (1+9q) ( atpB—2 )%ﬁﬁéz@gjsagg
M a+B-1+g\a+5-1+¢ A
1 \atp
— b o (—=
bl (7)™

Then we see that Ey , = 0 if and only if A = C(n,a, 3,q,S), where
(1+q) arp2 ( a+ -2 \Th
o) = (U0 y7Ti(_oe=2 )
( 8.4.5) (a+B—-1+q) a+f-1+q
2 a1t
X (W) arpes S(ﬁf)‘&wj—;),

Thus for (A, p) € T', we have Ej, > 0, and therefore it follows from that
wu,w(tmax) > 0.

(i) If [, b(a:)uﬂ‘_wf_ dz > 0, then 9y (t) — — [, b(x)uff_wﬁ dr < 0 ast — oo.
Consequently, ¥, .,(t) has exactly two points 0 < 1 < tmax < t2 such that

Yo w (t1) =0= 1/)u,w(tQ) and 'l/};,w (t1) >0> w;,w(tQ)'
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Now we show that if ¢, ., (t) = 0 and ¢, ,(t) > 0, then (tu, tw) € Ny .

Gun(t) = 0.5 [t tw) | = Kot tw) + [ bGa)(tu) (tw) o
Q
& (tu,tw) € Nap,
and therefore
Py (t) >0
=2-a-— ﬁ)tl_"‘_ﬁﬂ(u,w)”2 —(—a=-p+1- q)t_“_ﬁ_qK)\’,L(u,w) >0

= (2—a—B)|(tu, tw)[|* + (a+ 8 -1 +q)[ll(tunfw)ll2
- /Q b(x) (tu) % (tw) dz| > 0,

= (1 ltu o) = (@+5-1+0) [ b)) t)ide>0

= (tu, tw) € NIM.

Similarly one can show that if 1y, (t) = 0 and ¢, ,,(t) <0, then (tu,tw) € Ny .

Now ¢, ,(t) =t~ 9y (). Thus ¢, ,(t) < 0 in (0,t1), ¢, ,(t) > 0 in
(t1,t2) and @, ,,(t) < 0 in (t2,00). Hence Jy ,(t1u, tyw) = infoci<t,,., I, (tu, tw),
In pu(tou, taw) = sup;s,, Jx u(tu, tw). Moreover (tyu,tiw) € ./\/';:H and (tou, taw) €
Ny

(i) If [, b(x)uiwf_ dr < 0 and ¥, () — — [, b(x)u?‘rwf_ dr > 0 ast — oo.
Consequently, 1y, ,(t) has exactly one point 0 < ¢; < tyax such that

d)u,w(tl) =0 and d};,w (t1) > 0.

Using ¢, ,(t) = P71y 4 (t), we have ¢, ,(t) < 0 in (0,t1), ¢, ,(t) > 0 in
(t1,00). So, Jx u(t1u, tiw) = infy>g Jy ., (tu, tw). Hence, it follows that (t1u,tw) €
N 0
e

Corollary 3.2. Suppose that (A, 1) € T, then N/\ffu # 0.

Proof. From assumptions (A1) and (A2), we can choose (u,w) € Y \ {(0,0)} such
that K ,(u,w) > 0 and [, b(x)uiwi dxr > 0. By (ii) of Lemma there exists
unique #; and to such that (tyu,tw) € ./\/;fu, (tau, tow) € N/\_,u' In conclusion,
Ni #0. O

Lemma 3.3. For (\,u) € T, we have Ny , = {(0,0)}.

Proof. We prove this by contradiction. Assume that there exists (0,0) # (u,w) €
N3 - Then it follows from (u,w) € N , that

e
(L4 )l w) 2 = (@ + B~ 1+ q) /Q b(a)usw de
and consequently
0= || (u w)|* — K o, w) - / b(a)us o de
Q

_ _(@+f-2) 0 2 o
- S Il - K u)
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Therefore, as (A, ) € T and (u,w) Z (0,0), we use similar arguments as those in

(3.3) to obtain

0 < Bl (u, w)|[**7

atp—2 2(atB-1+q)
(1+4q) ( at+pB-2 ) [ (u, w) ||
T (atp-1+g \a+pB-1+¢q M@Awwﬂﬁﬁ?
- / b(w)uiwﬁ dx
Q
a+B8-—2 @ —
_ (4 a+f-2 \FT ) T
S (at+B-14g) \a+f-1+gq atf— R
(252w w) ?)
(1+4q) 2
- ||(u,w)||* =0,
—CED )
a contradiction. Hence (u,w) = (0,0). That is, Ny , = {(0,0)}. O

We note that I" is also related to a gap structure in N ,.
Lemma 3.4. Suppose that (X, p) € T', then there exist a gap structure in Ny,
|(UW)|| > Ao > Axp > [(w,w)|  for all (u,w) € NIM, (U, W) € Ny,

where
1

_ (1 + q) a+p|ath=2
e ey o o el A B

Cla+B—=1+q), 1 \1-q] T 19
=Pt 31T

Proof. If w € Ny, C N, then

0<(L+q)lww)?—(a+f—1+ q>/ b()us w? de
Q
= (2 a— Bl w)]? + (@t B — 1+ g)Kx (s w).
Hence it follows from ((3.1)

(a+ 8 = 2)| (u, w)]|?
< (Oé +0/-1+ Q)K)\,M(u7w)

q*)%)% (ll(uaw)H)l—q

< (a+8=1+a) ((NIFe) ™ + (palllg ¥

which yields

sl < [0 (=™ (s

= A)\,N'

If (U, W) € Ny, then from (3.2) it follows that

o ﬁ 1/2
)77+ (gl )

L+ QU < (a+ 6~ 1+0) / () U da
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R e
which yields
O > [ s (V)] 7 = o

Now we show that Ay , = A if and only if A = C(n,,3,¢,S5).
A=C(n,a,8,q,85)

_ 2 .
~(esrren) | (abaores) ST
oo

at+fB—1+g atf-l+q
tB—-14+q (1 \'"qth
Ay, =pe[latBolta) 1
< A { (a+08-2) (\/§> }
:( (1+q) )ﬁ(w)ﬁl‘@%
[olloc(a+ 8 —1+q) atf-1+4g

1
y [(a(;—f/;i;f) (%)1—(1} T g
Thus for all (A, ) € T', we can conclude that

(U, W)l > Ag > Ay > [[(w,w)|| for all (u,w) € N, (UW) €Ny,
This completes the proof. O
Lemma 3.5. Suppose that (\,u) € T', then ./\//\_,M is a closed set in Y -topology.

Proof. Let {(Ux, W)} be a sequence in Ny, with (Uy, Wy) — (U,W) in Y. Then

we have
(U, W) ||
= T |[(U, W)

~ 1m [ /Q (@)U + pgl) (Wi) ™) de + /Q b(a) ()5 (W) da

k—oo

- / AF@UL 1 gy W e + [ b(a)UsWida
Q Q

and

A+ QI WW)| = @+ 5=1+0) [ HaUsWlds

= Jim [0+ @I -~ (@ +5-1+0) [ H@LM ] <o
Le. (U, W) e N, ,NNY . Since {(Uy, W)} C Ny ,, from Lemmawe have
(U, W) = lim [|(Uy, W) || = Ax > 05

that is, (U, W) # (0,0). It follows from Lemma H, that (U, W) & N/\OM for any
(A, p) € . Thus (U, W) € Ny ,. That is, N, is a closed set in Y- topology for
any (A, p) €T O
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Lemma 3.6. Let (u,w) € N)f;u then for any ® = (¢,v¢) € Cy, there exists a
number € > 0 and a continuous function f : B.(0) := {v = (v1,v2) € Y : |[v| <
e} — RT such that

f(vi,02) >0, f(0,0) =1 and f(vi,v2)(u+vid,w + v29) € N,\i,u
for all v € B(0).

Proof. We give the proof only for the case (u,w) € NIN, the case Ny may be
proved the same way. For any ® = (¢,v) € Cy, we define F : Y x RT — R as
follows:

F(v,t) :=F((v1,v2),t)

=t (u + v16, w + vap) |2 — tTETITa /Q b(x)(u + v19)3 (w + v2y)) L da

— K u(u+vig,w + v29)

Since w € Ny, (C Ny 1), we have

F((0,0),1) = [ w)|2 = Ko, w) - /Q b(a)usw? dz = 0,

and

oF

5 ((0,0),1) = (1 + )l(u, w)||* = (a + 5 ~1+q) /Q b(z)ufw? dw > 0.

Applying the implicit function theorem at the point ((0,0),1), we have that there
exists € > 0 such that for |v]| < € v € Y, the equation F((v1,v2),t) = 0 has a
unique continuous solution ¢ = f(v1,v2) > 0. It follows from F'((0,0),1) = 0 that
£(0,0) =1 and from F((vi,v2), f(v1,v2)) =0 for ||v|| < € v € Y that

0= f90)[|(u+v1d,w + va9) |* = Ky (u+ 016, w + v21))
_ fa+B—1+q (U) /Q b(x) (u + v@)i(m) (w + Uz’lﬁ)ﬁ(x)dx
_ @)+ v, w + v29) |2 — Knu(f(v) (u+ 019), f(v) (w + v2¢)))
frma(v)

Jo 0(@) (f (0) (u +01))5 (2) (f (v) (w + v299)) ] (2)d
f1=a(v) ’

that is,
fvr,v2)(u+v1d, w4+ vap) € Ny, forallv e, |v] <é
Since 2£((0,0),1) > 0 and
oF
E((vlal&)vf(vlva))

= (14 Q)10 | (u + 0165w + 20|
e ) /Q b() (1 + 016) (w0 + v29)°
(1 + DI (0) (u + 01), F(0)(w + vath))|2
=10
(0t B — 140 [, b@)(FO)u+ 016)3 (o) (w + v26)) da
i)
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we can take ¢ > 0 possibly smaller (¢ < €) such that for any v = (vy,v3) € Y,
o]l <€

L+ )l (f(v)(w+v10), f(v)(w + va1))|*
—(a+8-1+q) / b() (f (v) (u+ v10))S(f () (w + va1p)) S d > 0;

Q

that is,
f(v1,v2)(u+ vig, w + votp) € N;u for all v = (v1,v2) € Bc(0).

This completes the proof. ([

Lemma 3.7. Jy is bounded below and coercive on ./V}\,#.
Proof. For (u,w) € Ny, from (3.1 we obtain
JA,/L (uv ’LU)

> (% - aiﬁ)H(U,w)IIQ - (%_q - aiﬁ)Al%q (”(Qi’/g)")l_q,

where A is given in (2.3). Now consider the function p : RT — R as p(t) =
ct? — dt'~9, where ¢, d are both positive constants. One can easily show that p is
convex(p”(t) > 0 for all ¢ > 0) with p(t) — 0 ast — 0 and p(t) — oo as t — o0. p

achieves its minimum at t,,;, = [%]ﬁq and
d(1-q)1t% [d(1—q)1174 1 1—q\ 1
/J(fmm):C[ ( q)} + 7d{ ( Q)] 71 _ +q)d%q( q> -
2c 2c 2 2c

. : 1ig 1-
Applying p(t) with ¢ = (3 — ﬁ), d= (1%(1 - ﬁ)A z (%) “and t = ||(u, w)]|,
(u,w) € Ny, we obtain from ([3.4) that

" ﬂll I p(u,w) > tlim p(t) = oo,

since 0 < ¢ < 1. That is Jy , is coercive on Ny ,. Moreover it follows from (3.4)
that

Iapu(u,w) > p(t) > p(tmin) (a constant), (3.5)

i.e.

D) = =S5 Dt (1)

2 2c
(4 @@+B-2) fatB-1tg\T7, 1 200
(= g(a+p) (2(a+ﬁ—2)) A(\@ '

Thus Jy , is bounded below on N ,. O
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4. EXISTENCE OF SOLUTIONS IN N},

Now from Lemma N UNY , and Ny, are two closed sets in Y provided
(A, 1) € T. Consequently, the Ekeland variational principle can be applied to the
problem of finding the infimum of Jy, on both N;fu U Nﬁu and Ny . First,

consider {(ug,wg)} C N;M U NQ}M with the following properties:

1
I (ug, wg) < inf D (u,w) + —, 4.1
i) <l )+ g (1.1

= gl = w = wi)| (4.2)

for all (u,w) € N}, UNY,

Inp(u,w) > Iy (uk, wi)

Lemma 4.1. The sequence {(ug,wy)} is bounded in N ,. Moreover, there exists
0# (u,w) €Y such that (ug,wy) = (u,w) weakly inY.

Proof. From equations (3.5)) and (4.1)), we have

ct? —dt' ™1 = p(t) < Jy u(u,w) < inf Iap(u, w) + = < Cs,
(u,w)GN;“UNQ’H k
for sufficiently large k and a suitable positive constant. Hence, putting t = ||(ug, wg)||
in the above equation, we obtain the sequence {(uy,wy)} is bounded.

Let {(ug,wk)} is bounded sequence in Y. Then, there exists a subsequence of
{(ug, wk) }i, still denoted by {(uk, wi)}x and (u, w) € Y such that (ug, wr) — (u, w)
weakly in Y, (ug,wr)(-) — (u,w)(-) strongly in (L"(Q))? for 1 < r < 27 and
ug () = u(-), wr(-) — w(-) a.e. in Q.

For any (u,w) EJ\/;”7 from0<g<1,2<a+ <2 we have

Ty, w) = (%—flq)nw,w)uu (ﬁ_ ai5>/ﬂb(az)uiw2d$
< <%_171‘1)|‘(u’w)“2+(11q_aiﬂ)aJr;terq”(“’w)”Q
= (35 3) gl wP <o

which means that ian;r I < 0. Now for (A, u) € T', we know from Lemma
L
that Ny , = {(0,0)}. Together, these imply that (ux,wy) € Ny, for k large and

inf Dpw,w)= " inf  Jyu(u,w) <O0.
(u,w)GN;#UN’f\)yu #( ) (u,w)GN;“ #( )

Therefore, by weak lower semi-continuity of the norm,

Iap(u, w) < likminf I (up, wi) = +inf I <0,
—00 0
A,p A

that is, (u,w) # 0 and (u,w) €Y. O

Lemma 4.2. Suppose (up,wy) € N;M such that (ug,wr) — (u,w) weakly in Y.
Then for (\,u) €T,

(1+4q) /Q (M (@)ul "+ pg(a)wi Y)de — (o + 6 —2) /Q b(z)uSwde > 0. (4.3)
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Moreover, there exists a constant Co > 0 such that

(14 @l wdl = (0 5=1+0) [ ba))iw)] >G>0, (@4)
Proof. For {(uy, wg)} C N ,(C Ni ), we have

1+ @)Ky u(u,w) — (a+ 5 —2) /Q b(x)u?f_wf_ dx

= Jim [+ @R w) = (o 6-2) [ b)) (w)?]

= Jim [0+ @l w0l = @+ =1+ | Ho)w)g ()] > 0.
Now, we can argue by a contradiction and assume that
(1+@Kxﬁmw%{a+ﬁgﬂx/b@m&ﬁdxza (4.5)
Q

Using (ug,wr) € Ny, the weak lower semi continuity of norm and ([4.5) we have
that

0= lim {H(uk’wkw — Koy (g, wy) — /Q b(x)(ukﬂ(wk)i]
> [y )| = K () = / b(a)usw’ do

{||(u7w)||2 - %}Hq Jo b(x)uiwi dzx  (solving for K in (3.2))),
| (u, w)]|? — %KA,M(U,w) (solving for [, in (3.2)).

Thus for any (A, u) € I' and (u,w) # 0, by similar arguments as those in (3.3) we
have that

0 < Byl (w, w)[[**7

atB_2 2(a+B—1+q)

1 -2 1+q
<49 aip 0 iy GRS
(atf=ltalatf-1ta) (K, @) o
b2 2(atB-1+q)
R L =
S (atf-1+g)\atB-1+g atfm =
(22w w)?)
(1+4q) 2
- ||(u,w)[|* =0,
el
which is clearly impossible. Now by (4.3]), we have that
(1 + @)K (un, wi) — (a+ 58 = 2)/ b(x) (ug) L (wi)] > C (4.6)
Q
for sufficiently large k& and a suitable positive constant C3. Then (4.6)), together
with the fact that (ux,wy) € Ny, we obtain equation (4.4). O

Fix (¢,v) € Cy with ¢,1 > 0. Then we apply Lemma with (ug,wy) € NIM

(k large enough such that % < (C3), we obtain a sequence of functions fy :
Ber(0) C Y — R such that f;(0,0) =1 and fr(s1,s2)(ur + s10, w + $2v) € NIM
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for all s = (s1,52) € Be,(0). It follows from (ug,wy) € Ny, and fi(s1,52)(ur +
510, wi + s2¢0) € Ny, that

(| (wres wie) [|* = Kx o (ue, wie) — /Q b(x) (up) S (wp)dw = 0 (4.7)

and
F2(51,82) | (up, + 516, wi + 520) |12 — fr (51, 52) K (up + 16, wy, + 521)

— 1) [ )+ 5107 (s + 520) o =0,
Q

Choose 0 < p < e, and (s1, 82) = (pv1, pv2) with |jv]| < 1 then we find fi(v1,v2)
such that f(0,0) =1 and fi(v1, v2)(ux + v16, Wi + v21)) € ./\/')\":# for all v € B,(0).

(4.8)

Lemma 4.3. For (A, pn) € I' we have |(f},(0,0), (v1,v2))] is finite for every 0 < v =
(v1,v2) € Cy with |jv]| < 1.

Proof. From (4.7) and (4.8) we have
0 = [f7 (pv1, pv2) — 1] || (ug + pv1¢, wi + pvat))||®
+ || (ur, + por6d, wi + po2)||* — [[ (g, wy)||*

= R o) = 1] [ (M @)+ 016) 0+ pg(a) s+ o) )
— [ 7@ [+ po19) i = ()] da
Q
~ [ o) [fwn+ pua)} — ()] d
= [ pon, ) = 1] [ b+ pun ) (@) s+ o) o)

- [ @+ prao o+ ot 0) — () ) 0

< [F(pvr, poz) = 1]k + por,wi + prat)|[* + | + pordh wi + poat) |
~ ) = [ porpen) <1 [ (V@) + ) )
+ pg () (wy + pvzw)fq(x))da;

— [P (our, pu) — 1] / () (ur, + pv19)% () (wp + pro) (x)da

- / (@) [ (e + po16)% (wi + pr2v) (@) = (i) (we)] ()] dar

Since
(uk + p19) () — (uk) i (@)
{wk T p016)1 () — () () if w > 0 (4.9)
=40 if up <0,ug + pv1¢p <0
(uk + pv1¢)' 9 (2) if up <0,up + pr1¢p > 0,
we have

[ 1@+ 901977 = ()l 0.
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Similarly, one can see that
[ s@ e+ pra) 0 = )@l > 0.
Now dividing by p > 0 and passing to the limit p — 0, we derive that
0 < (f£(0,0), (v1,v2)) [2||(uk,wk)||2 — (1= q) K p(uk, w)
~ (0 +8) [ b)) (w) L]
+2 [ @ - ) (9@ - @)
Q
+ (wi(@) = wn () (028)(x) = (020)(w))| /I = "+ dar dy
—a / b(@) (ue)? " (we){vrdde — 3 / b(@) (ur) (wr) ] vathda
Q Q

(4.10)
= (££(0,0), (v1,02)) | (1 + @)l (g, w) |
~ (ot B=1+0) [ b)) () de]

+2 [ o) - w@)(@6)e) - (16))
Q
+ (wi(@) = wn () (028)(x) = (020)(w))| /I = "+ dar dy
—a [ ) oo = 5 [ b)) )] e,
Q Q

From (4.4)) and (4.10)), we know immediately that (f; (0,0), (vi,v2)) # —oo. Now
we show that (f/.(0,0), (v1,v2)) # +0o. Arguing by contradiction, we assume that

(£4.(0,0), (v1,v2)) = +o0. Since

| fr(pvr, pv2) = 1wk, wi) | + pfi(pv1, po2) | (v10, v210) | (4.11)
> ([ fx(pv1, pv2) — 1l (uk, will + fu(pv1, po2)l[(pv16, pr29)) ||
(1.12)
= || fx(pv1, pva)(ur + pv1¢, wi, + pv2vp) — (ur, wy) || (4.13)
and

fi(pv1, pv2) > f(0,0) =1
for sufficiently large k. From the definition of derivative (f,(0,0), (v1,v2)), applying

equation ([4.2) with (u,w) = fr(pv1, pv2)(ug + pv1g, Wi + pvath) € N;M, we clearly
have

[[Cur, w) |
k

[(v19, v21b)|

+ pfr(pv1, pv2) 3

[fk‘(pvh PU2) - 1]

1
> %”fk(ﬁ"}lvm&)(uk + pv1g, wi, + pvat)) — (up, wy)||

> I u(ur, wi) — Inu(fe(pv, po2) (ur + pv1¢, wi + pv21)))

1 1 1

1
= (5= o M) P+ (7= = 5) F2ova, o)k + poagy s+ o)
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+ (%q -— ol /Q b(a) (up) ()

N Y T ey

1+¢
= 1= (s purd w4 poa)? = e )l + 172 (poa, poa) — 1]

x| m + pv1¢ wi+ puay)|2)

1
( 2 (pv1, pvo / b(x Uk + pv18) (Wi +PU21/))i

1—g¢q a—f—ﬂ
— () (we) | d

(1 = ) U e pwa) — 1] [ o) ) ()

1-q a+p Q

Dividing by p > 0 and passing to the limit as p — 0, we obtain
[ (e, wi) [l [[(010, v21))|
(£(0,0), (01, 22)) 4 e

k
1+¢

> (7= ) H0,0), (0, 02)) ks w)

_ (%ﬁ)%(o,o),(vhvg))/ b(a) (wr)§ (wi) ]

o
+ (%‘;) /Q (@) = wr@)(©16)(@) ~ (116)(v))
+ (@) = (1) (020)(@) = (L20)W))] /|2 = yI"+2* dw dy
_<a+f:;+q a+ﬁ/¢ ()2~ (1) 0r
+ - + 3 G (w)] M vde)
- {0 f“;” v2) [(1 F ol (8- 1+0) [ b)) )
* (%) / (@) = un(®) (016)(x) = (1) (1))
+ (i () — wi()) (v20) (%) — (v29)(y ] Jl — 4"+ da dy
‘(a+f:q1+q a+g/ wp) o1
+ - + 3 % (we)]” vgz/)dx}
that is,
(16, v29p) |
k

> <f]/g(070)7(v1)v2)>
= 1—g¢

(1 + @)l (e, )|

B
Jr

)

17
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et a-140) [ )] - el

k
(720 [ [~ w0 - @o)e)
+ (wi () — wi(y)) (v29) () — (v22)(y }/|x y|["2% da dy (4.14)
a+ﬂ*1+q
_( 1—gq 0“"6/ wk+v1¢dx

a+ﬂ/b (ur)g wk+ 1121/)}
which is impossible because (f;,(0,0), (v1,v2)) = +oo and

(14l wl? = (a4 5= 1+) [ b)) ) - E= D)

In conclusion, [(f}.(0,0), (v1,v2))| < +00. Furthermore (4.4) with ||(ug, ws)|| < Ci
and two inequalities (4.10) and (4.14)) also imply that

‘<fl;(0a0)7 (U17U2)>| <Cs

for k sufficiently large and a suitable constant CS. O

Lemma 4.4. For each 0 < (¢,¢) € Cy and for every 0 < v = (v1,v3) € Y with
o]l <1, we have Af(z)ul "1 + pg(z)w; Tvorp € L (Q) and

[ () = w0 = 8o,
Q

|z —y[n+2e

[ ) =) ~ ) 4y
Q

_ ayln+2s
[z =yl (4.15)

—/Q()\f(:v)u_;qvlqﬁ-i-ug(m)w;qvgw) dw—/ b(m)uﬁ‘_ilvf_vld)dx

Q
a, B-—1
— / b(z)uGwy vorpdx > 0.
Q
Proof. Applying (4.11) and (4.2) again, we have that

[fi(po1, po2) — 1] H(Uk,kwk)” + pfi(pvr, pvz)w
>

2 %”fk(PUhPUz)(Uk + pu1, w, + puatp) — (ug, wy)||
> I u(ur, wi) — I (fr(por, pv2) (ur + po1g, wi + pv2r))

—_

—_

o 1wk, wi)|* = *ka(PUl,PvZ)(uk + pord, wy + puath) | d
1

1.4 Q()\f(uk) q+M9(wk)1 q)

1 | (@ Ualwr. o)+ i)

+ pg(z)(fr(pv1, pvo)(wi + pv2"/}))};q)d$
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ﬁ/ b(z fk put, pv2) (ug, + pv1d))% (fie(pv1, pv2)(wi + prat))

= <uk>+< 0] de

2(pvy, pug) — 1 2(puy, pv
= Jelovnov) Lyl — SO 6+ po) 2

2 2

— s )2
# TP 22 [ (o) s+ poa)\ 7 4 g + o)) o
1 | (V@) (e + 00 = @) (@)
+ ng(a) ((wk + pvmrq ~ (w)l") (@) ) de

P v, pra) - . 5
4 PR | )+ i) ) (e + o) ()

t g / b [((ur + prr)3 (wr + poa)? — (w5 (wr)) (2)] d

Dividing by p > 0 and passing to the limit p — 0", we obtain

|<f]/€(070); (’l}17’l)2)>‘ H(uk}{:’wk)H + ||(U1¢}:2¢)||

> (30,0 (o1, v2)) [k, )| = s wn) [ b)) (wn)
Q
- /Q (k@) = w () (1) (@) — (10)(w)
+ (wn(w) = we(y)(v2) () = (021) ()] /lo = y|"** dody

a+ﬂ/b (ur)g L wy, +v1¢dx—|— +ﬁ/ﬂb(
we)y )

) (ug)§ (wi) ] oatpdar

1. M) (g 4 pr1g) 77— (
' Hh:%&f[/g -

119 () ((wg + poop) L9 — (wy,)479)
. ; }

=~ [ [t0) - ) (1)) 01010
+ (wi(2) — wi(y)) ((v29) (2) — (v210) (y }/\x Y2 de dy

)3 (wg +vl¢dx+ p b(x)(uk)i(wk)’fflvgwdx

a+5 e i
+ liminf[/ M (@) ((ux + pr1o) ™7 — (ug) 179
1—q p—ot Q P

19(x) ((wr + pragp) % — (wy) %)
+/Q ; }
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Then by the above inequality, one can see that
[ / M (@) ((ur + pr19) 7 — ()9
Q p
N / pg (@) ((wy, + po2v)}™? = (wi) )
Q p

dx

lim inf
p—0F

d:c}
is finite. Now, using (4.9)), we have
f(x) ((Uk +pv1g) 4 - (uk)}[q> > 0.

Similarly we have

EJDE-2017/183

g(z) ((wk + pogth) 79 — (wk)i__q) >0, forallze, forallt>0.

Then by Fatou’s Lemma, we have

/Q (A () (k) TT016 + rg () (i) T0md) e

lim inf [)\ f(@)((ug + pvqu)ijq _ (uk)};q)
—q p—0* 0 )

9(@) (wn + pood) 7 = ()7
R

< |<f]l€(0’0)7 (0171}2)>|”(uk7wk)” + ||(1)1¢7’U2’§/1)H
- k

+Aﬁwm—w@mmwm—wwm»

+ (wi(z) — wi(y)) ((v29)(2) — (v29)(y }/\l’ y[" e da dy
p

<

oz+ﬂ
0103\\(01,712)\\ + ||(U1¢,v27/1)||
a+p / blu

(w _v
a+ﬂ k)Y vt

+Lhwm—w@mm@m—w@m»
+ (@) = wr()(v2) () = (02) ()] /lo — yI"+** dody

Again using the Fatou’s Lemma and the above relation, we have

)\/ f(x)u;qvlgbdx—i—y/ﬂg(m)w;qvgd)d:ﬂ

/Q [hkn_l)gf (M (@)ui 10 + ,ug(x)wfrqvgz/))] dx
< likm inf/ (M () (ui) L1010 + pg(z) (wi) 1020 da
—oo Jqo

CiColl(on,0)l + 06,020 _a
< ; -5 [ e

)

L (wy, +v1¢dﬂc— P b(x)(uk)ﬁ“r(wk)

@ wy) o1

i_lvgwdx

Up ail(wk)ivﬂb
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afﬂ/ﬂb(uk)i(wk)flvw

+ [ Jon) — ) (@) ~ o)
+ () — we(9)) (02 () — (2)(@)] /o — "2 dr dy

which completes the proof. (Il

Corollary 4.5. For every 0 < (¢,v) € Y, we have (/\f(ar)u;qd) + ,ug(z:)w;qzb) €
LYQ), uy, wy >0 in Q and

/ (u(@) — u(y))(o(z) — d(y)) dx dy
Q

|z — |2

(w(2) ~ w)((2) — ¥(y)
“h

|13 _ y|n+23

dx dy — )\/ f(z)ul?odx
@ (4.16)

- M/Qg(x)w;qz/}dx - b(x)u(jflwﬁ(bdx

g
a+

Proof. Choosing v = (v1,v2) € Y such that v > 0, v = [ in the neighborhood
of support of ¢ and |jv|| < 1, for some I > 0 is a constant. Then we note that
Ao f@)uode 4+ p [ g(x)wi Yhdr < oo, for every 0 < (¢,v) € Cy which guar-
antees that ui, wy > 0 a.e in Q. Putting this choice of v in (4.15)), for every
0 < (¢,¢) € Cy we have

[ )= ) 80D [ () = D) =V o,
Q Q

| — y|nt2s |z — y[nt2s

Oé+ﬂ Q

/ b(x)uiwfflwdx > 0.
Q

— )\/ f(z)ul‘pdr — ,u/ g(x)w "pdx — a / b(x)u?‘;lwiqu:c
Q Q a+p /o
/8 « ﬁ*l
~a13 Qb(gv)u_‘_w+ pdx > 0.
Hence by density argument, (4.16]) holds for every 0 < (¢, 1) € Y, which completes
the proof. ([

Lemma 4.6. We have that u >0, w > 0 and (u,w) € N;:u'
Proof. Using (4.16) with ¢ =u~, 1 = w™, we obtain that
o< [ LI ), g,
Q

|z — |2

(w(z) —w(y)(w(z) —w (y))
+/Q dx dy

o — g

_ _ u (2)ut(y) + w (2)wt(y
S Y e e

< =fum P = [lw”)* < 0.
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ie,u” =w” =0ae So,u=ut>0,w=w">0ae by Corollary 4.5 Hence
u, w > 0 in Q. Now using (4.16) with ¢ = u, ¥ = w, we obtain that

P = [ (Al + pglajol™) da+ [ bayuod da.

On the other hand, by the weak lower semi-continuity of the norm, we have

I < limsup || (ug, we) ||

k—o0

1w w) [ < Tim in [| (e, wy,)

= /Q ()\f(a:)ui__q + ,ug(z)w_lfq) dx + /Q b(z)uiwi dx.
Thus
| (u, w)||* = /Q ()\f(x)ui_*q + ug(x)w_l;q) dr + /Q b(x)uiwf_ dz. (4.17)

Consequently, (ug, wi) — (u,w) in Y and (u,w) € Ny ,. Now from (4.3) it follows
that

(1 + @)ll(u,w) 2~ (a+ 6~ 1+0) / ba)uS de
Q

=(1+q) /Q ()\f(x)ui*q + ug(m)w}:q> de — (a+ 5 —2) /Q b(x )u+w+ dz > 0,
that is, (u,w) € ./\/’IH. O
Lemma 4.7. the pair (u,w) is a positive weak solution of problem .

Proof. Let (u,w) = (u1,u2), (¢1,¢2) € Y and € > 0, then we define
V() = (U1, ¥2) = ((u1 + €61) 4, (u2 + €d2)4)
Fori=1,2, let 2 = Q; x I'; with
Q ={z € Q:ui(z) +epi(z) >0}, T;:={x€Q:ux)+ep;(x) <0}
. () = (ui + edi) 4 (2),
Q:=(2; x QYU ((T; x &)U (Q° x ;) U (Q° xT;)
U@ x Q) U xT) U (2 x Q) U (T, xTy).

((ui + €)™ (x) — (ui + €d3) ™ (y)) K (x,y), where u;(z,y) =
x,y) = W Then we have

r,(z) = 0. Decompose

Let Mz(x,y) = Uz’(xay
(ui(z) — ui(y)) an

[oW
X

(1) fQ,;xQC M;(z,y) dx dy = fQLXQ M;(z,y) dxdy = 0,

(2) fFixQC M;(x,y)dx dy = fr e Wi(z)(u; + €d) (x) K (2, y) da dy,
(3) fquF,; M;(x,y)dx dy = fQLXp wi(z)(u; + €¢;) () K (2, y) dz dy,
(4) fleQi M;(x,y)dx dy = fr wq, Wi, y)(ui + e¢y) () K (2, y) dv dy,
(5) Jo,xr, Milz,y)dedy = = [q p, wiz,y)(wi + edi) () K (x,y) du dy,
(6) fQiXQi M;(z,y)dxdy =0,

(7) frixr. Mi(x )dzdy = — [p . p, wi(@,y) (Wi + edi) (x)

)E (x,y) da dy.
Now relabeling (W1, ¥2) = (@, ¥), (u1,u2) = (u,w) and (¢1,¢2) = (¢,¢). Then
putting (®, ¥) into (4.15) and using (4.17), we see that

0 §/ u(z,y)(2(z) — 2(y)) + w(z,y)(¥(z) — Y(y)) dx dy
Q

|z —y[n+2e
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_/ (M (2)ul1® + pg(z)w W) da

(Hﬂ uS ™ ] ®dx — Tﬂ/ JuSw? Wdz
—/Q[< D) (-t €6)(x) — (u+ €6)(v)

+ w(a,y)(w + ) (@) = (w+ ) w)] /|o =y dw dy

+ [ et ) @)~ @+ o )

 wla,y)(w+ )™ (@) = (w+ )W) /o~y dody

- [ @+ o) + pglaoTw +ev)

- / @)+ )+ gl (w + ex))

oHrﬁ

([ MO~ )+ )~ D
Q |z — y|nT2s

- [ (@t + gy e - —5 [ st ulo

_ b(z)ud B~ L
a+6/ T

[u(z) — u(y |2+|w( ) —w(y)?
dz d
/ |z — y[nt2s v

+ [ [t ) @ — @+ oy )
 wla,y)(w+ )" (@) = (w+ )W) /o~y dody

- /Q @+ oo+ 3 [ s+ coyda

—l—,u/ g(z)wy (w—&—ewdx—ki b(x)us™ 1w5_ (u+ ed) dex
FQ F1
+ af—ﬂ N b(m)uﬁ“rwi Yw + e) d;v—/ﬂb(x)quwﬁdx

_ e(/ u(z, y)(p(z) — o(y)) + w(z, y)(Y(z) — Y (y)) da dy
Q

|z —y|t2e

- [ 0s@nte ot~ 2 [ bl

@iy u(@)(u + €d)(x)
a+ﬂ/ DGy /Q & — g2

/ r)ul lwi (u+ ep) dm— ﬁ/ uiwﬁ Yw + eyp)da

Oé-i-ﬁ/ x)ug” 1w5_u+e¢) dx_m/g; xu+w+ Yw + ey) " da
(x

23
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x)(w + e)(x) u(z,y)(u+ ed)(z)
drdy — 2 dx d
2/1“2><Q« |x— ‘n+29 x ay /leﬂl \x—y|"+2s z dy
(z,y)(w + e)(2)
2f oo dedy
)((u+€9)(x) — (u+€d)(y))
2/1><p1 |$* |n+28

Lo et i) ,,,
TaxIo

|z —y[rF2e

[ F@uT e+ ed)dz + g / g2y (w + e)

I
+aiﬁ Flb(m)ui L (u+ eg) +7 F2 (2)ufw™ (w+ ev)
:6(/ u(@,y)((z) — o(y)) + w(z, y)(l/)( ) Yy ))dxdy
o |SC* |n+25

—/()\f(x)u;ng—kug(x) dm— ﬂ/b +_1wf_¢)dx

uawﬁ 11/)dx — / M dx dy
OéJrﬁ R ryxoe [T —y[mt2s
2
r r

2 X Qe° ‘x - y|n+28 1 X |'CL‘ - y|7l+23
_ 2
- 2/ 7w(a:,y)w£2x) dx dy — 2/ () = uly) 7 Z(fé)s‘ dx dy
FQXQQ |x_y|’ﬂ s F1><F1 |§C—y‘

_ 2
—of ey [t oy

o
o[ ottt e+ S [ e el o
af—ﬂ N b(m)uf‘rwi 1(@1}—1—61/))—26(/F Md dy

e [T —y[n e

w(z)(z) u(z,y)¢p(x)
+/1“2><Q dxdy—l—/rlxgldxdy

|£L‘ _ |n+25 |$ _ y|n+25

w(z,y)P(x) u(z, y)(o(x) — o(y))
+/I‘2><522 d dy+/1‘1><F1

‘.’E _ y|n+28 |£U _ y|n+2s

w(z, y)((z) —P(y))
+/F2><F2 dzdy)

|z —y|nt2s

- 6(/@ u(z,y)(p(z) — ¢(y)) + w(z,y)(P(z) — ¥(y)) da dy

|.2? _ y|n+29

+

—/Q()\f(x)uqub—i-ug(x)wfrqz/} ) dx — 7/ 1w§¢dm

ﬁ a, B—1 ( 7y) ( )
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—2/ wdmdy—k)\ f(x)ujrq(u—i—ed))
T'ox Qo

|$ _ y|n+23

+ u/ g(@)w (w4 e))dx + TB s b(z)uf™ 1w§(u + eg)dx

b(x u(}rwﬁ Yw + ey)da
s

_2€</F ) gy [ SO,

1 XQ¢ |'T - y|n+28 2 X Qe |1‘ - y|n+28

u(z,y)¢(z) / w(z,y)(z)
o mmle iy L
Fl XQl |.'I/' - yln-"_2‘5 FQXQQ |x - y|'ﬂ+26

u(z,y)(¢(z) — ¢(y))
—|—/F1><F1 dx dy

o — ]+
w(x,y)(Y(z) — P
)
(u(z) —u(y))(P(z) — ¢(y)) + (w(z) —w(y))(WY(z) — ¥(y))
=, o — g+ ey

,/Q(Af(x)u;q(bJrug(:c) dxf ﬁ/ ug™ 1 ﬁd)dx
=)
b
5 [ e
|u(z) — u(y)? 1/2 / |6 ()| 1/2
+ 2¢ / —r———= drdy —————dxdy
( X9 |1‘—y|n+25 ) ( Iy % |z,y‘n+25 )
— 2 1/2 2 1/2
+26</ Mdl‘dy) (/ Mdmdy)
T %o |$— yln s T X |:L‘—y|7l+ s
lu(z)|? 1/2 / |(z)2 1/2
+ 2¢ / ————dxd Y g d
[( ryxqe [T =yt y) ( ryxQe |© —y|rt2s y)
2 1/2 2 1/2
+ (/ %dxdy) (/ %dxdy)
Ty x Qe ‘.’L‘—y| 'y x Qe |-’L’_y| s
|u(z) — u(y)|? 1/2 / |6(x) 2 1/2
+ / ———5—dxd —————dxd
( Ty xQ |x*y|n+2S y) ( Iy X |xfy|’ﬂ+28 y)
jw(z) - (] o
—d d de d
+(/1“2x92 |z — |n+2~; T y) ( . |x— |n+2g Z/)
/2
) (f )
(e ) =G 5,
(lerl |z — |n+2s . |x_y|n+2€
lw(z) — /2 / Y(y)? 1/2
o W) v,
(F2XF2 ‘x_y|n+28 ) ( PyxTy |2 — Yy 2 y) }

3

bl [ |w|a+ﬁdx)‘*”( [ wayroas) ™
Fl 1_‘1

+€€BHb”m</r (up)* P da >a+,8< [ \¢|O‘+5d:z:> P
2

2
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€Q a—1_8 2
+a+ﬁ b(x)us ! x Py sz(a:) erJr Y.
Since the measure of T'; = {z € Q|(u; + €d;)(z) < 0} tend to zero as e — 0, it
follows that )
/ |q[)ng)deavalyﬂO, as € — 0,
TixQ; |1‘ - y|n s

and similarly

_lei@)? / |9i(z) — ¢i(y)I?
dz dy, —dxdy,
/FiXQ“ ‘x 7y|774+25 Ty xT; |x7y|n+25

/ b(m)u?‘flwiq’)dx, / b(gc)u+wJr Ypde,
1Y

2

all are tend to 0 as e — 0. Dividing by € and letting ¢ — 0, we obtain

/ (u@) — u)($@) = 6W)) + (w(z) = wy)) W) = ¥W) ;4
Q

|£L' _ |n+25
- [ Os@nco  ngarur e - [ bl ods
__5 b(x)u +w+ Ldz > 0.
a+ 8 Jo
Since this holds equally well for (—¢, —), it follows that (u,w) is indeed a positive
weak solution of problem and hence a positive solution of (|1.1)). [

Lemma 4.8. There exists a minimizing sequence {(Uy, W)} in Ny, such that
(Uk, Wk) — (U, W) strongly in Ny ,. Moreover (U,W) is a positive weak solution

of.

Proof. Using the Ekeland variational principle again, we may find a minimizing
sequence {(Ux, Wx)} C Ny, for the minimizing problem ian; Jxu such that
’ N

for (Ug, Wi) — (U, W) weakly in Y and pointwise a.e. in Q). We can repeat the
argument used in Lemma [1.2] to derive that when (A, p) € T

(1 +q)/ (Af( UL+ pg(a )Wfq) da

(4.18)

—(a+p8— 2)/ b(x)USWEdz < 0
Q

which yields

(1+0) [ (M@OOL + o) W)L do

(@t f-2) / b() (U)% (W) de < —Cy

for k sufficiently large and a suitable positive constant Cy. At this point we may
proceed exactly as in Lemmas and corollary [£.5] to conclude that
U, W > 0 and (U, W) is the required positive weak solution of problem . In
particular, (U, W) € N, ,,. Moreover from it follows that

(1+CI)||(U7W)H2—(Oé+5—1+q)/9b(x)U$W$d:c
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= (14 q)[Ka (0. ) + / ba)USWEdz] ~ (ot 51+ q)/ b@) U W da
Q Q

— (14 QR (U, W) = (a+ 5 —2) /Q b(2)US W de < 0,

that is (U, W) € Ny . O

Proof of the Theorem[2.9. From Lemmas [£.7] [1.§ and [3.4] we can conclude that the
problem (1.1)) has at least two positive weak solutions (u,w) € ./\/;:u, (UW) €N,
with [[(U, W)]| > ||(u, w)|| for any (A, u) € T. O
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