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PARTIAL CONTINUITY FOR A CLASS OF ELLIPTIC SYSTEMS
WITH NON-STANDARD GROWTH

JIHOON OK

ABSTRACT. We study partial Holder continuity of weak solutions to elliptic
systems with variable non-standard growth, which are related to the function
®(x,t) := tP(¥) log(e +t). We prove that weak solutions are Holder continuous
for any Holder exponent, except Lebesgue measure zero sets, if systems satisfy
certain continuity assumptions. In particular, the variable exponent functions
p(+) are assumed to satisfy so-called vanishing log-Hoélder continuity.

1. INTRODUCTION

The aim of this article is to study partial Holder continuity of solutions to elliptic
systems with non-standard growth conditions, and, in particular, with a certain
type of Orlicz growth conditions. Problems with non-standard growth conditions
have initially studied in the fundamental papers of Marcellini [311 [32], B3] [34] and
have subsequently been the object of intensive investigation. The new methods
here will be explained for a special, yet significant case, incorporating both the
features of purely Orlicz structures and the ones of variable exponent functionals.
The same methods can be considered as a substantial starting point to treat more
general structures including both Orlicz structures and the non-autonomous case,
that in the case of non-standard growth conditions poses additional difficulties.

Specifically, let  C R™ be a bounded open set in R® withn > 2, and p(-) : @ —» R
be a variable exponent function satisfying

2 <7 <p(-) <72 < 0. (1.1)

Moreover, we assume that p(-) satisfies the so-called vanishing log-Holder continuity:

. 1
lli%w(r)log (;) =0, (1.2)
where w(+) : [0,00) — [0,00) is the modulus of continuity of p(-), that is, it is a
nondecreasing and concave function satisfying that w(0) = 0 and |p(x) — p(y)| <

w(|z — yl) for every x,y € Q. With this p(-), we consider the elliptic system
diva(z,u,Du) =0 in Q. (1.3)
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Here, a: Q x RY x RN" — RN N > 1, satisfies growth and ellipticity conditions:
aa(%C,ﬁ)n'U > V@p(m)—2(1+|§|)"’7|27 .

and
|a(x1,C,§) - a(¢27<7§)|
< Aw(lzy = 22])[Pp(ay)—1 (L + [€]) + Pp(ag)—1 (1 + [£])]log(1 + |€]),

for every z,z1,22 € Q, ¢ € RY and ¢, € R™ and for some 0 < v < A, where
®,, : [0,00) — [0,00), p > 0, is denoted by

®,(t) :=tPlog(e +t), (1.6)

and Oda(x,(, &) := Dea(z,(,£). We note from the ellipticity condition, that is the
second inequality in (|1.4), that one can see the monotonicity

(a(z, ¢, &) —a(z,(, &)« (& — &)
> 0o (1+ [&1] + [&a])|& — &of (1.7)
> 2{@y)-2(1+1GDI& — &l + Py (161 — &D)-
For a function p(-), we set
D(2,t) 1= Dpy)(t) = P log(e + 1), (1.8)

and define the Musielak-Orlicz space L®(Q, RY) by the set of all measurable vector
valued functions f: Q — RY satisfying

/ B(z, | ) du = / AP log(e + |£]) dx < oo.
Q Q

and WH®(Q,RY) by the set of all f € WL1(Q,RY) with |f|,|Df| € L* (2, R?).
Our purpose in this article is to investigate partial Hélder continuity of weak
solutions to (T.3)). We say u € W1 ®(Q,R¥Y) is a weak solution to (T.3) if it satisfies

(1.5)

/ a(x,u,Du) : Dpdr =0 for every ¢ € I/Vol’q)(Q,RN)7
Q

where Wy ®(Q,RN) is the closure of C3°(Q,RN) in WH®(Q,RY). To obtain the
desired regularity, we impose continuity assumptions on the nonlinearity a as fol-
lows. There exists a nondecreasing and concave function 4 : [0,00) — [0, 00) with
1(0) = 0 such that

la(z, (1,€) —a(, (2, &) < Ap(lC — Gof) Pp(ay -1 (1 + [€]), (1.9)
|3a(x, C7£1) - aa(x, <7§2)| S A/Jf<1_'_§|1€1_|f_2||§2|)q)p(z)_2(1 + |£|) (110)

Note that the prototype of a is

a(z,¢, &) = a(@,§) = De[®(x, 1+ [¢])]; (1.11)
for which one can see that the nonlinearity a in ((1.11]) satisfies (1.10) with p(r) = r
for any « € (0, 1).
The following theorem is the main result in this article; while the notation used
here will be introduced in the next section.



EJDE-2016/323 ELLIPTIC SYSTEM WITH NON-STANDARD GROWTH 3

Theorem 1.1. Let u € WH®(Q,RY) be a weak solution to (1.3)). Then there exists
Q. C Q such that |Q\ Q| =0 and u € C*(Qy, RY) for every a € (0,1). Moreover,

Q\Q, C {xo €eQ: lirg%nf]i ( |Du — (D) g, | dx > 0}

z0)

U{LIJO EQ:limsup][ <I>(:c,|Du|)dz:oo}.
r10  JB,(z0)

Partial Holder continuity for elliptic systems is one of classical regularity issues,
which was first presented by Campanato [6] [7], after several papers where partial
regularity has been proved for the gradient (rather than for the solution itself)
under stronger assumptions. Note that there has been reported various systems,
for which there exists a weak solution having a singularity, see for example [35], to
which we also refer for results concerning regularity and vectorial problems. For
systems with standard p-growth, Foss and Mingione [I8] proved it when p > 2 and a
is continuous for the space variable z, see also [4] for the parabolic counterpart. On
the other hand, Habermann [21] considered systems with p(z)-growth and also p-
growth with 1 < p < 2. In addition, Bégelein, Duzaar, Harbermann and Scheven [5]
considered p-growth systems with VMO coefficients. Finally, it is worth mentioning
the papers [26] 27], which treat elliptic system with measure data.

As mentioned at the beginning the problems considered here are significant since
they do combine features of problems with non-standard growth typical of the Orlicz
setting (see for instance [8,[9]) with those coming from variable exponent spaces (see
[14] and references) and more in general of functionals with non-standard growth
conditions of non-autonomous type. The main point of the energies considered here
is that the type of growth with respect to the gradient variable strongly depends
on the variable z; this type of phenomenon poses new problems, leads to new
techniques and conditions for regularity. This is a recent direction that only now
starts being exploited in detail [2] 3, 10, [T, 12} 16, 17 221 23 [36] 37, B8, [39]. The
main common feature of all these examples is the analysis of functionals

UH/f(x,Ddex (1.12)
Q

with U-growth, i.e.,
f(z, Dv) = ¥(x,|Dvl)

and for every fixed z, z — U(z, |z|) is an Orlicz function. In many cases, this maps
has non-standard growth conditions of polynomial type, as for instance considered
in [31, [32] 28] 29].

In this paper, we consider systems with ®-growth, with ® being the function
introduced in ; anyway, as already mentioned at the beginning, some of the
methods considered can be extended to more general choices of ®. These systems
are related to functionals as via the Euler-Lagrange equation. For the single
equation case, i.e. N =1, and a(z,(,£) = a(z, ), in view of [19,[37], one can deduce
that u € C% for all a € (0,1) if p(-) satisfies without any further continuity
assumption like . In addition, For systems with p(z)-growth, partial Holder
continuity was proved by Harbermann [21], in which the assumptions on p(-) and
a are the exactly same to ones in this paper (of course, those are modified in the
setting of p(x)-growth).
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However, we point out that compared with [18| B, 2], our case has a different
behavior. Note that the function ® is vary with respect to the position z. More-
over, even on fixed positions, we have ®(z9,t) = @4, (t) = t?(®0) log(e + t), which
does not have standard p-growth structure. In fact, ®,, 1 < p < oo, is the typical
example of the Orlicz function. We refer to [30, [13] and related references for prob-
lems with Orlicz growth. This makes obtaining partial Holder continuity difficult.
We point out that although the paper [2I] considers systems with variable growth,
estimates in there are obtained in space with fixed exponent, i.e., classical Lebesgue
space.

The first difficulty is the lack of normalization property, and the second one is
that we do not expect the integral version of Hélder’s continuity. If G(t) = t?, then
it is trivial that G(st) = G(s)G(t) for every s,t > 0, and

/U'fg‘dh (/UG(|f|)dx)1/p(/U|g|p/ dx)l/pf'

Note that these properties have been used over all in [I8| 5l 21]. However, for
G = ®,, those properties do not hold anymore. In fact, they are not true for
general Orlicz function. It seems that those difficulties are the reasons why the
partial Holder continuity for Orlicz growth has not been proved yet. Therefore, in
our best knowledge, our result with p(-) = p is the first result for the partial Holder
continuity for systems with Orlicz growth.

The technical starting point of our proof is the approach in [I§]. We also refer to
[5, 21]. However, we need a lot of new ideas to overcome the difficulties mentioned
above. We also point out that in the proof of [21], when analyzing on a ball, the
author froze the variable exponent p(:) as a maximum value in a ball. This makes
computations complicated since we consider the sequence of shrinking balls hence
the frozen exponent is continuously changed. On the other hand, in this paper we
freeze the variable exponent as a center point of balls. Therefore, the exponent is
not changed with respect to shrinking balls. This makes our argument somehow
clearer.

We organize this paper as follows. In the next section, we introduce notation and
ingredients of the proof of Theorem such as higher integrability, affine functions
and the A-harmonic approximation lemma. In Section [3] we prove Theorem
To do that we first derive a Caccioppoli type inequality, compare weak solutions
with A4-harmonic maps, investigate a decay of a suitable excess functional E, see
, and finally obtain estimates of Du in the Morrey space which implies the
desired Holder continuity.

2. PRELIMINARIES

2.1. Orlicz function ¢, and modulus of continuity. Let y € R™, r > 0 and
U is a bounded domain in R". B,.(y) is a standard ball in R™ centered at y with
radius 7. For a locally integrable vector valued function f in R™, (f), , is the
integral average of f in B,(y) such that

1
r = dv = 55 -
(N, ]{gr(y)f YT 1B.W) Br<y>f '

Note that if the center point is not important or well understood, we will use the
brief notation B, = B,(y) and (f), = (f)y,r. For matrix values A = (a;;),B =
(bij) € R™Y, we define an inner product by A : B := > a;;b;;. P: R" — RY is
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always an affine function; that is, P(z) = Ax + b for some A € R™Y and b € RV,
For simplicity, we shall write logﬁ t := [logt]?, where 3 > 0 and ¢ > 1.

Suppose 1 < p < 00, and recall the function ®,(t) = t?log(e +t). We define the
conjugate function of ®,, ®; : [0,00) — [0, 00), by

(7)== il>118(7't —@,(¢)).

We then state elementary properties of ®, and ®;. We refer to [37] for their proofs,
see also [14].
Proposition 2.1. Lett,7>0,1<p<oo,s>1and0< 0 <1.

(1) ®,(st) < sPTLD,(t) and D,(0t) < 0p<1>£1(t).

(2) @x(sT) < sTTR5(1) and B5(07) < 0" x(T).

(3) Dp(t +7) < 5(2p(2t) + y(27)) < 2°(Dy(t) + Pp(7)).

oung’s inequality) For any k € we have
(4) (¥ lity) F (0,1], we h

tr<® (fﬁt) F O (RTET) < K,(t) + KT TTL(T), (2.1)
21

tr <K T) + By(k T 1) < RBL(T) + KT Dy(h). (2.2)
(5) There exists ¢ = c(p) > 1 such that

%@F( t) < @5 (Dp(t)t ") < c®y(t). (2.3)

Moreover, if 1 <v1 < p <7 < 00, then the constant ¢ depends only on 1
and 3, instead of p.

Note that (1)—(3) of the previous proposition are simple results, hence, we will
use them without any comment except the cases that they are crucially used.

We recall the concave functions w(-) and p(-) introduced in Section [I} Then,
since w(0) = u(0) =0, we see that for r > 0,0 <0 <1 and s > 1,

Buo(r) Sw(Br), Ou(r) < p(Or), w(sr) < swl(r), plsr) <su(r).  (24)
Moreover, we will ultimately consider sufficiently small value r in w(r)log(1/r) and
w(r) in this paper. Hence, in view of (1.2)) and the monotonicity of u, we shall
assume without loss of generality that

1
w(r)log (;) <1 and u(r)<1 foreveryr > 0. (2.5)
We fix a weak solution u € W1®(Q,RY) to (1.3), and then define
M = / [®(x, Du) + 1] dx + 1. (2.6)
Q

For the rest of this article, we write letter ¢ > 0 for any constant depending on
the structure constants n, N, vy, v2, v, A.

2.2. Basic inequalities. First, we recall Jensen’s inequality such that for any
convex function G : [0, 00) — [0, ),

G({ 1nar) < cisas,
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which will be used frequently in this paper. For any vector valued function f,
constant vector A and 1 < p < oo, we have

][ \f—(f)y,TIQdISQJ[ 1 — AP da,
B.(y) Br(y)

f o wmlr=-Oubde2 L a(f-A)dn
Br(y) Br(y)
Note that the second inequality follows from (3) of Proposition and Jensen’s
inequality.
The next inequality related to the embedding property from Llog” L(U) space
to LI(U) space, where >0 and 1 < g < co. We refer to [24], see also [1].
8 |f| < (][ q ) 1/q
£ 1#110e” (e + i) 4 <l (f maz) (2.7)
Here, the constant ¢(q, 8) > 0 is continuously changed with respect to ¢ and 3. The
next lemma is the Sobolev-Poincaré type inequality for the function ®,, which can
be easily obtained by using the result in [I3] Theorem 7].

Lemma 2.2. Let 1 <y, <p <7y < oo and f € WHY(B,,RN). Then there exists
0s = 0s(n, N,vy1,7v2) > 0 such that

]{3. [cpp(M)r““’ dz < c(éVCI)pﬂDfDdz)HUS. (2.8)

T
for some ¢ = ¢(n, N,v1,7v2) > 0.
We finally state the iteration lemma, see [20, Lemma 7.3] and [I8, Lemma 2.3].
Lemma 2.3. Let ¢ : (0, p] — R be a positive and nondecreasing function satisfying
P(0" ! p) < 099(6% p) + co(6p)  for k =0,1,2,...,

where § € (0,1), g € (0,n) and cog > 0. Then there exists ¢ = é(n,0,v) > 0 such
that :
o(t) < 5{(;)%(/}) +eot’} fort € (0,p).
2.3. Higher integrability. We introduce one of the basic regularity properties of
weak solutions to (|1.3), which is the higher integrability. For the scalar case, i.e.
N =1, with
a(x,§) = Df(q)(x7 |§|));

this property was proved in [36, Theorem 3.9]. We point out that one can also
prove the same result for the system (|1.3)) in the same way. Therefore, we shall
omit to prove the following result here.

Theorem 2.4. Suppose that p(-) : Q@ — R with 1s vanishing log-Holder contin-
uous and satisfies the first inequality [2.5)), a: Q@ x RN x R™™ — R™N only satisfies
the growth and ellipticity conditions i, and u € WH®(Q,RY) is a weak solu-
tion to . Then, there exist small constants 69 = do(n, N,v1,72, v, A, w(:)) >0
and o, = op(n, N,v1,72,v,A) > 0 such that for any Ba,(x9) C Q with r < §oM 1,
where M > 1 is denoted in , and any o < o, we have

1+o
][ [®(z, | Dul)]+° dz < c(][ oo [Duldz 1) . (29)
B, (o) Bz (o)
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for some ¢ = ¢(n, N,v1,7v2,v,A) > 1. Moreover, for any ¢ € (0,1] we also have

140
]f (@ (z, | Dul)] "+ dz < c(a){(][ @ |DuPde) © 41} (210)
By (o) Bar(z0)
for some ¢(0) = ¢(n, N,v1,v2,v, A, 6) > 1.

Note that estimates follows from by using the argument in [20]
Remark 6.12].

From the above lemma we can observe the following. Consider By, (zg) C
with z¢ € Q and r > 0 satisfying

1
2r < 5oM™' and w(2r) < rnin{%h, 5}, (2.11)
and set

po:=p(xo), p1:= _inf p(-), pz:= sup p().
Bar(20) Bar(20)

We first note from the fact 7 < M~! and the first inequality in (2.5) that
w(r)
(f ®(x, |Du|) dx + 1) < e(r " M)¥M) < (D) < (2.12)
Bar(x0)

Then since py < p(z)(1 + w(r)) < p(z)(1 + 01,/8) for x € B,(x), applying (2.9)
with 0 = w(r) and (2.12]), we have

F o anoidr < f @ a0 de
Br(20) Bar(z0)

< c<][ ®(z, | Dul) dz + 1
Bar(z0)

gc(][ @(z,\Du|)dz+1).
Bar(z0)

Note that this implies @, (|Dul) € L},.(2). In the same way, since po(1 + 0,/2) <
p(x)(1+w(r)(1 + or/2) < p(x)(1+ op) for z € B.(x), we also have

1+ %h 1+0‘Th
][ (@, (|Dul)]"* # do < c{(][ O, |Dul)dr) 1} (213)
Br(xU) B27"(x0)
On the other hand, by taking § = 1/2 < p; /ps from (2.10), Holder’s inequality and

with we have
f o puis
327 (:c
p2/p1
<c (2, [Duf)] % do)™" 41
{(f, o 0) }
(][ o, |Du|)dx+1)(][ o(, |Du|)dx+1)
Buar(zo) Buar(z0)
c(][ ®,, (| Dul) dzx + 1).
B4T({L’0)

Moreover, since

P2 = (14 2 Yoo < pla) (1 4+w(r)? (14 %) < pla)(1 4+ Lon).

po—1

) 14w(r)

o) (2.14)

IN

C

IN
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applying (2.9) with o = ii—j(l +w(r)), or
goP2™ 1
po—1

(1+ 2 (1 +w(r)),

(2.12)) and (2.14)), we have

][épo(uwuniﬁ%idxgc(][ cb(x,|Du\)dx+1)
B Boar (2.15)

< c(][ @, (|Dul)dz +1)

T

(1+w(r)?

and
po—1 el 147
][ ®,. (1 + |Du) = (+%) g < c<][ @, (| Dul) da + 1) Y (2.16)
T 4r
2.4. Affine functions. For a given u € L?(B,(z0),RY), we define an affine func-
tion P, , by the minimizer of the functional

P~ lu — P)? da.
Br(x())
Then we can easily see that Py, , = DPy, »(x — %o) + ()z,,r, Where
n+2

DP,, , =

u® (x —xo) de.
7 f&,(mo)

Then we have the following lemma.

Lemma 2.5. Let 2 < p < oo andr > 0.
(1) For any u € L*»(B,(z0)) and 6 € (0,1), we have

- Px T
®,(|DPyyr — DPyygr) < c][ ép(u) da. (2.17)
Bo, (20) or
(2) For any u € WH®»(B,.(x)), we have
O (|DPryr — (Du)p,(ao)l) < CfB ( )¢p(|DU — (Du) B, (a0)|) dz- (2.18)
r (o
Here, the constants ¢ depend only on n, N, p.
Proof. By |25 Lemma 2], we have
- Px T 2
|DPyy . — DPyy or]? < c][ M da,
By (z0) (GT)

|DPyy . — (D) p,(2o)|* < c][ |Du — (Du) g, (20)|? da.

By (z0)
Using these and Jensen’s inequality for the convex map ¢ — ®,(v/t), we obtain
|t = Pryr? dx)lﬂ

®y(|DPyy . — DPy o) < c® (][
p o) xo,0r p Bor(x0) (GT)Q

- Px T
<e ][ @p(u> dr.
Boy(x0) or

which yileds (2.17)). In the same way we obtain ([2.18)). |
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2.5. A-harmonic approximation. Let A be a bilinear form in R™Y. Moreover
A satisfies the so-called Legendre-Hadamard condition: there exist 0 < v < A such
that

vEPn® <€@n:E@n < AP (2.19)
for every ¢ € R, n € RY. For this A we say that h € W12¢(Q, R"Y) is A-harmonic
if

/ ADh:Dp =0
Q

for every ¢ € C}(2,RY). We then state the so-called .A-harmonic approximation
lemma, see [I5, Lemma 3.3].

Lemma 2.6. Let ¢ > 0 and 0 < v < A. Assume that there exists small 6 =
§(n, N,v, A, €) > 0 such that if the bilinear form A on R™Y satisfies (2.19), r > 0
and w € WH2(B,.,RN) satisfies

][ |Dw|2 dr <1,
B,

’][ ADw : Do dx| < 6||Dg|| = (p,) for every ¢ € cl(B,,RY),
BP

then there exists A-harmonic map h such that

][ |Dw|*dz < 1, 7‘72][ |w— h|*dz < e.
B

r

3. PARTIAL CONTINUITY
Let us first consider p > 0 satisfying
1
p<po:=sup{r>0:4r <M ', w4r) < min{%, 5}}, (3.1)

where M is denoted in ED and &g, oy, are determined in Theorem Then we
see that p satisfies (2.11)) with r replaced by 2p. We then consider By,(zo) C
with xg € Q and p < pg and set

po :=p(xo), pi1:= _inf p(-), p2:= sup p(),

B2y (z0) Ba,(x0)
Clzo. p, P) ::][ |Du — DPJ? <I>p0(|Du—DP|)]dx 52)
5oy L+ IDPZ 0, (1 DP])
and
B(zo.p. P) = Clao.p. P) + [ ]{9 ju— Plao) dz) +w(p) 1og<%>} T (33)

Here, P : R® — RY is any affine function. In this setting we derive a Caccioppoli
type inequality.

Lemma 3.1. Assume that
C(z0,8p, P) < 1. (3.4)
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Then
C((E(va? P) < C][

B2p(a:0)

+c{u(fB

for some ¢ = ¢(n, N,y1,7v2,v,A) > 0.

Proof. Set ¢ = nPot(u — P), where n € C§°(Bsg,) with 0 <n <1,np=1on B,
and |Dn| < ¢(n)/p. Taking ¢ as a test function in (1.3)), we have

ju— PP By, (Ju— P|/(2p))
[<2p>2<1 1P ™ T e, (11 0P| Jda

. (3.5)
ju = Pleo)l? dr) +w(2p) log(5 )

2p($0)

][ nPola(x, u, Du) : D(u—P)dx = —(p0+1)][ nPea(z, u, Du) : Dn®(u—P) dx.
B

2p B3,

This and the trivial identity
][ a(zo, P(x),DP) : Dpdxr =0
BQp

imply
I ;:][ nPo Y (a(zo, u, Du) — a(xg,u, DP)) : (Du — DP) dx
B

2p

:][ (a(zg, u, Du) — a(xg,u, DP)) : Dy dx
B

2p

— (po + 1)f NP (a(xo,u, Du) — a(zg,u, DP)) : Dn® (u — P) dx
sz

:][B (a(zg, u, Du) — a(x,u, Du)) : Dpdx (3.6)

2p

+][ (a(zo, P(xo), DP) — a(xo,u, DP)) : Dy dx
B

2p

- (pO + ]-)f npo(a(anuvDu) —a(.’Eoﬂj,,DP)) : D77® (U’_ P) dx
sz

=: IQ + 13 — 14.
Estimate for I;. From (|1.7) we have
][ Pt ®, _o(1+ |DP|)|Du—~ DP|* + ®,,(|Du— DP))}dz < cl;.  (3.7)

B,

Estimate for I5. Using (1.5)) and (2.1)), for x € (0,1), we have

_P
1] < c][ w(2p)log(e + 1+ [Dul) @p,—1 (1 + |D“|)<|D“ -pp|+ p ‘) &
2

P

lu—P|

<wf @ (1Du - DPI)+

Bap

+ C(FL)][ UM (w(?p) log(e + 1+ |Du|)®,,—1(1 + \Du|)) dx.

P

)] dx

Now we estimate the last integral above:

I ::][ ) (w(2p)log(e + 1+ [Du|)®p, 1 (1 + |Dul)) d. (3.8)

Bz,
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Using (2) and (5) of Proposition and that 1 + |Du| < &, (1 + \Du|)§§7:i7 we
have

Po

01, (1+ |Dul)dz

I g][ [w(2p) log(e + 1 + [Dul|)]"®) (1 + ‘Du|)(prpo)
B

2p
1

< c[w(2p) log (e + (Ppo (1 + |Du|)23:1)2p)r(m)]f [y, (1 + | Dul)] 0= dar

2p

Po

pa—1
po+1 o, (1 D po—1
+ clw(2p)] o f log7o 1 (e_|_ po(1+ | u|z)2fi1 )
Bap (@po (1 + [Duf)70=T)sp

pa—1

X [y (1 + | Dul)] " da,

where

po—1
Lol if y(2p)log(e + 1 4 [Dul) < 1.

Po

. Lo if w(2p)log(e + 1+ |Du|) > 1,
i(po) =

Then, applying (2.5), (2.7) and two inequalities concerning the higher integrability:
(2.15) and (2.16) with r = 2p, we obtain

~ 1 i(po
b < clop)log()] ™ f @1+ D) d
8p

T

+ w(2p) Fo (]{3 @, (1+ |Dul) 71 (1+%) dx) iy |
v (3.9

1 .,2otl
< cluzp)log(5)] # f @ (1+ D) d
8

Bs,
+1

1 ,Potl
< clw(2p) log(%)} 0 @p, (1 +[DPI).
In the last equality above, we have used the assumption (3.4) so that

][ @p0(1+|Du|)dm§c(][ ‘bpo(|Du—DP|)d1'+(I)po(1+|DP|)dx) (3.10)

Bs,

< c®,,(1+ |DP]).

8p

Therefore,

|[2|§n]{32p[<1>p0(|D“ DPY) + @, p )] (3.11)

+ e() w(2p) log<2—1p><1>po<1 +|DP)).

Estimate for I3. Applying (1.9),

u— P
|I5] < c][ 1 (|u — P(m0)|2) D,,—1(1+ \DP|)(np“+1|Du — DP|+ |p|) dx.

ng
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Using (2.1, (2.5) and Jensen’s inequality, we see that for x € (0, 1),
)] dx
gy POFL
+ c(n)][ (Ju— P(zo)?) 70 @,,(1+|DP|)dax
B

* (3.12)
K po+1 u— - ‘U—P| "
< ]{szn Byy((Du - DPdr+f @, (—)a
+c(/<c),u(][ ju— Plag) de) @, (1+ |DP)).

sz
2p

Estimate for I4. From the first inequality in (1.4), Young’s inequality and (2.2)),
we have that for k € (0,1),

lu—P|

BI<wf [0, (D= DP) + @,

2p

| 14|

Sc][
B

< cf ®,,—2(1 +|DP|+ |Du— DP|)|Du — DP|n*°
B

2p

1 J—
da(zo,u, t(Du — DP) + DP)|dt)|Du — DP ol =Pl
( | ,u, n
0 14

2p

|lu— P

‘dm

po+1 |u — P]
< e®, o1+ |DP >~ |Du— DP d
< a1+ |DP) f 0™ 1Du— DRI e .
- P
+ c][ ®,,—1(|Du — DP\)np"M dx
Ba,
< H][ 77+ [@,, (1 + |DP))|Du— DPP + &, (|[Du— DP))] da
Ba,
— PJ? ~P
+d@Q%rxLHDPDf Biﬁiﬁm+f @mdu |)m)
Bs, p Ba,
Consequently, inserting (3.7))-(3.13)) into (3.6)) and choosing « sufficiently small, we
get the estimate (3.5). O
Next, we define
0 P DP - P
A= Az, P) := a(xo, P(wo), ) , W= Y . (3.19)
Pp(z0)—2(1 + |DPJ) (1+|DP|)\/E(zo, p, P)

Then one can see from (1.4)) that A satisfies (2.19)). The next lemma implies that if
E(xg, p, P) is sufficiently small then one can apply Lemma to A and w denoted
above.

Lemma 3.2. Suppose that (3.4]) holds. Then there exists ¢ = ¢(n, N,vy1, 72, v, A) >
0 such that

| ADuw : Dy dx| < c[u(v/E(xo, p, P)) + E(x0, p, P)]Y? sup |Dy| (3.15)
By (zo0) By (z0)

for every ¢ € C§°(B,(x0)).
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Proof. We first consider ¢ € C§°(B,(zo)) with supp (5. [D¢| = 1, and set v :=

u—P,ie,v=(1+|DP|)\/E(xo,p, P)w, and B, = B,(xo). Then

D,—2(1+ |DP|)][ ADv : Do dx

BP
1
:][ / (0a(xg, P(xg), DP) — da(xq, P(xo), DP + sDv))Dv : Dy dt dx 16)
0
1

—|—][ da(xg, P(zo), DP + sDv)Dv : Do dtdx

B

» 70
=: I5 + I6-

We first estimate 5. Applying (1.10)), we have

s|Dv|
][ / 1+ [DP| CI)P072(1+|DP|+|DP+SDU|)‘D’U|dtd.%‘

\Du — DP|
< el | _ _
C]{s,,”( o ) (@po—2(1 + |DP|) + @, o(|Du ~ DP|))|Du— DP|da

= c®,,_1(1+ |DP]) x ]{sp “<W)
<|Du —DP|  ®,,_1(|Du— DP\)) .
1+ |DP| ®,,—1(1 +|DPJ)
Set Bf := {x € B, : |Du(x) — DP| > 1+ |DP|} and B, := B, \ Bf. Then, by
and (2.5), in By,

(\Du—DP|)(|Du—DP| <I>p0_1(|Du—DP|))
1+|0P| /\ 1+ DP] © ®,,_1(1+|DP|)
|Du—DP> &, (|Du— DP|)

~ (1+|DP|)? ,, (14 |DP))

On the other hand, in B,
(\Du - DP|) (|Du — DP| . ®,0—1(|Du — DP|))
1+|0P| /\ 1+ DP] " @, 1(1+|DP|)
(|Du—DP|) |Du — DP| (|Du—DP\)(<I>po(|Du—DP|)>p%0
="\"1+pP| ) 1+ |DP| 1+|0P| /\"®,,(1+ |[DP])

Using Holder’s inequality, (2.4) and Jensen’s inequality for the concave function

11, we have from the pervious two inequalities that

|15
®po—1(1+[DP])

gc][ (|Du—DP| <I>po(|Du—DP|))d
s \1+[DP] ' @, (1L+|DP|)

_ / — 2 /
relu(f, Tomar @) (), Toper )
—1

_ _ pr;)
b, Bl O, ‘)™
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Therefore, recalling the definitions of C(xq, p, P) and E(xo, p, P), and using Young’s
inequality, we obtain

| 5|
®po—1(1+[DPJ)

< o{Clao.p. P) + [1(+/Clao, p, P))] " *[C a0, p, P)?
+ [1(V/Clao, 0. P] ™ [Clao, . P 55 |
< o{ B, p, P) + [1(v/ w0, p, P))]/* [E(wo, p, P }.

Next we estimate Ig. Applying (1.5) and (1.9), we have

(3.17)

Is :][B (a(xg, P(x0), Du) — a(xg, P(xo), DP)) : Dy dx

P

:]€3 (a(xg, P(x0), Du) — a(x, P(xg), Du)) : Dpdx

P

—|—][ (a(z, P(xg), Du) — a(z,u, Du)) : Do dx
B

P

<cf wlp)loler 1+ DUy (1+ |Dul)ds
B

P

e (= Plao)?)@p-1(1 + [Dul do
B

P

=: C(I(;a + Iﬁb).

For Igq,, from Jensen’s inequality for the convex function @7 we have

Too < (@) (£ 8}, (o) 1og(e 1+ Du)@yp-a(1 4 |Du) do).

P

Note that the integration on the right hand side above is exactly same to I, denoted
in (3.8) with 2p replaced by p, hence it follows from (3.9) and (5) of Proposition
2.1 that

o 1. ,rott
oo < (®5,)7" ([w(p)og()] % @y, (1+]DP))
1,7t
< (o) 1o8(5)] 77 By 1(1+DP)).
In the above inequality, we used that (®%)~'(0t) < 9%1(@)_1@), 6 € (0,1) and
t > 0, which can be easily derived from (2) of Proposition
As for Igp, using (2.5)), Holder’s inequality, Jensen’s inequality for the convex

2po—2
functions p =1 and W(t) := <I>p0(<I>;Ul_1(t 20T )), and (3.10]), we have

2pg—2

217171 2pg—1 2po—1
v < o( = Plao) o) ™7 (o1 (14 D)) E o) ™

2pg—2

< c[,u(][Bp ju— Plao) do)] 0T [qf—l(]{gp @, (1 -+ |Duf) )] 7




EJDE-2016/323 ELLIPTIC SYSTEM WITH NON-STANDARD GROWTH 15

2pg—2

(£, 1= Pl )] [0 @, 0+ 10

IN

IN

c[u(]{g |u — P(z0)? dx)} 2,001771@1)0_1(1 +|DPJ).

Therefore, from the previous two estimates and the definition of E, we have
| Ls|

Py -1 (1+|DPY)

Inserting and into and using the definition of (3.3), we have

for every ¢ € C°(By,(z0)) with supp |Dy| = 1. Therefore, the standard

normalization argument yields (3.15)) for every ¢ € C°°(B,(x0)). O

< cE(xq,p, P). (3.18)

We consider the affine function P = (Du)g, ,(z — 20) + (4)z,,p, and set
C(-TO, p) = C(xov Ps (Du)a:o,P(x - .130) + (u)xo,P)

S LT P N TR PR
B, (1 + [(Dt)ag,p])? Dy (1 + [(DU),pl) ’

E(:L’O,p) = E(x()vpv (Du)wowp(m - xO) + (u)l’oyﬂ)

= Cleo, ) 4 [ o o) + oyt )] 7, O
B, p
Blao.p) = Clavsp) + [n(p £, 1Duf? ) +u(log(0)] ™7 321
Then, from Poincaré’s inequality alonpg with the fact p < 1, we see that
E(x0,p) < cE(z0, p). (3.22)

some ¢ =c(n,N) > 1.

Lemma 3.3. For 6 € (0,1/8), there exists eg = eo(n, N,v1,v2,v,A,0) > 0 such
that if E(xo,p) <€y and p < €1 := min{0", po}, where py is defined in (3.1), then

C(‘T(Ja op) < C*QQE(‘T(MP) (323)
for some ¢, = cx(n, N,v1,v2,v,A) > 1.

Proof. Step 1. We first estimate the integrals
— Py |2 - P
][ 7|u(x) 229’)‘ dr and ][ D, (7|u 26p|) dz. (3.24)
B,  (20p) Baop 20p
where the affine function P, 26, is defined in Section Recall A and w denoted
in (3.14) with P = (Du),(x — x0) + (u),. Then

w = 2= (Du)p(@ = 20) — (W)y and ][ |Dw|? dz < 1.
B

(14 (Du),) \/ E(zo, p) ’

Let € € (0,1) be a sufficiently small number determined later, for which we consider
d =4(n, N,v,A,e) > 0 determined in Lemma Then by Lemmawith (13.20)),

(3-21) and (3.22), we have

‘][ ADuw : Dpdz| <6 sup |Deyl,
Bp(ml))

p(Zo
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by taking sufficiently small ¢ = €o(n, N,v1,72,v, A, e) € (0,1). We point out
that when using Lemma we need the assumption , which is clear since
C(zo,p) < E(zo,p) < €9 < 1. Therefore, in view of Lemma there exists an
A-harmonic map h such that

][ |IDh|*dz <1 and ][ |w — h|? dx < ep®. (3.25)
B, B,

We notice by a basic regularity theory for .A-harmonic maps, see for instance [20,
Chapter 10], that

p~ 2 sup |Dh|? + sup |D?h| < cp_2][ |Dh|? dx < cp2. (3.26)
B2 B2 B,

Moreover, the Taylor expansion of h implies that for 6 € (0,1/4),
sup |h(z) — h(xo) — Dh(zo)(z — x0)|* < ch*p?. (3.27)

:EGngp

At this point we choose € = "%, Then we have from the second inequality in

(3.25) and (3.27) that

][ |w — h(xg) — Dh(xo)(x — 30)|?
Bao, (20p)?

hence, by the definitions of the affine function Pag, := P, 20, denoted in Section

and w and (3.22]), we obtain

lu — P26’p|2 2 2
———a—dx < (1 + |(Du),|)*E(x0o, p). (3.28)
B26p

dr < 092,

(267)?

Next we estimate the second integral in (3.24). Let to = t(x¢) € (0,1) be a
number satisfying

1 to
— = (-t —2
Do ( 0) po(l 4 o5)

where o is given in Lemma Note that since 2 < v; < pg < 79, there exists
0 <ty <ty < 1 depending only on 71, 72,0 such that t,, < ty < tp;. Then
by Holder’s inequality, Jensen’s inequality for the convex map ¢ — [(®,,) 1 (t7°)]?,

(3:28), (2-8) and (1) of Proposition 2.1} we have

]{3260 ‘I)po (W) dx
< (f,,, [ (M) " ) T
(O [om (M) an) ™

< [ (04 1D DVE@)] " (£ Bpn(1Du = DPuyl) )"

20p

< [0V Bl P o, (1 (D)) (f

Bag,

(3.29)

to
®,, (|Du — DPy,)) d:v) .
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In addition, from (2.17), (1) of Proposition [2-8), (2.18) and the definition of

FE, we have

]/ ®,.(|Du — DPyg,|) dx
B29p

<™ @y, (Du=DP.)do + By, (IDF, = DPayy)
p

s
gce—"][ ‘I)p0(|Du—DPp|)dx+cg—(p+1)][ o, (=Ll
B, B

dx
op P )

< (P ][ ®,(|Du — DP,|) dx
B

P

< (Pl ][ @, (|Du — (Du),|) dx

P

< b7, (14 |(Du),|) E (2o, p).

Combining the two above estimates, we obtain

lu — PZ@p‘
b, (——)dx
][329p po( 20p )

< cgpo—(2p0+n+1)toq>po(1 + |(Du)p|)E(x0,p)(%o_l)(l—tﬂ)“,
Therefore, taking ¢y = eg(n, N,v1,7v2,0) > 0 sufficiently small so that
E(x07p)(p/271)(17t0) < 6é%‘)—l)(l—to) < fé%l_l)(l_tm

— 2y24+n+1)t 2 —po+(2 1)to+2
<0 Y1+(2v2+n+1)tm+ < g ro (2po+n+1)to ,

we obtain

u— P
£ e (M) e < 0, (4 (DU DB (30)
Bao, P

Moreover, by assuming
VE(wo,p) < \/eo < 0" /8,
we have
L+ [(Du),| <201+ [(Dugyl) and 1+ [(Dwhag,| < 201+ [(Du)g, ), (3.31)

see [I8] page 483]. Therefore, inserting the first inequality in (3.31)) into (3.28]) and
(3.30]), we obtain

[u — Pagpl” 2 2
——————dx < (1 + [(Du)g,|)* E(xo, p), 3.32
1, “eas (1 +1(Du)oy | B0, ) (3.32)
— P
][ D, (7|u 26| )dx < c0?®,, (1 + |(Du)g,|) E(z0, p). (3.33)
Bse, 20p

Step 2. Now we prove ({3.23). Suppose that
E(xg,p) < e < 0™ (3.34)
Then we observe that

C(z0,80p) < (80) "E(xzo,p) < 1.
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Hence, in view of Lemma [3.1] with p replaced by 6p and P = Pag,, we have

. a4 IDPusDIDu~ DPa o+ f  ,,(1Du~ DPay])do
Bep BGP

|U*P29p|2 ‘“*P29p|
<@, _o(1+|DPayg |)][ W= 22000 gpped @ (7) dz
bo g Bag, (29P)2 Bao, bo 20p
1

+c®p, (1+ ‘DPQOPD{M(]{B lu — (u)20,]? da:) + w(20p) log (%)}

We note that Young’s inequalities such as (4) and (5) of Proposition also hold
for the Orlicz function G(t) := t% log(e + /7). Using this fact and Lemma [2.5| with
(p, 0) replaced by (6p,1/2), we have

£ @uealt + (D) D = (D)

Op

< c][ @0 —2(1 + |DPyg,|)|Du — (Du)g,|? dx
7]

P

e @ua((Duay ~ DPaDIDu— (Du,? do
Bo,

+C][ CI)170—2(|DP€/)_DP29/3|)‘DU_(Du)Gplzdm
ng

gc][ <I>p0,2(1+|DP29p\)|Du—DP26p\2dx+c][ ®,, (|Du — (Du)g,|) dx
By,

By,

+ ¢ (Ppo (I(D)gp — DPpp|) + ®p, (|DFsp — D Pagpl))

§c][ c1>p0,2(1+|DP29p\)|Du—DP26p\2dx+c][ ®,, (|Du — (Du)g,|) dx

By, By
|u — Pay)|
e ][ ®,, (L Fo0oly g,
Baop 20p

Combining the two estimates above with

][ By (1D — (Du)gyl) da < ][ By (1Dt — DPogy) e,
By, Bo,

we obtain

£ sl [(DusnDIDu — (D do+ {8y, (1D (Duey))da
By,

B
|u — Pag,|? |u — Pag)|
< e®,,_2(1 4 |DPyy ][ 2% e +e o, (—221) dz  (3.35
Po | PD ngp (20[7)2 ngp Po ( 2@,0 ) ( )

bty (U DPa) (i Tu= (u)ans P o) + (289108 (5) )

Bag,

0p

We further estimate the right hand side on the above inequality. Applying (2.18]),
(3.34) and (3.31)), we have
Dy, (|DPagy|) < c@py(|DPagp = (Du)2op|) + c@py (|(Dtt)2gp))
< Cﬁ""f Dy, (|1Du = (Du),|) da + cPp, (|( D) 29, )

P
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< (07" E(z0, p) + 1)@y (1 + [(Du)pl)
< @y, (1+ [(Du)gpl)
< Py, (c(1+|(Du)yl)) »
which implies
|DPagp| < (14 [(Du)gp|)-

Moreover, using Poincaré’s inequality and the fact that p < 6™, we have

]l lu — (u)ag,|? do < 097"][ lu — (u),|* dz < cp][ | Du|? dz.
Bag,

P P
Therefore, inserting the two above inequalities, (3.32)) and (3.33)) into (3.35), we
obtain

C(xO, 910) S CazE(x(% p) + C[E(an p)]2p071

Finally, assuming
[B(ao, p)P7 ) < [Blao, )P0 < gV <02,
we obtain ((3.23). O

Now, we are ready to prove Theorem

Proof of Theorem[I1. Fix a € (0,1). Let us determine several constants such that

Ai=n—-2(1-a) € (n—2n), (3.36)
.1 1 1
9:: mln{g,ﬁ,m} (337)
. 0" e
€2 := min {E’ 5}, (3.38)

where ¢, and ¢y are determined in Lemma We note from the continuity of p(-)
and (1.2) that one can find d; = 61 (i, w, €2) > 0 such that

1
w(r) + w(r)log (;) < ey for every r € (0,01]. (3.39)
Then we denote

Pm = min{d1, €1, po}. (3.40)

Step 1. In this step, we fix B, = B,(zo) C Q with 2o € Q and p € (0, p,], and
suppose that

C(z9,p) < e and M(zg,p) = p][ |Dul? dz < 6. (3.41)

B,

Then we claim that for any £ =0,1,2,...,

C(z0,0%p) < e and M/(z,60%p) = Okp][ |Du|? dz < 6. (3.42)

Bekp

We prove the claim by induction. For the sake of convenience, for £k =0,1,2,...,

we write (3.42), ; (resp. (3.42), ,) with the first (resp. second) inequality in (3.42)).
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Now we suppose that the inequalities in (3.42)) hold for k, and then prove that
(3.42)) holds for k replaced by k + 1. We first observe from (3.42)x,; and Hélder’s
inequality that

£ IDu= (Dujon, P dn < (14 (D)o, ) Colo, 8%
o (3.43)

< 262(1 +]{B ) |Du|2d;v).

0% p

and so, by (3.42)) 2,

Qkp][ |Du — (Du)gr,|* dz < 2e20% p + 2€501.
Bekp

This together with (3.37)), (3.38) and (3.40) imply

M (zq,051p) < 29k+1p][ |Du — (Du)gr,|* dz + 20" p|(Du) gr |2

Bgk+1,

< 2017"0’“/)][ |Du — (Du)ng\de—&—ZOM(:co,ka)
BQkp

< A0MI ey p 4+ 401 " en by + 200,
< 497”62p + 497716251 + 2951 < 51,

which shows (3.42)+1,2. It remains to prove (3.42)x+1,1. We notice from (3.21)),
(3-38), (3-39), (3.42)x.1, (3-42)x 2 and the fact that 0¥p < p,, < §; that

1 1
E(z0,0%p) == €3 + [1(1) + w(8%p) log (QTP)] ot < ey < €.

Therefore, applying Lemma we have
C(x0,9k+1p) < c,0%s < €.

This shows (3.42));+1,1. Hence, we prove that (3.42)) holds for every k =0,1,2,....
Here, we note that (3.43)) also holds for every £k =0,1,2,....
Next we observe from (3.38)) and (3.43]) that

][ |Dul|? do < 2][ |Du — (Du)gr,|? dz + 2|(Du)gr ,|?
Byk+1,(z0)

Bgrt1,

< 29—”][ Du — (Du)gs, 2 de + 2]/ |\ Dul? dz
Bekp

Bek‘p

<407 "€y + (40 "€y + 2)][ | Dul|? dz

Bekp

<407 "eq + 3][ |Dul? dz,

Qkp
and so, by (3.37),
/ |Du|? dx < ok/ |Dul|? dx 4 4| By | (0% p)™.
Byk+1,

BG’“p
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Then applying Lemma with ¢(r) = fBr |Du|? dx, for every r € (0, p), we have

/ |Du\2dz§c{(f)>\/ |Dul?dz + 1}
B P B

’ v (3.44)
< p%(/Q|Du|2da:+1>rA.

Step 2. To complete the proof, we define
Q= {0 € Q:u € C*(U,,,R") for every @ € (0,1) and for some U,, C Q}.

where Uy, is an open neighborhood of zy. Suppose that zo € 2 satisfies

lim inf][ |Du — (Du),| dxz = 0,
Bp(xl))

pl0
(3.45)
M, = Hmsup][ |Du|? dx < .
pl0 By (o)
For p € [y1,72], set t, € (0,1) such that

1 (1—t,)

- =2, + ——2 3.46

p 7 p(l+ %) (340

where o}, is determined in Theorem Note that Since p € [y1,72] — ¢p is
continuous there exists ¢, = ¢, (y1,72,0n) € (0,1) such that ¢,, < t, for every
P € [v1,72]. We define

1
simmin {[ LT ) o, (347
where ¢; > 0 will be determined later. Then in view of , one can find
p < min{ppm,, (2" (Mg, + 1) +1)718,}. (3.48)
with Bs,(x¢) C Q such that
f |Du — (Du),|dr < s and O(z,|Du|)dr < My, +1.  (3.49)
By (z0) Ba,(w0)

Then by Holder’s inequality with (3.46)),

1 2poto
£ wnpu—Du e (f (@ (Du— (Du), )17 )
Bp(zo) By (o)

1—tg
P
dx 2,

Zh
2

(G o= 2o

where ¢ := tp,. From Jensen’s inequality for the convex function G(t) := @, 1 (£?#0),
we have

]{?p(zg)[@poql)u — (Du),|)]?ro dx < G*1<f

BP(IO)
<GTH(s) = [Bpy(5)] 0

< (257°) 70

|Du — (Du),| dx)
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On the other hand, using Jensen’s inequality for the convex map t — [®(¢)]'T "

(2.13) and (3.49), we have
Th

f o upu- G dr<ef  , (Dupt s
Pl B, (o)
h

< c{(]{g%(wo) ®(z, |Dul) dx) o + 1}

< c(My, + 2)1+07h.

)

Therefore, we have
][ (I>p0(‘Du - (DU)PD dr < CSpOtO (Mibo + 2)17t0 < Cl(Ml’o + 2)371tma
By (o)

where ¢; > 0 depends only on n, N, 1,72, v, A, and so by (3.47)),

€ 2/2
f @ (Du- Duplde < (2),
BP(IO)

On the other hand, by (3.48) and (3.49)), we have

pf |Du|2dx§p(2"][ <I)(x,|Du|)dx+1) < 01.

Bp(xo) sz

In addition, by the continuity of integrals, there exists o > 0 such that with
xo replaced by y holds for every y € By(zp). Without loss of generality, we can
assume that o < p. We note that using Jensen’s inequality for the convex function
W) (1) := Py (VE), for y € By(z0) we have

Cw.) <0, (f, e Du= (Duhds) 4ty (Du— (Do

Bp(y)

<y} ((9)72/2) + (672)%/2

p(¥)\\ 9 2
€2\ % 25 €2\ 72/2
< (Z£) 2 p(v) -
< ()%t 4 (2
€2 €2
< 5 + 5 < e,

where W, (t) = t% log(e + t) hence \Ilp(z) (t) < £ Therefore, in view of Step 1, we
see that with zg replaced by y hold for every y € B,(zo) and t < p. Therefore,
by Morrey-Campanato’s embedding theorem, we have u is C%(B,(z¢), RY), that
is, xg € Q. U
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