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EXISTENCE OF SOLUTIONS FOR A NON-VARIATIONAL
SYSTEM OF ELLIPTIC PDE’S VIA TOPOLOGICAL METHODS

FETHI SOLTANI, HABIB YAZIDI

ABSTRACT. In this article, we prove the existence of solutions for a non-
variational system of elliptic PDE’s. Also we study a system of bi-Laplacian
equations with two nonlinearities and without variational assumptions. First,
we prove a priori solution estimates, and then we use fixed point theory, to
deduce the existence of solutions. Finally, to complement of the existence
theorem, we establish a non-existence result.

1. INTRODUCTION

We consider the problem
Ay =g(v), v>0 inB,

A*v = f(u), u>0 inB, (1.1)
=0 @—0 =0 @—0 0B
TR e T U g T e

where B is the unit ball in RY (N > 4), the functions f and g are continuous and
positive on (0, 00) satisfying f(0) = 0 and ¢(0) = 0.

Existence results for elliptic nonlinear systems have earned a lot of interest in
recent years, especially when the nonlinear term appears as a source in the equation,
supplemented by the boundary conditions of Dirichlet or Neumann. There are
two broad classes of systems, the first one with a variational structure, namely
Hamiltonian or gradients systems; see [I], 12, [3]. The second one is the class of
non-variational problems, which can be treated via topological arguments. For this
type of results see [2], Bl Bl 6].

In this work, we address the existence problem for a given system without a
variational assumption. More precisely we consider the non-variational case of
f and g. Using a topological method (a fixed-point argument), some sufficient
conditions for the study of this problem were established. It was shown that a
priori estimate of positive solutions for elliptic equations provides a great deal of
information about the existence and the structure set of positive solutions [4], [5],
[14] and [I5]. Our objective is to prove existence of results and a priori estimate of
solutions.

This type of question was addressed in several works dealing with the Laplacian
problem. One of the pioneering studies in this direction was [19]. In this work,
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we consider the bi-Laplacian operator. In recent years several authors studied
polyharmonic problems and a lot of interesting and significant results were obtained
see [7], [11], [I8] the references therein, see also [20] for more general operator,
namely nonhomogeneous differential operator with variable exponents.

The rest of the article is divided into two sections. In Section 2, we establish
preliminary results which are helpful to study the bi-Laplacian system (1.1)). Section
3 was devoted to present and prove the main results of this work.

2. PRELIMINARY RESULTS

Consider the problem (L.1)) for radially symmetric solutions, let r = |z|, u = u(r)
and v = v(r),

N-DIN=3) , (N-DIN-=3),

2(N — 1)
4 3 —
u()—l—iu()-l-r—Qu _T—Bu—g(v),
v>0 forre(0,1),
2(N —1) (N-1)(N-3) (N -1)(N-3)
4 3 —
o 4 TU( )+ r—QUH - T—3v/ =fl), (21)

u>0 forre(0,1),
u'(0) =0=12(0), u®(0)=0=0v30),
w(l)=0=v(1), «(1)=0=12'(1).

We remark that any solution (u(r), v(r)) € (C*(0, 1))2 of is a radial symmetric
solution of .

We recall the following result from [16, Lemma 2], which gives more information
concerning the eigenvalue problem for the operator A2,

Lemma 2.1. There is a 11 > 0 such that the problem

, ov
A?v=pv inB, v=— ondB
v
possesses a positive, radial symmetric solution @1 (x) which satisfies, for some pos-
itive constants Cy and Co,

Ci(1—|z))? < pi(z) < Cy(1 - |z])?, =€ B. (2.2)

We recall from [16], see also [I], that the Green function G(r,s) for the linear
problem corresponding to (2.1) is defined, for N > 4, by

_ an(s) +r?by(s), for0<r<s<i
Glrys) = {(j)Nl(aN(r) +8%by(r)), for0<s<r<I, 23)
where
3
an(t) = g7 ;)(N (2 (VY (-2
and
by (t) = mU\uN* (N =2 — 9.

The kernel G(r, s) has the following properties (see [16]). There exists a positive
constant C such that
4-N

0 < G(r,s) < CsN (1 - s)?(max(r,s))" (2.4)
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2 ) <o, (25)
0? 1 no
ﬁG(r, 5)|r71 = §SN 1 —s?) (2.6)

Therefore, problem ({2.1]) is transformed into

- / G(r, 5)g(v(s))ds,
:/0 G(r,s)f(u(s))ds

It is well known that problem (2.1)) and problem (2.7)) are equivalent.
1.1]

(2.7)

In the study of the problem (1.1]), we need the following eigenvalue problem
A% = X\oyp in B,

A%p =\ ¢ in B, (2.8)
09 L _,_%
¢_0_8u’ 1/1—0—81/ on 0B,

where A1, Ao > 0.
Let 1 be the corresponding eigenfunction of p; which is the first eigenvalue of
A? on the unit ball B, we have the following result.

Lemma 2.2. Assume that Ay \y = u2, then the problem (2.8)) has a positive solution
(¢, %) satisfying (modulo a constant) ¢ = Fgol and Y = rgol

Proof. According to the idea developed in [2]] for a Laplacian eigenvalue problem,

we define
= Vo, (2.9)
wy = /A1) (2.10)
We replace and in the problem , we obtain
A%w; = /M Aowy in B,

A2U}2 = )\1)\211)1 in B, (211)
w—O—% w—O—% on OB
L7V o0 27T o '

Adding the two first equations of (2.11]), we write

A%(wy +ws) = VA Ae(wr +ws) in B,

8('[1}1 +w2) —0 on 8B (212)
v '

Subtracting the two first equations of (2.11)), we write

A% (wy — ws) = VA1 Ae(w2 —wy) in B,

own —ws) _ o (2.13)
ov '

We multiply (2.13) by w; — we and we make a two integration by parts, we obtain

/ 1A (wy — wg)Pdz = — /A / fwy — wp?da,
B B

w1 -|—’U}2:0,

wl—wgzo,
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which proves that w; = we in B. Since v/ A1 g = w1 and looking at the properties
of the eigenvalue problem for the bi-Laplacian, we have that the problem has
the first eigenfunction ¢ as the only solution. Then, for a positive constant C, we
have wy = wy = C'py therefore ¢ = C\/%gol and ¢ = C\/%gol. O

We end this section by giving the following identity which plays an important
role in the study of our problem. Let ' and G be, respectively, the primitives of f
and ¢ such that F(0) = 0 and G(0) = 0.

Lemma 2.3. Let (u,v) a solution of the system (L.1) and a, B are some positive
constants. We have the identity

/ (Au, Av)(z.v)do, = / (NF(u) + NG(v) — auf(u) — fog(v)) dz
aB B (2.14)
+(N—4—(a+p) / (Au, Av)dz.

B

Proof. According to [I9 Proposition 4], [21, Theorem 2.1] and by easy computation,
the following identity holds

0 ouy 0
7 iL—( Ju )(L— i——Lr..)
8@- {LE Tk 8xk + oy b 63}]' *
0 ( Our )Lns] 2.15
— —\xpg=— +au | L, )
8$j kail’k 1 “ ( )
8114 82ul
= NL+ Ly, — ayw Ly, — (a1 + 1)871_%1: — (@ +2) Juida, Lo
where L = L(x,U,p,r) is a lagrangian with U = (uy,us), p = (pF), p¥ = gz,’?‘,
r=(ry),t=1,...,N and a1, ag are some constants. We apply the last identity to

the Lagrangian associate with problem (1.1)); L = L(z,U, VU, AU) = (Au, Av) +
F(u) + G(v), a1 = «a, ag = . We integrate (2.15) over B and use the condition
u:O:v,%:O:%onﬁB,weobtain. O

Remark 2.4. Looking at (2.14]), if we take a4+ 3 = N — 4, we see that the critical
conditions on f and g are NF(u) — auf(u) = 0 and NG(v) — (N —4— «a)vg(v) = 0,

then
S N g)  N/(N-4-a)

F(u) u G(v) v
An easy computation gives, for some positive constants ¢; and ¢,

f(u) = Clu%*1 and g(v) _ CQ’Uﬁ_l.

3. MAIN RESULTS AND THEIR PROOFS

Let F and G be, respectively, the primitives of f and g such that F(0) = 0 and
G(0) = 0. We introduce the following critical exponents associate to the system

(L.1) by
N -« N 4+«

p = a CI:N_4_O[7

Easily, we see that

where « € ((N —4)/2, N/2). (3.1)

1 . 1  N-4
pr+1 ¢ +1 N
Our main results are the following.
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Theorem 3.1. Suppose that f and g satisfy the following hypothesis

(i) liminfs_ o f(s)s7! > A1 and limsup,_, f(s)s™! < Ay,
liminfs_, o g(8)s™1 > A2 and limsup,_, g(s)s™ < Aq.

(ii) NF(s) —asf(s) > 61sf(s), s > 0, for some 61 > 0, NG(s) — Bsg(s) >
O2sg(s), s > 0, for some 03 > 0, and a and B are positive reals satisfying
a+pf=N-—-4.

We suppose that

(H1) there exists a constant C > 0 such that for every positive solution (u,v) of

problem (L.1) verifies ||ulloo < C and ||v]|e < C.
Then the system (|1.1) has a positive solution.

Theorem 3.2. Under conditions (i) and (ii) on f and g, the condition (H1) is
satisfied, namely, every positive solution of system (1.1]) is bounded in L.

The non-existence result is the following.
Theorem 3.3. Suppose that f and g satisfy
NF(t)—atf(t) <0 and NG(t)—ptg(t) <0 fort>D0.
Then problem has no nontrivial solution (u, v) € (04(3))2.
Remark 3.4. Under conditions (i) and (ii) on f and g of Theorem [3.1] we have
IO o and 1m 28—,

lim — .
t—o0 t—oo t4

Indeed, from condition (i), we see that there exists to > 0 such that f(¢) > 0
and g(t) > 0 for t > tg. Hence, for t > ¢g, from condition (ii) we write

NFE(t) > =0, +ntf(t) and NG(t) > —0s + utg(t), (3.2)
where n = a4+ 61 and u = 8 + 65. Therefore,
N 0 N 0
F'(t)— —F(t) < = and G'(t)— —G(t) < =.
nt nt nt ut
Multiplying the two last inequalities by +~% and t_%, respectively, we obtain
d 0 d 0
a(t_%F(t)) < ﬁlt‘l‘% and &(t_%G(t)) < ﬁt‘l‘%.

We deduce, for some positive constants Cy and Cs, that
F(t) < CytNm and  G(t) < CotN/-,
We replace into (3.2)), we obtain, for ¢ large enough, that for some positive constant
C and C,
N -~ N
f(t)y<Cta' and g(t) <Ctw '
Or a+ 0 = N — 4, then, since n = a+ 61, p = B+ 03 and 61, 6 > 0, we have
n+upu>N—4
Now, we return to the proofs of Theorem and Theorem The proof of

Theorem is based on a topological argument. More precisely, we apply the
following fixed point theorem [9], see also [17].

Theorem 3.5 ([9]). Let C' be a cone in a Banach space X and ® : C — C a
compact map such that ®(0) = 0. Assume that there exist numbers 0 < r < R such
that
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(a) z £ AP(x) for 0 <A <1 and ||z|]| =,

(b) there exists a compact map F : Br x [0, 00) — C such that

F(z,0) = ®(x) if ||z|| = R,
F(z,p) #x if |z = R and 0 < pp < o0,
F(x,pu) # 2 ifx € Br and ju > jg.
Then if U={x € C:r<|z| <R} and B, ={z € C: ||z|| < p}, we have
iC(Qa BR) = 07 ic((b7 B'f‘) = 17 iC((p7 U) = _15

where ic(P,Q) denotes the index of © with respect to Q. In particular, ® has a
fized point in U.

Proof of Theorem[3.1. We apply Theorem then consider the Banach space
X = (C*(o, 1))2, where C*(0,1) denote the space of continuous bounded func-
tions defined on (0,1), endowed with the norm |[ul| := sup;¢(o,1) [u(t)|. We define
the cone C' by

C:={weX:w(t)>0, forall t € (0,1)},

where w = (y,z) > 0 means that y > 0 and z > 0. We define the compact map
d: X — X by

@(w)(T)Z/O G(r,5)h(w(s))ds,  h(w) = (9(v), f(w))-

We observe that a fixed point of @ is a solution of (2.7 and then a solution of (1.1).
Now we shall verify the conditions of Theorem

Verification of condition (a): From condition (i) of Theorem there exists
positive constants ¢; < 1 and g2 < 1 such that f(u(z)) < g1tAu(z) and g(v(z)) <
g2A2v(x). Then we have

/\Q/dex = /UA2¢dx = /szqﬁdm

_ /f(u)gbdx < ql/\l/ugbdx.

/\1/u¢d:z: = /uAZdez = /AQM/sz
= /g(v)d)dx < qg)\g/vwdx.

Combining these two inequalities, we write

)\2/1)1/)(11’ S ql)\l/uqﬁdx S Q1QQ)\2/U1,ZJdJZ, (33)

On the other hand,

Al/ud)dx < qg)\g/vwdx < qqu)\l/u¢>dm. (3.4)

Or ¢1g2 < 1 then (3.3) and (3.4) give a contraction since the integrals are nonzero.
Moreover, if v and v are replaced respectively by Au and A v in, respectively, (3.3)
and (3.4), for A € [0, 1], then a contradiction also follows and therefore

w(t) £ A0(w(t)) with e [0,1], |w|=r, weC.
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Verification of condition (b): Define the compact mapping F : C x [0, 00) — C
by

Fw,p)(r) = ®(w + p)(r) (3.5)
Easily, we see that F(w,0) = ®(w). The condition (i) of Theorem [3.1] gives the
existence of constants k1 > Ay, ko > Ay and po > 0 such that f(y + p) > k1y and
g(z+ p) > koz if u > o for all (y,z) > (0,0). We have

Ao / vpde = / vA%pdr = / A%vpdz

- / Fu)pda > ky / ugdz > A / upda.

O
r A / upde = / uA?Ydx = / A%updz
= /g(v)wdm > kg/U’(/JdQ?,
then
)\g/vz/)dx > kg/m/de. (3.6)

In the same way, we have

A1 / updr = / uA?pdr = / A?urpda

_ / g()ede > ks / vibde > A / wpde.

0
r o / vipdx = / vA%pds = / A%ypdz
~ [ rwode = by [usds,
then
M / wgdz > / updz. (3.7)

Since the integrals f updx and f vidr are nonzero and k1 > Ay, ko > Ao, the
inequalities (3.6) and (3.7) give a contradiction. Therefore, there exists a constant
1o > 0 such that

w(t) # F(w,p)(t), forallwe C and p > po. (3.8)

This prove the third condition of (b). Now, to prove the second condition of (b),
we choose the family of nonlinearities (f(y + u), g(z + u)) for p € [0, o], using the
a priori estimates (H1) which does not depend on u. Thus, choosing R > r large
enough, we have

w(r) # F(w,p)(r), forall p€[0,u], wedl, |w|=R. (3.9)

The relations and prove the second condition of (b).

Now, since all conditions of Theorem are satisfied, we apply Theorem
and we conclude the existence of a nontrivial positive solution of problem and
so the existence of positive solution of problem . ([l
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Proof of Theorem[3.3 We give this proof in four steps.
Step 1. We claim that there exist positive constants C4, ...,y such that

[ rwew<cn [ gwpds<c, (3.10)
B B
/ updr < Cf, / vipde < Cy. (3.11)
B B
Indeed, using the first and second equations of (1.1)), we write

/B f(u)pdz = /B A?vpdz = /B vA2pdr = \y /B vipdz.

From condition (i) of Theorem there exist kg > Ao and A > 0 such that
g(v) > kov — A. Thus, for a positive constant C', we have

A
/ f(uw)pdx = /\2/ vipde < C' + ﬁ/ g(v)yde. (3.12)
B B ke Jp
In the same way, we have

/B g(w)dr = /B Aurpdar = /B uA*pdr = Ay /B vodz.

Again, from condition (i) of Theorem [3.1] there exist k; > Ay and D > 0 such that
f(w) > kiu — D. Thus, for a positive constant C, we have

~ A
/ g(v)pdx = )\1/ updr < C + 71/ fu)pd. (3.13)
B B k1 Jp
Combining (3.12)) and (3.13]), for positive constants M; and M, we obtain

A1 g
/Bf(u)qﬁdxg M + ks /Bf(u)gbdx,

/ g(v)pdr < My + Ao / g(v)dz.
B B

k1ko
Since 2122 < 1, we deduce (3.10). Using, again, condition (i) of Theorem and
(3.10) we easily deduce (3.11)).

Step 2. We claim that there exist positive constants C4,..., Cy such that

u(r) < Cp, o(r) < Cs, for % <r<i, (3.14)
u”(1) < C5, 0"(1) < Cy. (3.15)

Indeed, we see that
1
utr) = [ G s)gle(s)as.
0

v(r)z/o Glr, ) (u(s))ds.

Using the fact that r — G(r, s) is decreasing (see (2.5) and (2.4)), we deduce that
u(r) and v(r) are decreasing in r and, for arbitrary £ <r <1,

2/3

u(r) < u(%) < 3/ u(s)ds

1/3
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< C/O1 sV = s)2u(s)ds < C + /01 sV — 5)2u(s)ds.
Looking at and Lemma we write
ule) < 0(1 . /01 V(1 — S)QU(s)ds> < C’(l + /B ¢udx>.
We conclude by that u(r) < Cj, for % < r <1 and by the same way that
v(r) < Cy for%ﬁrﬁl.

Now, we prove (3.15). We have

u(r) = G(r,s)g(v(s))ds, v(r)= G(r, s)f(u(s))ds.
0 0

We differentiate the two previous relations two times with respect to r, we obtain

i) = [ 5 gtwends, v = [ S s

Since the integrals converge, we take the limit when r approaches 1, we write

w = [ FEED gwinas v = [ TEE | rutopas

or?
Using 7 we obtain
1 1
W)= 3 / Y- )glo()ds, (1) = / N1 = 62) f(u(s))ds.
0 0

From (2.2)) and Lemma we see, for some positive constant C, that
W= [ w0 <c [ ort
B B
Finally, we obtain (3.15]) by (3.10)).

Step 3. Under conditions (i) and (ii) of Theorem [3.1} we claim that, for a small

number 0 < [ < 1, there exist positive constants Cq, ...,y such that
1 1
| s s, [ gtesds < G, (3.16)
0 0
/ uf(u)dz < Cs, / vg(v)de < Cy. (3.17)
B B

Indeed, for the proof of (3.16)), looking at proof of Step 1, namely at (3.10) and
(3.11)), and using Lemma and Lemma we obtain, for small 0 < < 1,

l l — s 2
| utnas < [ le((ll_l))Qf(U(S))ds

l
< g ) = P s

1
<C / N=1(s) f(u(s))ds

0

= C/B fw)ode < My,
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and

—C/ ’(/Jd$<M2,

where C, C', M and M> are some constants. This gives (3.16]).
For the proof of (3.17)), we rewrite the identity (2.14) of Lemma[2.3] considering
the fact that « + 3= N — 4, as

/BNF(U) —auf(u)dr + /B NG(v) — fvg(v)dz = / (Au, Av)(z.v)doy.

oB

Using condition (ii) of Theorem for the left hand side of the last equality and
after easy computation on the right hand side, we obtain

Ol/fguf(u)dx—i—ﬁg/]gvg(v)dxSCu"(l)v”(l),

where C' is a generic constant and 6y, 65 are the constants given by hypothesis of
Theorem [B.Il Therefore

91/Buf(u)dx+92/ng(v)dx <C.

Since the two both left hand sides are positive we obtain directly (3.17).

Step 4. Under conditions (i) and (ii) of Theorem we claim that there exist
positive constants C; and Cy such that, for any solution (u,v) of problem (|1.1]),

[ulloo < C1,  [J0floe < Co. (3.18)

Indeed, for u, we have

1
lulloe < u(0) < / G(0,5) g(v(s))ds

1 1
SC/ s3(1 —8)? g(v)ds < C/ 53 g(v)ds
<C/ s°g(v ds+C’/ 53 g(v)ds,

where t € (0,1) is arbitrary and C denotes a positive constant whose value may
vary from line to line.

Let g(m) := max,e[o,m) 9(s) for m € (0,00), applying Holder’s inequality, we
obtain

*

1 _1 1 . ;171
Jull < Cetglloll) + ([ 50 0as) T ([T gtus)) F as) T
t t

1 1
< Ct4g(|\v||oo) —I—C(/ S’Y1(q*+1)d8> PLES
t
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< ( /tlSN_lgw(s))(g(v(s)))qads)qfil,

*

where y1 =3 — (N — 1)L

Or from Remark there exists a positive constant

¢ +1°
M such that .
)< M(1+s)?, forall s>0,
g(s) (1+5) * (3.19)
f(s) < M(1+4s)?, foralls>0.
Then

J
11

1
Jull < Cetg(ollc) + 20 [0 05"
t

< ( / LN Tg(u(s)) (14 v(s))ds ) e

t

1

1 1
< C’t4g(||v||oo) —I—M‘T*C(/ S’Y1(q*+1)ds) PEES
t

X (/ g(v)dx—!—/ g(v)v(x)dx) o
B B
Using (3.16)) and (3.17), we obtain

1 —
[uflao < C* g(|[v]]o0) + O(/ Syl(q*ﬂ)ds) s
t

In a similar way, for v, we have

1 ——
[0]loe < CE*f(Jlulloo) + c(/ 872<p*+1>d3> e
t

where v, =3 — (N — 1)pf—;1.
In all the next inequalities C' will always represent a positive constant, not nec-
essarily the same in each occurrence. After some computations, we obtain

*

oo < CtAg(l0]lo) +Ct 51, (3.20)
olloe < CEF([Jullos) + C ™ v75r (3.21)

Note that if g and f are bounded then (3.18]) comes immediately. However, if g is
not bounded then, by Remark there exists a positive K, see (3.19)), such that
g(r) < Kr?", for r > 1. Therefore, we can write (3.20) as

—N)g*

* (
ullse < CtH(|[0]]o0)? + Ct T~ (3.22)

Now, inserting (3.21]) into (3.22)), and using the inequality (a+b)" < Cp,(a™ + ™)
for a,b,m > 0 where C,, is a positive constant depending of m, we obtain

lullse < CHETD (F(llulloc))? + Ot Fr = L o e (3.23)
Easy computations show that
[4+ (4 — N)p*lq* . 44 (4— N)g¢* _ N 4 Ng*
p*+1 ¢ +1 p*+1 ¢ +1

Therefore,
lullse < CEEHI(f(|lull))? + CET5T (3:24)
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Let r = 4¢*[1 + m] Since t € [0, 1], we write (3.24)) as

. _ e
lulloe < Ot (f(llulloc))® + Ct' a1,

. Ng*
Let h(t) = t" (f(lullo))? +t*~ 1. The function h attains its infimum at

*(¢*+1)
to = C(f(||u]loo)) T D@ FDIFT

and we have

ltlloo < C ((ulloc)) FHFTHFT 41 4 O(f (o)) T T (435,

Some computation show that
—q*(¢" + Dr o —ale+h . Ne' 1
=2 + )+ Ng D@+ D+ N g+l
Therefore

lullse < C(F (lulloo)) /7"
Or Remark implies that f(x) = o(zP") for  — oo then the last inequality
becomes

[ufloo < C(1+ of[lulle0)),
which proves that [lu||o is bounded and then implies, by (3.2I), that [[v]/e is
bounded. This completes Step 4. [

Proof of Theorem[3.3 In the identity (2.14), we take a + 3 = N — 4. Since u =

2 2 . . .
0= % and v =0 = %, we have (Au, Av) = %372. If (u,v) is a non trivial

solution of (1.1)), since B is star-shaped domain about 0, then z.v > 0 on 0B and
the identity (2.14)) gives a contradiction when

NF(s)—asf(s) <0 and NG(s)— Bsg(s) <0.
The proof is complete. Il
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