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EXISTENCE OF POSITIVE SYMMETRIC SOLUTIONS FOR AN
INTEGRAL BOUNDARY-VALUE PROBLEM WITH

φ-LAPLACIAN OPERATOR

YONGHONG DING

Abstract. In this article, we show the existence of three positive symmetric

solutions for the integral boundary-value problem with φ-Laplacian

(φ(u′(t)))′ + f(t, u(t), u′(t)) = 0, t ∈ [0, 1],

u(0) = u(1) =

Z 1

0
u(r)g(r) dr,

where φ is an odd, increasing homeomorphism from R onto R. Our main tool

is a fixed point theorem due to Avery and Peterson. An example shows an
applications of the obtained results.

1. Introduction

The aim of this article is to show the existence of positive symmetric solutions
for the integral boundary-value problem

(φ(u′(t)))′ + f(t, u(t), u′(t)) = 0, t ∈ [0, 1],

u(0) = u(1) =
∫ 1

0

u(r)g(r) dr,
(1.1)

where φ, f, g satisfy the following assumptins:
(H1) φ is an odd, increasing homeomorphism from R onto R, and there exist two

increasing homeomorphism ψ1 and ψ2 of (0,∞) onto (0,∞) such that

ψ1(u)φ(v) ≤ φ(uv) ≤ ψ2(u)φ(v) ∀u, v > 0.

Moreover, φ, φ−1 ∈ C1(R), where φ−1 denotes the inverse of φ.
(H2) f : [0, 1]× [0,+∞)× (−∞,+∞)→ (0,+∞) is continuous, and

f(t, u, v) = f(1− t, u,−v), (t, u, v) ∈ [0, 1]× [0,+∞)× (−∞,+∞).

(H3) g ∈ L1[0, 1] is nonnegative, and 0 <
∫ 1

0
g(t) dt < 1, g(t) = g(1−t), t ∈ [0, 1].

Condition (H1) was first introduced by Wang [17, 18], and it includes two important
cases when φ(u) = u and φ(u) = |u|p−2u, p > 1. Many authors have studied the
positive solutions for two-point and multi-point boundary-value problems when
φ(u) = u and φ(u) = |u|p−2u, p > 1, see [2, 3, 6, 7, 8, 10, 11, 12, 13, 15, 16, 19, 20]
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and references therein. In 1997, Wang [19] proved the existence of at least one
positive for the equation

(φp(u′(t)))′ + a(t)f(u(t)) = 0, t ∈ (0, 1), (1.2)

where φp(s) = |s|p−2s, p > 1. The technique used there is the well-known Kras-
noselskii’s fixed point theorem. In [12], by using the upper and lower solutions
method associated with Leray-Schauder degree theory, Kim showed the existence
of three-solutions to the boundary-value problem

(w(t)φp(u′(t)))′ + λf(t, u(t), u′(t)) = 0, t ∈ (0, 1),

u(0) = u(1) = 0,
(1.3)

where φp(s) = |s|p−2s, p > 1.
Boundary-value problem with integral boundary conditions constitute a very

interesting and important class of problems. They include two, three and multi-
point boundary value problems as special cases, hence they have been considerably
developed, and the numerous properties of their solutions have been studied, see
[4, 9, 14, 21, 22] and references therein. The main tools in these papers are the
a priori estimate method and the fixed point theorems. However, there are few
papers dealing with the existence of positive solutions for integral boundary-value
problem with p-Laplacian operator, especially, when φ satisfies (H1) and f depends
on both u and u′. The purpose of this paper is to investigate the existence of
positive symmetric solutions for the integral boundary-value problem (1.1). By
means of a fixed point theorem due to Avery and Peterson, sufficient conditions are
obtained that guarantee the existence of at least three positive symmetric solutions
for (1.1).

By a positive symmetric solution of (1.1), we mean a solution u of (1.1) satisfying
u(t) > 0, t ∈ (0, 1) and u(t) = u(1− t) for t ∈ [0, 1].

For the convenience of the reader, we provided some background material from
the theory of cones in Banach spaces. We also state in this section the Avery-
Peterson fixed point theorem.

Definition 1.1. A map α is said to be nonnegative continuous concave functional
on a cone K of a real Banach space E provided that α : K → [0,∞) is continuous
and

α(tx+ (1− t)y) ≥ tα(x) + (1− t)α(y)
for all x, y ∈ K and 0 ≤ t ≤ 1. Similarly, we say the map γ is a nonnegative
continuous convex functional on a cone K of a real Banach space E provided that
γ : K → [0,∞) is continuous and

γ(tx+ (1− t)y) ≤ tγ(x) + (1− t)γ(y)

for all x, y ∈ K and 0 ≤ t ≤ 1.

Let γ and θ be a nonnegative continuous convex functionals on a cone K, α
be a nonnegative continuous concave functional on K, and ψ be a nonnegative
continuous functional on K. Then for positive real number a, b, c and d, we define
the following convex sets:

P (γ, d) = {u ∈ K : γ(u) < d},
P (γ, α, b, d) = {u ∈ K : α(u) ≥ b, γ(u) ≤ d},

P (γ, θ, α, b, c, d) = {u ∈ K : α(u) ≥ b, θ(u) ≤ c, γ(u) ≤ d},
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R(γ, ψ, a, d) = {u ∈ K|ψ(u) ≥ a, γ(u) ≤ d}.

The following theorem due to Avery and Peterson is fundamental in the proofs of
our main results.

Theorem 1.2 ([3]). Let K be a cone in a real Banach space E. Let γ and θ be
a nonnegative continuous convex functionals on K, α be a nonnegative continu-
ous concave functional on K, and ψ be a nonnegative continuous functional on K
satisfying ψ(λu) ≤ λψ(u) for 0 ≤ λ ≤ 1, such that for positive number M and d,

α(u) ≤ ψ(u), ‖u‖ ≤Mγ(u) (1.4)

for all u ∈ P (γ, d). Suppose T : P (γ, d) → P (γ, d) is completely continuous and
there exist positive number a, b and c with a < b such that

(1) {u ∈ P (γ, θ, α, b, c, d)|α(u) > b} 6= ∅ and α(Tu) > b for u ∈ P (γ, θ, α, b, c, d);
(2) α(Tu) > b for u ∈ P (γ, α, b, d) with θ(Tu) > c;
(3) 0 6∈ R(γ, ψ, a, d) and ψ(Tu) < a for u ∈ R(γ, ψ, a, d) with ψ(u) = a.

Then T has at least three fixed points u1, u2, u3 ∈ P (γ, d), such that γ(ui) ≤ d for
i = 1, 2, 3, α(u1) > b, ψ(u2) > a with α(u2) < b, ψ(u3) < a.

The organization of this paper is as follows. In Section 2, some lemmas will
be established In Section 3, the main results of problem (1.1) will be stated and
proved. An example is also given to show our main results.

2. Preliminaries

The basic space used in this paper is a real Banach space C1[0, 1] endowed the
norm ‖·‖1 defined by ‖u‖1 = max{‖u‖c, ‖u′‖c}, where ‖u‖c = max0≤t≤1 |u(t)|. Let

K =
{
u ∈ C1[0, 1] : u(t) ≥ 0, u(0) = u(1) =

∫ 1

0

u(t)g(t) dt,

u is concave and u(t) = u(1− t), t ∈ [0, 1]
}
.

It is obvious that K is a cone in C1[0, 1].

Lemma 2.1 ([15]). Let u ∈ K, η ∈ (0, 1/2), then u(t) ≥ ηmax0≤t≤1 |u(t)|, t ∈
[η, 1− η].

Lemma 2.2. Let u ∈ K, then there exists a constant M > 0 such that max0≤t≤1 |u(t)| ≤
M max0≤t≤1 |u′(t)|.

Proof. The Mean Value Theorem implies that there exists ρ ∈ [0, 1], such that

u(1) = u(ρ)
∫ 1

0

g(t) dt.

Furthermore, the Mean Value Theorem of differential implies that there exists σ ∈
[ρ, 1], such that(∫ 1

0

g(t) dt− 1
)
u(ρ) = u(1)− u(ρ) = (1− ρ)u′(σ).

Therefore,

u(ρ) =
(1− ρ)u′(σ)

1−
∫ 1

0
g(t) dt

.
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So we obtain

|u(t)| ≤ |u(ρ)|+ |
∫ t

ρ

u′(s) ds|

≤
( 1− ρ

1−
∫ 1

0
g(t) dt

+ 1
)

max
0≤t≤1

|u′(t)|

≤
2−

∫ 1

0
g(t) dt

1−
∫ 1

0
g(t) dt

max
0≤t≤1

|u′(t)|.

Denote M = 2−
R 1
0 g(t) dt

1−
R 1
0 g(t) dt

, then the proof is complete. �

Now, by a similar argument as in [5], we define an operator T : C1[0, 1]→ C1[0, 1]
by

Tx(t) =



1
1−

R 1
0 g(r) dr

∫ 1

0
g(r)

∫ r
0
φ−1

( ∫ 1/2

s
f(τ, x(τ), x′(τ)) dτ

)
dsdr

+
∫ t
0
φ−1

( ∫ 1/2

s
f(τ, x(τ), x′(τ)) dτ

)
ds, 0 ≤ t ≤ 1

2 ,

1
1−

R 1
0 g(r) dr

∫ 1

0
g(r)

∫ 1

r
φ−1

( ∫ s
1
2
f(τ, x(τ), x′(τ)) dτ

)
dsdr

+
∫ 1

t
φ−1

( ∫ s
1
2
f(τ, x(τ), x′(τ)) dτ

)
ds, 1

2 ≤ t ≤ 1.
(2.1)

Lemma 2.3. T : K → K is completely continuous.

Proof. Let u ∈ K. It follows from the definition of T that

(Tu)′(t) =

φ
−1
( ∫ 1/2

t
f(τ, u(τ), u′(τ)) dτ

)
≥ 0, 0 ≤ t ≤ 1

2 ,

−φ−1
( ∫ t

1
2
f(τ, u(τ), u′(τ)) dτ

)
≤ 0, 1

2 ≤ t ≤ 1.
(2.2)

From (2.1), (2.2), we have (Tu)′(0) ≥ 0 and (Tu)′(t) is positive on [0, 1/2]. More-
over, (Tu)′(t) is monotone decreasing continuous and (Tu)′( 1

2 ) = 0. It implies that
(Tu)(t) is nonnegative and concave on [0, 1]. By computation, we have Tu(0) =
Tu(1) =

∫ 1

0
Tu(t)g(t) dt. Now, we show that Tu is symmetric about t on [0, 1].

In fact, for all t ∈ [0, 1/2], we note that (1− t) ∈ [1/2, 1]. So, by H(2), H(3), we
have

(Tu)(1− t) =
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ 1

r

φ−1
(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

= − 1

1−
∫ 1

0
g(r) dr

∫ 0

1

g(1− r)
∫ 1

1−r
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ 1

1−r
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds
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=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1−s

1
2

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(1− τ, u(1− τ), u′(1− τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(1− τ, u(τ),−u′(τ)) dτ
)

dsdr

+
∫ 1

1−t
φ−1

(∫ s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(1− τ, u(τ),−u′(τ)) dτ
)

dsdr

+
∫ t

0

φ−1
(∫ 1−s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ t

0

φ−1
(∫ 1−s

1
2

f(τ, u(τ), u′(τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ t

0

φ−1
(∫ 1/2

s

f(1− τ, u(1− τ), u′(1− τ)) dτ
)

ds

=
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ t

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

ds

= (Tu)(t).

Using the same method, we may prove that Tu(t) = Tu(1 − t) for t ∈ [1/2, 1].
Thus, T (K) ⊂ K. Next, we prove T is compact.

LetD be a bounded subset ofK andm > 0 is a constant such that
∫ 1

0
f(τ, u(τ), u′(τ)) dτ <

m for u ∈ D. We know from (2.1) and (2.2) that for any u ∈ D,

|Tu(t)| <


φ−1(m)

1−
R 1
0 g(r) dr

, 0 ≤ t ≤ 1
2 ,

φ−1(m)

1−
R 1
0 g(r) dr

, 1
2 ≤ t ≤ 1,

|(Tu)′(t)| < φ−1(m), 0 ≤ t ≤ 1.
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Hence, TD is uniformly bounded and equicontinuous. By Arzela-Ascoli theorem,
TD is compact on C[0, 1]. From (2.2), we know that for all ε > 0 there exists κ > 0,
such that when |t1 − t2| < κ, we have |φ(Tu)′(t1)− φ(Tu)′(t2)| < ε. So φ(TD)′ is
compact on C[0, 1], it follows that (TD)′ is compact on C[0, 1]. Therefore, TD is
compact on C1[0, 1].

Thus, T : K → K is completely continuous. �

It is easy to verify that each fixed point of T is a solution for problem (1.1).

Lemma 2.4 ([17]). Assume that (H1) holds. Then for u, v ∈ (0,∞),

ψ−1
2 (u)v ≤ φ−1(uφ(v)) ≤ ψ−1

1 (u)v.

3. Existence of three positive symmetric solutions

For convenience, we introduce the nonation

L =

∫ 1

0
ψ−1

1 (1− s) ds

1−
∫ 1

0
g(s) ds

, N =
∫ 1/2

η

ψ−1
2 (

1
2
− s) ds.

In this section, we impose growth conditions on f which allow us to apply Theorem
1.2 to establish the existence of three positive symmetric solutions of problem (1.1).

Let the nonnegative continuous concave functional α, the nonnegative continuous
convex functionals γ, θ, and nonnegative continuous functional ψ be defined on cone
K by

γ(u) = max
0≤t≤1

|u′(t)|, ψ(u) = θ(u) = max
0≤t≤1

|u(t)|, α(u) = min
η≤t≤1−η

|u(t)|. (3.1)

Lemmas 2.1 and 2.2 imply that the functionals defined above satisfy

ηθ(u) ≤ α(u) ≤ ψ(u) = θ(u), ‖u‖1 = max{γ(u), θ(u)} ≤Mγ(u), (3.2)

for all u ∈ K. Therefore, the condition (1.4) of Theorem 1.2 is satisfied.

Theorem 3.1. Assume that (H1) and (H2) hold. Let

0 < a < b ≤ dη

1 + 1−
R 1
0 g(t) dtR 1

0 g(t)t(1−t) dt

.

If f satisfies the following conditions:
(H6) f(t, u, v) ≤ φ(d) for (t, u, v) ∈ [0, 1]× [0,Md]× [−d, d];

(H7) f(t, u, v) > φ( b
ηN ) for (t, u, v) ∈ [η, 1−η]×[b, bη (1+ 1−

R 1
0 g(t) dtR 1

0 g(t)t(1−t) dt
)]×[−d, d];

(H8) f(t, u, v) < φ( aL ) for (t, u, v) ∈ [0, 1]× [0, a]× [−d, d].
Then problem (1.1) has at least three positive symmetric solutions u1, u2, and u3

satisfying

max
0≤t≤1

|u′i(t)| ≤ d for i = 1, 2, 3, min
η≤t≤1−η

|u1(t)| > b,

max
0≤t≤1

|u2(t)| > a with min
η≤t≤1−η

|u2(t)| < b, max
0≤t≤1

|u3(t)| < a.

Proof. We shall show that all the conditions of Theorem 1.2 are satisfied. If u ∈
P (γ, d), then γ(u) = max0≤t≤1 |u′(t)| ≤ d. Lemma 2.2 implies that max0≤t≤1 |u(t)| ≤
Md, so by (H6), we have f(t, u(t), u′(t)) ≤ φ(d) when 0 ≤ t ≤ 1. Thus

γ(Tu) = max
0≤t≤1

|(Tu)′(t)|
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= max
{
φ−1

(∫ 1/2

t

f(τ, u(τ), u′(τ)) dτ
)
, φ−1

(∫ t

1
2

f(τ, u(τ), u′(τ)) dτ
)}

≤ φ−1
(∫ 1

0

f(τ, u(τ), u′(τ)) dτ
)

≤ φ−1(φ(d)) = d

This proves that T : P (γ, d)→ P (γ, d).
To check condition (1) of Theorem 1.2, we choose

u0(t) =
b

η
+

b(1−
∫ 1

0
g(t) dt)

η
∫ 1

0
g(t)t(1− t) dt

t(1− t), 0 ≤ t ≤ 1.

Let

c =
b

η

(
1 +

1−
∫ 1

0
g(t) dt∫ 1

0
g(t)t(1− t) dt

)
.

Then u0(t) ∈ P (γ, θ, α, b, c, d) and α(u0) > b, so {u ∈ P (γ, θ, α, b, c, d)|α(u) > b} 6=
∅. Therefore, for u ∈ P (γ, θ, α, b, c, d), we have

b ≤ u(t) ≤ c, |u′(t)| ≤ d, η ≤ t ≤ 1− η.

Thus, assumption (H7) implies that

f(t, u(t), u′(t)) > φ(
b

ηN
)t ∈ [η, 1− η]. (3.3)

This inequality and Lemmas 2.1, and 2.4 imply

α(Tu) = min
η≤t≤1−η

|(Tu)(t)| ≥ η max
0≤t≤1

|(Tu)(t)|

=
η

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ r

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+ η

∫ 1/2

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

ds

> η

∫ 1/2

0

φ−1
(∫ 1/2

s

f(τ, u(τ), u′(τ)) dτ
)

ds

> η

∫ 1/2

η

φ−1
(
φ(

b

ηN
)(

1
2
− s)

)
ds

≥ b

N

∫ 1/2

η

ψ−1
2 (

1
2
− s) ds = b.

This shows that condition (1) of Theorem 1.2 is satisfied.
Secondly, for u ∈ P (γ, α, b, d) with θ(Tu) > c, we have

α(Tu) ≥ ηθ(Tu) ≥ ηc > b.

Thus condition (2) of Theorem 1.2 holds.
Finally, as ψ(0) = 0 < a, there holds 0 6∈ R(γ, ψ, a, d). Suppose that u ∈

R(γ, ψ, a, d) with ψ(u) = a, then by the assumption (H8),

f(t, u(t), u′(t)) < φ(
a

L
), t ∈ [0, 1]. (3.4)
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This inequality and Lemma 2.4 imply

ψ(Tu) = max
0≤t≤1

|(Tu)(t)|

<
1

1−
∫ 1

0
g(r) dr

∫ 1

0

g(r)
∫ 1

0

φ−1
(∫ 1

s

f(τ, u(τ), u′(τ)) dτ
)

dsdr

+
∫ 1

0

φ−1
(
int1sf(τ, u(τ), u′(τ)) dτ

)
ds

<
1

1−
∫ 1

0
g(r) dr

∫ 1

0

φ−1
(
(1− s)φ(

a

L
)
)

ds

≤ a

L

∫ 1

0
ψ−1

1 (1− s) ds

1−
∫ 1

0
g(s) ds

= a.

Hence condition (3) of Theorem 1.2 is also satisfied.
Therefore, (1.1) has at least three positive symmetric solutions u1, u2, and u3

satisfying

max
0≤t≤1

|u′i(t)| ≤ d for i = 1, 2, 3, min
η≤t≤1−η

|u1(t)| > b,

max
0≤t≤1

|u2(t)| > a with min
η≤t≤1−η

|u2(t)| < b, ]; max
0≤t≤1

|u3(t)| < a.

�

Example 3.2. Let φ(u) = u3 and g(t) = 1/2. Consider the boundary-value
problem

(φ(u′))′ + f(t, u(t), u′(t)) = 0, t ∈ [0, 1],

u(0) = u(1) =
1
2

∫ 1

0

u(t) dt,
(3.5)

where

f(t, u, v) =

{ t(1−t)
107 + 85000u6 + 1

107 ( v
106 )2, u ≤ 21;

t(1−t)
107 + 85000 · 216 + 1

107 ( v
106 )2, u > 21.

Let ψ−1
1 (u) = ψ−1

2 (u) = u3, u > 0. Choosing a = 1/100, b = 1, η = 1/3, d = 106,
we have

L =
3
2
, N =

3
4
(1

6
)4/3

, φ
( b

ηN

)
= 82944, φ

( a
L

)
=

1
3375000

.

So, f(t, u, v) satisfies

f(t, u, v) < φ(d) = 1018, 0 ≤ t ≤ 1, 0 ≤ u ≤ 3 · 106, −106 ≤ v ≤ 106,

f(t, u, v) > 82944,
1
3
≤ t ≤ 2

3
, 1 ≤ u ≤ 21, −106 ≤ v ≤ 106,

f(t, u, v) <
1

3375000
, 0 ≤ t ≤ 1, 0 ≤ u ≤ 1

100
, −106 ≤ v ≤ 106.

Therefore, by Theorem 3.1, boundary-value problem (3.5) has at least three positive
symmetric solutions u1, u2, u3 such that

max
0≤t≤1

|u′i(t)| ≤ 106, i = 1, 2, 3, min
1
4≤t≤

3
4

|u1(t)| > 1,

max
0≤t≤1

|u2(t)| > 1
10

min
1
4≤t≤

3
4

|u2(t)| < 1, max
0≤t≤1

|u3(t)| < 1
10
.
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