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EXISTENCE OF CONJUGACIES AND STABLE MANIFOLDS
VIA SUSPENSIONS

LUIS BARREIRA, DAVOR DRAGICEVIC, CLAUDIA VALLS

ABSTRACT. We obtain in a simpler manner versions of the Grobman-Hartman
theorem and of the stable manifold theorem for a sequence of maps on a Ba-
nach space, which corresponds to consider a nonautonomous dynamics with
discrete time. The proofs are made short by using a suspension to an infinite-
dimensional space that makes the dynamics autonomous (and uniformly hy-
perbolic when originally it was nonuniformly hyperbolic).

1. INTRODUCTION

We consider two fundamental problems in the study of the asymptotic behavior
of a map. The first one goes back to Poincaré and asks whether there exists an
appropriate change of variables, called a conjugacy, taking the system to a linear
one. The second one is related with the existence of stable invariant manifolds and
goes back to Hadamard and Perron.

More precisely, we consider the general case of a nonautonomous dynamics with
discrete time such that at each time m we apply a map

Fp(v) = Apv + f(v), (1.1)

where f,,, is sufficiently regular and f,,(0) = 0. In the first problem we look for a
sequence of homeomorphisms h,, such that

Amohm:herloFm

for each m € Z. In the second problem we look for a sequence of smooth manifolds
V.. that are tangent to the stable spaces and that are invariant under the maps F,,,
in the sense that F,,(V,,) C Vi1 for each m € Z. Both problems have been studied
substantially, also in the nonautonomous setting (see, for instance, [11 [4 [l 7, [, @]
and the references therein in the case of conjugacies and [1, [3, [6] [, 10, TT] and the
references therein in the case of stable manifolds).

We emphasize that we consider a general nonuniformly hyperbolic dynamics (see
Section [2| for the definition), instead of only the uniform case that corresponds to
the existence of a uniform exponential dichotomy. In a certain sense, the former is
the most general notion of hyperbolic behavior, in which case the expansion and
contraction may be spoiled exponentially along a given trajectory. We refer to
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[3L 5] for details on the notion of nonuniform hyperbolicity and for its ubiquity in
the context of ergodic theory.

The main novelty of our paper is the method of proof, which allows for short
proofs of the Grobman-Hartman and stable manifold theorems in the non-au-
tonomous setting. The idea is to make a suspension to an infinite-dimensional
space with the advantage of making the dynamics autonomous and uniform. More
precisely, after the suspension the hyperbolicity is transformed into the hyperbolic-
ity of a fixed point and this allows us to use the corresponding classical results (for
an autonomous and uniformly hyperbolic dynamics). In this infinite-dimensional
space we have an autonomous dynamics generated by a map

F(v) = Av+ f(v)

and one can apply the well-known Grobman-Hartman and stable manifold theorems
for an autonomous dynamics. Afterwards, we can descend to the original Banach
space to obtain the desired results for the nonuniform nonautonomous dynamics

in (1).
2. STRONG NONUNIFORM EXPONENTIAL DICHOTOMIES

Let (An)mez be a (two-sided) sequence of invertible bounded linear operators
on a Banach space X. For each m,n € Z we define
Ap_1-- A, ifm>n,
A(m,n) =< Id if m=n,
Al ACL ifmo<on.
We say that the sequence (A, )mez has a strong nonuniform exponential dichotomy
if there exist projections P,,, for m € Z, satisfying

A(m,n)P, = P A(m,n) (2.1)
for m,n € Z and there exist constants
A<A<0<p<pm, €20 and D>0 (2.2)

such that for m > n we have
JA(m,n) Pl < D=l [l A(m, n) Q| < DeFm=mtein,
A, m)Qu || < Demttm=mI¥elml | A(n, m) Py, || < DemAm=mteiml,

Now assume that (A,,)mez is a sequence of invertible linear operators with a
strong nonuniform exponential dichotomy. We introduce a corresponding sequence
of Lyapunov norms. For each x € X and n € Z, let

[/l = max {{|z]|1n, |#]l2n }, (2.3)
where
[2[l1n = sup (IA(m, n) Pyaflem=m)) + sup ([A(n, m) Py||e2m=m)),
m-n m<n

|z ]l2n = sup (lA(n, m)Qmalle*™ ™) + sup (JlA(m,n)Quz[™~™).
m>n m<n

Then there exists C' > 0 such that
|l < [lzlln < Ce™jz]),

[An@llnsr < Cllalln and A7 2]l < Cllalln (2.5)
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for x € X and n € Z (see [2]). Moreover, for © € X and m > n we have
1A, m)Qmelln < e 2" zllm,  |A(m,n)Quallm < V2], (2.6)
1A, 1) Pl < Xzl JA(R,m) Przlln < e 2 [z (27)
Now we introduce some Banach spaces. For each 1 < p < oo, let
Y, = {X = (Tn)nez C X : Z znll} < +OO}~
ne”Z
Moreover, let

Yo = {X = (Zn)nez C X :sup || zn|ln < —|—oo}.
nez

These are Banach spaces when equipped, respectively, with the norms

1/p
||x||p=(Z||xn||z) R ——
nez

neZ

We also define a bounded linear operator A: Y, — Y, by
(AX),, = Ap—1Zn—1, X = (Tp)nez €Yp, n€EZ, (2.8)

for each 1 < p < co. One can easily verify that A is invertible. Indeed, using the
second inequality in (2.5)), we find that the inverse of A is the operator B given by

(BX)” = A;1$n+17 X = (xn)neZ S Ypa n € 4.
We say that a bounded linear operator A on a Banach space Y is hyperbolic if its

spectrum does not intersect the unit circle.

Theorem 2.1. Let (A,,)mez be a sequence of invertible bounded linear operators
on X with a strong monuniform exponential dichotomy. Then the operator A is
hyperbolic on Y, for each 1 < p < oco.

Proof. Take A € C with [A\| = 1 and let A,, = A, for m € Z. Moreover, let

Ap_1-- A, ifm>n,
A(m,n) =< 1Id if m =n,
Al ACL ifmo<on.
Since |A| = 1, inequalities (2.6) and (2.7) hold when A is replaced by A. Hence, it
follows from [2, Theorem 6.1] that the linear operator T': ¥}, — Y}, defined by

- 1
(Tx)n =Tpn — An—lxn—l =Tp — XAn—len—l
for x = (zp)nez € Yp and n € Z is invertible. This readily implies that AId —A is
invertible and so A does not belong to the spectrum of A. O

It turns out that the converse of Theorem 2.1] also holds.

Theorem 2.2. Let (Ay,)mez be a sequence of invertible bounded linear operators
on X and let || - ||n, for n € Z, be a sequence of norms on X satisfying (2.4) and
for some constants C > 0 and € > 0. If the operator A defined b 1
hyperbolic on 'Y, for some 1 < p < oo, then the sequence (Ay)mez has a strong
nonuniform exponential dichotomy.
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Proof. Assume that A is hyperbolic on Y, for some 1 < p < oco. In particular,
Id —A is invertible on Y,. By [2, Theorem 6.1] there exists projections P,, for

n € Z, satisfying (2.1) and constants as in (2.2]) such that (2.6) and (2.7) hold

for z € X and m > n. Together with (2.4)) this readily implies that the sequence
(A )mez has a strong nonuniform exponential dichotomy. O

3. NONAUTONOMOUS GROBMAN-HARTMAN THEOREM
In this section we consider the nonlinear dynamics
Tm4+1 = Ay, + fm(xm)v (31)

where (Ap,)mez is a sequence of invertible bounded linear operators with a strong
nonuniform exponential dichotomy and (f,,)mez is a sequence of continuous func-
tions f,: X — X such that f,,(0) = 0 for m € Z. We assume that there exists
6 > 0 such that

1 frullo := sup{|lfm(@)]| : z € X} < de=eI™, (3-2)
1 (@) = fn (@)l < e[l — ]| (3-3)

for m € Z and z,y € X (with € as in (2.2))). Let also || - ||, for n € Z, be the
sequence of Lyapunov norms given by (2.3).
The following result is a nonautonomous Grobman-Hartman theorem.

Theorem 3.1. If 6 > 0 is sufficiently small, then there exists a unique sequence of
homeomorphisms h,,: X — X, for m € Z, such that

(Am + .fm) o Bm = i_'fm+1 o Am (34)
form e Z and
sup sup ||hm(v) — v|lm < +oo. (3.5)
meZveX
Moreover, there exist K,a > 0 such that
1hm (v) = 0 = hi (w) + w]|m < K|lv = ]|, (3.6)

form e Z and v,w € X.

Proof. We first recall the autonomous version of the Grobman-Hartman theorem,
including the Holder continuity of the conjugacy (see [4, [7]).

Lemma 3.2. Let A: Y — Y be a hyperbolic invertible bounded linear operator on
a Banach space Y. Moreover, let f: Y — Y be a continuous map such that

[f@) <d and |f(z) = f)] <dllz -yl
forallz,y € Y and some § > 0. If § is sufficiently small then:
(1) there exists a unique bounded continuous map h: Y — 'Y such that
(A4 f)o (Id+h) = (Id+h) o A4;

(2) Id +h is a homeomorphism,
(3) h and h = (I1d +h)~! —1d are Hélder continuous;
(4) h is the unique bounded continuous map such that

Ao (Id+h) = (Id+h) o (A+ f).
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Let A be an operator defined by (2.8) taking p = oo. By Theorem A is
hyperbolic on Y,,. We define a map F': Y, — Y by
(F(X))m = fmfl(ﬁrmfl)
for m € Z and X = () mez € Yoo. By (2.4) and (3.2) we have
[1F'(x)l[oc = sup [[(F(x))mlm = sup [[fm-1(@m-1)[m
meZ meZ

< sup(C’eslm‘cSe*slm*ll) < Céef
meZ

for x = (T )mez € Yoo. Similarly, by (2.4]) and (3.3]) we have
[1F(x) = F(y)lloc < Coef[lx =yl

for x, y € Y. Hence, it follows from Lemma[3.2] that for ¢ sufficiently small, there
exists a unique bounded continuous function H such that

(A+F)o(Id+H) = (Id+H) o A. (3.7)

Moreover, H is Hélder continuous. Given v € X and m € Z, we define a sequence
V= (Un)nEZ by
o —
I (3.8)
0 ifn#m.
Clearly, v € Y. Let
han (v) = (H(V))m
for m € Z and v € X. It follows from ([3.7) that

(A+ F)((Id+H)(v)))m+1 = (Ad +H)(AV)) 1,
which readily implies that
(A + fin) (0 + B (v) = (Id +hg1) (Amv).
Hence, (3.4) holds taking [ s Moreover,
”Bm — Id [|eo,m = sup ||Bm<v) = [l = sup [|hm (0)]m
veX veX
=sup [|(H(V))mllm
veX

and so

sup ”iLm —Id|co,m < sup [|H(X)][cc < 00

meZ XEY

since H is bounded. Hence, (3.5)) holds.
We also show that (3.6) holds. Since H is Holder continuous, there exist K,a > 0
such that

[H(x) = H(y)llo < Kllx = yl[5 for x, y € Y. (3.9)
Given v, w € X, m € Z, we define v = (v, )nez and w = (wy )nez by
v ifn=m, w if n=m,
VUp = . and Wy = .
0 ifn#m 0 ifn#m.

Applying (3.9) with x = v and y = w, we conclude that (3.6]) holds.
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Now we prove that h,, is a homeomorphism for m € Z. Observe that by
Lemma the map Id +H is a homeomorphism and G := (Id +H) ! —1Id is Hélder
continuous on Y5, (we may assume that with the same constants K, a). Moreover,

Ao (Id+G) = Id+G) o (A + F). (3.10)

Given m € Z and v € X, let v be defined as above. Moreover, let g,,(v) = (G(V))m
and g, = Id +g,,. It follows from (3.10) that

Am+1 Ogm = ngrl o (Am + fm)a m € Z. (311)

Moreover, in a similar manner that for h,, we have

sup [|gm — Id || co,m < 400, (3.12)
mezZ
19m(v) = v = gm(w) + wllm < Kv —wll7, (3.13)
for m € Z and v,w € X. Now observe that it follows from and that
Gm1 © Pomg1 © Apy = Ams1 © Gm © han, m € Z. (3.14)

We define a map Z: Y, — Y by

(Z(%))m = Gm(hm(Tm));, X = (Tm)mez € Yoo-

It follows from (3.14) that Z o A = A o Z. Moreover, using (3.5) and (3.12)) we
conclude that Id —Z is bounded. Finally, it follows from (3.6)) and (3.13) that Z is

continuous. Hence, the uniqueness in Lemma [3.2] implies that Z = Id and so
gmoizmzld, for m € 7Z.
Similarly,

hm o gm =1d, for m € Z,
and h,, is a homeomorphism for each m € Z. }

Finally, we establish the uniqueness of the sequence of maps (h,)mez. Let
(hi )mez, for i = 1,2, be sequences of continuous maps on X satisfying (3.4), (3.5)
and (3.6). We define maps H*: Y, — Y, fori = 1,2, by

(H'(%))m = h'(2m)
for m € Z and x = (T )mez € Yoo. Identity (3.4]) implies that
(A+F)oH'=H' oA fori=1,2.
Moreover, it follows from (3.5) that Id —H’ is bounded and from (3.6) that it is
continuous (and so also is H;). Hence, by the uniqueness in Lemma|3.2| we conclude

that H' = A2 and so hl, = h2, for each m € Z. This completes the proof of the
theorem. d

4. NONAUTONOMOUS STABLE MANIFOLD THEOREM

In this section we consider again the nonlinear dynamics in (3.1)), where the
sequence (Ap,)mez has a strong nonuniform exponential dichotomy and (f,)mez
is now a sequence of C! functions f,,: X — X such that f,,,(0) =0, dof,, = 0 and

ds frn—1 = dy frnsll < Be™*™ ||z —y]| (4.1)

for m € Z and z,y € X (for some B > 0 and with ¢ as in (2.2))). We shall write
Es =ImP,, EY =ImQy,, F,, = A, + fin and

F(m,n)=Fp_10---0F, form>n.



EJDE-2017/172 EXISTENCE OF CONJUGACIES 7

Moreover, for each p > 0 let
En(p) ={v e By, : [|[v]lm < p}.
The following theorem establishes the existence of local stable manifolds for the

dynamics in (3.1)).

Theorem 4.1. If§ > 0 is sufficiently small, then there exist p > 0 and a sequence
Om: B3, — E“ form € Z, of C' maps with ©,,(0) = 0 and dop,, = 0 such that
the graphs

Vin = {(z, om()) : @ € E},(p) }
satisfy Fuy(Vin) C Vipsa for m € Z. Moreover, there exist A € (0,1) and C > 0
such that

1F(m,n) (@, @n (@) = F(m, n)(y, en@)]| < CA™ el — y | (4.2)
forn €Z, x,y € E2(p) and m > n.

Proof. We first recall an autonomous version of the stable manifold theorem. For
a proof see, for instance, [T} [§].

Given a hyperbolic operator A: Y — Y we denote the stable and unstable
spaces, respectively, by E° and E*. Note that ¥ = E° @& E*. We shall always
consider the norm

]| = maxx {fl*]], fl="]]},

where x = z° + 2" with z° € E° and z* € E".
Lemma 4.2. Let A: Y — Y be a hyperbolic invertible bounded linear operator on
a Banach space Y and let f: Y — Y be a C' map with f(0) = 0 and dof = 0.
Then there exist p > 0 and a C* map ®: E* — E“ with ®(0) = 0 and dg® = 0
such that the graph

W={x+®(x):x€ E°NDB0,p)}
satisfies F(W) C ‘W, where F(v) = Av+ f(v). Moreover,

W={zeY:|F"(z)| <p forn=>0}
and there exist A € (0,1) and K > 0 such that
[F7(z + @(z)) — F"(y + 2(y))|| < KA"[|z —y|
for x,y € E*N B(0,p) and n > 0.
Now we define a map F': Yo, — Y, by

(F(X))n - An—lxn—l + fn—l(mn—l)

where x = (2,,)nez € Yoo and n € Z. Observe that by (4.1) we have
[ fn1(@)| = [l fa-r(@) = fa-1(0)]] < Be~I||z|]%. (4.3)

It follows from (2.4)), (2.5) and (4.3 that the map F is well defined.
Lemma 4.3. The map F is differentiable and

dng = (An—lfn—l + On—lgn—l)nEZ
for each x = (xn)nez and & = (€n)nez € Yoo, where Cp—1 = dy, | fn—1.
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Proof. Given x € Y., we define an operator L: Y, — Y, by

Lf = (An—lgnfl + Cnflgnfl)n€Z~
It follows from ([2.4]), and (4.1) that L is well defined. Moreover,
(F(x+y)=F(x) = Ly)n = fa-1(Tn—1+Yn-1) = fa-1(@n-1) = Co—1Yn—1

1
= / dwn,lthyn—1 fnflynfl dt — d:pnflfnflynfl
0

1
- / (dmn_lthyn—lfnflynfl - d:cn_lfnflynfl) dt.
0
Using again (2.4) and (4.1) we obtain
[(F(x+y) = F(x) = Ly)alln

1
S / ||dmn_1+tyn—1fn71yn71 - dxn_lfnflynflnn dt
0

1
S Ces|n\ / ||dxn71+tyn71 .fn—lyn—l - dwnflfn—lyn—ln dt
0

< BC|lyn-1l7-1-

Hence,
[F(x+y) = F(x) = Lyllo <BC|ly|%
which implies

L IEG+y) = PG — Iy
y—0 1yl
This completes the proof. O

It follows from Lemma and ([4.1)) that F is of class C1. Note that 0 = (0),,ez is
a hyperbolic fixed point of F. Indeed, by Lemma and the assumption dy f,, =0
we have DoF = A, which by Theorem [2.1] is hyperbohc Now let

Y ={x= (Tn)nez € Yoo : ¥p € E;, for n € Z},

Y ={x= (Tn)nez € Yoo : ¥, € £} for n € Z}.
Since Yoo = Y2 @YY, we can write each x € Y., uniquely in the form
x"eY!.

=0.

x=x"+x" x°e€Y],
Note that
[1%[loo = max{]|x*[loc, [[x*[[oc }-
By Lemma there exists p > 0 such that the set
W= {x€ Yy :|F"x)|o <p forn>0}

is a C'' manifold tangent to Y2 and there exists a C! function ®: Y2 — Y such
that ®(0) = 0, do® = 0 and

W = {x+®(x) : x € BY(0,p)}.
where B*(0, p) denotes the ball in Y of radius p centered at 0.

The next lemma is crucial for constructing the sequence of maps (¢, )mez in the
statement of the theorem.

Lemma 4.4. Given x! = (z }n)mez, x? = (22)mez € B%(0,p), if x} = a3 for
some k € Z, then (®(x! )) = (®(x?))g.
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Proof. We proceed by contradiction. Assume that (®(x!)), # (®(x?))x and define
y = (ym)mGZ € Y;é by
@6 Em Ak,
Ym =Y @) ifm = k.
Then
Flm,m = 1)@y + B n) i m £ n+E,
Fm 2 + m = m—n
(F"(x y)) { 71n + ((I)(Xl))m—n) if m=n+k,

for n > 0 and m € Z. Therefore,

sup [[(F"(x* 4+ ¥))m [lm
mez
=i { s IO+ 00 Dl P+ 00 sl
for n > 0. Hence,
[E™"(x* +y)|loo < p forn >0
and so y = ®(x?). This contradiction shows that (®(x!))s = (®(x?)). 0

Now we construct the sequence of maps (¢m)mez. Given v € E2 (p), let v =
(Un)nez be as in (3.8). Clearly, v € B*(0, p) and we define

m(v) = (®(V))m € Ey,. (4.4)

In view of Lemmathe maps ., are well defined. Moreover, since ®(0) = 0 and
do® = 0, we have ¢,,(0) = 0 and dop,, = 0. Finally, since @ is of class C! one can
easily verify that each map ¢,, is also of class C.

Lemma 4.5. For every m € Z we have Fy(Vin) C Ving1-

Proof. Take v + ¢, (v) € Vp, and let v be as above. Then ¢, (v) = (®(v)),, and
v 4+ ®(v) € W. Since F(W) C W, we conclude that

Fv+o(v)) =y+o(y)
for some y = (yn)nez € B*(0, p). Hence,
Fn(v+om) = (F(v+2(v)))ms1
=y +2¥)m
= Ym+1 1 (2(¥))mt1-
Since y € B*(0, p), we have

[Ymtillmrs < llylleo <p
and s0 Ym+1 € B3, 1(p). On the other hand, by (4.4) we have

(@) m+1 = Pm+1(Ym+1)
and thus,
Fin(v + ©m(v)) = Ym+1 + @m+1(Um+1) € Vi1
This completes the proof. O
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We proceed with the proof of the theorem. It follows from Lemma [£.2] that there
exist A € (0,1) and K > 0 such that

[F"(x + @(x)) = F*(y + 2(y))[loo < KA"[[X = ¥[lc0; (4.5)

for x,y € B*(0,p) and n > 0. Now take n € Z, x,y € E5(p) and define x =
(xM)mGZ and y = (ym)meZ by

z if m=n, y if m=n,
Tm = . and  yp, = .
0 ifm#n 0 ifm#n.

Clearly, x,y € B*(0, p) and it follows from (4.5)) that
[F(m,n)(z + pn(z)) = F(m,n)(y + ¢n(y))lm < KXz —yll,

for m > n. Together with (2.4) this yields inequality (4.2). This concludes the
proof. O
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