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ON NON-NEWTONIAN FLUIDS WITH CONVECTIVE EFFECTS

SIGIFREDO HERRÓN, ÉLDER J. VILLAMIZAR-ROA

Abstract. We study a system of partial differential equations describing a
steady thermoconvective flow of a non-Newtonian fluid. We assume that the

stress tensor and the heat flux depend on temperature and satisfy the condi-

tions of p, q-coercivity with p > 2n
n+2

, q > np
p(n+1)−n , respectively. Consider-

ing Dirichlet boundary conditions for the velocity and a mixed and nonlinear
boundary condition for the temperature, we prove the existence of weak so-

lutions. We also analyze the existence and uniqueness of strong solutions for

small and suitably regular data.

1. Introduction

This article analyzes a system of partial differential equations describing a steady
thermoconvective flow of a non-Newtonian fluid in a bounded domain Ω of Rn,
n = 2, 3, with smooth enough boundary ∂Ω. The model is given by the system of
PDEs

−div
(
µ(·, θ)T(D(u))

)
+ div(u⊗ u) +∇π = θf in Ω,

div u = 0 in Ω,

−div(κ(·, θ)a(∇θ)) + u · ∇θ = g in Ω,
(1.1)

where the unknowns are u : Ω → Rn, θ : Ω → R and π : Ω → R denoting
the velocity, the temperature and the pressure of the fluid, respectively. The field f
denotes the given external body forces and g represents the heat source. The symbol
T : Mn×n

sym →Mn×n
sym denotes the extra stress tensor and a indicates the constitutive

law for diffusivity. The symbol D(u) represents the symmetric part of the velocity
gradient ∇u, that is, D(u) = 1

2 (∇u +∇Tu); the functions µ(·, θ) > 0, κ(·, θ) > 0
denote the kinematic viscosity and thermal conductivity, respectively. Equations
(1.1)1 and (1.1)3 correspond to the momentum and heat equations respectively;
the second equation in (1.1) corresponds to the incompressibility condition. We
assume that the functions η → T(η) and χ → a(χ) are continuous in Mn×n

sym and
Rn respectively, and satisfy the following conditions for some p, q > 1 (see notation
in Section 2):

i) (Coercivity) There exist τ1, α1 > 0 such that

T(η) : η ≥ τ1|η|p,
a(χ) · χ ≥ α1|χ|q,

(1.2)
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for all η ∈Mn×n
sym , χ ∈ Rn.

(ii) (Polynomial growth) There exist τ2, α2 > 0 such that

|T(η)| ≤ τ2(1 + |η|)p−1,

|a(χ)| ≤ α2|χ|q−1,
(1.3)

for all η ∈Mn×n
sym , χ ∈ Rn.

(iii) (Strict monotonicity)

(T(η)−T(ξ)) : (η − ξ) > 0, ∀η, ξ ∈Mn×n
sym ,η 6= ξ,

(a(ς)− a(χ)) · (ς − χ) > 0, ∀ς,χ ∈ Rn, ς 6= x.
(1.4)

The general non-linear tensor function T and constitutive law for the heat flux
a allow to consider a large class of non-Newtonian fluids subjected to heat effects,
which have physical motivations as described in [6, 19, 20] and references therein.
Typical prototypes of extra stress tensors used in applications are T1(η) = 2µ(1 +
|η|2)(p−2)/2η and T2(η) = 2µ(1 + |η|)p−2η with p > 1. In these cases, if p = 2
and a is the identity, we obtain the classical Boussinesq equation (see [5, 8, 9,
10, 22, 23]). We also consider the following hypotheses on the viscosity and the
thermal conductivity functions µ, κ. It is assumed that µ, κ : Ω × R → R are
Carathéodory functions (i.e., for each fixed θ the functions x 7→ µ(x, θ), x 7→ κ(x, θ)
are (Lebesgue) measurable in Ω and, the functions θ 7→ µ(x, θ), θ 7→ κ(x, θ) are
continuous for almost every x ∈ Ω) such that

0 < µ1 ≤ µ(x, θ) ≤ µ2 a.e. x ∈ Ω, ∀θ ∈ R,
0 < κ1 ≤ κ(x, θ) ≤ κ2 a.e. x ∈ Ω, ∀θ ∈ R.

(1.5)

System (1.1) is complemented with the mixed boundary conditions

u = 0 on ∂Ω,

θ = 0 on Γ0, κ(·, θ)a(∇θ) · n + γθ = h on Γ := ∂Ω \ Γ0,
(1.6)

where γ is a non-negative constant, n denotes the unit outward normal on the
boundary ∂Ω, and Γ0 is a open subset of ∂Ω. Boundary conditions (1.6)2 in-
clude several physical boundary conditions like those appearing in several natural
convection problems [9, 22]. The existence of weak solutions in the case of Navier-
Stokes equations for flows with shear-dependent viscosity is known in W 1,p(Ω) for
p ≥ 2n/(n + 2). For the case p ≥ 3n/(n + 2), the existence of weak solutions was
obtained by Lions [18] and Ladyzhenskaya [17] by using monotone operators the-
ory. In [21], using the L∞-truncation method, the authors obtained the existence
of weak solutions for p ≥ 2n/(n+1). This method is based on the construction of a
special class of test functions, and a characterization of the pressure, which permit
the almost everywhere convergence of D(um) to D(u), where um corresponds to
a sequence of approximated solutions um of the original problem. However, this
method only works for p ≥ 2n/(n + 1) because of the required L1-integrability of
the nonlinear term (u · ∇)u. To consider the case p ≥ 2n/(n + 2), in [11] the
Lipschitz truncation method was applied, which permits controling the nonlinear
term (u · ∇)u using a test function class smoother than the test functions used
in the L∞-truncation method. On the other hand, focusing on the boundary-
value problem (1.1)-(1.6), the existence of weak solutions for p > 2n/(n + 1) and
q > np/(p(n + 1) − n) was obtained in [6]. Motivated by this facts, in the first
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part of this paper, we extend the results of [6] to the case p > 2n/(n + 2) and
q > np/(p(n+ 1)− n).

The second part of this article concentrates on the existence of regular solutions
to the boundary value problem (1.1)-(1.6). In the case of Navier-Stokes equa-
tions for flows with shear-dependent viscosity, there are few works concerning the
regularity of weak solutions (cf. [2, 4, 7, 15] and some references therein). The
most recent results for the steady Navier-Stokes equations for flows with shear-
dependent viscosity are due to Arada [2]. In [2], the author assumed that T is a
classical power law stress tensor of the form T(η) = T1(η) := 2µ(1 + |η|2)

p−2
2 η

or T(η) = T2(η) := 2µ(1 + |η|)p−2η, where µ > 0 is a viscosity coefficient and
p > 1. He proved the existence of strong solutions u ∈W2,q(Ω), q > n, by assum-
ing that ‖f‖q/µ is small enough. Some uniqueness results were also established.
However, to the best of our knowledge, there are no results of existence of strong
solutions for the steady problem (1.1)-(1.6). In the second part of this paper, we
will study the existence of a strong solution for small and suitably regular data by
taking T = T1 or T = T2. To ease the exposition, we also simplify the boundary
conditions on temperature θ; however, a similar analysis can be adapted for other
types of boundary data. Our approach is based on regularity results for the Stokes
problem and the Laplace equation, as well as a fixed-point argument. Observe that
T1 depends on the differentiable term |D(u)|2 while T2 depends merely on the
Lipschitz continuous term |D(u)|; thus, in the case T = T1 we can use the classical
regularity results for the Stokes system to solve the velocity equation for a fixed
temperature. However, in the case T = T2, to overcome the difficulty caused by
the lack of regularity of T2, we first introduce a family of penalized problems, then,
we establish the existence of penalized strong solutions and finally, we carry out the
pass to the limit in the sequence of penalized problems, as the penalization term
goes to zero.

This article is organized as follows. In Section 2, we introduce the notation.
Section 3 is devoted to the existence of weak solutions. In Section 4, we analyze
the existence of strong solutions in both cases: with the differentiable stress tensor
T1, and with the Lipschitz continuous stress tensor T2. In Section 4, we also give
conditions on the data which ensure that the obtained strong solution agrees with
weak solutions.

2. Notation

In this section, we establish some general notation to be used throughout this
article. As usual, C∞0 (Ω) denotes the set of all C∞-functions with compact support
in Ω, while C∞0,σ(Ω) consists of functions Φ ∈ C∞0 (Ω) such that div Φ = 0. For
p, q > 1 we set

Hq := C∞0,σ(Ω)
‖·‖q = {u ∈ Lq(Ω) : div u = 0, u · n = 0 on ∂Ω},

Vp := C∞0,σ(Ω)
‖∇·‖p = {u ∈W1,p

0 (Ω) : div u = 0},
Xq := {θ ∈W 1,q(Ω) ∩ L2(Γ) : θ = 0 on Γ0}.

Here Vp and Xq are Banach spaces with the norms ‖D(u)‖p and ‖θ‖Xq = ‖∇θ‖q +
‖θ‖2,Γ. As usual, ‖·‖p denotes the Lp-norm. Notice that, due to the trace theorem,
Xq = {θ ∈ W 1,q(Ω) : θ = 0 on Γ0} if q ≥ 2n/(n + 1). For x, y ∈ R we denote
(x, y)+ = max{x, y}, x+ = max{x, 0}, Sp = (|p − 2|, 2)+. Frequently, we will



4 S. HERRÓN, E. J. VILLAMIZAR-ROA EJDE-2017/155

use the notation 〈·, ·〉X′ (or simply 〈·, ·〉 if there is no ambiguity) to represent the
duality product between X ′ and X, for the Banach space X. We also introduce
the constants

2rp = 1 + (p− 3)+ − (p− 4)+, γp =
[(p, 3)+ − 2](p,3)+−2

[(p, 3)+ − 1](p,3)+−1
.

For m ∈ N and 1 < p <∞, the standard Sobolev Spaces are denoted by Wm,p(Ω)
and their norms by ‖ · ‖m,p. In particular, W−1,p(Ω) denotes the dual of W 1,p

0 (Ω).
We also consider the space

Vm,p = {v ∈W1,p
0 (Ω) ∩Wm,p(Ω) : div v = 0 in Ω},

equipped with the usual norm ‖·‖m,p := ‖·‖Wm,p(Ω). Notice that V1,p = Vp. Also,
for r, q > n and δ > 0, let us denote by Bδ the convex set defined by

Bδ = {[ξ, ω] ∈ V2,q ×W 2,r(Ω) : CE‖∇ξ‖1,q ≤ δ, CẼ‖∇ω‖1,r ≤ δ}, (2.1)

where CE is the norm of the embedding of W 1,q(Ω) into L∞(Ω) and CẼ is the
norm of the embedding of W 1,r(Ω) into L∞(Ω). Also, we consider the space V2,q×
(W 2,r(Ω) ∩W 1,r

0 (Ω)) endowed with the norm

‖[ξ, ω]‖1,q,r := max{‖∇ξ‖1,q, ‖∇ω‖1,r}.

Throughout the paper, Mn×n denotes the space of all real n×n matrices and Mn×n
sym

its subspace of all symmetric n × n matrices. We use the following summation
convention on repeated indices: η : ξ := ηijξij for η : ξ ∈Mn×n, (u⊗ v)ij := uivj

for u,v ∈ Rn and u · v := uivi. Also we set |u| := (u · u)1/2 and |η| := (η : η)1/2

for u ∈ Rn, η ∈ Mn×n. Finally, the letter C stands for several positive constants
that may change line by line; also CP = CP (n, s,Ω) denotes the Poincaré constant
corresponding to the general Poincaré inequality ‖ · ‖s ≤ CP ‖∇(·)‖s.

3. Weak solutions

The aim of this section is to prove the existence of weak solutions to prob-
lem (1.1)-(1.6) for the case 2n

n+2 < p ≤ 2n
n+1 , q > np

p(n+1)−n . The existence of
weak solutions for p > 2n

n+1 was analyzed in [6]. We assume that f ∈ L∞(Ω), g ∈
(W 1,q(Ω))′, h ∈ L2(Γ). First we establish the notion of weak solution to (1.1)-(1.6).

Definition 3.1. We say that a pair [u, θ] ∈ Vp×Xq is a weak solution to problem
(1.1)-(1.6) if∫

Ω

µ(·, θ)T (D(u)) : D(Φ) dx−
∫

Ω

(u⊗ u) : D(Φ) dx =
∫

Ω

θf ·Φ dx,

∀Φ ∈ C∞0,σ(Ω),∫
Ω

κ(·, θ)a(∇θ) · ∇φdx+
∫

Ω

φu · ∇θ dx+ γ

∫
Γ

θφ dΓ = 〈g, φ〉(W 1,q(Ω))′ +
∫

Γ

hφ dΓ,

∀φ ∈ C∞0 (Ω).

The purpose of this section is to prove the following theorem on existence of
weak solutions.

Theorem 3.2. Let p > 2n
n+2 , q > np

p(n+1)−n , f ∈ L∞(Ω), g ∈ (W 1,q(Ω))′, h ∈ L2(Γ).
There exists a weak solution [u, θ] ∈ Vp ×Xq to problem (1.1)-(1.6).
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To prove Theorem 3.2, we first consider a suitable sequence of approximate prob-
lems (see (3.1)-(3.2) below); we establish the existence of approximate solutions,
as well as some a priori estimates. In a second step, we describe the passing to
the limit of the sequence of approximate solutions. Finally, we analyze the almost
everywhere convergence in Ω of [D(um),∇θm]→ [D(u),∇θ] through the Lipschitz
truncation method.

3.1. Approximate solutions. For m ∈ N and t > max{ 2p
p−1 ,

nq
q(n+1)−2n}, we de-

fine the approximated problem: Find a weak solution [um, θm] of the system

−div (µ(·, θm)T(D(um))) + div(um ⊗ um) +
1
m
|um|t−2um +∇π = θmf in Ω,

div um = 0 in Ω,

−div(κ(·, θm)a(∇θm)) + um · ∇θm = g in Ω,
(3.1)

with the boundary conditions

um = 0 on ∂Ω,

θm = 0 on Γ0, κ(·, θm)a(∇θm) · n + γθm = h on Γ := ∂Ω \ Γ0.
(3.2)

Following the ideas presented in [11, 12], we obtain the existence of a weak solution
[u, θ] of (1.1)-(1.6) as the limit of a sequence of weak solutions [um, θm] of (3.1)-
(3.2). A weak solution of the system (3.1)-(3.2) is a pair [um, θm] ∈ Vp × Xq

satisfying ∫
Ω

µ(·, θm)T (D(um)) : D(Φ) dx−
∫

Ω

(um ⊗ um) : D(Φ) dx

+
1
m

∫
Ω

|um|t−2um ·Φ dx

=
∫

Ω

θmf ·Φ dx,

(3.3)

∫
Ω

κ(·, θm)a (∇θm) · ∇φdx−
∫

Ω

θmum · ∇φdx+ γ

∫
Γ

θmφdΓ

= 〈g, φ〉(W 1,q(Ω))′ +
∫

Γ

hφ dΓ,
(3.4)

for all Φ ∈ C∞0,σ(Ω), φ ∈ C∞0 (Ω).
The following lemma provides the existence of a weak solution to (3.1)-(3.2).

Lemma 3.3. Let p > 2n/(n+ 2), t ≥ 2p′, q > np
p(n+1)−n . Assume that f ∈ L∞(Ω),

g ∈ (W 1,q(Ω))′, h ∈ L2(Γ). Then, there exists a unique weak solution [um, θm] ∈
(Vp ∩Ht)×Xq of (3.3)-(3.4). Moreover, the following uniform estimates hold

τ1µ1

2
‖um‖p1,p +

1
m
‖um‖tt ≤ C1‖f‖p

′

∞

(
‖g‖q

′

(W 1,q)′ + ‖h‖22,Γ
)p′/q

, (3.5)

α1κ1

2
‖∇θm‖qq +

γ

2
‖θm‖22,Γ ≤ C2

(
‖g‖q

′

(W 1,q)′ + ‖h‖22,Γ
)
, (3.6)

for some constants C1, C2 > 0 independent on m.

Proof. The proof follows by standard arguments of the monotone operator theory
(cf. [11, 12]). The uniform estimates (3.5)-(3.6) follow by taking Φ = um and
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φ = θm in (3.3) and (3.4), respectively, and using the assumptions on T,a, f , g and
h. �

3.2. Existence of weak solutions. The existence of a weak solution to the prob-
lem (1.1)-(1.6) will be obtained as the limit, as m goes to infinity, in the sequence
of solutions [um, θm] of (3.3)-(3.4). We use the Lipschitz truncation method used
previously in [11] in the context of incompressible fluids with shear-dependent vis-
cosity (without heat effects). Following [11], we introduce the sequence of approx-
imate pressures πm, observing that in (3.3) we can consider test functions Φ from
Vp ∩ Vr = Vr with r = np/[(n + 2)p − 2n]. Notice that for this value of r and
2n/(n + 2) < p ≤ 2n/(n + 1), it holds that Vr ↪→↪→ Ly for all y ∈ [1,∞). Then,
defining

〈Fm,Φ〉(W 1,r
0 (Ω))′ :=

∫
Ω

µ(·, θm)T (D(um)) : D(Φ) dx−
∫

Ω

(um ⊗ um) : D(Φ) dx

+
1
m

∫
Ω

|um|t−2um ·Φ dx−
∫

Ω

θmf ·Φ dx,

it holds that 〈Fm,Φ〉(W 1,r
0 (Ω))′ = 0, for all Φ ∈ C∞0,σ(Ω). Furthermore, Fm ∈

W−1,r′(Ω). Thus, because of the De Rham Theorem (cf. [1]), there exists πm ∈
Lr
′
(Ω) such that

〈Fm,Φ〉(W 1,r
0 (Ω))′ = 〈−∇πm,Φ〉(W 1,r

0 (Ω))′ =
∫

Ω

πm div Φ dx and ‖πm‖r′ ≤ C.

(3.7)
Therefore, we obtain the following weak formulation (for the velocity um) equivalent
to (3.3): ∫

Ω

µ(·, θm)T (D(um)) : D(Φ) dx−
∫

Ω

(um ⊗ um) : D(Φ) dx

+
1
m

∫
Ω

|um|t−2um ·Φ dx

=
∫

Ω

θmf ·Φ dx+
∫

Ω

πm div Φ dx,

(3.8)

for all Φ ∈W1,r
0 (Ω). Now we pass to the limit in (3.8) asm→∞. From the uniform

estimates (3.5), (3.6) and (3.7) there exists a subsequence of ([um, πm, θm])m∈N ⊆
Vp × Lr

′
(Ω)×Xq, still denoted by ([um, πm, θm])m∈N, and [u, π, θ,χ,χ1] ∈ Vp ×

Lr
′
(Ω)×Xq × Lp

′
(Ω)× Lq

′
(Ω) such that as m→∞ the following holds

D(um)→ D(u) weakly in Lp, (3.9)

[um, θm, πm]→ [u, θ, π] weakly in Vp ×Xq × Lr
′
, (3.10)

um → u strongly in Ls(Ω) for all s ∈ [1, 2r′), (3.11)

um → u a.e. in Ω, (3.12)

θm → θ a.e. in Ω, and a.e. in Γ, (3.13)

T(D(umk ))→ χ weakly in Lp
′
(Ω), (3.14)

a(∇θmk )→ χ1 weakly in Lq
′
(Ω). (3.15)
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From (3.10), for any Φ ∈ C∞0 (Ω) and letting m→∞ it holds∣∣ 1
m

∫
Ω

|um|t−2um ·Φdx
∣∣ ≤ 1

m1/t

( 1
m
‖um‖tt

)(t−1)/t‖Φ‖t → 0, (3.16)

and ∫
Ω

θmf ·Φ dx+
∫

Ω

πm div Φ dx→
∫

Ω

θf ·Φ dx+
∫

Ω

π div Φ dx.

On the other hand, since W 1,p(Ω) ↪→↪→ L2(Ω) for p > 2n/(n + 2), and writing
um = (um − u) + u, for Φ ∈ C∞0 (Ω) and letting m→∞ we obtain∫

Ω

(um ⊗ um) : D(Φ) dx→
∫

Ω

(u⊗ u) : D(Φ) dx.

Also, since θm → θ in L1(Ω) and a.e. in Ω, and µ is a Carathéodory function, then
µ(·, θm)→ µ(·, θ) a.e. in Ω. Then, collecting the last convergences, we have∫

Ω

µ(·, θ)χ : D(Φ) dx+
∫

Ω

(u⊗Φ) : D(u) dx =
∫

Ω

θf ·Φ dx+
∫

Ω

π div Φ dx, (3.17)

for all Φ ∈ C∞0 (Ω) and consequently for all Φ ∈W1,r
0 (Ω).

As before, since θm → θ in L1(Ω) and a.e. in Ω, and κ is a Carathéodory
function, then κ(·, θm) → κ(·, θ) a.e. in Ω. Then, from the uniform estimates
(3.10), (3.13) and (3.15) we also get∫

Ω

(
κ(·, θ)χ1 − θu

)
· ∇φdx+ γ

∫
Γ

θφ dΓ = 〈g, φ〉(W 1,q(Ω))′ +
∫

Γ

hφ dΓ, (3.18)

for all φ ∈ C∞0 (Ω) and consequently for all φ ∈ Xq. It remains to prove that
χ = T (D(um)) and χ1 = a (∇θm). To this end, it is sufficient to prove that

[D(um),∇θm]→ [D(u),∇θ] in measure on Ω, (3.19)

or almost everywhere convergence on compact subsets of Ω. Having proved (3.19),
through a diagonal procedure, we can find a subsequence of ([um, θm])m∈N, still
denoted by ([um, θm])m∈N, such that

[D(um),∇θm]→ [D(u),∇θ] almost everywhere in Ω. (3.20)

Thus, by using Vitali’s theorem we obtain∫
Ω

µ(·, θm)T (D(um)) : D(Φ) dx→
∫

Ω

µ(·, θ)T (D(u)) : D(Φ) dx, (3.21)∫
Ω

κ(·, θm)a (∇θm) · ∇φdx→
∫

Ω

κ(·, θ)a (∇θ) · ∇φdx. (3.22)

Once we have (3.21) and (3.22) we conclude the proof of Theorem 3.2. In Subsec-
tions 3.3 and 3.4, we analyze the convergence of [D(um),∇(θm)] to [D(u), θ] almost
everywhere in Ω. This part is closely related to [11, Sections 3 and 4]; however, we
expose it with some details for the reader’s convenience.

3.3. Almost everywhere convergence of D(um) to D(u). To prove the con-
vergence of D(um) to D(u) almost everywhere in Ω, we prove that for an arbitrary
η1 > 0, there exists a subsequence of (um)m∈N, still denoted by (um)m∈N, such that
for some ρ1 ∈ (0, 1), it holds that

lim
m→∞

∫
Ω

[(T (D(um))−T (D(u))) : D(um − u)]ρ1dx ≤ η1. (3.23)
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Following [11, Section 3], we first consider a decomposition of the pressure. Consider
the Stokes problems

−∆uIm +∇πIm = HIm in Ω, I = 1, 2, 3, 4, 5,

div uIm = 0 in Ω,

uIm = 0 on ∂Ω,

(3.24)

where

H1m = −div (µ(·, θm)T(D(um))) ∈W−1,p′(Ω),

H2m = div (um ⊗ (um − u)) ∈W1,r′(Ω),

H3m = div ((um − u)⊗ u) ∈W1,r′(Ω), H4m =
1
m
|um|t−2um ∈ Lt

′
(Ω),

H5m = −θmf ∈ Lq(Ω).

It is well known that there exists a weak solution [uIm , πIm ] of (3.24), for I =
1, 2, 3, 4, 5; that is, there exist

[u1m ,u2m ,u3m ,u4m ,u5m ]

∈W1,p′

0 (Ω)×W1,r′

0 (Ω)×W1,r′

0 (Ω)×W2,t′(Ω)×W2,q′(Ω),

[π1m , π2m , π3m , π4m , π5m ] ∈ Lp
′
(Ω)× Lr

′
(Ω)× Lr

′
(Ω)×W 1,t′(Ω)×W 1,q′(Ω),

satisfying∫
Ω

∇uIm : ∇Φdx−
∫

Ω

πIm div Φdx = 〈HIm ,Φ〉, ∀Φ ∈ C∞0 (Ω), I = 1, 2, 3, 4, 5.

(3.25)
Moreover, the following estimates hold:

‖π1m‖p′ ≤ C‖H1m‖−1,p′ ≤ Cµ2‖T(D(um))‖p′ , (3.26)

‖π2m‖r′ ≤ C‖H2m‖−1,r′ ≤ C‖um ⊗ (um − u)‖r′ ≤ C‖um‖2r′‖um − u‖2r′ , (3.27)

‖π3m‖r′ ≤ C‖H3m‖−1,r′ ≤ C‖um ⊗ (um − u)‖r′ ≤ C‖um‖2r′‖um − u‖2r′ , (3.28)

‖∇π4m‖t′ ≤ C‖H4m‖t′ ≤
C

m1/t

( 1
m1/t

‖um‖t
)t−1

, (3.29)

‖∇π5m‖q ≤ C‖H5m‖q ≤ ‖θm‖q‖f‖∞. (3.30)

Since 2r′ = np/(n− p), from (3.11), (3.27) and (3.28), as m goes to ∞, we obtain

[π2m , π3m ]→ [0, 0] in Ls(Ω)× Ls(Ω) for all s ∈ [1, r′). (3.31)

Furthermore, by using (3.5), as m goes to ∞, it holds that

∇π4m → 0 in Lt
′
(Ω). (3.32)

Adding the weak formulations (3.25) and using (3.8) we obtain

5∑
I=1

[
∫

Ω

∇uIm : ∇Φdx−
∫

Ω

πIm div Φdx]

=
∫

Ω

(u⊗ u) : D(Φ) dx+
∫

Ω

πm div Φ dx, ∀Φ ∈W1,r
0 (Ω).

(3.33)
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Taking Φ ∈ Vr in (3.33) we obtain
5∑
I=1

∫
Ω

∇uIm : ∇Φdx =
∫

Ω

(u⊗ u) : D(Φ) dx ∀Φ ∈ Vr. (3.34)

From (3.34) and using that
∑5
I=1 uIm ∈W1,r′

0 (Ω) we obtain
5∑
I=1

uIm = U ∈W1,r′

0 (Ω), ∀m ∈ N. (3.35)

Finally, taking the term
∫

Ω
πm div Φ dx in (3.33), replacing it in (3.8) and using

(3.35) we obtain∫
Ω

µ(·, θm)T (D(um)) : D(Φ) dx+
1
m

∫
Ω

|um|t−2um ·Φ dx

=
∫

Ω

(um ⊗ um) : D(Φ) dx−
∫

Ω

(u⊗ u) : D(Φ) dx

+
∫

Ω

∇U : ∇Φdx−
5∑
I=1

∫
Ω

πIm div Φ dx+
∫

Ω

θmf ·Φdx,

(3.36)

for all Φ ∈W1,r
0 (Ω).

Now we are in a position to prove (3.23). Let us define

Xm := C(1 + |D(um)|p + |D(u)|p + |π1m |p
′
). (3.37)

Then, from (3.10) and (3.26) we have∫
Ω

Xmdx ≤ K1, (3.38)

for some positive constant K1 independent on m. Fixed p ∈ ( 2n
n+2 ,

2n
n+1 ], let ε1 > 0

be small enough to be chosen below (see (3.53)). Then, from [11, Proposition 4.1]
there exists a subsequence of (um)m∈N, still denoted by (um)m∈N, and λ1 ≥ 1

ε1
(independent on m), such that∫

Bmλ1

Xmdx ≤ ε1, Bmλ1
:= {x ∈ Ω : λ1 < M(∇(um − u)ext)(x) ≤ λ2

1}, (3.39)

where M(∇(um−u)ext) denotes the Hardy-Littlewood maximal function of∇(um−
u)ext (cf. [11]), and (um − u)ext ∈W1,p(Rn) is the extension by zero of (um − u).
On the other hand, from [11, Proposition 4.1], there exist a positive constant C =
C(Ω, n) and a sequence ((um − u)λ1)m∈N ⊂W1,∞

0 (Ω) such that

‖(um − u)λ1‖1,∞ ≤ Cλ1, (3.40)

(um − u)λ1 → 0, strongly in Ls(Ω) ∀s ∈ [1,∞), (3.41)

(um − u)λ1 → 0, weakly in W1,s
0 (Ω) ∀s ∈ [1,∞). (3.42)

Moreover, denoting

Amλ1
:= {x ∈ Ω : (um − u)λ1(x) 6= (um − u)(x)},
Cmλ1

:= {x ∈ Ω : M(∇(um − u))(x) > λ2
1},

it holds

|Amλ1
| ≤ |Bmλ1

|+ |Cmλ |, (3.43)



10 S. HERRÓN, E. J. VILLAMIZAR-ROA EJDE-2017/155

|Amλ1
|+ |Bmλ1

| ≤ C

λp1
‖∇(um − u)‖pp, (3.44)

|Cmλ1
| ≤ C

λ2p
1

‖∇(um − u)‖pp, (3.45)

‖∇(um − u)λ1‖pp ≤ C‖∇(um − u)‖pp ≤ K1. (3.46)

Now, we consider (um − u)λ1 as a test function in (3.36) and add in both sides of
the obtained equation the term

−
∫

Ω

µ(·, θm)T (D(u)) : D((um − u)λ1) dx, (3.47)

to obtain∫
Ω

µ(·, θm)[T (D(um))−T (D(u))] : D((um − u)λ1) dx

+
1
m

∫
Ω

|um|t−2um · (um − u)λ1 dx

=
∫

Ω

[(um ⊗ um)− (u⊗ u)] : D((um − u)λ1) dx

+
∫

Ω

∇U : ∇(um − u)λ1dx

−
5∑
I=1

∫
Ω

πIm div((um − u)λ1) dx+
∫

Ω

θmf · (um − u)λ1dx.

(3.48)

Notice that um −u = (um −u)λ1 on Ω \Amλ1
, and then, div(um −u)λ1 = 0 almost

everywhere on Ω \ Amλ1
. Therefore, from (3.48) we obtain

Zm :=
∫

Ω\Amλ1

µ(·, θm)[T (D(um))−T (D(u))] : D((um − u)) dx

= −
∫
Amλ1

µ(·, θm)[T (D(um))−T (D(u))] : D((um − u)λ1) dx

−
∫
Amλ1

π1m div((um − u)λ1) dx

+
∫

Ω

[(um ⊗ (um − u) + (um − u)⊗ u] : D((um − u)λ1) dx

+
∫

Ω

[∇U− µ(·, θm)T (D(u))] : ∇(um − u)λ1dx

+
∫

Ω

[∇π4m − 1
m

∫
Ω

|um|t−2um] · (um − u)λ1dx

−
∫
Amλ1

(π2m + π3m + π5m) div((um − u)λ1) dx+
∫

Ω

θmf · (um − u)λ1dx

:=
7∑
i=1

Zmi .

From (3.10), (3.11), (3.16), (3.31), (3.32), (3.40), (3.42) we obtain

lim
m→∞

(Zm3 + Zm5 + Zm6 + Zm7 ) = 0. (3.49)
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Moreover, from (3.42) and since ∇U ∈ Lr
′
(Ω), µ1 ≤ µ(x, θ) ≤ µ2, a.e. x ∈ Ω

and T(D(u)) ∈ Lp
′
(Ω), we obtain that limm→∞ Zm4 = 0. Now we deal with

limm→∞ Zm1 + Zm2 . From the Hölder inequality, (3.40) and (3.43)-(3.46) it holds
that

|Zm1 + Zm2 |

≤
∣∣∣ ∫
Bmλ1
∪Cmλ1

(µ(·, θm)[T (D(um))−T (D(u))] : D((um − u)λ1)

− π1m div((um − u)λ1) )dx
∣∣∣

≤ µ2τ2C
(∫
Bmλ1

Xmdx
)1/p′

‖∇(um − u)λ1‖p,Bmλ1

+ µ2τ2Cλ1

(∫
Cmλ1

Xmdx
)1/p′

|Cmλ1
|1/p

≤ Cµ2τ2(ε1/p′

1 K
1/p
1 + Cλ1K

1/p′

1 (Cλ1
−2pK1)1/p)

≤ Cµ2τ2(ε1/p′

1 K
1/p
1 +

K1

λ1
)

≤ Cµ2τ2(ε1/p′

1 K
1/p
1 + ε1K1).

(3.50)

In (3.50), ‖∇(um − u)λ1‖p,Bmλ1
denotes the Lp(Bmλ1

)-norm of ∇(um − u)λ1 . Since
limm→∞ Zm4 = 0, from (3.49) and (3.50) we obtain

lim
m→∞

Zm ≤ Cµ2τ2(ε1/p′

1 K
1/p
1 + ε1K1). (3.51)

Therefore, fixed ρ1 ∈ (0, 1), by using the Hölder inequality and (3.38) we obtain

Sm := µρ11

∫
Ω

[(T (D(um))−T (D(u))) : D(um − u)]ρ1dx

≤
∫

Ω\Amλ1

[µ(·, θm)(T (D(um))−T (D(u))) : D(um − u)]ρ1dx

+
∫
Amλ1

[µ(·, θm)(T (D(um))−T (D(u))) : D(um − u)]ρ1dx

≤ (Zm)ρ1 |Ω \ Amλ1
|1−ρ1 + C(µ2τ2K1)ρ1 |Amλ1

|1−ρ1 .

(3.52)

Then, taking ε1 > 0 small enough such that

C(µ2τ2)ρ1 |Ω|1−ρ1(ε1/p′

1 K
1/p
1 + ε1K1)ρ1 + C(µ2τ2)ρ1K1ε

p(1−ρ1)
1 < ρ1, (3.53)

from (3.51)-(3.53) we have

lim
m→∞

Sm

≤ |Ω|1−ρ1C(µ2τ2)ρ1(ε1/p′

1 K
1/p
1 + ε1K1)ρ1 + C(µ2τ2K1)ρ1(Cλ−p1 K1)1−ρ1

≤ C(µ2τ2)ρ1 |Ω|1−ρ1(ε1/p′

1 K
1/p
1 + ε1K1)ρ1 + C(µ2τ2)ρ1K1ε

p(1−ρ1)
1 < ρ1.

(3.54)

Thus, we conclude (3.23) and therefore the convergence of D(um) to D(u) almost
everywhere in Ω.
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3.4. Almost everywhere convergence of ∇θm to ∇θ. Let be a fixed value
p ∈ (2n/(n + 2), 2n/(n + 1)] and q > 2np

p(n+2)−n . To prove the convergence of ∇θm
to ∇θ almost everywhere in Ω, we proceed in the same spirit of Subsection 3.3.
We prove that for an arbitrary η2 > 0, there exists a subsequence of (θm)m∈N, still
denoted by (θm)m∈N, such that for some ρ2 ∈ (0, 1), it holds that

lim
m→∞

∫
Ω

[(a (∇θm)− a (∇θ)) · ∇(θm − θ)]ρ2dx ≤ η2. (3.55)

Let us define
Em := C(1 + |∇θm|q + |∇θ|q). (3.56)

Then, from (3.10) we have ∫
Ω

Emdx ≤ K2, (3.57)

for some positive constant K2 independent on m. Let ε2 > 0 small enough to be
chosen below (see (3.72)). Reasoning as in Subsection 3.3 (see also [11, Proposition
4.1]), there exists a subsequence of (θm)m∈N, still denoted by (θm)m∈N, and λ2 ≥ 1

ε2
(independent on m), such that∫

Dmλ2

Emdx ≤ ε2, Dmλ2
:= {x ∈ Ω : λ2 < M(∇(θm − θ)ext)(x) ≤ λ2

2}, (3.58)

where M(∇(θm−θ)ext) denotes the Hardy-Littlewood maximal function of ∇(θm−
θ)ext, and (θm − θ)ext ∈W 1,q(Rn) is the extension by zero of (θm − θ). Also, there
exist a positive constant C = C(Ω, n) and a sequence ((θm− θ)λ2)m∈N ⊂W 1,∞

0 (Ω)
such that

‖(θm − θ)λ2‖1,∞ ≤ Cλ2, (3.59)

(θm − θ)λ2 → 0, strongly in Ls(Ω) ∀s ∈ [1,∞), (3.60)

(θm − θ)λ2 → 0, weakly in W 1,s
0 (Ω) ∀s ∈ [1,∞). (3.61)

Moreover, denoting

Fmλ2
:= {x ∈ Ω : (θm − θ)λ2(x) 6= (θm − θ)(x)},
Gmλ2

:= {x ∈ Ω : M(∇(θm − θ))(x) > λ2
2},

it holds

|Fmλ2
| ≤ |Dmλ2

|+ |Gmλ2
|, (3.62)

|Dmλ2
|+ |Fmλ2

| ≤ C

λq2
‖∇(θm − θ)‖qq, (3.63)

|Gmλ2
| ≤ C

λ2q
2

‖∇(θm − θ)‖qq, (3.64)

‖∇(θm − θ)λ2‖qq ≤ C‖∇(θm − θ)‖qq ≤ K2. (3.65)

Now we consider (θm− θ)λ2 as a test function in (3.4), and add in both sides of the
obtained equation the term

−
∫

Ω

κ(·, θm)a (∇θ) · ∇((θm − θ)λ2) dx, (3.66)
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this gives

∫
Ω

κ(·, θm)[a (∇θm)− a (∇θ)] · ∇((θm − θ)λ2) dx

=
∫

Ω

(θmum) · ∇((θm − θ)λ2) dx−
∫

Ω

κ(·, θm)a (∇θ) · ∇((θm − θ)λ2) dx

− γ
∫

Γ

θm(θm − θ)λ2 dΓ + 〈g, (θm − θ)λ2〉(W 1,q(Ω))′

+
∫

Γ

h(θm − θ)λ2 dΓ.

(3.67)

Notice that θm − θ = (θm − θ)λ2 on Ω \ Fmλ2
. Therefore, from (3.67) we obtain

Y m :=
∫

Ω\Fmλ2

κ(·, θm)[a(∇θm)− a(∇θ)] · ∇(θm − θ) dx

= −
∫
Fmλ2

κ(·, θm)[a(∇θm)− a(∇θ)] · ∇((θm − θ)λ2) dx

+
∫

Ω

(θmum) · ∇((θm − θ)λ2) dx

−
∫

Ω

κ(·, θm)a (∇θ) · ∇((θm − θ)λ2) dx− γ
∫

Γ

θm(θm − θ)λ2 dΓ

+ 〈g, (θm − θ)λ2〉(W 1,q(Ω))′ +
∫

Γ

h(θm − θ)λ2 dΓ :=
6∑
i=1

Y mi .

(3.68)

Using (3.10) we obtain

lim
m→∞

(Y m2 + Y m4 + Y m5 + Y m6 ) = 0. (3.69)

Moreover, from (3.61) and since κ1 ≤ κ(x, θ) ≤ κ2, a.e. x ∈ Ω and a(∇θ) ∈ Lq
′
(Ω),

we obtain that limm→∞ Y m3 = 0. Now we deal with limm→∞ Y m1 . From the
properties of (θm − θ)λ2 , the Hölder inequality and (3.65) it holds

|Y m1 | ≤
∣∣ ∫
Dmλ2
∪Gmλ2

(κ(·, θm)[a(∇θm)− a(∇θ)] · ∇((θm − θ)λ2))dx
∣∣

≤ κ2α2C
(∫
Dmλ
Emdx

)1/q′

‖∇(θm − θ)λ2‖q,Dmλ2

+ κ2α2Cλ2

(∫
Gmλ2

Emdx
)1/q′

|Gmλ |1/q

≤ Cκ2α2(ε1/q′

2 K
1/q
2 + λ2K

1/q′

2 (Cλ2
−2qK2)1/q)

≤ Cκ2α2(ε1/q′

2 K
1/q
2 +

K2

λ2
) ≤ Cκ2α2(ε1/q′

2 K
1/q
2 + ε2K2).

(3.70)
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Thus, since limm→∞ Y m3 = 0, from (3.69) and (3.70) we obtain limm→∞ Y m ≤
Cκ2α2(ε1/q′

2 K
1/q
2 + ε2K2). Therefore, fixed ρ2 ∈ (0, 1) we obtain

Lm := κρ21

∫
Ω

[(a (∇θm)− a (∇θ)) · ∇(θm − θ)]ρ2dx

≤
∫

Ω\Fmλ2

[κ(·, θm)(a (∇θm)− a (∇θ)) · ∇(θm − θ)]ρ2dx

+
∫
Fmλ2

[κ(·, θm)(a (∇θm)− a (∇θ)) · ∇(θm − θ)]ρ2dx

≤ (Y m)ρ2 |Ω \ Fmλ2
|1−ρ2 + C(κ2α2K2)ρ2 |Fmλ2

|1−ρ2 .

(3.71)

Then, taking ε2 > 0 small enough such that

C|Ω|1−ρ2(κ2α2)ρ2(ε1/q′

2 K
1/q
2 + ε2K2)ρ2 + C(κ2α2)ρ2K2ε

q(1−ρ2)
2 < ρ2, (3.72)

we have
lim
m→∞

Y m

≤ C|Ω|1−ρ2(α2κ2)ρ2(ε1/q′

2 K
1/q
2 + ε2K2)ρ2 + C(κ2α2K2)ρ2(Cλ2

−q)1−ρ2

≤ C|Ω|1−ρ2(κ2α2)ρ2(ε1/q′

2 K
1/q
2 + ε2K2)ρ2 + C(κ2α2)ρ2K2ε

q(1−ρ2)
2 < ρ2.

(3.73)

Thus, we conclude (3.55) and therefore the convergence of ∇θm to ∇θ almost
everywhere in Ω.

4. Strong solutions

In this section we analyze the existence of a strong solution considering the tensor
stress T(η) = T1(η) := 2µ(1 + |η|2)

p−2
2 η or T(η) = T2(η) := 2µ(1 + |η|)p−2η,

with p > 1. We also simplify the boundary conditions on the temperature θ. In
fact, we assume Dirichlet boundary condition for the temperature; however, our
approach can be adapted in order to analyze other boundary conditions. Indeed,
we want to study the existence of strong solution for the problem

−div(T(Du)) + div(u⊗ u) +∇π = θf in Ω,
div u = 0 in Ω,

− div(κ(·, θ)∇θ) + u · ∇θ = g in Ω,
u = 0 on ∂Ω,
θ = 0 on ∂Ω,

(4.1)

with T defined as above. Also, throughout this section we assume that κ : Ω×R→
R is a C1-function such that 0 < κ1 ≤ κ(x, θ) ≤ κ2 a.e. x ∈ Ω and for all θ ∈ R
and, it satisfies |κ′(·, a)− κ′(·, b)| ≤ λ′|a− b|, for all a, b ∈ R and κ′(·, 0) = 0, with
κ1, κ2 and λ′ are positive constants. Under mild conditions on the data f ∈ Lq, g ∈
Lr(Ω), we obtain the existence of strong solution [u, θ] ∈W2,q(Ω) ×W 2,r(Ω), for
q, r > n. Our approach is based on regularity results for the Stokes problem and
Laplace equation, and a fixed-point argument. Observe that T1 depends on the
differentiable term |D(u)|2 while T2 depends on the merely Lipschitz continuous
term |D(u)|; thus, in case T = T1 we can use the classical regularity results for the
Stokes system to solve the velocity equation for a fixed temperature. However, in the
case T = T2, in order to overcome the difficulty caused by the lack of regularity of
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T2, we first introduce a family of penalized problems, then, we establish existence
of penalized strong solutions and finally, we pass to the limit in the sequence of
penalized problems, as the penalization term goes to zero.

Next, we recall a classical result concerning the existence and uniqueness of
solutions to the Stokes system, as well as some technical results.

Lemma 4.1 ([13, Theorem 6.1]). Let m ≥ −1 be an integer and let Ω be a bounded
domain in Rn (n = 2, 3) with boundary ∂Ω of class Ck with k = (m+ 2, 2)+. Then
for any τ ∈Wm,ρ(Ω), the following system

−∆u +∇π = τ in Ω,
div u = 0 in Ω,
u = 0 on ∂Ω,

admits a unique solution [u, π] ∈Wm+2,ρ(Ω)×Wm+1,ρ(Ω). Moreover, the following
estimate holds

‖∇u‖m+1,ρ + ‖π‖m+1,ρ/R ≤ Cm‖τ‖m,ρ,
where Cm ≡ Cm(n, ρ,Ω) is a positive constant.

Proposition 4.2 ([2, Proposition A.4]). Let γp = [(p,3)+−2](p,3)
+−2

[(p,3)+−1](p,3)+−1 and let F :

R+ −→ R be defined by

F (δ) = Aδ2 − δ + EδF(δ) +D,

where A,E,D are positive constants and F(x) = x2rp(1 + x)(p−4)+ . Thus, if the
following assertion holds

AD + ED2rp(1 +D)(p−4)+ ≤ γp,
then F possesses at least one root δ0. Moreover, δ0 > D and for every β ∈ [1, 2]
the following estimate holds

β − 1
β

δ0+
2− β
β

Aδ2
0+

2rp + 1− β
β

Eδ0F(δ0)+
E(p− 4)+

β
δ

2rp+2
0 (1+δ0)(p−4)+−1 ≤ D.

Proposition 4.3 ([2, Proposition A.5]). Let γp = [(p,3)+−2](p,3)
+−2

[(p,3)+−1](p,3)+−1 and let L :

R+ −→ R be defined by

L(ρ) = Aρ2 − ρ+ EρG(ρ) +D,

where A,E,D are positive constants and G(x) = x(1 + x)(p−3)+ . Hence, if the
following assertion holds

AD + ED(1 +D)(p−3)+ ≤ γp,
then L possesses at least one root ρ1. Moreover, ρ1 > D and for every β ∈ [1, 2]
the following estimate holds

β − 1
β

ρ1 +
2− β
β

Aρ2
1 +

2− β
β

Eρ1G(ρ1) +
E(p− 3)+

β
ρ3

1(1 + ρ1)(p−3)+−1 ≤ D.

Theorem 4.4 ([16]). Let X and Y be Banach spaces such that X is reflexive and
X ↪→ Y . Let B be a non-empty, closed, convex and bounded subset of X and let
A : B −→ B be a mapping such that

‖A(u)−A(v)‖Y ≤ K‖u− v‖Y ∀u, v ∈ B (0 < K < 1),
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then A has a unique fixed point in B.

4.1. Power law stress for T = T1. In this section we analyze the existence of
strong solutions for the boundary-value problem (4.1) in the case T(η) = T1(η) =
2µ(1 + |η|2)(p−2)/2η. We aim to prove the following theorem.

Theorem 4.5. Let f ∈ Lq(Ω), g ∈ Lr(Ω) with q, r > n and T = T1, p > 1, µ >
0. There exist positive constants C = C(λ′, κ1, C−1, C0, CE , CẼ , CP ) and m2 =
m2(λ′, c2, CP , CẼ) such that if ‖g‖r/κ2

1 < m2 and

C[(1 + 1/µ)
C‖f‖2q
µ

+
‖f‖q
µ

+Sp

(
C
‖f‖2q
µ

)2rp(
1 +C

‖f‖2q
µ

)(p−4)+

] <
1

4(p−2,1)+
, (4.2)

then, problem (4.1) has a strong solution [u, θ] ∈ V2,q × (W 2,r(Ω) ∩W 1,r
0 (Ω)).

Proof. First, we reformulate the problem (4.1) as follows:

−2µ∆u +∇π + div(u⊗ u) = θf + div(2µσ(|Du|2)Du) in Ω,
div u = 0 in Ω,

− div(κ(·, θ)∇θ) + u · ∇θ = g in Ω,
u = 0 on ∂Ω,
θ = 0 on ∂Ω,

(4.3)

where σ(x) = (1+x)(p−2)/2−1. We solve (4.3) using a fixed point argument. To that
end, given [ξ, ω] ∈ V2,q×(W 2,r(Ω)∩W 1,r

0 (Ω)), and taking into account the identity
div(κ(·, θ)∇θ) = κ(·, θ)∆θ + κ′(·, θ)|∇θ|2, we define the mapping A[ξ, ω] = [u, θ]
through the system

−2µ∆u +∇π = ωf − div(ξ ⊗ ξ) + div(2µσ(|Dξ|2)Dξ) in Ω,
div u = 0 in Ω,

−κ(·, θ)∆θ = κ′(·, ω)|∇ω|2 − ξ · ∇ω + g in Ω,
u = 0 on ∂Ω,
θ = 0 on ∂Ω.

(4.4)

Our purpose now is to prove that A|Bδ0 is a contraction from Bδ0 to itself.

Proposition 4.6. Let p > 1, µ > 0, f ∈ Lq(Ω), g ∈ Lr(Ω), q, r > n. There exist
positive constants M1 = M1(C0, CE , CP ) and m2 = m2(λ′, c2, CP , CẼ) such that if
‖g‖r/κ2

1 < m2 and

M2
1

‖f‖2q
µ2

+M1Sp

(
M1

‖f‖2q
µ

)2rp(
1 +M1

‖f‖2q
µ

)(p−4)+

≤ γp, (4.5)

then A(Bδ0) ⊆ Bδ0 for some δ0 > 0. Here Bδ0 is the closed ball defined in (2.1).

Proof. Let [ξ, ω] ∈ Bδ. From Lemma 4.1, u ∈ V2,q and it satisfies

‖∇u‖1,q ≤
C0

2µ
(
‖ωf‖q + ‖ξ · ∇ξ‖q + ‖div (2µσ(|Dξ|2)Dξ)‖q

)
. (4.6)

Notice that
‖ωf‖q ≤ ‖ω‖∞‖f‖q ≤ CẼ(CP + 1)‖∇ω‖r‖f‖q

≤ δ(CP + 1)‖f‖q ≤
(CP + 1)2δ2

2
+
‖f‖2q

2
.

(4.7)
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On the other hand, reasoning as in [2, Proposition 3.1] (also see [3]), we obtain

‖ξ · ∇ξ‖q + ‖ div (2µσ(|Dξ|2)Dξ)‖q ≤
4µSp
CE

δF(δ) +
CP
CE

δ2, (4.8)

where F(x) = x2rp(1 + x)(p−4)+ . Thus, if M1 = C0
2 max{ 4

CE
, CPCE + (CP+1)2

2 , 1
2},

from (4.6)-(4.8) we obtain

‖∇u‖1,q ≤
M1

µ

(
‖f‖2q + µSpδF(δ) + δ2

)
.

On the other hand, from classical elliptic regularity (see [14]), there exists a constant
c2 > 0 such that

‖∇θ‖1,r ≤
c2
κ1
‖κ′(·, ω)|∇ω|2‖r +

c2
κ1
‖ξ · ∇ω‖r +

c2
κ1
‖g‖r

≤ c2
κ1
λ′‖ω‖∞‖∇ω‖22r +

c2
κ1
‖ξ‖∞‖∇ω‖r +

c2
κ1
‖g‖r

≤
c2CẼ(CP + 1)λ′

κ1
‖∇ω‖r‖∇ω‖22r +

c2
κ1

(CP + 1)CE‖∇ξ‖q‖∇ω‖r

+
c2
κ1
‖g‖r

≤ c2C(CP + 1)λ′

κ1C2
Ẽ

δ3 +
c2δ

2

κ1CẼ
(CP + 1) +

c2
κ1
‖g‖r.

(4.9)

It can be assumed that δ ≤ 1. Thus, in order to ensure that A(Bδ) ⊆ Bδ it is
enough to observe that

‖∇u‖1,q ≤
M1

µ

(
‖f‖2q + µSpδF(δ) + δ2

)
≤ δ,

‖∇θ‖1,r ≤
c2(CP + 1)
κ1CẼ

(Cλ′
CẼ

+ 1
)
δ2 +

c2
κ1
‖g‖r ≤ δ.

(4.10)

Using Proposition 4.2 with A = M1
µ , E = M1Sp and D = M1‖f‖2q

µ , there exists

δ1 >
M1‖f‖2q

µ such that

M1

µ

(
‖f‖2q + µSpδ1F(δ1) + δ2

1

)
≤ δ1,

provided that

M2
1

‖f‖2q
µ2

+M1Sp

(
M1

‖f‖2q
µ

)2rp(
1 +M1

‖f‖2q
µ

)(p−4)+

≤ γp,

which holds from the hypothesis (4.5). Also, it holds (β = 2 in Proposition 4.2)
that

δ1 ≤
2M1‖f‖2q

µ
.

On the other hand, we will consider ‖g‖r such that ‖g‖r
κ2
1
<

C2
Ẽ

4c22(CP+1)(Cλ′+CẼ)
≡ m2

and δ− < D < δ+, where

δ± =
κ1C

2
Ẽ

2c22(CP + 1)(Cλ′ + CẼ)

(
1±

√
1− 4c22(CP + 1)(Cλ′ + CẼ)‖g‖r/κ2

1C
2
Ẽ

)
= 2m2

(
1±

√
1− ‖g‖r/κ2

1m2

)
.
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Moreover, given that for every δ ∈ [δ−, δ+], the second inequality in (4.10) is valid,
we can choose δ2 ∈ (δ−, D) such that

c2(CP + 1)(Cλ′ + CẼ)
κ1CẼ

δ2
2 +

c2
κ1
‖g‖r < δ2.

It follows that

δ2 <
M1‖f‖2q

µ
< δ1 ≤

2M1‖f‖2q
µ

.

Thus, taking δ0 = δ1 we obtain that A(Bδ0) ⊆ Bδ0 . �

Proposition 4.7. There is a positive constant C2 = C2(λ′, κ1, C−1, CE , CẼ , CP )
such that if

C2

[
(1 + 1/µ)

M1‖f‖2q
µ

+
‖f‖q
µ

+Sp

(
M1

‖f‖2q
µ

)2rp(
1 +M1

‖f‖2q
µ

)(p−4)+]
<

1
4(p−2,1)+

,

(4.11)
then A : Bδ0 −→ Bδ0 is a contraction in W1,q

0 (Ω)×W 1,r
0 (Ω).

Proof. Let [ξ, ω], [ξ̂, ω̂] ∈ Bδ0 and let [u, θ], [û, θ̂] be their respective images under
A. Then, from (4.4) we obtain

−2µ∆(u− û) +∇(π − π̂) = F in Ω,

div(u− û) = 0 in Ω,

κ(·, θ)∆(θ̂ − θ) = G + κ′(·, ω)|∇ω|2 − κ′(·, ω̂)|∇ω̂|2 in Ω,
u− û = 0 on ∂Ω,

θ − θ̂ = 0 on ∂Ω,

where

F = div
(
ξ̂ ⊗ ξ̂ − ξ ⊗ ξ

)
+ 2µdiv

(
σ(|Dξ|2)Dξ − σ(|Dξ̂|2)Dξ̂

)
+ (ω − ω̂)f ,

G = ξ̂ · ∇ω̂ − ξ · ∇ω.
Applying Lemma 4.1 with τ = F we obtain

‖∇(u− û)‖q

≤ C−1

2µ
‖ div

(
ξ̂ ⊗ ξ̂ − ξ ⊗ ξ

)
+ 2µ div

(
σ(|Dξ|2)Dξ − σ(|Dξ̂|2)Dξ̂

)
‖−1,q

+
C−1

2µ
‖(ω − ω̂)f‖−1,q

≤ CC−1

µ
‖ξ̂ ⊗ ξ̂ − ξ ⊗ ξ + 2µ

(
σ(|Dξ|2)Dξ − σ(|Dξ̂|2)Dξ̂

)
‖q

+
CC−1

µ
‖(ω − ω̂)f‖q .

(4.12)

Working in a similar way as in [2, Proposition 3.3], we obtain

‖ξ̂ ⊗ ξ̂ − ξ ⊗ ξ‖q ≤ 2CP (CqP + 1)1/qδ0‖∇(ξ̂ − ξ)‖q, (4.13)

‖σ(|Dξ|2)Dξ − σ(|Dξ̂|2)Dξ̂)‖q ≤ SpF(2δ0)‖∇(ξ̂ − ξ)‖q . (4.14)

Moreover,

‖(ω − ω̂)f‖q ≤ ‖ω − ω̂‖∞‖f‖q ≤ CẼ(CP + 1)‖∇(ω − ω̂)‖r‖f‖q . (4.15)
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Then, from (4.12)-(4.15) we conclude that

‖∇(u− û)‖q

≤ m1

µ

(
2δ0 + µSpF(2δ0) + ‖f‖q

)
max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
,

(4.16)

where m1 = C C−1 max{2, CP (CqP + 1)1/q, CẼ(CP + 1)}.
On the other hand,

‖G‖r ≤ ‖(ξ̂ − ξ)∇ω̂‖r + ‖ξ∇(ω̂ − ω)‖r
≤ ‖(ξ̂ − ξ)‖∞‖∇ω̂‖r + ‖ξ‖∞‖∇(ω̂ − ω)‖r

≤ δ0CE(CP + 1)
CẼ

‖∇(ξ̂ − ξ)‖q + (CP + 1)‖∇ξ‖q‖∇(ω̂ − ω)‖r

≤ δ0CE(CP + 1)
CẼ

‖∇(ξ̂ − ξ)‖q + δ0(CP + 1)‖∇(ω̂ − ω)‖r

≤M2δ0 max{‖∇(ξ̂ − ξ)‖q, ‖∇(ω̂ − ω)‖r},

(4.17)

with M2 = 2(CP + 1) max{CECẼ , 1}.
Now, using the assumptions on κ we obtain

‖∇(θ − θ̂)‖r

≤ 1
κ1
‖G‖r +

1
κ1
‖κ′(·, ω)|∇ω|2 − κ′(·, ω̂)|∇ω̂|2‖r

≤ 1
κ1
‖G‖r +

1
κ1
‖(κ′(·, ω)− κ′(·, ω̂))|∇ω|2 + κ′(·, ω̂)(|∇ω|2 − |∇ω̂|2)‖r

≤ 1
κ1
‖G‖r +

1
κ1

(
λ′‖ω − ω̂‖∞‖|∇ω|2‖r

+ ‖(κ′(·, ω̂)− κ′(·, 0))(|∇ω|2 − |∇ω̂|2)‖r
)

≤ 1
κ1
‖G‖r +

λ′

κ1
CẼ(CP + 1)‖∇(ω − ω̂)‖r ‖∇ω‖2r

+
λ′

κ1
CẼ‖ω̂‖1,r‖∇(ω − ω̂) · ∇(ω + ω̂)‖r

≤ 1
κ1
‖G‖r +

λ′

κ1
CẼ(CP + 1)C‖∇ω‖1,r‖∇(ω − ω̂)‖r

+
λ′

κ1
(CP + 1)δ0‖∇(ω − ω̂)‖r‖∇(ω + ω̂)‖∞

≤ 1
κ1
‖G‖r +

λ′

κ1
C(CP + 1)δ0‖∇(ω − ω̂)‖r +

2λ′

κ1
(CP + 1)δ2

0‖∇(ω − ω̂)‖r.

(4.18)

Combining (4.16)–(4.18) and the fact δ0 ≤ 1, we deduce that

max{‖∇(u− û)‖q, ‖∇(θ − θ̂)‖r}

≤
(m1

µ
(2δ0) +m1SpF(2δ0) +m1

‖f‖q
µ

+
λ′(CP + 1)(C + 2) +M2

2κ1
2δ0
)

×max
{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
.
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From here, and taking into account that δ0 ≤ 2M1‖f‖2q/µ,F is nondecreasing,

F(4y) ≤ 4(p−2,1)+F(y) and defining C2 = max{m1,
λ′(CP+1)(C+2)+M2

2κ1
}, we arrive

at

max{‖∇(u− û)‖q, ‖∇(θ − θ̂)‖r}

≤ C2

[
(1 + 1/µ)(2δ0) + SpF(2δ0) + ‖f‖q/µ

]
max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
≤ C2

[
(1 + 1/µ)

4M1‖f‖2q
µ

+
‖f‖q
µ

+ Sp4(p−2,1)+F
(
M1

‖f‖2q
µ

)]
×max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
≤ 4(p−2,1)+C2

[
(1 + 1/µ)

M1‖f‖2q
µ

+
‖f‖q
µ

+ SpF
(
M1

‖f‖2q
µ

)]
×max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
.

Considering the space Y = W1,q
0 (Ω)×W 1,r

0 (Ω), with norm max{‖∇ · ‖q, ‖∇ · ‖r},
the last inequality implies that

‖A[ξ̂, ω̂]−A[ξ, ω]‖Y

≤ 4(p−2,1)+C2

[
(1 + 1/µ)

M1‖f‖2q
µ

+
‖f‖q
µ

+ Sp

(
M1

‖f‖2q
µ

)2rp(
1 +M1

‖f‖2q
µ

)(p−4)+]
‖[ξ̂, ω̂]− [ξ, ω]‖Y .

From which and (4.11) follow that A is a contraction. �

We observe that for p ≤ 3, γp = 1/4 = 1/4(p−2,1)+ and for p > 3, γp >

1/4(p−2,1)+ . Therefore, setting C = (M1, C2)+ and because of (4.2) implies (4.5)
and (4.11), we see that the proof of Theorem 4.5 is a consequence of Proposi-
tions 4.6, 4.7 and Theorem 4.4. To apply Theorem 4.4 we consider the spaces
X = V2,q × (W 2,r(Ω) ∩W 1,r

0 (Ω)) and Y = W1,q
0 (Ω)×W 1,r

0 (Ω). �

4.2. Power law stress for T = T2. In this subsection we prove the existence of
strong solutions for the boundary-value problem (4.1) in the case T(η) = T2(η) =
2µ(1 + |η|)p−2η. The purpose of this subsection is prove the following theorem.

Theorem 4.8. Let f ∈ Lq(Ω), g ∈ Lr(Ω) with q, r > n and T = T2, p > 1,
µ > 0. There exist positive constants λ = λ(λ′, κ1, C0, C−1, CE , CP , CẼ) and m2 =
m2(λ′, c2, CP , CẼ) such that if ‖g‖r/κ2

1 < m2 and,

(
1 + 1/µ

)λ2‖f‖2q
µ

+ λ
‖f‖q
µ

+ Spλ
2 ‖f‖2q
µ

(
1 + λ

‖f‖2q
µ

)(p−3)+

<
1

4(p−2,1)+
,

then problem (4.1) has a strong solution [u, θ] ∈ V2,q × (W 2,r(Ω) ∩W 1,r
0 (Ω)).
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Following [2, Theorem 2.2], for 0 < ε < 1 we consider the family of penalized
problems

−div
(

2µ(1 +
√
ε2 + |Du|2)p−2Du

)
+ div(u⊗ u) +∇π = θf in Ω,

div u = 0 in Ω,

−div(κ(·, θ)∇θ) + u · ∇θ = g in Ω,
u = 0 on ∂Ω,
θ = 0 on ∂Ω.

(4.19)

To prove Theorem 4.8, we first study the existence of strong solutions of the family
of penalized problems (4.19), ε > 0. This is the content of the next theorem.

Theorem 4.9. Let f ∈ Lq(Ω), g ∈ Lr(Ω) with q, r > n, p > 1, µ > 0, and 0 <
ε < 1. There exist positive constants λ = λ(λ′, κ1, C0, C−1, CE , CP , CẼ) and m2 =
m2(λ′, c2, CP , CẼ), such that if ‖g‖r/κ2

1 < m2 and,

(
1 + 1/µ

)λ2‖f‖2q
µ

+ λ
‖f‖q
µ

+ Spλ
2 ‖f‖2q
µ

(
1 + λ

‖f‖2q
µ

)(p−3)+

<
1

4(p−2,1)+
, (4.20)

then problem (4.19) has a strong solution [uε, θε] ∈ V2,q × (W 2,r(Ω) ∩W 1,r
0 (Ω)).

We first prove the existence of a strong solution [uε, θε] for (4.19) as well as deriv-
ing uniform estimates with respect to parameter ε. To solve (4.19) we reformulate
the problem (4.19) as

−2µ(1 + ε)p−2∆u +∇π = θf − div(u⊗ u) + div
(
2µσε(|Du|2)Du

)
in Ω,

div u = 0 in Ω,

−κ(·, θ)∆θ = κ′(·, θ)|∇θ|2 − u · ∇θ + g in Ω,
u = 0 on ∂Ω,
θ = 0 on ∂Ω,

with σε(x) =
(
1 +

√
ε2 + |x|2

)p−2 − (1 + ε)p−2.
Now, we define the operator Aε : V2,q × (W 2,r(Ω) ∩ W 1,r

0 (Ω)) −→ V2,q ×
(W 2,r(Ω) ∩ W 1,r

0 (Ω)) given by Aε[ξ, ω] = [uε, θε], where [uε, θε] is the solution
of
−2µ(1 + ε)p−2∆uε +∇πε = ωf − div(ξ ⊗ ξ) + div

(
2µσε(|Dξ|2)Dξ

)
in Ω,

div uε = 0 in Ω,

−κ(·, θε)∆θε = κ′(·, ω)|∇ω|2 − ξ · ∇ω + g in Ω,
uε = 0 on ∂Ω,
θε = 0 on ∂Ω.

(4.21)

Proposition 4.10. Let f ∈ Lq(Ω), g ∈ Lr(Ω) with q, r > n, p > 1 and µ > 0.
There exist constants λ1 = λ1(C0, CP , CE) > 0 and m2 = m2(λ′, c2, CP , CẼ) > 0
such that if ‖g‖r/κ2

1 < m2 and

λ
2

1 ‖f‖2q
µ2

+ Spλ
2

1

‖f‖2q
µ

(
1 +

λ1 ‖f‖2q
µ

)(p−3)+

≤ γp, (4.22)

then Aε(Bρ) ⊆ Bρ for some ρ > 0. Here, Bρ is the closed ball defined in (2.1).
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Proof. From Lemma 4.1 and reasoning as in the proof of Proposition 4.6 and [2,
Proposition 4.2] we obtain that uε ∈ V2,q and it satisfies

‖∇uε‖1,q ≤
C0

2(1 + ε)p−2µ

(
‖ωf‖q + 2µ‖ div(σε(|Dξ|2)Dξ)‖q + ‖ξ · ∇ξ‖q

)
≤ C0

µ

(
‖ω‖∞‖f‖q + 2µ‖ div (σε(|Dξ|2)Dξ)‖q + ‖ξ · ∇ξ‖q

)
≤ C0

µ

(
ρ(CP + 1)‖f‖q + 2µ‖ div (σε(|Dξ|2)Dξ)‖q + ‖ξ · ∇ξ‖q

)
≤ C0

µ

(ρ2(CP + 1)2

2
+
‖f‖2q

2
+ 8µSpG(‖Dξ‖∞)‖∇ξ‖1,q +

CP
CE

ρ2
)

≤ C0

µ

([ (CP + 1)2

2
+
CP
CE

]
ρ2 +

‖f‖2q
2

+ 8µρSpG(ρ)/CE
)

≤ λ1

µ

(
‖f‖2q + µρSpG(ρ) + ρ2

)
,

(4.23)

where λ1 = C0 max{ 1
2 ,

8
CE
, (CP+1)2

2 + CP
CE
},G(x) = x(1 + x)(p−3)+ and Sp = (|p −

2|, 1)+ 2(p−3)+ . As in (4.9), we obtain

‖∇θε‖1,r ≤
c2C(CP + 1)λ′

κ1C2
Ẽ

ρ3 +
c2ρ

2

κ1CẼ
(CP + 1) +

c2
κ1
‖g‖r . (4.24)

As in the proof of Proposition 4.6, we can assume ρ ≤ 1. Thus, in order to have
A(Bρ) ⊆ Bρ it is sufficient to notice that

λ1

µ

(
‖f‖2q + µρSpG(ρ) + ρ2

)
≤ ρ, and

c2(CP + 1)
κ1CẼ

(Cλ′
CẼ

+ 1
)
ρ2 +

c2
κ1
‖g‖r ≤ ρ.

By the hypothesis, from Proposition 4.3 with A = λ1
µ , E = λ1Sp and D = λ1‖f‖2q

µ ,

there exists ρ1 >
λ1‖f‖2q
µ such that

λ1

µ

(
‖f‖2q + µρ1SpG(ρ1) + ρ2

1

)
≤ ρ1.

Moreover,

ρ1 ≤
2λ1‖f‖2q

µ
· (4.25)

The proof follows in the same way as in the end of the proof the Proposition 4.6.

Namely, we consider ‖g‖r and κ1 such that ‖g‖r
κ2
1

< m2 and ρ− <
λ1‖f‖2q
µ < ρ+.

Thus, taking ρ2 ∈ (ρ−, D) we have

ρ2 <
λ1‖f‖2q
µ

< ρ1 ≤
2λ1‖f‖2q

µ
.

Then, we conclude that Aε(Bρ) ⊆ Bρ for ρ = ρ1, and the proof is complete. �

Proposition 4.11. There is a positive constant λ0 = λ0(CP , C−1, CE , CẼ , κ1, λ
′)

such that, if

λ0

[(
1 + 1/µ

)λ1‖f‖2q
µ

+
‖f‖q
µ

+Spλ1

‖f‖2q
µ

(
1 +λ1

‖f‖2q
µ

)(p−3)+]
<

1
4(p−2,1)+

, (4.26)
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then, Aε : Bρ −→ Bρ is a contraction in W1,q
0 (Ω)×W 1,r

0 (Ω).

Proof. Let [ξ, ω], [ξ̂, ω̂] ∈ Bρ and let [uε, θ], [ûε, θ̂] be their respective images under
Aε. Then, from (4.21) we obtain

−2µ(1 + ε)p−2∆(uε − ûε) +∇(π − π̂ε) = Fε in Ω,

div(uε − ûε) = 0 in Ω,

−κ(·, θε)∆θε + κ(·, θ̂ε)∆θ̂ε = κ′(·, ω)|∇ω|2 − κ′(·, ω̂)|∇ω̂|2 +G in Ω,
uε − ûε = 0 on ∂Ω,

θε − θ̂ε = 0 on ∂Ω,

(4.27)

where

Fε = div
(
ξ̂ ⊗ ξ̂ − ξ ⊗ ξ

)
+ 2µdiv

(
σε(|Dξ|2)Dξ − σε(|Dξ̂|2)Dξ̂

)
+ (ω − ω̂)f ,

G = ξ̂ · ∇ω̂ − ξ · ∇ω.
Then, using computations similar to those in (4.12), (4.13), (4.15) and taking into
account that G is a nondecreasing function, we have

‖∇(uε − ûε)‖q

≤ CC−1

µ

(
‖ξ̂ ⊗ ξ̂ − ξ ⊗ ξ‖q + 2µ‖σε(|Dξ|2)Dξ − σε(|Dξ̂|2)Dξ̂‖q + ‖(ω − ω̂)f‖q

)
≤ CC−1

µ

(
2CP (CqP + 1)1/qρ1 |∇(ξ̂ − ξ)‖q + 2µSpG(‖Dξ‖∞

+ ‖Dξ̂‖∞)‖∇(ξ̂ − ξ)‖q
)

+
CC−1

µ
CẼ(CP + 1)‖∇(ω − ω̂)‖r‖f‖q

≤ λ2

µ

(
2ρ1 + µSpG(2ρ1) + ‖f‖q

)
max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
,

where λ2 = CC−1 max{CP (CqP + 1)1/q, 2, CẼ(CP + 1)}. Now, we briefly describe
the computations to estimate ‖∇(θε − θ̂ε)‖r, which are based on (4.27)3. First,
notice that

−κ(·, θε)∆θε + κ(·, θ̂ε)∆θ̂ε = κ(·, θ̂ε)∆(θ̂ε − θε) +
(
κ(·, θ̂ε)− κ(·, θε)

)
∆θε.

Then

‖∇(θε−θ̂ε)‖r ≤
1
κ1

[‖κ′(·, ω)|∇ω|2−κ′(·, ω̂)|∇ω̂|2+G‖r+‖
(
κ(·, θ̂ε)−κ(·, θε)

)
∆θε‖r].

Recalling that |κ(·, a) − κ(·, b)| ≤ λ′ (|a|+ |b|) |a − b| ∀a, b ∈ R, and ‖∆θε‖r ≤
‖∇θε‖1,r we conclude that

‖
(
κ(·, θ̂ε)− κ(·, θε)

)
∆θε‖r ≤ 2λ′ρ2

1(CP + 1)2‖∇(θε − θ̂ε)‖r.

Similar procedures as those in (4.17) give ‖G‖r ≤ ρ1CE(CP+1)
CẼ

‖∇(ξ̂−ξ)‖q+ρ1(CP +
1)‖∇(ω̂ − ω)‖r. Finally, reasoning as in (4.18) we obtain

‖κ′(·, ω)|∇ω|2 − κ′(·, ω̂)|∇ω̂|2‖r
≤ Cλ′(CP + 1)ρ1‖∇(ω − ω̂)‖r + 2λ′(CP + 1)ρ2

1‖∇(ω − ω̂)‖r.
Combining these inequalities we obtain(

1− 2
κ1
λ′ρ2

1(CP + 1)2
)
‖∇(θε − θ̂ε)‖r
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≤ 1
κ1

ρ1CE(CP + 1)
CẼ

‖∇(ξ̂ − ξ)‖q +
1
κ1
ρ1(CP + 1)(1 + Cλ′ + 2λ′)‖∇(ω − ω̂)‖r

≤ ρ1M
′
2 max{‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r},

where

M ′2 =
2
κ1

(CP + 1) max{CE
CẼ

, 1 + Cλ′ + 2λ′}.

Then, if we take ρ1 such that 2
κ1
λ′ρ2

1(CP + 1)2 ≤ 1/2, we have

max{‖∇(uε − ûε)‖q, ‖∇(θε − θ̂ε)‖r}

≤
(λ2

µ
(2ρ1 + µSpG(2ρ1) + ‖f‖q) + 2ρ1M

′
2

)
max

{
‖∇(ξ − ξ̂)‖q, ‖∇(ω − ω̂)‖r

}
.

Consider the space Y = W1,q
0 (Ω) × W 1,r

0 (Ω), with norm max{‖∇ · ‖q, ‖∇ · ‖r}.
We define λ0 = max{λ2,M

′
2}. Then, since ρ1 ≤ 2λ1‖f‖2q/µ,G is a nondecreasing

function and G(4y) ≤ 4(p−2,1)+G(y) we obtain

‖Aε[ξ̂, ω̂]−Aε[ξ, ω]‖Y ≤ 4(p−2,1)+λ0

[(
1 + 1/µ

)λ1‖f‖2q
µ

+
‖f‖q
µ

+ Spλ1

‖f‖2q
µ

(
1 + λ1

‖f‖2q
µ

)(p−3)+]
‖[ξ̂, ω̂]− [ξ, ω]‖Y .

Therefore, Aε : Bρ −→ Bρ is a contraction when taking ρ = ρ1.
Recall that for p ≤ 3, γp = 1/4 = 1/4(p−2,1)+ and for p > 3, γp > 1/4(p−2,1)+ .

The proof of Theorem 4.9 is a consequence of Propositions 4.10, 4.11 and Theorem
4.4 when taking λ = (λ1, λ0)+ and keeping in mind that (4.20) implies (4.22) and
(4.26). �

Proof of Theorem 4.8. The existence of a strong solution [u, θ] ∈ V2,q×(W 2,r(Ω)∩
W 1,r

0 (Ω)) is obtained as the limit of a subsequence of the penalized solutions [uε, θε]
provided by Theorem 4.9. Notice that for each ε > 0, [uε, θε] satisfies the following
weak formulation∫

Ω

(
2µ(1 +

√
ε2 + |Duε|2)p−2Duε

)
: D(Φ) dx−

∫
Ω

(uε ⊗ uε) : D(Φ) dx

=
∫

Ω

θεf ·Φ dx, ∀Φ ∈ Vp,

(4.28)

∫
Ω

κ(x, θε)∇θε · ∇φdx+
∫

Ω

φuε · ∇θε dx =
∫

Ω

gφ dx, ∀φ ∈W 1,q
0 (Ω). (4.29)

From (4.23), (4.24) and (4.25) we have that ([uε, θε])ε is uniformly bounded in
V2,q × (W 2,r(Ω) ∩W 1,r

0 (Ω)). Then, there exists a subsequence of ([uε, θε])ε, still
denoted by ([uε, θε])ε, and [u, θ] such that

[uε, θε] ⇀ [u, θ] weakly in V2,q × (W 2,r(Ω) ∩W 1,r
0 (Ω)),

[uε, θε]→ [u, θ] strongly in C1,α1(Ω)× C1,α2(Ω), α1 < 1− n

q
, α2 < 1− n

r
.
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Thus, recalling that κ : Ω × R → R is a C1-function and passing to the limit as ε
tends to zero in (4.28)-(4.29), we obtain∫

Ω

(
2µ(1 + |Du|)p−2Du

)
: D(Φ) dx−

∫
Ω

(u⊗ u) : D(Φ) dx

=
∫

Ω

θf ·Φ dx, ∀Φ ∈ Vp,

(4.30)

∫
Ω

κ(x, θ)∇θ · ∇φdx+
∫

Ω

φu · ∇θ dx =
∫

Ω

gφ dx, ∀φ ∈W 1,q
0 (Ω). (4.31)

The regularity of [u, θ] follows from (4.23) and (4.24). This completes the proof of
Theorem 4.8. �

4.3. Uniqueness. We finish this section with the following uniqueness result which
gives conditions on the data to ensure that the obtained strong solution agrees with
the weak solution.

Theorem 4.12. Let p ≥ 2 and consider [u1, θ1] a weak solution of (4.1) with
T = T1,T2, and let [u2, θ2] be a strong solution of (4.1) provided by Theorem 4.5
or Theorem 4.8. If

1−
(C4

PC
3
k

4µ2κ1
‖f‖2‖g‖2 +

C2
PCk
2µ
‖f‖2 +

C3
PCk
κ2

1

‖g‖2 +
2λ′C5

P

κ3
1

‖g‖2
)
> 0,

then [u1, θ1] = [u2, θ2]. Here CP denotes a general Poincaré constant and Ck
denotes the Korn constant.

Proof. First of all, [u1, θ1] being a weak solution of (4.1) implies that [u1, θ1] ∈
Vp ×W 1,q

0 (Ω) and it satisfies∫
Ω

T (D(u)) : D(Φ) dx−
∫

Ω

(u⊗ u) : D(Φ) dx =
∫

Ω

θf ·Φ dx, ∀Φ ∈ Vp,∫
Ω

κ(x, θ)∇θ · ∇φdx+
∫

Ω

φu · ∇θ dx = 〈g, φ〉(W 1,q
0 (Ω))′ , ∀φ ∈W 1,q

0 (Ω).

Considering the difference between the weak formulations of [u1, θ1], [u2, θ2], we can
obtain ∫

Ω

(T (D(u1))−T(D(u2))) : D(u1 − u2)dx

=
∫

Ω

(u1 − u2)∇u2(u1 − u2)dx+
∫

Ω

(θ1 − θ2)f · (u1 − u2)dx,∫
Ω

(κ(x, θ1)∇θ1 − κ(x, θ2)∇θ2) · ∇(θ1 − θ2)dx =
∫

Ω

(u1 − u2) · ∇θ2(θ1 − θ2)dx.

Notice that since p ≥ 2, we have the strict monotonicity condition (T(η)−T(ξ)) :
(η − ξ) ≥ 2µ|η − ξ|2. Then, using the Hölder, Poincaré and Korn inequalities we
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obtain

2µ‖D(u1)−D(u2)‖22

≤
∫

Ω

(T (D(u1))−T(D(u2))) : D(u1 − u2)dx

≤ ‖u1 − u2‖24‖∇u2‖2 + ‖θ1 − θ2‖4‖u1 − u4‖2‖f‖2
≤ C2

P (‖∇(u1 − u2)‖22‖∇u2‖2 + ‖∇(θ1 − θ2)‖2‖∇(u1 − u2)‖4‖f‖2)

≤ C2
PC

2
k‖D(u1 − u2)‖22‖Du2‖2

+ C2
PCk‖∇(θ1 − θ2)‖2‖D(u1 − u2)‖2‖f‖2.

(4.32)

On the other hand, since

κ(x, θ1)∇θ1 − κ(x, θ2)∇θ2 = κ(x, θ1)∇(θ1 − θ2) + (κ(x, θ1)− κ(x, θ2))∇θ2,

and using the assumptions on the boundedness and regularity of κ, as well as the
Hölder, Poincaré and Korn inequalities we obtain

κ1‖∇(θ1 − θ2)‖22
≤ ‖u1 − u2‖4‖∇θ2‖2‖θ1 − θ2‖4 + λ′‖∇θ2‖2‖θ1 − θ2‖26(‖θ1‖6 + ‖θ2‖6)

≤ C2
PCk‖D(u1 − u2)‖2‖∇θ2‖2‖∇(θ1 − θ2)‖2

+ λ′C3
P ‖∇θ2‖2‖∇(θ1 − θ2)‖22(‖∇θ1‖2 + ‖∇θ2‖2).

(4.33)

Note that ‖Du2‖2 satisfies the estimate

2µ‖Du2‖22 ≤ ‖u2‖4‖θ2‖4‖f‖2 ≤ CPCk‖Du2‖2‖∇θ2‖2‖f‖2,

which implies that

‖Du2‖2 ≤
CPCk

2µ
‖∇θ2‖2‖f‖2. (4.34)

Moreover,

κ1‖∇θi‖22 ≤
∫

Ω

κ(x, θi)|∇θi|2 ≤ CP ‖g‖2‖∇θi‖2, i = 1, 2,

which yields
κ1(‖∇θ1‖2 + ‖∇θ1‖2) ≤ 2CP ‖g‖2. (4.35)

Thus, from (4.32)-(4.35) we obtain

2µ‖D(u1 − u2)‖22 ≤
C3
PC

3
k

2µ
‖D(u1 − u2)‖22‖∇θ2‖2‖f‖2

+ C2
PCk‖∇(θ1 − θ2)‖2‖D(u1 − u2)‖2‖f‖2

≤ C4
PC

3
k

2µκ1
‖D(u1 − u2)‖22‖g‖2‖f‖2

+ C2
PCk‖∇(θ1 − θ2)‖2‖D(u1 − u2)‖2‖f‖2,

(4.36)

and

κ1‖∇(θ1 − θ2)‖22

≤ C3
PCk
κ1
‖D(u1 − u2)‖2‖∇(θ1 − θ2)‖2‖g‖2 +

2λ′C5
P

κ2
1

‖∇(θ1 − θ2)‖22‖g‖22.
(4.37)
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Then, taking ‖f‖2, ‖g‖2, µ, κ such that

1−
(C4

PC
3
k

4µ2κ1
‖f‖2‖g‖2 +

C2
PCk
2µ
‖f‖2 +

C3
PCk
κ2

1

‖g‖2 +
2λ′C5

P

κ3
1

‖g‖2
)
> 0,

from (4.36), (4.37) we obtain that [u1, θ1] = [u2, θ2]. �
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[11] J. Frehse, J. Málek, M. Steinhauer; On analysis of steady flows of fluids with shear-dependent
viscosity based on the Lipschitz truncation method, SIAM J. Math. Anal., 34, No. 5 (2003),
1064-1083.
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