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BLOW-UP PHENOMENA FOR SECOND-ORDER
DIFFERENTIAL INEQUALITIES WITH SHIFTED ARGUMENTS

MOHAMED JLELI, MOKHTAR KIRANE, BESSEM SAMET

Abstract. We provide sufficient conditions for the blow-up of solutions to

certain second-order differential inequalities and systems with advanced and

delayed arguments. Our proofs are based on the test function method.

1. Introduction

The study of differential equations and inequalities with shifted (advanced or de-
layed) arguments is an important and significant branch of mathematical analysis.
Applications of these equations can be found in physics, mechanics, engineering,
biology and so on (see [1, 3, 7, 12] and the references therein). Many results con-
cerning existence and uniqueness of solutions, stability of solutions, oscillation and
numerical methods have been published. Results concerning blowing-up solutions
in a finite time are however scarce. It seems that the first result is due to Kobayashi
[5] who considered a parabolic equations with delay. Later, Lightbourne and Rankin
[6] considered also blowing-up solutions to partial differential equations with delay
(let us remark in passing that their proof is doubtfull). More recently Ezzinbi and
Jazar [4] considered blowing-up solutions to ordinary differential equations with de-
lay, however their method of proof is different from ours. Casal, Diaz and Vegas [2]
also considered blow-up for some ordinary and parabolic differential equations with
time-delay. Let us mention that many nice results concerning blowing-up solutions
for integral equations have been published mainly by Olmstead and his co-authors,
we just mention the review paper of Roberts [10] and its references.

Recently, Salieva [11] obtained sufficient conditions for the blow-up of solutions
to certain classes of first-order differential equations and inequalities with advanced
and delayed arguments using the test function method [8]. Motivated by that work,
we consider in this paper various classes of second-order differential inequalities and
systems with shifted arguments, for which we study the blow-up phenomenon. As
in [11], using the test function method, we provide sufficient conditions for the
existence of blow-up. we obtain also an upper bound of the blow-up time.

The paper is organized as follows. In Section 2, we consider a second-order
differential inequality with advanced arguments. Sufficient conditions, for which
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any solution of the considered inequality blows-up at a finite time, are provided.
Moreover, an estimate of the blow-up time is obtained. In Section 3, we consider
second-order differential inequalities with delayed arguments in the right-hand side.
Finally, in Section 4, we study the blow-up of solutions for two systems of differential
inequalities with advanced arguments.

2. Differential inequality with advanced argument

We consider the differential inequality

d2y(t)
dt2

≥ |y(t+ τ)|q, t > 0,

y(0) = y0 > 0, y′(0) = y1 > 0,
(2.1)

where τ > 0 and q > 1.
If there exists a T > 0 such that a function y satisfies (2.1) for every t ∈ (0, T ),

then y is called a local solution to (2.1). If a function y satisfies (2.1) for every
t > 0, then it is called a global solution to (2.1). If y is not a global solution, the
largest possible T > 0 is called the blow-up time for the function y. We have the
following blow-up result.

Theorem 2.1. If q > 1, then any solution of (2.1) blows-up at a finite time.

Proof. Suppose that y is a global solution of (2.1). Let ω be a real number such
that

ω >
2q
q − 1

. (2.2)

Then ∫ ∞
0

d2y

dt2
ϕω(t) dt ≥

∫ ∞
0

|y(t+ τ)|qϕω(t) dt,

for every test function ϕ, ϕ(t ≥ T ) = 0, ϕ ≥ 0. Integrating by parts,

− y1[ϕ(0)]ω + ωy0[ϕ(0)]ω−1ϕ′(0) +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt

≥
∫ ∞

0

|y(t+ τ)|qϕω(t) dt,
(2.3)

where
φ(t) = ω

(
(ω − 1)ϕ′2(t) + ϕ(t)ϕ′′(t)

)
, t > 0.

Observe that from (2.1), we have y′′(t) ≥ 0, which implies

y′(t) ≥ y′(0) = y1 > 0, t > 0, (2.4)

y(t) ≥ y(0) = y0 > 0, t > 0. (2.5)

Using (2.5) and Taylor-Lagrange formula, we obtain

|y(t+ τ)|q = y(t+ τ)q

= yq(t) + τqyq−1(t)y′(t) +
qτ2

2

(
(q − 1)yq−2(t+ θτ)y′2(t+ θτ)

+ yq−1(t+ θτ)y′′(t+ θτ)
)
,

where θ = θt ∈ (0, 1). Therefore, by (2.1), (2.4) and (2.5), we obtain
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|y(t+ τ)|q ≥ yq(t) + τqyq−1
0 y1

+
qτ2

2

(
(q − 1)yq−2

0 y2
1 + yq−1

0 yq(t+ (θ + 1)τ)
)

≥ yq(t) + τqyq−1
0 y1 +

qτ2

2

(
(q − 1)yq−2

0 y2
1 + y2q−1

0

)
,

i.e.,

|y(t+ τ)|q ≥ yq(t) + τqyq−1
0 y1 +

qτ2

2

(
(q − 1)yq−2

0 y2
1 + y2q−1

0

)
, t > 0. (2.6)

Combining (2.3) with (2.6), we obtain∫ ∞
0

yq(t)ϕω(t) dt ≤ −y1[ϕ(0)]ω + ωy0[ϕ(0)]ω−1ϕ′(0)

+
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt− γ(q, y0, y1)
∫ ∞

0

ϕω(t) dt,
(2.7)

where

γ(q, y0, y1) = τqyq−1
0 y1 +

qτ2

2

(
(q − 1)yq−2

0 y2
1 + y2q−1

0

)
> 0.

Using the ε-Young inequality with parameters q and q′ = q
q−1 , for ε > 0, we obtain∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt

=
∫ ∞

0

y(t)ϕ
ω
q (t)[ϕ(t)]ω−2−ω

q φ(t) dt

≤ ε
∫ ∞

0

yq(t)ϕω(t) dt+ Cε

∫ ∞
0

[ϕ(t)](ω−2−ω
q ) q

q−1 |φ(t)|
q

q−1 dt

= ε

∫ ∞
0

yq(t)ϕω(t) dt+ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt,

(2.8)

where Cε = (εq)−
q′
q /q′. Note that thanks to the choice (2.2) of the parameter ω,

we have ∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt <∞.

Inequalities (2.7) and (2.8) yield

(1− ε)
∫ ∞

0

yq(t)ϕω(t) dt

≤ −y1ϕω(0) + ωy0ϕ
ω−1(0)ϕ′(0)

+ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt− γ(q, y0, y1)
∫ ∞

0

ϕω(t) dt.

(2.9)

Now, as a test function, we use

ϕ(t) = ϕ0(
t

T
), T > 0, (2.10)

where ϕ0 is the classical cutoff function, that is, ϕ0 is a smooth decreasing function
such that

0 ≤ ϕ0 ≤ 1, |ϕ′0(s)| ≤ Cs−1, s > 0,
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ϕ0(s) =

{
1 if 0 ≤ s ≤ 1

2 ,

0 if s ≥ 1.

In this case,
ϕω(0) = 1 and ϕ′(0) = 0. (2.11)

Moreover, ∫ ∞
0

ϕω(t) dt = T

∫ 1

0

ϕω0 (s) ds ≥ T
∫ 1

2

0

ϕω0 (s) ds =
T

2
. (2.12)

Combining (2.9), (2.11) and (2.12), we obtain

(1− ε)
∫ ∞

0

yq(t)ϕω(t) dt ≤ −
(
y1 +

T

2
γ(q, y0, y1)

)
+Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt.

Taking ε = 1/q, we obtain∫ ∞
0

yq(t)ϕω(t) dt ≤ −q′
(
y1 +

T

2
γ(q, y0, y1)

)
+ q′Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt.

On the other hand, we have q′Cε = 1. Therefore,∫ ∞
0

yq(t)ϕω(t) dt ≤ −q′
(
y1 +

T

2
γ(q, y0, y1)

)
+
∫ ∞

0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt. (2.13)

Using the change of variable t = Ts, we obtain∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 (t) dt

≤ 1

T
q+1
q−1

ω
2q

q−1

∫ ∞
0

[ϕ0(s)]ω−
2q

q−1

(
(ω − 1)ϕ′20 (s) + ϕ0(s)|ϕ′′0(s)|

) q
q−1

ds

=
C ′

T
q+1
q−1

,

(2.14)

where

C ′ = ω
2q

q−1

∫ ∞
0

[ϕ0(s)]ω−
2q

q−1

(
(ω − 1)ϕ′20 (s) + ϕ0(s)|ϕ′′0(s)|

) q
q−1

ds > 0. (2.15)

Then, by (2.13), we have∫ ∞
0

yq(t)ϕω0
( t
T

)
dt ≤ −q′

(
y1 +

T

2
γ(q, y0, y1)

)
+

C ′

T
q+1
q−1

. (2.16)

Passing to the limit as T → ∞ and using the monotone convergence theorem, we
obtain ∫ ∞

0

yq(t) dt ≤ −∞,

which is a contradiction. Therefore, for any q > 1, we have nonexistence of a global
solution for (2.1). �

Remark 2.2. Observe that if T ∗ is the zero of the right-hand side of (2.16), then
the blow-up time for (2.1) does not exceed T ∗. Moreover, we have the estimate

T ∗ < T =
( C ′

q′y1

) q−1
q+1

,

since the right-hand side of (2.16) tends to +∞ as T → 0+, and it is negative for
t = T.
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3. Differential inequalities with delayed arguments

We start with the second-order differential inequality

d2y(t)
dt2

≥ |y(t− τ)|q, t > 0,

y(t) = ψ(t), t ∈ [−τ, 0],
(3.1)

where τ > 0, q > 1 and ψ is a given continuously differentiable real-valued function
on the initial interval [−τ, 0]. We have the following result.

Theorem 3.1. Let q > 1. If

ψ′(0) +
∫ 0

−τ
|ψ(t)|q dt > 0, (3.2)

then any solution of (3.1) has a blow-up.

Proof. Suppose that y is a global solution of (3.1). Let ω be a real number such
that

ω >
2q
q − 1

.

As a test function, we take the function ϕω, where ϕ is defined by (2.10). By
integration by parts, we obtain

− ψ′(0) +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt ≥
∫ ∞

0

|y(t− τ)|qϕω(t) dt, (3.3)

where
φ(t) = ω

(
(ω − 1)ϕ′2(t) + ϕ(t)ϕ′′(t)

)
, t > 0.

On the other hand, for T > 2τ , we have∫ ∞
0

|y(t− τ)|qϕω(t) dt =
∫ ∞
−τ
|y(t)|qϕω(t+ τ) dt

≥
∫ 0

−τ
|ψ(t)|q dt+

∫ ∞
0

|y(t)|qϕω(t) dt.
(3.4)

Using (3.3) and (3.4), we obtain∫ ∞
0

|y(t)|qϕω(t) dt ≤ −
(
ψ′(0) +

∫ 0

−τ
|ψ(t)|q dt

)
+
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt. (3.5)

As in the proof of Theorem 2.1, using the ε-Young inequality with parameters q
and q′ = q

q−1 , we obtain∫ ∞
0

y(t)ϕω−2(t)φ(t) dt ≤ ε
∫ ∞

0

|y(t)|qϕω(t) dt+ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt,

(3.6)
where Cε > 0. Combining (3.5) and (3.6), we obtain

(1− ε)
∫ ∞

0

|y(t)|qϕω(t) dt

≤ −
(
ψ′(0) +

∫ 0

−τ
|ψ(t)|q dt

)
+ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt.
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Taking 0 < ε < 1 and using (3.2), we obtain

ψ′(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt. (3.7)

From (2.14), we have ∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt ≤ C ′

T
q+1
q−1

,

where C ′ is given by (2.15). Therefore, by (3.7), we obtain

ψ′(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ CεC

′

T
q+1
q−1

.

Passing to the limit as T →∞, we obtain

ψ′(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ 0

which is a contradiction with (3.2). �

Now, we consider the differential inequality

d

dt

(dy(t)
dt

+ y(t)
)
≥ |y(t− τ)|q, t > 0,

y(t) = ψ(t), t ∈ [−τ, 0],
(3.8)

where τ > 0, q > 1, and ψ is a given continuously differentiable real-valued function
on the initial interval [−τ, 0]. We have the following result.

Theorem 3.2. Let q > 1. If

ψ′(0) + ψ(0) +
∫ 0

−τ
|ψ(t)|q dt > 0, (3.9)

then any solution of (3.8) has a blow-up.

Proof. Suppose that y is a global solution of (3.8). Let ω be a real number such
that

ω >
2q
q − 1

.

As a test function, we take the function ϕω, where ϕ is defined by (2.10). Integrating
by parts, we obtain

− ψ′(0) +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt− ψ(0)− ω
∫ ∞

0

y(t)[ϕ(t)]ω−1ϕ′(t) dt

≥
∫ ∞

0

|y(t− τ)|qϕω(t) dt,
(3.10)

where
φ(t) = ω

(
(ω − 1)ϕ′2(t) + ϕ(t)ϕ′′(t)

)
, t > 0.

From the proof of Theorem 3.1, for T > 2τ , we have∫ ∞
0

|y(t− τ)|qϕω(t) dt ≥
∫ 0

−τ
|ψ(t)|q dt+

∫ ∞
0

|y(t)|qϕω(t) dt.
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Therefore, from (3.10), we obtain

−
(
ψ′(0) + ψ(0) +

∫ 0

−τ
|ψ(t)|q dt

)
+
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt

− ω
∫ ∞

0

y(t)[ϕ(t)]ω−1ϕ′(t) dt

≥
∫ ∞

0

|y(t)|qϕω(t) dt.

(3.11)

As in the proof of Theorem 3.1, using the ε-Young inequality with parameters q
and q′ = q

q−1 , we obtain∫ ∞
0

y(t)[ϕ(t)]ω−2φ(t) dt

≤ ε
∫ ∞

0

|y(t)|qϕω(t) dt+ Cε

∫ ∞
0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt,

(3.12)

where Cε > 0. Similarly, we obtain

− ω
∫ ∞

0

y(t)[ϕ(t)]ω−1ϕ′(t) dt

≤ ωε
∫ ∞

0

|y(t)|qϕω(t) dt+ ωCε

∫ ∞
0

[ϕ(t)]ω−
q

q−1 |ϕ′(t)|
q

q−1 dt.

(3.13)

Combining (3.11), (3.12) and (3.13), we obtain the estimate(
1− (ω + 1)ε

) ∫ ∞
0

|y(t)|qϕω(t) dt

≤ −
(
ψ′(0) + ψ(0) +

∫ 0

−τ
|ψ(t)|q dt

)
+ C

(
L1(ϕ) + L2(ϕ)

)
,

(3.14)

where

C = ωCε,

L1(ϕ) =
∫ ∞

0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt,

L2(ϕ) =
∫ ∞

0

[ϕ(t)]ω−
q

q−1 |ϕ′(t)|
q

q−1 dt.

Taking 0 < ε < 1
ω+1 , we deduce from (3.14) that

ψ′(0) + ψ(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ C

(
L1(ϕ) + L2(ϕ)

)
. (3.15)

• Estimate of L1(ϕ). From (2.14), we have

L1(ϕ) ≤ C ′

T
q+1
q−1

, (3.16)

where C ′ is given by (2.15).
• Estimate of L2(ϕ). Using the change of variable t = Ts, we obtain

L2(ϕ) =
C ′′

T q′−1
, (3.17)
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where
C ′′ =

∫ ∞
0

[ϕ0(s)]ω−
q

q−1 |ϕ′0(s)|
q

q−1 ds.

From (3.15), the estimates (3.16) and (3.17), we deduce that

ψ′(0) + ψ(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ C

( C ′

T
q+1
q−1

+
C ′′

T q′−1

)
.

Passing to the limit as T →∞, we obtain

ψ′(0) + ψ(0) +
∫ 0

−τ
|ψ(t)|q dt ≤ 0,

which is a contradiction with (3.9). �

The argument used for the proof of Theorem 3.2 yields the following blow-up
result for the more general differential inequality

d

dt

(dy(t)
dt

+ y(t)
)
≥ |t− τ |p|y(t− τ)|q, t > 0,

y(t) = ψ(t), t ∈ [−τ, 0],
(3.18)

where τ > 0, q > 1, p ≥ 0, and ψ is a given continuously differentiable real-valued
function on the initial interval [−τ, 0].

Theorem 3.3. Let q > 1 and p ≥ 0. If

ψ′(0) + ψ(0) +
∫ 0

−τ
|t|p|ψ(t)|q dt > 0,

then any solution of (3.18) has a blow-up.

4. Systems of differential inequalities with advanced arguments

We consider the system of differential inequalities

d2y(t)
dt2

≥ |z(t+ τ1)|p, t > 0,

d2z(t)
dt2

≥ |y(t+ τ2)|q, t > 0
(4.1)

with the initial conditions

y(0) = y0 > 0, y′(0) = y1 > 0, z(0) = z0 > 0, z′(0) = z1 > 0, (4.2)

where τi > 0, i = 1, 2, p > 1, and q > 1. We have the following result.

Theorem 4.1. Let p > 1 and q > 1. Then a blow-up situation takes place for
problem (4.1)-(4.2).

Proof. Suppose that (y, z) is a global solution of (4.1)-(4.2). Let ω be a real number
such that

ω > max
{ 2p
p− 1

,
2q
q − 1

}
.

Then

−y1 +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt ≥
∫ ∞

0

|z(t+ τ1)|pϕω(t) dt,

−z1 +
∫ ∞

0

z(t)[ϕ(t)]ω−2φ(t) dt ≥
∫ ∞

0

|y(t+ τ2)|qϕω(t) dt,



EJDE-2016/91 DIFFERENTIAL INEQUALITIES WITH SHIFTED ARGUMENTS 9

where ϕ is the test function defined by (2.10) and

φ(t) = ω
(

(ω − 1)ϕ′2(t) + ϕ(t)ϕ′′(t)
)
, t > 0.

Applying the Taylor-Lagrange formula to the functions |z(t+ τ1)|p and |y(t+ τ2)|q,
we obtain

|z(t+ τ1)|p = z(t+ τ1)p

= zp(t) + τ1pz
p−1(t)z′(t) +

pτ2
1

2

(
(p− 1)zp−2(t+ θ1τ1)z′2(t+ θ1τ1)

+ zp−1(t+ θ1τ1)z′′(t+ θ1τ1)
)

and

|y(t+ τ2)|q = y(t+ τ2)q

= yq(t) + τ2qy
q−1(t)y′(t) +

qτ2
2

2

(
(q − 1)yq−2(t+ θ2τ2)y′2(t+ θ2τ2)

+ yq−1(t+ θ2τ2)y′′(t+ θ2τ2)
)
,

where θi = θi(t) ∈ (0, 1), i = 1, 2. Therefore, by (4.1), we obtain

|z(t+ τ1)|p ≥ zp(t) + τ1pz
p−1
0 z1

+
pτ2

1

2

(
(p− 1)zp−2

0 z2
1 + zp−1

0 yq(t+ θ1τ1 + τ2)
)

≥ zp(t) + τ1pz
p−1
0 z1 +

pτ2
1

2

(
(p− 1)zp−2

0 z2
1 + zp−1

0 yq0

)
,

i.e.,
|z(t+ τ1)|p ≥ zp(t) +A,

where

A = τ1pz
p−1
0 z1 +

pτ2
1

2

(
(p− 1)zp−2

0 z2
1 + zp−1

0 yq0

)
> 0.

Similarly,
|y(t+ τ2)|q ≥ yq(t) + B,

where

B = τ2qy
q−1
0 y1 +

qτ2
2

2

(
(q − 1)yq−2

0 y2
1 + yq−1

0 zp0

)
> 0.

Therefore, we have the system of integral inequalities∫ ∞
0

zp(t)ϕω(t) dt ≤ −y1 +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt−A
∫ ∞

0

ϕω(t) dt,∫ ∞
0

yq(t)ϕω(t) dt ≤ −z1 +
∫ ∞

0

z(t)[ϕ(t)]ω−2φ(t) dt− B
∫ ∞

0

ϕω(t) dt.

Using the ε-Young inequality with parameters ε1 > 0, q, q
q−1 , and the ε-Young

inequality with parameters ε2 > 0, p, p
p−1 , we obtain∫ ∞

0

zp(t)ϕω(t) dt ≤ −y1 + ε1

∫ ∞
0

yq(t)ϕω(t) dt+ Cε1L(q, ϕ)−A
∫ ∞

0

ϕω(t) dt,∫ ∞
0

yq(t)ϕω(t) dt ≤ −z1 + ε2

∫ ∞
0

zp(t)ϕω(t) dt+ Cε2L(p, ϕ)− B
∫ ∞

0

ϕω(t) dt,
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where

L(q, ϕ) =
∫ ∞

0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt.

Combining the two integral inequalities above, we obtain

y1 + ε1z1 + (1− ε1ε2)
∫ ∞

0

zp(t)ϕω(t) dt

≤ Cε1L(q, ϕ) + ε1Cε2L(p, ϕ)− (Bε1 +A)
∫ ∞

0

ϕω(t) dt.

Following the proof of Theorem 2.1, we have

L(q, ϕ) ≤ C1

T
q+1
q−1

, L(p, ϕ) ≤ C2

T
p+1
p−1

,∫ ∞
0

ϕω(t) dt ≥ T

2
,

where Ci > 0, i = 1, 2, are constants. Therefore, taking 0 < ε1ε2 < 1, we obtain
the estimate

y1 + ε1z1 ≤
Cε1C1

T
q+1
q−1

+
ε1Cε2C2

T
p+1
p−1

− (Bε1 +A)
T

2
.

Passing to the limit as T →∞, we obtain y1 +ε1z1 ≤ −∞ which is a contradiction.
�

Now, we consider the system of differential inequalities

d2y(t)
dt2

≥ |z(t+ τ1)|p, t > 0,

dz(t)
dt
≥ |y(t+ τ2)|q, t > 0

(4.3)

with the initial conditions

y(0) = y0 > 0, y′(0) = y1 > 0, z(0) = z0 > 0, (4.4)

where τi > 0, i = 1, 2, p > 1, and q > 1. We have the following result.

Theorem 4.2. Let p > 1 and q > 1. Then a blow-up situation takes place for
problem (4.3)-(4.4).

Proof. Suppose that (y, z) is a global solution of (4.3)-(4.4). Let ω be a real number
such that

ω > max
{ p

p− 1
,

2q
q − 1

}
.

Then

−y1 +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt ≥
∫ ∞

0

|z(t+ τ1)|pϕω(t) dt,

−z0 + ω

∫ ∞
0

z(t)[ϕ(t)]ω−1|ϕ′(t)| dt ≥
∫ ∞

0

|y(t+ τ2)|qϕω(t) dt,

where ϕ is the test function defined by (2.10) and

φ(t) = ω
(

(ω − 1)ϕ′2(t) + ϕ(t)ϕ′′(t)
)
, t > 0.
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Applying the Taylor-Lagrange formula to the functions |z(t+ τ1)|p and |y(t+ τ2)|q,
we obtain

|z(t+ τ1)|p = z(t+ τ1)p = zp(t) + τ1pz
p−1(t+ θ1τ1)z′(t+ θ1τ1)

and

|y(t+ τ2)|q = y(t+ τ2)q

= yq(t) + τ2qy
q−1(t)y′(t) +

qτ2
2

2

(
(q − 1)yq−2(t+ θ2τ2)y′2(t+ θ2τ2)

+ yq−1(t+ θ2τ2)y′′(t+ θ2τ2)
)
,

where θi = θi(t) ∈ (0, 1), i = 1, 2. Therefore, by (4.3), we obtain

|z(t+ τ1)|p ≥ zp(t) +A,
where

A = τ1pz
p−1
0 yq0 > 0.

Similarly,
|y(t+ τ2)|q ≥ yq(t) + B,

where

B = τ2qy
q−1
0 y1 +

qτ2
2

2

(
(q − 1)yq−2

0 y2
1 + yq−1

0 zp0

)
> 0.

Therefore, we obtain the system of integral inequalities∫ ∞
0

zp(t)ϕω(t) dt ≤ −y1 +
∫ ∞

0

y(t)[ϕ(t)]ω−2φ(t) dt−A
∫ ∞

0

ϕω(t) dt,∫ ∞
0

yq(t)ϕω(t) dt ≤ −z0 + ω

∫ ∞
0

z(t)[ϕ(t)]ω−1|ϕ′(t)| dt− B
∫ ∞

0

ϕω(t) dt.

Using the ε-Young inequality with parameters ε1 > 0, q, q
q−1 , and the ε-Young

inequality with parameters ε2 > 0, p, p
p−1 , we obtain∫ ∞

0

zp(t)ϕω(t) dt ≤ −y1 + ε1

∫ ∞
0

yq(t)ϕω(t) dt+ Cε1L(q, ϕ)−A
∫ ∞

0

ϕω(t) dt,∫ ∞
0

yq(t)ϕω(t) dt ≤ −z0 + ωε2

∫ ∞
0

zp(t)ϕω(t) dt+ ωCε2Lp(ϕ)− B
∫ ∞

0

ϕω(t) dt,

where

L(q, ϕ) =
∫ ∞

0

[ϕ(t)]ω−
2q

q−1 |φ(t)|
q

q−1 dt,

Lp(ϕ) =
∫ ∞

0

[ϕ(t)]ω−
p

p−1 |ϕ′(t)|
p

p−1 dt.

Combining the above inequalities and taking 0 < ε1ε2 < ω−1, we obtain

y1 + ε1z0 ≤ ωε1Cε2Lp(ϕ)− (ε1B +A)
∫ ∞

0

ϕω(t) dt+ Cε1L(q, ϕ),

which yields

y1 + ε1z0 ≤
ωε1Cε2C1

T
1

p−1
− (ε1B +A)T

2
+
Cε1C2

T
q+1
q−1

,

for some constants Ci > 0, i = 1, 2. Passing to the limit as T → ∞, we obtain
y1 + ε1z0 ≤ −∞ which is a contradiction. �
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