
Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 165, pp. 1–9.

ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

HARMONIC-HYPERBOLIC GEOMETRIC FLOW

SHAHROUD AZAMI

Communicated by Paul H. Rabinowitz

Abstract. In this article we study a coupled system for hyperbolic geometric

flow on a closed manifold M , with a harmonic flow map from M to some closed
target manifold N . Then we show that this flow has a unique solution for a

short-time. After that, we find evolution equations for Riemannian curvature

tensor, Ricci curvature tensor, and scalar curvature of M under this flow. In
the final section we give some examples of this flow on closed manifolds.

1. Introduction

Let (Mm, g) and (Nn, γ) be smooth closed Riemannian manifolds. Suppose that
N is isometrically embedded into Euclidean space eN : (Nn, γ) ↪→ Rd for a suffi-
ciently large d. We identify maps ϕ : M → N with eN ◦ ϕ :↪→ Rd. Harmonic maps
ϕ : (M, g)→ (N, γ) are critical point of the energy functional E(ϕ) =

∫
M
|∇ϕ|2dµ,

where dµ is the volume form on M with respect to the metric g and

|∇ϕ|2 :=
1
2
gij(γαβ)ϕ

∂ϕα

∂xi
∂ϕβ

∂xj
.

Harmonic maps are generalizations of harmonic functions. For example the identity
and constant maps are harmonic maps, also, geodesics as the map S1 → M are
harmonic maps. The first major study of harmonic mapping between Riemannian
manifolds was made by Eells and Sampson [4]. They study the harmonic map flow

∂ϕ

∂t
= τgϕ, ϕ(0) = ϕ0. (1.1)

where τgϕ denotes the tension field of ϕ, and showed, under suitable metric and
curvature assumptions on the target manifold, flow (1.1) has unique solution. The
harmonic map flow is a nonlinear heat flow in geometric analysis. Another, nonlin-
ear heat flow and wave flow in geometric analysis are geometric flows. Geometric
flows are important problem in differential geometry, because by these flow we can
find canonical metrics on Riemannian manifolds. A geometric flow is an evolution of
a geometric structure under a differential equation with a functional on a manifold.
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Let M be an n-dimensional complete Riemannian manifold with the Riemannian
metric g = (gij). The Levi-Civita connection is given by the Christoffel symbols

Γkij =
1
2
gkl
{∂gjl
∂xi

+
∂gil
∂xj
− ∂gij
∂xl

}
(1.2)

and Riemannian curvature tensor, Ricci curvature tensor, scalar curvature of (M, g)
as follows

Rkijl =
∂Γkjl
∂xi

− ∂Γkil
∂xj

+ ΓkipΓ
p
jl − ΓkjpΓ

p
il, Rijkl = gkpR

p
ijl,

Rik = gjlRijkl, R = gijRij .

The first important geometric flow is Ricci flow, defined as follows,
∂

∂t
g = −2 Ric, g(0) = g0 (1.3)

where Ric denotes the Ricci curvature. The Ricci flow was introduced by Hamilton
in 1982 [5] and evolves a Riemannian metric by its Ricci curvature, is a natural
analogue of the heat equation for metrics. The existence solution of Ricci flow
studied by Hamilton (see [5]) and DeTurck (see [3]) on closed Riemannian manifolds.
Also evolution equation for geometric structures dependant to metric investigated
by some researcher (see [1]).

The second geometric flow is hyperbolic geometric flow which is a system of
nonlinear evolution partial differential equations of second order, it is very similar
to wave equation flow metrics, defined as follows,

∂2

∂t2
g = −2 Ric, g(0) = g0,

∂g

∂t
(0) = k0. (1.4)

where k0 is a symmetric tensor on M and this flow is similar to Einstein equation

∂2

∂t2
gij = −2Rij −

1
2
gpq

∂gij
∂t

∂gpq
∂t

+ gpq
∂gip
∂t

∂gjq
∂t

.

The existences and uniqueness of (1.4) studied in [2] on closed Riemannian mani-
fold.

Another important geometric flow is the harmonic-Ricci flow, defined as follows,
∂

∂t
g = −2 Ric +2α∇ϕ⊗∇ϕ, g(0) = g0,

∂

∂t
ϕ = τgϕ, ϕ(0) = ϕ0.

(1.5)

where α is positive coupling constant, ϕ is a map from M to some closed target
manifold N , and this flow studied in [8].

Motivated by the above works, in this article we consider an m-dimensional,
closed smooth, Riemannian manifold M whose metric g = g(t) is evolving according
to the flow equation

∂2

∂t2
g = −2 Ric +2α∇ϕ⊗∇ϕ, g(0) = g0,

∂g

∂t
(0) = k0

∂

∂t
ϕ = τgϕ, ϕ(0) = ϕ0.

(1.6)

where k0 is a symmetric tensor on M , Ric is the Ricci tensor of the manifold, α
is positive coupling constant, ϕ(t) a family of smooth maps from M to N and
τgϕ denotes the tension field of the map ϕ with respect to the evolving metric
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g. Finally, (∇ϕ ⊗ ∇ϕ)ij = ∇iϕλ∇jϕλ is components of ∇iϕλ. This flow called
harmonic-hyperbolic geometric flow and after this, in short, we will display it with
(HG)α flow.

2. Short-time existence and uniqueness for the (HG)α flow

In this section we study the existence and uniqueness of the (HG)α flow. We
use a process similar to the one in the existence and uniqueness of geometric flow,
for the Ricci flow, hyperbolic geometric flow, and harmonic-Ricci flow.

Theorem 2.1. Let (M, g0) and (N, γ) be compact Riemannian manifolds and k0

be a symmetric tensor on M . Then there exists a constant T > 0 such that the
initial value problem (1.6) has a unique smooth solution metric g and map ϕ on
M × [0, T ].

Proof. Using the gauge fixing idea as in the Ricci flow (see [6]) and the push-
forward of a solution of (1.6) we can find a system of nonlinear strictly-hyperbolic
partial differential equations of second order and then the short-time existence and
uniqueness result on a compact manifold, show that the existence and uniqueness
for this system and in finally similar to the proof of existence and uniqueness for
Ricci flow (see [6]) the pull-back of this solution complete the proof of theorem.
For this end, let (g(t), ϕ(t))t∈[0,T ) is a solution of the (HG)α flow with initial data
(g(0), ϕ(0)) = (g0, ϕ0), ∂gij

∂t (0) = kij(0). Let ψt : (M, ĝ(t)) → (M, g0) be solution
of the harmonic map heat flow ∂

∂tψ = τgψ, with ψ(0) = idM . Let

ĝij(t) = ψ∗gij , ϕ̂(t) = ψ∗ϕ(t) (2.1)

be the push-forward of gij and ϕ respectively. We now find the evolution for
(ĝij(t), ϕ̂(t)). Denote by y(x, t) = ψt(x) = (y1(x, t), . . . , yn(x, t)) in locally coordi-
nates. Then

ĝij(x, t) =
∂yα

∂xi
∂yβ

∂xj
gαβ(y, t) (2.2)

by direct computations, we have

∂2ĝij
∂t2

(x, t) =
∂2gαβ
∂t2

∂yα

∂xi
∂yβ

∂xj
+

∂2gαβ
∂yγ∂yλ

∂yα

∂xi
∂yβ

∂xj
∂yγ

∂t

∂yλ

∂t

+ 2
∂2gαβ
∂yγ∂t

∂yα

∂xi
∂yβ

∂xj
∂yγ

∂t
+

∂

∂xi
(gαβ

∂yβ

∂xj
∂2yα

∂t2
) +

∂

∂xj
(gαβ

∂yβ

∂xi
∂2yα

∂t2
)

+
[∂gαβ
∂yγ

∂yα

∂xi
∂yβ

∂xj
− ∂

∂xi
(gβγ

∂yβ

∂xj
)− ∂

∂xj
(gβγ

∂yβ

∂xi
)
]∂2yγ

∂t2

+ 2
∂

∂xi
(
∂yα

∂t
)
∂yβ

∂xj
(
∂gαβ
∂t

+
∂gαβ
∂yγ

∂yγ

∂t
)

+ 2
∂yα

∂xi
∂

∂xj
(
∂yβ

∂t
)(
∂gαβ
∂t

+
∂gαβ
∂yγ

∂yγ

∂t
) + 2gαβ

∂

∂xi
(
∂yα

∂t
)
∂

∂xj
(
∂yβ

∂t
).

For the normal coordinates {xi} around a fixe point p ∈ M , we have ∂gij

∂xk (p) = 0
and

∂gαβ
∂yγ

∂yα

∂xi
∂yβ

∂xj
− ∂

∂xi
(gβγ

∂yβ

∂xj
)− ∂

∂xj
(gβγ

∂yβ

∂xi
) = 0, ∀i, j, γ = 1, 2, . . . , n. (2.3)
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Let y(x, t) be a solution of the equation

∂2yα

∂t2
=
∂yα

∂xk
gil(Γ̂kjl − Γ̊kjl)

yα(x, 0) = xα,
∂

∂t
yα(x, 0) = yα1 (x)

(2.4)

and define the vector field

Vi = gikg
jl(Γ̂kjl − Γ̊kjl) (2.5)

where Γ̂kjl and Γ̊kjl are the connection coefficients corresponding to the metrics

ĝij(x, t) and gij(x, 0), respectively, yα1 (x) ∈ C∞(M). Since ∂2

∂t2 gij = −2Rij +
2α∇iϕ∇jϕ, therefore the evolution equation for ĝij is

∂2

∂t2
ĝij = −2R̂ij + 2α∇iϕ̂∇jϕ̂+ ∇̂iVj + ∇̂jVi + F (Dy,DtDxy), (2.6)

where

Dy =
(∂yα
∂t

,
∂yα

∂xi
)
, DtDxy =

( ∂2yα

∂xi∂t

)
, α, i = 1, 2, . . . , n.

The relation

Γ̂kjl =
∂yα

∂xj
∂yβ

∂xi
∂xk

∂yγ
Γγαβ +

∂xk

∂yα
∂2yα

∂xj∂xi

implies

∂2yα

∂t2
= gjl

( ∂2yα

∂xj∂xi
− Γ̊kjl

∂yα

∂xj
+ Γγαβ

∂yβ

∂xj
∂yγ

∂xi
)

(2.7)

and

∂2

∂t2
ĝij = ĝkl

∂2ĝij
∂xk∂xl

+ 2α∇iϕ̂∇jϕ̂+G(ĝ, Dxĝ) + F (Dy,DtDxy), (2.8)

where ĝ = (ĝij), Dxĝ = (∂ĝij

∂xk ) for i, j, k = 1, 2, . . . , n. Hence, both (2.7) and (2.8)
are clearly strictly hyperbolic system. On the other hand,

∂ϕ̂

∂t
= ψ∗(

∂ϕ

∂t
) + LV ϕ̂ = τĝϕ̂+ 〈∇ϕ̂, V 〉 = τĝϕ̂+ dϕ̂(V ).

Using normal coordinates on (N, γ) results that NΓλµν = 0 at the base point and
hence τĝϕ̂ = ∆ĝϕ̂ which implies that

∂ϕ̂

∂t
= ∆ĝϕ̂+ dϕ̂(V ) = ĝkl(∂k∂lϕ̂λ − Γ̂jkl∇jϕ̂

λ) +∇jϕ̂λĝkl(Γ̂jkl − Γ̊kjl)

= ĝkl(∂k∂lϕ̂λ − Γ̊kjl∇jϕ̂λ)
(2.9)

and it is strictly hyperbolic equation. Since the equations (2.7), (2.8) and (2.9) are
strictly hyperbolic and the manifold M is compact, it follows from the standard
theory of hyperbolic equations (see [7]) that the system (1.6) has a unique smooth
solution for a short time. So, the proof of the theorem is complete. �
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3. Evolution equations of curvature tensor along the (HG)α flow

Next, we consider the techniques and ideas used by Brendle [1] for evolution
equation along the Ricci flow, and by Dai and et al [2] for the evolution equation
along the hyperbolic geometric flow. We find the evolution formula for Riemannian
curvature tensor, Ricci curvature tensor and scalar curvature of (M, g) under the
(HG)α flow.

Theorem 3.1. Under the (HG)α flow, the Riemannian curvature tensor Rijkl of
(M, g) satisfies the evolution equation

∂2

∂t2
Rijkl

= ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

− gpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+ 2gpq
( ∂
∂t

Γpil
∂

∂t
Γqjk −

∂

∂t
Γpjl

∂

∂t
Γqik
)

+ α
[∂2(∇kϕ∇jϕ)

∂xi∂xl
− ∂2(∇jϕ∇lϕ)

∂xi∂xk
− ∂2(∇kϕ∇iϕ)

∂xj∂xl
− ∂2(∇iϕ∇lϕ)

∂xj∂xk

]
(3.1)

where Bijkl = gprgqsRpiqjRrksl and ∆ is the Laplacian with respect to the evolving
metric g.

Proof. The Christoffel symbol of metric g is Γhjl = 1
2g
hm
(∂gmj

∂xl + ∂gml

∂xj − ∂gjl

∂xm

)
,

therefore by direct computations,

∂2

∂t2
Γhjl =

1
2
∂2ghm

∂t2

(∂gmj
∂xl

+
∂gml
∂xj

− ∂gjl
∂xm

)
+
∂ghm

∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+

1
2
ghm

( ∂

∂xl
(
∂2gmj
∂t2

) +
∂

∂xj
(
∂2gml
∂t2

)− ∂

∂xm
(
∂2gjl
∂t2

)
)
.

On the other hand, Rhijl = ∂Γh
jl

∂xi −∂Γh
il

∂xj +ΓhipΓ
p
jl−ΓhjpΓ

p
il and the Riemannian curvature

tensor of (M, g) is Rijkl = ghkR
h
ijl, thus with a double differentiation respect to t

we have

∂2

∂t2
Rijkl

= ghk

[ ∂

∂xi
(
∂2Γhjl
∂t2

)− ∂

∂xj
(
∂2Γhil
∂t2

) +
∂2

∂t2
(ΓhipΓ

p
jl − ΓhjpΓ

p
il)
]

+ 2
∂ghk
∂t

[ ∂

∂xi
(
∂Γhjl
∂t

)− ∂

∂xj
(
∂Γhil
∂t

) +
∂

∂t
(ΓhipΓ

p
jl − ΓhjpΓ

p
il)
]

+Rhijl
∂2ghk
∂t2

.

(3.2)

We choose the normal coordinates around a fixed point p on M , then ∂gij

∂xk (p) = 0
and Γkij(p) = 0. Since ∂2

∂t2 g = −2 Ric +2α∇ϕ ⊗ ∇ϕ, then we can rewrite (3.2) as
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follows:

∂2

∂t2
Rijkl

=
1
2

[ ∂2

∂xi∂xl
(−2Rkj + 2α∇kϕ∇jϕ)− ∂2

∂xi∂xk
(−2Rjl + 2α∇jϕ∇lϕ)

]
− 1

2

[ ∂2

∂xj∂xl
(−2Rki + 2α∇kϕ∇iϕ)− ∂2

∂xj∂xk
(−2Ril + 2α∇iϕ∇lϕ)

]
− gpm ∂

2gkp
∂xi∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+ gpm

∂2gkp
∂xj∂t

(∂2gmi
∂xl∂t

+
∂2gml
∂xi∂t

− ∂2gil
∂xm∂t

)
+ 2ghk

( ∂
∂t

Γhip
∂

∂t
Γpjl −

∂

∂t
Γhjp

∂

∂t
Γpil
)
.

(3.3)

For the other side, we have

∂2

∂xi∂xl
Rjk = ∇i∇lRjk +Rjp∇iΓplk +Rkp∇iΓplj , (3.4)

and

− gpm ∂
2gkp
∂xi∂t

(∂2gmj
∂xl∂t

+
∂2gml
∂xj∂t

− ∂2gjl
∂xm∂t

)
+ gpm

∂2gkp
∂xj∂t

(∂2gmi
∂xl∂t

+
∂2gml
∂xi∂t

− ∂2gil
∂xm∂t

)
+ 2ghk

( ∂
∂t

Γhip
∂

∂t
Γpjl −

∂

∂t
Γhjp

∂

∂t
Γpil
)

= 2gpq
( ∂
∂t

Γpil
∂

∂t
Γqjk −

∂

∂t
Γpjl

∂

∂t
Γqik
)
.

(3.5)

Plugging (3.4) and (3.5) in (3.3) leads to

∂2

∂t2
Rijkl

= −∇i∇lRjk +∇i∇kRjl +∇j∇lRki −∇j∇kRil

− gpq(RijqlRkp +RijkqRkp) + 2gpq
( ∂
∂t

Γpil
∂

∂t
Γqjk −

∂

∂t
Γpjl

∂

∂t
Γqik
)

+ α
[∂2(∇kϕ∇jϕ)

∂xi∂xl
− ∂2(∇jϕ∇lϕ)

∂xi∂xk
− ∂2(∇kϕ∇iϕ)

∂xj∂xl
− ∂2(∇iϕ∇lϕ)

∂xj∂xk

]
= ∆Rijkl + 2(Bijkl −Bijlk −Biljk +Bikjl)

− gpq(RpjklRqi +RipklRqj +RijplRqk +RijkpRql)

+ 2gpq
( ∂
∂t

Γpil
∂

∂t
Γqjk −

∂

∂t
Γpjl

∂

∂t
Γqik
)

+ α
[∂2(∇kϕ∇jϕ)

∂xi∂xl
− ∂2(∇jϕ∇lϕ)

∂xi∂xk
− ∂2(∇kϕ∇iϕ)

∂xj∂xl
− ∂2(∇iϕ∇lϕ)

∂xj∂xk

]

(3.6)

where Bijkl = gprgqsRpiqjRrksl, so the proof is complete. �
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Theorem 3.2. The evolution equation for Ricci curvature tensor under the (HG)α
flow is as follows:

∂2

∂t2
Rij

= ∆Rij + 2gprgqsRpiqjRrs − 2gpqRpiRqj

+ 2gklgpq
( ∂
∂t

Γpil
∂

∂t
Γqkj −

∂

∂t
Γpkl

∂

∂t
Γqij
)

+ αgkl
[∂2(∇jϕ∇kϕ)

∂xi∂xl
− ∂2(∇kϕ∇lϕ)

∂xi∂xj
− ∂2(∇jϕ∇iϕ)

∂xk∂xl
− ∂2(∇iϕ∇lϕ)

∂xk∂xj

]
− 2gkpglq

∂gpq
∂t

∂Rikjl
∂t

+ 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl

− 2αgkpglq∇pϕ∇qϕRikjl.

(3.7)

Proof. We have

∂2

∂t2
Rij =

∂2

∂t2
(gklRikjl)

= gkl
∂2

∂t2
Rikjl + 2

∂gkl

∂t

∂Rikjl
∂t

+Rikjl
∂2gkl

∂t2
.

Since ∂gkl

∂t = −gkpglq ∂gpq

∂t and ∂2gkl

∂t2 = −gkpglq ∂
2gpq

∂t2 + 2gkpgrqgsl ∂gpq

∂t
∂grs

∂t , we have

∂2

∂t2
Rij = gkl

∂2

∂t2
Rikjl − 2gkpglq

∂gpq
∂t

∂Rikjl
∂t

− gkpglq ∂
2gpq
∂t2

Rikjl

+ 2gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rikjl

(3.8)

by replacing (3.1) and ∂2

∂t2 gij = −2Rij + 2α∇iϕ∇jϕ in (3.8) the proof is complete.
�

From R = gijRij and using (3.7) we have the following result.

Corollary 3.3. Under the (HG)α flow, the evolution equation of the scalar curva-
ture satisfies

∂2

∂t2
R

= ∆R+ 2|Ric |2 + 2gijgklgpq
( ∂
∂t

Γpil
∂

∂t
Γqkj −

∂

∂t
Γpkl

∂

∂t
Γqij
)

+ αgijgkl
[∂2(∇jϕ∇kϕ)

∂xi∂xl
− ∂2(∇kϕ∇lϕ)

∂xi∂xj
− ∂2(∇jϕ∇iϕ)

∂xk∂xl
− ∂2(∇iϕ∇lϕ)

∂xk∂xj

]
− 2gijgkpglq

∂gpq
∂t

∂Rikjl
∂t

+ 4gkpgrqgsl
∂gpq
∂t

∂grs
∂t

Rkl

− 4αgijgkpglq∇pϕ∇qϕRikjl − 2gipgjq
∂gpq
∂t

∂Rij
∂t

.

4. Examples

In this section, we give some examples of (HG)α flows.

Example 4.1. Let (M, g(0)) be a round two-sphere of constant Gauss curvature
1. Consider, the (HG)α flow, assuming that (N, γ) = (M, g(0)) and ϕ(0) is the
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identity map, with g(t) = c(t)g(0), c(0) = 1, c′(0) = 0 and the fact the ϕ(t) = ϕ(0)
is harmonic map for all g(t). The (HG)α flow on (M, g(0)) reduces to

∂2c(t)
∂t2

= −2 + 2α (4.1)

and it has solution c(t) = (−1 +α)t2 + 1 where for α < 1, c(t) goes to zero in finite
time i.e. (M, g(t)) shrinks to a point, while the scalar curvature R and the energy
density |∇ϕ|2 both go to infinity. For α = 1, the solution is stationary. For α > 1,
c(t) increasing.

Example 4.2. Let (M4, g(t)) = (S2 × L, c(t)gS2 ⊕ d(t)gL) where (S2, gS2) is a
round sphere with Gauss curvature 1 and (L,GL) is a surface with constant Gauss
curvature −1. Consider, the (HG)α flow, assuming that (N, γ) = (M, g(0)) and
ϕ(0) is the identity map. Then ϕ(t) = ϕ(0) and (HG)α flow results that

∂2

∂t2
c(t) = −2 + 2α, c(0) = 1, c′(0) = 0,

∂2

∂t2
d(t) = 2 + 2α, d(0) = 1, d′(0) = 0.

(4.2)

If 0 < α < 1, then ∂2

∂t2 c(t) < 0 implies that c(t) is decreasing and ∂2

∂t2 d(t) > 0 results
that d(t) is increasing. If α = 1, then c(t) is stationary and d(t) = 2t2 + 1.

Example 4.3. Let (M, g(0)) be a arbitrary closed Riemannian manifold, (N, γ) =
(M, g(0)) and ϕ(0) is the identity map. If the initial metric gij(x, 0) is Ricci flat,
i.e. Rij(x, 0) = 0, then gij(x, t) = (αt2 + t + 1)gij(x, 0) is obviously a solution to
the evolution equation (HG)α flow with ∂g

∂t (x, 0) = g(x, 0), therefore any Ricci flat
metric is a stationary solution of the (HG)α flow (1.6).

Example 4.4. A Riemannian metric gij is called Einstein if Rij = λgij for some
constant λ. A smooth manifold M with an Einstein metric is called Einstein man-
ifold. Let (M, g(0)) be a closed Riemannian manifold, the initial metric g(0) is
Einstein that is for some constant λ it holds

Rij(0) = λgij(0) (4.3)

and (N, γ) = (M, g(0)) and ϕ(0) is the identity map. The evolving metric under
the (HG)α flow will be steady state, or will expand homothetically for all time, or
shrink in a finite time. Since, the initial metric is Einstein for some constant λ, let
gij(t, x) = ρ(t)gij(0). By the definition of the Ricci tensor, we obtain

Rij(t) = Rij(0) = λgij(0). (4.4)

In the present situation, equation (1.6) becomes

∂2(ρ(t)gij(0))
∂t2

= −2λgij(0) + 2αgij(0), (4.5)

this gives an ODE of second order

d2ρ(t)
∂t2

= −2λ+ 2α, ρ(0) = 1, ρ′(0) = ν, (4.6)

if α is constant, then the solution of the initial value problem is given by

ρ(t) = (α− λ)t2 + νt+ 1. (4.7)

Therefore the solution of the (HG)α flow remains Einstein.
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