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BLOW-UP PHENOMENA FOR SECOND-ORDER
DIFFERENTIAL INEQUALITIES WITH SHIFTED ARGUMENTS

MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

ABSTRACT. We provide sufficient conditions for the blow-up of solutions to
certain second-order differential inequalities and systems with advanced and
delayed arguments. Our proofs are based on the test function method.

1. INTRODUCTION

The study of differential equations and inequalities with shifted (advanced or de-
layed) arguments is an important and significant branch of mathematical analysis.
Applications of these equations can be found in physics, mechanics, engineering,
biology and so on (see [1l, B, [7, 12] and the references therein). Many results con-
cerning existence and uniqueness of solutions, stability of solutions, oscillation and
numerical methods have been published. Results concerning blowing-up solutions
in a finite time are however scarce. It seems that the first result is due to Kobayashi
[5] who considered a parabolic equations with delay. Later, Lightbourne and Rankin
[6] considered also blowing-up solutions to partial differential equations with delay
(let us remark in passing that their proof is doubtfull). More recently Ezzinbi and
Jazar [4] considered blowing-up solutions to ordinary differential equations with de-
lay, however their method of proof is different from ours. Casal, Diaz and Vegas [2]
also considered blow-up for some ordinary and parabolic differential equations with
time-delay. Let us mention that many nice results concerning blowing-up solutions
for integral equations have been published mainly by Olmstead and his co-authors,
we just mention the review paper of Roberts [I0] and its references.

Recently, Salieva [IT] obtained sufficient conditions for the blow-up of solutions
to certain classes of first-order differential equations and inequalities with advanced
and delayed arguments using the test function method [8]. Motivated by that work,
we consider in this paper various classes of second-order differential inequalities and
systems with shifted arguments, for which we study the blow-up phenomenon. As
in [II], using the test function method, we provide sufficient conditions for the
existence of blow-up. we obtain also an upper bound of the blow-up time.

The paper is organized as follows. In Section 2] we consider a second-order
differential inequality with advanced arguments. Sufficient conditions, for which
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any solution of the considered inequality blows-up at a finite time, are provided.
Moreover, an estimate of the blow-up time is obtained. In Section |3, we consider
second-order differential inequalities with delayed arguments in the right-hand side.
Finally, in Section[4} we study the blow-up of solutions for two systems of differential
inequalities with advanced arguments.

2. DIFFERENTIAL INEQUALITY WITH ADVANCED ARGUMENT

We consider the differential inequality
d*y(t)

dt?
y(0) =yo >0, y'(0)=y1 >0,

> [yt +7)l7, >0, o)

where 7 > 0 and ¢ > 1.

If there exists a T' > 0 such that a function y satisfies for every t € (0,7,
then y is called a local solution to . If a function y satisfies for every
t > 0, then it is called a global solution to . If y is not a global solution, the
largest possible T' > 0 is called the blow-up time for the function y. We have the
following blow-up result.

Theorem 2.1. If ¢ > 1, then any solution of (2.1) blows-up at a finite time.

Proof. Suppose that y is a global solution of (2.1). Let w be a real number such
that

2q
Then
*dy > w
—spU(t)dt > ly(t + 7)[7“(t) dt,
o dt 0
for every test function ¢, p(t > T) =0, ¢ > 0. Integrating by parts,
— 1[p(0)]* + wyo[p(0)] ¢ (0) + / y(®)lp(t)]“ 26 (t) dt
0
(2.3)

> [ e ol an
where
6(t) = w((w—De(t) + ()" (1)), t>0.
Observe that from , we have y”(t) > 0, which implies
Y (t) >y (0)=y1 >0, t>0, (2.4)
y(t) > y(0)=yo >0, t>0.
Using and Taylor-Lagrange formula, we obtain
ly(t+7)|* =yt + 7)1
2

= y"(0) + ray" " Oy (1) + T ((a = Dy 2t + 07)y (¢ + o)

+y 4 0r)y (t + 07)),
where 6 = 60, € (0,1). Therefore, by (2.1), (2.4) and (2.5), we obtain
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ly(t +7)|7 > y2(t) + Tqyd '

q7? _ _
+ 8- (a0 + ol 'y + 0+ 1))

2
_ qT
> y9(t) + qydys + 7((q R N 1),

ie.,
2

_ qT
iyt + ) =y +ray "+ (- +40 ), t>0. (26)

Combining (2.3) with (2.6)), we obtain

/0 Ty (1) dt < e (O] + wiolp0)] ' (0)

> oo (2.7)
+ [ ol 2o dt - ) [ e
0 0
where i
— T
(¢, 90, 91) = Tay§ y1 + %((q — Dyl Pyt + 0™ 1) > 0.

Using the e-Young inequality with parameters ¢ and ¢/ = ﬁ, for € > 0, we obtain
| 2o a
= /OOO y(t)pa (t)[p()]* 2 T o(t) dt
e [Twoeoar . [Tl o) a
= 5/000 yI(t)e* () dt + C- /Ooo[@(t)]w—ﬁw(t)lqzl dt.

where C. = (eq)~ 7 /¢/. Note that thanks to the choice (2.2) of the parameter w
we have

(2.8)

IN

| et iow) # e < o
Inequalities and yield
-2 [T
< —419*(0) + wyop” " (0)¢'(0) (2.9)
0 [P OO -2 [ 0
Now, as a test function, we use

p(t) = <P0(%)7 T >0, (2.10)

where ¢y is the classical cutoff function, that is, g is a smooth decreasing function
such that

0<@o <1, [gh(s)| <Cs™, s>0,
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1 ifo<s<i,

Pols) = {o if s> 1.
In this case,

©?(0)=1 and ¢'(0)=0. (2.11)
Moreover,

o) 1 % T
/ go“’(t)dt:T/ @‘g(s)dSZT/ g (s)ds = 3 (2.12)
0 0

0
Combining ([2.9), (2.11) and (2.12), we obtain

(1-2) / Ty d < (ot s m) +Ce / Tl o)1 .

Taking € = 1/q, we obtain
e T o w,ﬂ P
/ yI () (t) dt < —q' (yl + §v(q,yo,y1)) + Q'CE/ [p(®)]* " a=T[g(t)| 7T dt.
0 0

On the other hand, we have ¢'C. = 1. Therefore,

| o0 <~ (n+ Griamm) + [0l #H o] ar. (213

Using the change of variable ¢t = T's, we obtain

/0 o) (1) |75 (1) d

1 2a [ w20 =1
< e [l (0 = Do) + ool @) s (219
q—1 0
Cl
= @’
where
¢’ =wit / [po(s)]° 77 ((w = De(s) + wols)lef(s)]) ™ ds > 0. (2.15)
0
Then, by (2.13]), we have

/

> t T C
/ yq(t)%’(f) dt < —¢ <y1 + 57(q,yo,y1)> + — (2.16)
0 —

g—1
Passing to the limit as T' — oo and using the monotone convergence theorem, we
obtain

o0
/ yi(t) dt < —o0,
0
which is a contradiction. Therefore, for any ¢ > 1, we have nonexistence of a global
solution for (2.1)). O

Remark 2.2. Observe that if T* is the zero of the right-hand side of (2.16)), then
the blow-up time for (2.1)) does not exceed T*. Moreover, we have the estimate

c’ )Z%i
qdy/

since the right-hand side of (2.16]) tends to +o0o as T'— 0T, and it is negative for
t="T.

T*<T:(
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3. DIFFERENTIAL INEQUALITIES WITH DELAYED ARGUMENTS

We start with the second-order differential inequality

d?y(t
Y > -, >0,

y(t) = o(t), tel-70]

where 7 > 0, ¢ > 1 and ® is a given continuously differentiable real-valued function
on the initial interval [—7,0]. We have the following result.

(3.1)

Theorem 3.1. Let g > 1. If

0
w’(0)+/ [t ()2 dt > 0, (3.2)

-7

then any solution of (3.1) has a blow-up.

Proof. Suppose that y is a global solution of (3.1). Let w be a real number such
that
2
w>—1_
q—1
As a test function, we take the function ¢“, where ¢ is defined by (2.10). By
integration by parts, we obtain

v [ Tyl 20() di > / T -l wdn, (33)

where
6(t) = w((w—1De(t) + p(1)" (1)), t>0.
On the other hand, for T' > 27, we have
/ ly(t — 7)[70° (1) dt = / ly(6)|%° (¢ + 7) dt
0 -7
N - (3.4)
4 d 9% (t) dt.
z/ ()| t+/0 (1) % (£)

-7

Using (3.3)) and ([3.4), we obtain
| worema<-(wo+ [
0

—T

0

o) + [yl o i (35

As in the proof of Theorem [2.I] using the e-Young inequality with parameters ¢

and ¢’ = -, we obtain
q—1’

/ Ty (0(t) di < ¢ / 07 (@) de 4 C. / o) o) dt,
0 0 0

(3.6)
where C; > 0. Combining (3.5) and (3.6)), we obtain

(1) / " ly0)]70° 1) de

< —(w’(O) +/O

-7

2q

o) +C. [ el a1
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Taking 0 < € < 1 and using (3.2), we obtain

0 oo 24 4
W@+/’wwWﬁg@/'wwwﬁﬁwwWﬁw (3.7)
-7 0
From ([2.14)), we have
o0 2q q C,
| et ol a <

where C’ is given by (2.15). Therefore, by (3.7]), we obtain

0 Cz—: C’
W@+/|wmwwzﬂi

—T Ta—1

Passing to the limit as T" — oo, we obtain

0
wm+/hwmago

-7

which is a contradiction with (3.2)). O
Now, we consider the differential inequality
d (dy(t)
— (=L 4yt ) > |yt —7)|9, >0,
(2 ) =y -nln, > (38)

y(t) =v(t), tel-70,

where 7 > 0, ¢ > 1, and % is a given continuously differentiable real-valued function
on the initial interval [—7, 0]. We have the following result.

Theorem 3.2. Let g > 1. If
0

w«n+wm+/'meﬁ>a (3.9)

then any solution of (3.8) has a blow-up.

Proof. Suppose that y is a global solution of . Let w be a real number such
that

2q
q—1
As a test function, we take the function ¢*, where ¢ is defined by . Integrating
by parts, we obtain

wﬂ»+lwmwwwwzawa¢«nwﬂwmwwwwl¢th

w >

. (3.10)
zA [yt — )96 (8) dt,

where
o(t) = w((w = DP*(t) + (O" (1), t>0.
From the proof of Theorem for T > 27, we have
o] 0 o]
| we-nrewaz [ o [ oo
0 0

-7
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Therefore, from (3.10), we obtain

- (v v+ [ i)+ [ uoler 2o d

-7

_w/ooo y(O)p()]* ' (t) dt (3.11)
> / )77 (1) dr.

As in the proof of Theorem [3.1] using the e-Young inequality with parameters ¢
and ¢’ = L=, we obtain

0

/0 Y20 de

(3.12)
<e [ ol dt+0/ o= () 7 dt,
0
where C; > 0. Similarly, we obtain
o [l @ d
0 (3.13)

gwg/o ly(0)]*¢ dt*“’c/ (BT (1) 77 dt.

Combining (3.11)), (3.12) and (3.13)), we obtain the estimate

(1-@+e) [ ol
0 o (3.14)
<= (WO + 00+ [ ool a) +0(Lale) + La(v),

—T

where

C =uwC,,
Li(g) = / Lo P o) dt,
La(e) = | Lot | () 7

Taking 0 < € < we deduce from (3.14) that

+1’
0
¥'(0) +1(0) +/ [(t)|?dt < C(Ll(w) + Lz(cp)). (3.15)
e Estimate of Li (). From (2.14)), we have
Li(p) < ; (3.16)
=

where C’ is given by (2.15]).
o Estimate of La(p). Using the change of variable ¢t = T's, we obtain
C//

La(p) = Ta—1°

(3.17)
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where -
¢ = [ ol (o) ds.
0
From (3.15)), the estimates (3.16)) and (3.17)), we deduce that

0 C’ c"
O+ o0+ [ o <o+ gom)

Passing to the limit as T" — oo, we obtain
0

w«n+wm+/'memsa

which is a contradiction with (3.9)). O
The argument used for the proof of Theorem yields the following blow-up
result for the more general differential inequality

(D 4 yw)) = je— oyt -, 1> 0,

dt
y(t) = (1), tel-70],
where 7 > 0, ¢ > 1, p > 0, and 9 is a given continuously differentiable real-valued
function on the initial interval [—7, 0].

(3.18)

Theorem 3.3. Let ¢ > 1 and p > 0. If
0
'(0) + (0) +/ P[0 (8)[7 dt > 0,

then any solution of (3.18) has a blow-up.

4. SYSTEMS OF DIFFERENTIAL INEQUALITIES WITH ADVANCED ARGUMENTS

We consider the system of differential inequalities

2
ddygt) >zt +m)P, t>0,
t (4.1)
d?z(t) p
20 >yttt 130

with the initial conditions

y(0)=yo >0, 3 (0)=y; >0, 2(0)=2 >0, 2'(0)=2z >0, (4.2)
where 7; > 0,7 =1,2, p> 1, and ¢ > 1. We have the following result.
Theorem 4.1. Let p > 1 and ¢ > 1. Then a blow-up situation takes place for

problem -.

Proof. Suppose that (y, z) is a global solution of (4.1)-(4.2]). Let w be a real number

such that
2p 2q

p—1q—1"

w>max{

Then
_ > w—2 > Py 7_1 D, W
m+A YOl ()] ¢@ﬁEA |2t + 1) [P (2) dt,

—z1 + /OOO 2(O)p(t)]* () dt > /OOO ly(t + 72)|"9"(t) dt,
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where ¢ is the test function defined by and
o(t) = w((w—De(t) + ()" (1)), ¢ >0.
Applying the Taylor-Lagrange formula to the functions |z(t+71)[? and |y(t + 72)|9,
we obtain
lz2(t + )P = 2(t +71)P

2
= 2P(t) + mpP ()2 (t) + p% ((p — 1)2P72(t 4 01122 (t + 6171)

+ 2P N4 01m) 2 (E + 0171))
and
ly(t +72)|" = y(t +72)7
ari
2
+ oy (t + Oy (t + 927’2)),
where 6; = 0;(t) € (0,1), i = 1,2. Therefore, by (4.1]), we obtain

|2(t +71)|P > 2P(t) + Tipzh 'z

= yi(t) + T2qy? ()Y (1) + ((q — D)y I 2(t + O272)y* (t + O272)

7—2 _ —
+ %((p — Dz P 2y + O+ 7'2))

2
_ T _ _
> 2P(t) + Tipzh o+ % ((p —1)287%2F + 2f 1y3),

ie.,

2(t +7)[P = 2P(1) + A,
where

2
A=mp o+ (0= b+ ) > 0.

Similarly,

ly(t + 7)1 = y?(t) + B,
where

2
_ qr. _ _
B=mqyy i+t ((a=Dwg 203 +487'4) > 0.

Therefore, we have the system of integral inequalities
| #oed<-n+ [ voloroma-a [ e
0 0 0
| v < - [ sl a5 [ par
0 0 0

Using the e-Young inequality with parameters ¢; > 0, g, #, and the e-Young

oo

inequality with parameters g9 > 0, p, p%? we obtain
| @< cnra [ e cotae) -4 [ o
0 0 0

/myWW%wﬁs7a+@/mfm¢VMngunwa/ o (1) dt,
0 0 0
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where .
M%w%:A lo(t)]°~ 25 (1) 77 dt.

Combining the two integral inequalities above, we obtain
o0
g Ferz+(1— 5152)/ P(1)e* (1) dt
0

< C., L(q, ) +e1C, L(p, ) — (Ber + A)/ (1) dt.
0

Following the proof of Theorem [2.1] we have

4 Cy
L(g,¢) < —» Lp,w) < —5,
q—1 Tp—l

where C; > 0, ¢ = 1,2, are constants. Therefore, taking 0 < €165 < 1, we obtain
the estimate

C., C e1C., C T
e < ot T2 (Be 4 A
g1 Tr=1 2
Passing to the limit as T" — oo, we obtain y; +£127 < —oo which is a contradiction.

Now, we consider the system of differential inequalities

2
y(t) > z(t+m)P, t>0,
dt?
(4.3)

dz(t
Zi) >yt +m)4 t>0

with the initial conditions
y(0)=yo >0, ¥(0)=y; >0, 2z(0)=2z >0, (4.4)
where 7; > 0,7i=1,2, p > 1, and ¢ > 1. We have the following result.

Theorem 4.2. Let p > 1 and ¢ > 1. Then a blow-up situation takes place for

problem —.

Proof. Suppose that (y, z) is a global solution of (4.3)-(4.4]). Let w be a real number
such that

Then

ot [ leOF o0 [ e mre o

o0
—rotw [ Ol @l [yl e (o) dr,
0 0
where ¢ is the test function defined by (2.10]) and

o(t) = w((w = DP2(t) + (V" (1), t>0.
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Applying the Taylor-Lagrange formula to the functions |z(t+ 1) [P and |y(t + 72)|%,
we obtain

|2(t +11)P = 2(t + 71)P = 2P(t) + TipzP "t + 01702/ (t + 0171)
and

ly(t+ )" = y(t + 72)*
= 310) + gy O (0) + T (g~ DY 2+ B0+ 02m)
+y T (t+ Gom2)y (t + 9272)>7
where 0; = 6;(t) € (0,1), i = 1,2. Therefore, by ([4.3), we obtain

[2(t+ 7" = 2P (1) + A,

where
A=rpb 'yl > 0.
Similarly,
ly(t +72)|* = y(t) + B,
where

2
_ qr. _ _
B =raqyd 'y + 2 (= D+ vl ) > 0.

Therefore, we obtain the system of integral inequalities
| @i <—nr [ uoleoromd-A [ e,
0 0 0
/ Yy (£)p™ (1) dt < —20 +w/ 2] (8)] dt — B/ ©* () dt.
0 0 0

Using the e-Young inequality with parameters ¢; > 0, g, ﬁ, and the e-Young
inequality with parameters e > 0, p, p’%l, we obtain

/wf@wwﬁs—m+a/“wwwww+@wm@—A/wwmm,
0 0 0

/ yI(t)p” (t) dt < —z + wes / 2P ()™ (t) dt + wCe, Ly () — B/ ©“(t) dt,
0 0 0
where

M%wAWW@Vf%Mmfwu

o0
__P_ _pP_
Li(e) = [ el #1077 de.
0
Combining the above inequalities and taking 0 < e162 < w™!, we obtain

Y1 +e120 S wer1Ce, Ly(p) — (1B + A)/ ©“(t)dt + C:, L(q, ),
0

which yields
we1Ce, Cy B (e1B+ A)T n C.,Cy
1

PESU)

T 2 Ti-1
for some constants C; > 0, ¢ = 1,2. Passing to the limit as 7" — oo, we obtain
Y1 + €120 < —oo which is a contradiction. O

y1+¢e120 <
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