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EXISTENCES AND UPPER SEMI-CONTINUITY OF PULLBACK
ATTRACTORS IN H!(RY) FOR NON-AUTONOMOUS
REACTION-DIFFUSION EQUATIONS PERTURBED BY
MULTIPLICATIVE NOISE

WENQIANG ZHAO

ABSTRACT. In this article, we establish sufficient conditions on the existence
and upper semi-continuity of pullback attractors in some non-initial spaces
for non-autonomous random dynamical systems. As an application, we prove
the existence and upper semi-continuity of pullback attractors in H*(R™) are
proved for stochastic non-autonomous reaction-diffusion equation driven by a
Wiener type multiplicative noise as well as a non-autonomous forcing. The
asymptotic compactness of solutions in H'(RY) is proved by the well-known
tail estimate technique and the estimate of the integral of L2P~2-norm of
truncation of solutions over a compact interval.

1. INTRODUCTION

In this paper, we consider the dynamics of solutions of the reaction-diffusion
equation on RY driven by a random noise as well as a deterministic non-autonomous
forcing,

du + (Au — Au)dt = f(x,u)dt + g(t, x)dt + eu o dw(t), (1.1)
with the initial value
u(r,2) = up(x), xRN, (1.2)
where ug € L?(R™), X is a positive constant, ¢ is the intensity of noise, the unknown
u = u(x,t) is a real valued function of z € RY and ¢t > 7, w(t) is a mutually
independent two-sided real-valued Wiener process defined on a canonical Wiener
probability space (2, F, P).

The notion of random attractor of random dynamical system, which is introduced
in [5 6] [7, [15] and systematically developed in [I 4], is an important tool to study
the qualitative property of stochastic partial differential equations (SPDE) . We
can find a large body of literature investigating the existence of random attractors
in an initial space (the initial values located space) for some concrete SPDE, see
[2, O B0 18, 20, 22] 24, 25] and the references therein. In particular, [18, [19] 21]
discussed the upper semi-continuity of a family of random attractors in the initial
spaces.
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As we know, the solutions of SPDE may possess some regularities, for example,
higher-order integrability or higher-order differentiability. In these cases, the the
solutions may escape (or leave) the initial space and enter into another space, which
we call a non-initial space. Thus it is interesting for us to further investigate the
existence and upper semi-continuity of random attractors in a non-initial space,
usually a higher-regularity space, e.g., L?(p > 2) and H'.

Recently in the case of bounded domain, Li et al [12}10] discussed the existence of
random attractor of stochastic reaction-diffusion equations in the non-initial spaces
L?, where p is the growth exponent of the nonlinearity. Zhao [28] investigated the
existence of random attractor in H} for stochastic two dimensional micropolar fluid
flows with coupled additive noises. When the state space is unbounded, Zhao and Li
[27] proved the existence of random attractors for reaction-diffusion equations with
additive noises in L?(R"), and for the same equation Li et al [I1] obtained the upper
semi-continuity of random attractor in LP(R™). Most recently Zhao [26, 29] proved
the existence of random attractors for semi-linear degenerate parabolic equations in
L?*=2(D)NH (D), where D is a unbounded domain. By using the notion of omega-
limit compactness, Li [13] obtained the existence of random attractors in L?(RY)
for semilinear Laplacian equations with multiplicative noise. Tang [16] considered
the existence of random attractors for non-autonomous Fitzhugh-Nagumo system
driven by additive noises in H*(R™) x L?(R"), and his work [17] investigated the
random dynamics of stochastic reaction-diffusion equations with additive noises in
H'(RY). However, it seems that the proofs in [I6] [17] are essentially wrong, see Li
and Yin [14] for the modified proof.

In this article, we study the existence and upper semi-continuity of pullback
(random) attractors in H!(RY) for stochastic reaction diffusion equations with
multiplicative noise as well as a non-autonomous forcing. The nonlinearity f and
the deterministic non-autonomous function g satisfy almost the same conditions as
in [I8], in which the author obtained the existence and upper-continuity of pullback
attractors in the initial space L?(R”). Here, we develop their results and show that
such attractors are also compact and attracting in H!(R”). Furthermore, we find
that the upper continuity can also happen in H!(RY). We recall that the existence
of pullback attractors in an initial space for a non-autonomous SPDE is established
in [I9] 20], where the measurability of such attractors is proved. The applications
we may see [9] [I8] [19] 20] and so forth. For the theory of the upper semi-continuity
of attractors, we may refer to [I8] [19] 21] for the stochastic case and to [3] [§] for
the deterministic case.

To solve our problem, we establish a sufficient criteria for the existence and upper
semi-continuity of pullback attractors in a non-initial space. It is showed that a
family of such attractors obtained in an initial space are compact, attracting and
upper semi-continuous in a non-initial space if some compactness conditions of the
cocycle are satisfied, see Theorems This implies that the continuity (or
quasi-continuity [I2], norm-weak continuity [32]) and absorption in the non-initial
space are unnecessary things. This result is a meaningful and convenient tool for us
to consider the existence and upper semi-continuity of pullback attractors in some
related non-initial spaces for SPDE with a non-autonomous forcing term.

Considering that the stochastic equation is defined on unbounded domains,
the asymptotic compactness of solution in H'(RY) can not be derived by the tra-
ditional technique. The reasons are as follows. On the one hand, the equation
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is stochastic and the Wiener process w is only continuous in ¢ but not differen-
tiable. This leads to some difficulties for us to estimate the norm of derivative uy
by the trick employed in [31] [32] in the deterministic case. Then the asymptotic
compactness in H!(RY) can not be proved by estimate of the difference of Vu as
in [3I]. On the other hand, the estimate of Aw is not available for our problem (To
our knoledge, actually we do not know how to estimate the norm Aw of problem
and , although this can be achieved by estimate u; in the deterministic
case, see [32]). Hence the Sobolev compact embeddings of H? — H' on bounded
domains is unavailable.

Here we give a new method to prove the asymptotical compactness of solutions
in HY(RY). We first prove that the solutions vanish outside a ball centred at zero
in the state space R in the topology of H' when both the time and the radius
of ball are large enough, see Proposition Second by a new developed estimate
(where the minus or plus sign of nonlinearity is not required) we show that the
integral of L?’~2-norm of truncation of solutions over a compact interval is small
for a large time, see Proposition From these facts and along with some spectral
arguments the asymptotic compactness of solutions on bounded domains is followed,
and then the obstacles encountered in [I6] [I7] are overcome. The technique used
here (without assumption that ¢; € L, see (3.1) is different from that in [14]
and thus is optimal.

In the next section, we recall some notions and prove a sufficient standard for
the existence and upper semi-continuity of pullback attractors of non-autonomous
system in a non-initial space. In section 3, we give the assumptions on g and f,
and define a continuous cocycle for problem and . In section 4 and 5, we
prove the existence and upper semi-continuity for this cocycle in H'(RY).

2. PRELIMINARIES AND ABSTRACT RESULTS

Let (X, | - l|x) and (Y,] - ||y) be two completely separable Banach spaces with
Borel sigma-algebras B(X) and B(Y), respectively. X NY # . For convenience,
we call X an initial space (which contains all initial values of a SPDE) and Y the
associated non-initial space (usually the regular solutions located space).

In this section, we give a sufficient standard for the existence and upper semi-
continuity of pullback attractors in the non-initial space Y for random dynamical
system (RDS) over two parametric spaces. The readers may refer to [26] 27) 28]
10, [1T), 12, T3], 23] for the existence and semi-continuity of such type attractors in
the non-initial space Y for a RDS over one parametric space. The existence of
random attractors in the initial space X for the RDS over one parametric space,
the good references are [I} 2 B [15] [7, [6]. However, here we recall from [20] some
basic notions for RDS over two parametric spaces, one of which is a real numbers
space and the other of which is a measurable probability space.

2.1. Preliminaries. The basic notion in RDS is a metric dynamical system (MDS)
9= (Q,F, P,{V:}+er), which is a probability space (2, F, P) incorporating a group
J¢,t € R, of measure preserving transformations on (€2, F, P). Sometimes, we call
9= (Q,F, P,{0:}+cr) a parametric dynamical system, see [18].

A MDS ¥ is said to be ergodic under P if for any J-invariant set F' € F, we
have either P(F) = 0 or P(F) = 1, where the J-invariant set is in the sense that
WF =F for F€ F and all t € R.
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Definition 2.1. Let (2, F, P, {¢;}:er) be a metric dynamical system. A family of
measurable mappings ¢ : RT x R x 2 x X — X is called a cocycle on X over R and
(Q, F, P, {9 }1er) if for all 7 € R,w € Q and ¢, s € R, the following conditions are
satisfied:

»(0,7,w,-) is the identity on X,
ot +s,T,w,) = p(t, 7+ s, Vsw,-) o (s, T,w, ).

In addition, if ¢(t,T,w,-) : X — X is continuous for all t € R*, 7 € R,w € , then
¢ is called a continuous cocycle on X over R and (£, F, P, {0 }1er)-

Definition 2.2. Let 2% be the collection of all subsets of X. A set-valued mapping
K : R x Q — 2% is called measurable in X with respect to F in € if the mapping
w € Q — distx(z, K(r,w)) is (F,B(R))-measurable for every fixed z € X and
7 € R, where distx is the Haustorff semi-metric in X. In this case, we also say
the family {K(r,w);7 € R,w € Q} is measurable in X with respect to F in .
Furthermore if the value K(7,w) is a closed nonempty subset of X for all 7 € R
and w € Q, then {K(r,w);7 € R,w € Q} is called a closed measurable set of X
with respect to F in Q.

In this article, the cocycle ¢ acting on X is further assumed to take its values
into the non-initial space Y in the following sense:

(H1) For every fixed t > 0,7 e Rand w € Q, ¢(t,7,w, ) : X = Y.
We use © to denote a collection of some families of nonempty subsets of X
parametrized by 7 € R and w € 2 such that
D ={B={B(r,w) € 2% B(r,w) # 0,7 e R,w € 0};
fB satisfies certain conditions}.
In particular, for By, Bo € © we say that By = By if Bi(1,w) = By (1,w) for all
7 € R and w € Q. The collection D is called inclusion closed if B(r,w) C B(7,w)
and B € ® for every 7 € R and w € €, then B € D.

Definition 2.3. Let ® be a collection of some families of nonempty subsets of X
and K = {K(r,w);7 € Rjw € Q} € ©. Then K is called a ®-pullback absorbing
set for a cocycle ¢ in X if for every 7 € R,w € Q and B € © there exists a absorbing
time T' = T'(7,w, B) > 0 such that

o(t, 7 —t,9 4w, B(T — t,9_w)) C K(1,w) forallt>T.

If in addition K is measurable in X with respect to F in 2, then K is said to a
measurable pullback absorbing set for .

Definition 2.4. Let © be a collection of some families of nonempty subsets of X.
A cocycle ¢ is said to be ®-pullback asymptotically compact in X (resp. in Y) if
foreach T € R,w € Q

{o(tn, ™ — tn,V_t,w,x,)} has a convergent subsequence in X (resp. in Y)
whenever ¢, — oo and z, € B(T — t,,V_4,w) with B = {B(r,w);7 € R,w € Q} €
D.

Definition 2.5. Let ® be a collection of some families of nonempty subsets of X
and A = {A(T,w);7 € R,w € Q} € . A is called a D-pullback attractor for a
cocycle ¢ in X (resp. in Y') over R and (Q, F, P, {0; }+er) if
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(i) A is measurable in X with respect to F, and A(7,w) is compact in X (resp.
in Y) for each 7 € R,w €
(ii) A is invariant, that is, for each 7 € R,w € Q,

@(t,T,w,A(T,W)) = A(T + t, ﬂt(ﬂ), Vit > 07

(iii) A attracts every element B = {B(1,w);7 € R,w € Q} € © in X (resp. in
Y), that is, for each 7 € R,w € Q,

. 1i$1 distx (p(t,7 — t,9_4w, B(t — t,9_w)), A(T,w)) =0
(resp. , ligl disty (p(t, 7 — t,9_sw, B(T — t,9_4w)), A(T,w)) = 0).

2.2. Existence of random attractors in a non-initial space. This subsection
is concerned with the existence of ®-pullback attractor of the cocycle ¢ in the non-
initial space Y. The continuity of ¢ in Y is not clear, and the embedding relation
of X and Y is also unknown except that the following hypothesis (H2) holds:

(H2) If {z1}n € X NY such that z,, — 2 in X and x,, — y in Y respectively,
then z = y.

Theorem 2.6. Let ® be a collection of some families of nonempty subsets of
X which s inclusion closed. Let ¢ be a continuous cocycle on X over R and
(Q,F, P,{0t}tcr). Assume that

(i) ¢ has a closed and measurable ®-pullback bounded absorbing set K =
{K(r,w);TeRweQ} €D in X;
(ii) ¢ is D-pullback asymptotically compact in X.
Then the cocycle ¢ has a unique D-pullback attractor Ax = {Ax(T,w);7 € Ryw €
0} €D in X, structured by

Ax (T,w) = Ng>oUr>s(t, 7 — t, 9w, K(T — ¢, 19_tw))X, TeRwe, (2.1)
where the closure is taken in X.

If further (H1), (H2) hold and

(iil) ¢ is D-pullback asymptotically compact in'Y,

Then the cocycle ¢ has a unique D-pullback attractor Ay = {Ay(r,w);7 € Ryw €
O} inY, given by

y
Ay (T,w) = NgsoUissp(t, 7 — 60w, K(T —t,9_w)) , TERwe Q. (2.2)

In addition, we have Ay = Ax C XNY in the sense of set inclusion, i.e., for each
TeERweQ, Ay(1,w) = Ax(1,w).

Proof. The first result is well known and thus we are interested in the second result.
Indeed, makes sense by (H1) and Ay # 0 by the asymptotic compactness of
the cocycle ¢ in Y. In the following, we show that Ay satisfies Definition in
the space Y.

Step 1. We claim that the set Ay is measurable in X (with respect to F in Q) and
Ay € D is invariant by proving that Ay = Ax since Ax is measurable (w.r.t F in
Q) and Ax € D is invariant (the measurability of Ax is proved by [19] Theorem
2.14]).
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For each fixed 7 € R and w € €, taking = € Ax(7,w), by (2.1), there exist two
sequences t, — 400 and xz, € K(7 — t,,9_¢ w) such that
Oty T =t Uy, w, ) Mx, o (2.3)
n—oo
Since ¢ is ®-asymptotically compact in Y, then there is a y € Y such that up to a
subsequence,

@(tny T — t'ru ﬁ*tnw7 xn) M Y. (24)

n—oo

It implies from that y € Ay (7,w). Then by (H2), along with and (2.4)),
we have © =y € Ax(7,w) and thus Ay (7,w) C Ay (7,w) for every fixed 7 € R and
w € Q. The inverse inclusion can be proved in the same way then we omit it here.
Thus Ax = Ay as required.

noindentStep 2. We prove the attraction of Ay in Y by a contradiction argu-
ment. Indeed, if there exist 6 > 0, x,, € B(7—ty, 9, w) with B € ® and ¢,, — 400
such that
disty (gp(tn,T - tn,ﬂ_tnw,xn),Ay(T,w)) > 0. (2.5)
By the asymptotic compactness of ¢ in Y, there exists yo € Y such that up to a
subsequence,

QD(tn, T — tn, ﬂ—tn,W, zn) Mﬁ_) Yo- (26)

n—oo

On the other hand, by condition (i), there exists a large time T" > 0 such that
Yn = (T, 7 — tn,0_t, w,Tp)
=T, (T =t +T) =T, 9_17V_(4, —1yw, Tp) (2.7)
EK(T -ty +T,9_(4,—Tyw).
Then by the cocycle property in Definition with and , we infer that
as t, — 00,
O(tn, T = tn, U, w, ) = @ty =T, 7 = (tn = T),0_(z,, —1yW, Yn) = Yo inY.
Therefore by (2.2), yo € Ay (7,w). This implies
disty (go(tn, T —tn, s, w, 2), Ay (7, w)) —0 (2.8)

as t,, — 0o, which is a contradiction to .
Step 3. It remains to prove the compactness of Ay in Y. Let {y,}52, be a
sequence in Ay (7,w). By the invariance of Ay (7,w) which is proved in Step 1, we
have

o(t, T —t, 9w, Ay (1 — t,9_4w)) = Ay (1,w).
Then it follows that there is a sequence {z, }°2; with z, € Ay (7 —t,,V_4, w) such
that for every n € Z7T,

Yn = @(tn, T — tn, Dt W, 20). (2.9)

Note that Ay € ©. Then by the asymptotic compactness of ¢ in Y, {y,} has a
convergence subsequence in Y, i.e., there is a yg € Y such that
lim y, =y9 inY.
n—oo
But Ay (7,w) is closed in Y, so yo € Ay (1, w).
The uniqueness is easily followed by the attraction property of ¢ and Ay € .
This completes the total proofs. (Il
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2.3. Upper semi-continuity of random attractors in a non-initial space.
Assume that (H1) and (H2) hold. Given the indexed set I C R, for every € € I,
we use ®. to denote a a collection of some families of nonempty subsets of X. Let
(e € I) be a continuous cocycle on X over R and (Q, F, P, {0;}+cr). We now
consider the upper semi-continuous of pullback attractors of a family of cocycle ¢,
inY.
Suppose first that for every t € RT,7 € R,w € Q,e,,60 € I with &, — &9, and
Tn,xr € X with z,, — x, there holds
lim ¢, (t, 7w, zn) = pe, (¢, T,w,2) in X. (2.10)

n—oo

Suppose second that there exists a map R, : R x Q2 — R such that the family
By ={By(1,w) ={x € X;||z||x < Re,(Tyw)} : 7 € R,w € 1} (2.11)

belongs to ®.,. And further for every € € I, ¢, has ©.-pullback attractor A. € D,
in X NY and a closed and measurable ®.-pullback absorbing set K. € ®. in X
such that for every 7 € R,w € ,

limsup || K (1,w)|| < Re, (T,w), (2.12)

E—EQ

where ||S]|x = sup,cg||z|x for a set S. We finally assume that for every 7 € R,
w € Q,

UeerAe(T,w) is precompact in X, and (2.13)
Ueer A (T, w) is precompact in Y. (2.14)

Then we have the upper semi-continuity in Y.

Theorem 2.7. If (2.10)—(2.13) hold, then for each T € R, w € Q,
lim distx (A:(7,w), Ae, (T,w)) = 0.

E—EQ

If further (H1)-(H2) hold and conditions (2.10)-(2.14) are satisfied. Then for each
TER, we,

lim disty (A (7,w), A, (T,w)) = 0.
E—EQ
Proof. If (2.10))-(2.13) hold, the upper-continuous in X is proved in [I8]. We only
need to prove the upper semi-continuity of A. at e =¢p in Y.
Suppose that there exist 6 > 0, &, — ¢ and a sequence {y, } with y,, € A¢, (7, w)
such that for all n € N,
lim disty (yn, Ae, (T, w)) > 26. (2.15)

E—EQ

Note that y, € A., (T,w) C A(T,w) = UeerAc(T,w). Then by (2.13) and (2.14)
and using (H2), there exists a yop € X N'Y such that up to a subsequence,

lim y, =y nXNY. (2.16)

n—oo

It suffices to show that disty (yo,Ae, (7,w)) < 0. Given a positive sequence {t,,}
with ¢, T +00 as m — oo. For m = 1, by the invariance of A, there exists a
sequence {y1 »} with y1 , € A., (7 —t1,9_4,w) such that

Yn = Pe, (tlvT - tl,ﬁ—tlwayl,n), (2.17)
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for each n € N. Since 1., € A., (7 — t1,9_4,w) C A(T — t1,9_4,w), then by by

(2.13) and (2.14)) and using (H2), thereis a z; € XNY and a subsequence of {y1 ,}
such that

nan;O Yin =2 nXNY. (2.18)
Then and imply
nan;O Ve, (t1, T —t1,0_4,w, Y1) = Peo (b1, 7 — t1, 04w, 21) iIn X. (2.19)
Thus by combining , and we obtain
Yo = Yeo (b1, T — t1, 04, w, 21). (2.20)

Note that K., as a ®. -pullback absorbing set in X absorbs A., € D, , i.e., there
isaT =T(r,w, A, ) such that for all ¢ > T,

o(t, 7 —t, 9 4w, A, (T —t,0_w)) C K. (T,w). (2.21)
Then by the invariance of A., (7,w), it follows from (2.21) that
A, (T,w) C K, (T,w). (2.22)

Since Yi,n € Asn (T - tl,’l9_t1W) - Ksn (T - t1719—t1w)7 then by " and ‘ )
we obtain )
[21][x = limsup [[y1,n]lx
<limsup || K., (T — t1,0_¢,w)]||x (2.23)
S R€0 (T - tla 'l?,tl(,d).
By an induction argument, for each m > 1, there is z,, € X N'Y such that for all
m e N,

Yo = Peo (bms T — tm, I, W, Zm ), (2.24)
lzmllx < Reo (T — tim, V¢, w). (2.25)

Thus from and , for each m € N,
Zm € Bo(T — tm, 0, w). (2.26)

We consider that the pullback attractor A., attracts every element in @, in the
topology of Y and connection with By € ®.,. Then A, attracts By in the topology

of Y. Therefore by (2.24]) and (2.26]) we have

disty (Yo, Ae, (T, w)) = disty (@eg (bmy T — tm, V—t,, W, 2m), Ae, (T,w)) — 0, (2.27)
as m — oo. That is to say, disty (yo, A, (T,w)) = infuea., (rw) llyo — ully = 0 and
thus we can choose a ug € Ag, (7, w) such that

llyo — uolly < 6. (2.28)

Therefore, by and , as n — 00,
disty (yn, A, (7,w)) < llyn = uolly < llyn —wolly +6 — 0,
which is a contradiction to . This concludes the proof. (I
We next consider a special case of Theorem in which case the limit cocycle
e, 18 independent of the parameter w € 2. We call such ¢, a deterministic non-

autonomous cocycle on X over R. That is to say, ¢., satisfies the following two
statements:

(i) ¢o(0,7,-) is the identity on X;
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(11) 900(t + 8,7, ) = @O(ta T+ s, ) © WO(Sa T, )
If wo(t,7,.) : X — X is continuous for every t € R* and 7 € R, then ¢., is called
a deterministic non-autonomous continuous cocycle on X over R.
Let ®., be a collection of some families of nonempty subsets of X denoted by

D., = {B = {B(r) # 0; B(1) € 2*,7 € R}; fp satisfies certain conditions}.

A family A., € D, is called a ®. -pullback attractor of ., in X (resp. in Y) if

(i) for each 7 € R, A, (7) is compact in X (resp. of Y);
(i) ey (t,7, Ay (7)) = Agy (T + t) for all t € RT and 7 € R;
(iii) A, pullback attracts every element of ©., under the Hausdorff semi-metric
of X (resp. of Y).

To obtain the convergence at € = g¢ in Y, we make some modifications of the
conditions used in random case. We assume that for every t € RT,7 € R,w €
Q, e, € I with ¢,, — g, and z,,r € X with z,, — z, it holds

lim o, (t, 7w, n) = pe, (6, 7,2) in X. (2.29)

There exists a map R, : R — R such that the family

By ={By(1) = {z € X;||z||x < R.,(7)};7 € R} belongs to D, . (2.30)
For every € € I, ¢ has a closed measurable ®.-pullback absorbing set K. =
{K.(1,w);w € Q} € D, in X such that for every 7 € R,w € ,

limsup || K (7,w)|| < R, (7). (2.31)

E—EQ

Then we have the following, which can be proved by a similar argument as
Theorem 2.7 and so the proof is omitted.

Theorem 2.8. If (2.13)) and (2.29)-(2.31) hold, then for each T € R, w € Q,
lim distx (A (7,w), Aeo (7)) = 0.

If further (H1)-(H2) hold and conditions (2.14) and (2.29)-(2.31)) are satisfied, then
for each T € Ryw € Q,

lim disty (A (7, w), As (7)) = 0. (2.32)

e—¢g

3. NON-AUTONOMOUS REACTION-DIFFUSION EQUATION ON R¥ wITH
MULTIPLICATIVE NOISE

For the non-autonomous reaction-diffusion equations (|1.1)) and (|1.2)), the nonlin-
earity f(w,s) satisfies almost the same assumptions as in [18], i.e., for € RY and
s € R,

f(z,8)s < —anls|’ + 1 (z), (3.1)
[ (,5)] < ol s[P~" 4 9o (), (3.2)
g—if(x,s) < as, (3.3)

of

|5 (@ 9)] < a(a), (3.4)
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where a; > 0 (i = 1,2, 3) are determined constants, p > 2, ¢, € L'(RVN)NLP/2(RY),
g € L2(RY) and 13 € L2(RY). And the non-autonomous term g satisfies that for
every 7 € R and some 6 € [0, A),

| e lgto, Mnds < +oc, (3.5)
where A is as in , which implies that
0
/ e llg(s + 7, )| 72@nyds < +00, g € L7,.(R, L*(RY)). (3.6)

For the probability space (2, F, P), we write Q = {w € C(R,R);w(0) = 0}. Let
F be the Borel o-algebra induced by the compact-open topology of 2 and P be the
corresponding Wiener measure on (€2, ). We define a shift operator ¢ on Q by

Pw(s) =w(s+1t) —w(t), foreveryw e Q,t,s€R.
Then (Q, F, P, {¢; }+er) which is the model for random noise is called a metric dy-
namical system. Furthermore (2, F, P, {¥: }+cr) is ergodic with respect to {0 }+er
under P, which means that every ;-invariant set has measure zero or one, t € R.
By the law of the iterated logarithm (see [5]), we know that

w(t)
t )
For w € Q, put z(t,w) = z:(t,w) = e~**®). Then we have dz + £z o dw(t) = 0.
Put v(t, 7,w,v0) = 2(t,w)u(t, 7,w,up), where u is a solution of problem (1.1} and

(1.2) with the initial value ug. Then v solves the non-autonomous equation

% + v — Av = z(t,w) f(z, 27 ({t,w)v) + 2(t,w)g(t, x), (3.8)

with the initial value

as [t| — +oo. (3.7

o(r, @) = vo(w) = 2(7,w)uo (). (3.9)
As pointed out in [I8], for every vy € L*(RY) we may show that the prob-
lem (3.8)-(3.9) possesses a continuous solution v(-) on L?(RY) such that v(-) €
C([r, +00), L*(RM)) N L2loc((7, +o0), HY(RN)) N LPloc((7, +o0), LP(RY)). In ad-
dition, the solution v is (F, B(L*(R")))-measurable in Q. Then formally u(:) =
271, w)v(+) is a (F, B(L?(RY)))-measurable and continuous solution of problem
(T.1) and (1.2) on L?(RY) with ug = 271 (7,w)vo.
Define the mapping ¢ : Rt x R x Q x L?2(RY) — L*(R¥) such that
@(ta T, W, UO) = U(t + 7,7, 19—7’“-}7 UO)
s (3.10)
=z (t+7r9 ;o + T, 1,0 w, 2(T, Y w)ug),
where ug = u, € L*(RY) and t € RT,7 € R,w € Q. Then by the measurability
and continuity of v in vg € L2(RY) and t € R, we see that the mappings ¢ is
(B(RT) x F x B(L?(RN))) — B(L?(R"))-measurable. That is to say, the mappings
¢ defined by (3.10)) is a continuous cocycle on L?(RY) over R and (2, F, P, {0 }+cr)-
Furthermore, from (3.10) we infer that
t, T —t, Y _w,ug) =u(r, T —t,9_;w,u
o t 0) ( 0) (3.11)

=z(—m,wv(r, T — t,¥_rw, z(T — t,9_,w)ug),

where ug = u,_;.
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We define the collection ® as
D ={B={B(r,w) C L) (RY);7 ¢ R,w € Q};
lim e M22(—t,w)|B(r — t,9_w)||> =0 for 7 € R,w € Q}

t——+o0
where || B|| = sup,e g [|v]|p2r~) and A is in (3.8). Note that this collection D is much
larger that the collection defined by [I8]. That is to say, the collection © defined
above includes all tempered families of bounded nonempty subsets of L?(R™).
We can show that all the results in [I8] hold for the collection © defined by
(3.12)). Thus, the existence and upper semi-continuous of ®-pullback attractors for
the cocycle . in the initial space L2(RY) have been proved by [18].

Theorem 3.1 ([18]). Assume that (3.1)-(3.5) hold. Then the cocycle ¢. has a
unique D-pullback attractor A. = {A.(1,w), T € R,w € Q} in L2(RY), given by

L2(RY)
A (T, w) = Ng>oUissp(t, 7 — £, 0w, K (1 — t, 9 _4w)) , (3.13)

(3.12)

forT € R and w € Q, where K. is a closed and measurable ®-pullback bounded ab-
sorbing set of . in L?(RN). Furthermore, A. is upper semi-continuous in L?(RY)
at e =0.

Note that in most cases, we write v (resp. ¢ and z) as the abbreviation of v,
(resp. ¢ and z.). Next, we consider some applications of Theorems 2.8 to
the non-autonomous stochastic reaction-diffusions and . We emphasize
that the result of Theorem holds in the smooth functions space H'(RY). In
particular, we prove the upper semi-continuity of the obtained attractors A. in
HY(RM).

4. EXISTENCE OF PULLBACK ATTRACTOR IN H!(RY)

In this section, we apply Theorem [2.6] to prove the existence of @-pullback at-
tractors in H'(RY) for the cocycle defined in . To this end, we need to
prove the uniform smallness of solutions outside a large ball under H!(R”) norm
(see Proposition 7 and in the bounded ball of RY we will prove the asymptotic
compactness of solutions by space-splitting and function-truncation techniques (see
Proposition 1.5 and Lemma [4.6).

We consider that e~ |“() < z(s,w) = e7=9() < el for ¢ € (0,1], and that
w(s) is continuous function in s. Then there exist two positive random constants
FE = F(w) and F' = F(w) depending only on w such that for all s € [—2,0] and
e € (0,1].

0<E<z(s,w)<F, weq (4.1)

Hereafter, we denote by | - |||/ - ||, and || - ||z2 the norms in L*(RY), LP(RY)
and H'(RY), respectively. The numbers ¢ and C(r,w) are two generic positive
constants which may have different values in different places even in the same line.
The first one depends only on p, A and «;(i = 1,2,3), and the second one depends
on 7,w,p, A and a;(i = 1,2,3). We always assume p > 2 in the following discussions.

4.1. H'-tail estimate of solutions. This can be achieved by a series of previously
proved lemmas. First we stress that [I8, Lemma 5.1] holds on the compact interval
[T — 1, 7], which is necessary for us to estimate of the tail of solutions in H!(RY).



12 W. ZHAO EJDE-2016/294

Lemma 4.1. Assume that and — hold. Let T € Rw € Q, B =
{B(r,w);T € Ryw € Q} € ® and ug € B(T —t,9_4w). Then there exists a constant
T = T(1,w,B) > 2 such that for all t > T, the solution v of problem and
(3.9) satisfies that for every ¢ € [t —1,7],

[0(C, 7 =, 0 —rw, v0) [I31 @y < La(7,w,6), (4.2)

/ |v(s, 7 —t,9_rw,vo)|[Pds < Li(7,w,€), (4.3)
T—2

where vy = 2(T — t,9_,w)ug and L1 (T,w,e) =: cz72(—T,w) fi)oo e 22(s,w)(|lg(s +
7,)||? 4 1)ds.

The proof of the above lemma is similar to that of [I8, Lemma 5.1], with a small
modification, using ¢ € [t — 1, 7] instead of 7.

Lemma 4.2. Assume that (3.1) and - hold. Let 7 € Riw € Q and
B ={B(r,w);T € R,w € Q} € ©. Then for every n > 0, there exist two constants
T=T(r,w,n,B) > 2 and R = R(r,w,n) > 1 such that the weak solution v of
and satisfies that for allt > T and k > R,

/ lo(T, 7 —t,9_ w, 2(T — t,9_,;w)u)|*dx
|2k

+ / / |Vo(s, T —t,9_rw, 2(T — t,9_,w)up)|* dr ds <,
T—1J|z|>k

where ug € B(t —t,9_4w), R and T are independent of €.

The proof of the above lemma is a simple modification of the proof of [I8, Lemma
5.5].

Lemma 4.3. Assume that (3.1) and (3.3)-(3.5) hold. Let 7 € Rjw € Q and
B ={B(r,w);T7 € R,w € Q} € ®. Then there exists T = T(1,w, B) > 2 such that
the weak solution v of problem (3.8)-(3.9) satisfies that for allt > T,

/ lo(s, 7 —t, 9 _rw, z(T — t, 19_Tw)u0)||§§:§ds < La(1,w, €), (4.4)
T—1
/ |vs(s, T —t,9_rw, 2(T — t,9_;w)ug)||*ds < La(T,w,¢), (4.5)
T—1

where vy = %, ug € B(t —t,9_4w) and

0
Lo(Tyw,e) =: C(T,w)/ e”\s(zQ(&w) + 2P(5,w))(|lg(s + 7, )||* + 1)ds.  (4.6)

— 00
Proof. In the sequel, we always regard v as a solution at the time ¢ with the initial

value vg = v,_; at the initial time 7 —¢t. We multiply (3.8) by |[v[P~2v and then
integrate over R to yield that

1d
Sl + Al
(4.7)
< z(t,w) f(x, 27 ) v~ v da + z(t,w)/ |v[P~2vgda.
RN RN
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By using (3.1)), we see that
2(t,w / f(z v)|[v]P~ 2 dx

a2t w) / o7 2o+ 20w) [ or@)lo e (45)
RN RN

IN

p—2

)\ 2\~ 2
_ 2—p 2p—2 Ml z p/2
w1 (k) [ PR 5ol + (5) T Al

IN

where the e-Young’s inequality are repeatedly used:
1 1
lab] < ela|™ + e VPp|", >0, m>1,n>1, —+—=1. (4.9)
m n

At the same time, the last term on the right hand side of (4.7)) is bounded as

z(t,w) / lv[P~2vgda
RN

< g Pw) [ e + 5w ot )P (4'10)
=3¢ ’ RN 201 ’ ’
By a combination of —, noticing that p > 2, we obtain that
illvll” + Aollp + a1 7Pt w) o5y < e2P(tw)(llg(t, I + 1), (4.11)
ar e P p—

where ¢ only depends p, A and «;. Applying [26, Lemma 5.1](or [29]) over the
interval [1 — 2,(], ¢ € [t — 1, 7], along with w being replaced by ¥_,w, we deduce
that

v, T —t,0_rw, v0)||g

et Ty
< - (s—7) —t 9. Pq
> C_T+2/7— 26 ||U(57T ) wavO)”p S (412)
0
+eetz P (-7, w) / 2 (s,w)(llg(s + 7,-)|* + 1)ds.

Since 5 < 1for ¢ € [t —1,7], then by (4.3) and ([£:12) we find that there exists
T>2 such that for all ¢t > T,

HU<Ca T—1t, 1977""}7 UO) ||§

0 4.13
< C(r, w)/ (2% (s,w) + 27 (s,w)) (llg(s + 7, )[|> + 1)ds. (419

— 00

Integrating (4.11)) over the interval [r — 1, 7], with w replaced by ¥_,w, yields

.
ay / 227P(5,9_,w)||v(s, T — t,9_rw, vo)||§£:§d8
T—1
.

<|lv(r—=1,7 —t,¥_;w,v p—l—c/ 2P (s, 0 _;w s, )12+ 1)ds
Jo(r = 1,7 Ol e | oo )lgl P+ 0ds

<v(r = 1,7 = t,9 7w, v0) |}

+ cef’\/ 1 AT 2P (5,0 w)(||g(s, )||? + 1)ds
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Then from (4.1), (4.13) and (4.14) we deduce for all ¢t > T

/ lv(s, 7 —t,9_ w, v0)||§g:§ds
T—1

0
= C(ﬂw)/ X (2%(s,w) + 27(5,w))(lg(s + 7, ) |* + 1)ds,

which proves (4.4).
To estimate the derivative v; in L%loc(R, L?(RY)), we multiply (3.8) by v; and
integrate over R to produce

1d
[ocll* + 5 2 A lol* + 1V o)

= z(t,w) flx, 27 w)vde + z(t,w)/ guedx
RN RN

1 _ _
< Sllvell® + cadzt (t,w)llollzp=3 + ez (b w)l[al® + ezt w)llg(t, )7,
i.e., we have
d
loell* + = (Allvl® + [IVo]]*)
_ 2p—2

< e Tt w)|[ollzp—s + e, w) (g (8, )P + ll2]l?).

Integrate (4.15)) over the interval [r — 1, 7] to obtain

-
/ lvs(s, 7 —t,9_rw, vo)||*ds

—1

(4.15)

< c/ 272 (5,9 w)|lv(s, T — t,0_rw, vo)\\§p7§d5 (4.16)

p—
-1

" c/ 2(s,0-2)(Ilg(s, )1 + 1)ds + cllo(r — 1,7 — ¢, 97w, vo) I3

-1

Then by (4.1), (4.2), (4.4) and (4.16) we get that for all ¢ > T,

/ llvs(s, 7 —t,9_rw, vo)||*ds
- 0 (4.17)
< O(r, w)/ (2% (s,w) + 27 (s,w)) ([lg(s + 7, -)||> + 1)ds,

— 00

where T is as in Lemma, This completes the proof. O

We now can give the H!-tail estimate of solutions of problem (3.8) and (3.9),
which is one crucial condition for proving the asymptotic compactness in H*(R"Y)

Proposition 4.4. Assume that - hold. Let 7 € Riw € Q and B =
{B(r,w);7 € Ryw € Q} € ©. Then for every n > 0, there exist two constants
T=T(r,w,n,B) > 2 and R = R(r,w,n) > 1 such that the weak solution v of
and satisfies that for allt > T,

/ <|’U(T, T — 19w, 2(T — t,9_ w)ug)|?
|z|>R

+|Vo(r, 7 —t,9_rw, 2(T — £, ﬁ,Tw)uo)F)dx <n,

where ug € B(T —t,9_tw) and R,T are independent of €.
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Proof. We first need to define a smooth function £(-) on RT such that

0, ifo<s<i,
Es)=50<¢(s) <1, if1<s<2,
1’ lf522,

which obviously implies that there is a positive constant Cy such that the |£/(s)| +

|€"(s)| < C1 for all s > 0. For convenience, we write £ = S(mz).
We multiply (3.8} . ) by —¢£Av and integrate over RY to find that

/ &Vl daz—l—/ (Vf.Vv)vtdx—l—/\/ ¢|Vo|?dx
th on

+A (VEVU vdaz—l—/ ¢|Av|*da (4.18)
= _ YeAv dx — Avdz.
ztw/f v)§Av dx z(tw)/RNgfva:

Now, we estimate each term in (4.18) as follows. First we have

’/RN(Vﬁ.Vv)vtdz + )\/RN(Vf.VU)v dx = ‘ /RN(vt + Av)(i—ﬁ.Vw){’dz

; (4.19)
< Z(lleell® + flollF)-
For the nonlinearity in , we see that
—z fz,z7w)éAv dz
RN
= z/ flz,z7 v)(VE. Vv)dac—I—z/ ( 0 [z, 27 ). Vo)édr (4.20)
RN 3:5

+/RN %f(x,z_ L) | Vo|*éda.

On the other hand, by using (3.2), (3.3) and (3.4)), respectively, we calculate that

‘ f(x,z_lv)(vg.Vv)dx‘ < 22720, / |f(x, 27 )| Vo|da
RN k k<|z| <2k (4.21)
C, 4 —
< STl + 22?4 (V).
/ 9 (x,z_lv)|Vv|2£dw§a3/ ¢ Vol de, (4.22)
RN ou RN
’z/ (% (x,z_lv).Vv)fdx‘ < ‘z/ |1/13||Vv\§dx’
RY R (4.23)

A
< f/ §|Vv|2d:c+c22/ §|¢3|2d:£.
2 RN RN
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Then from {4.20)-(4.23)) it follows that
—z fz, 27 w)éAv da
RN

C _ —

< (! *Plollzp_3 + 2 1¢2ll + [ Vol?) (4.24)
A

+f/ §|W\2dx+cz2/ §|w3|2dz+o¢3/ ¢|Volda.
2 Jrn RN RN

For the last term on the right-hand side of (4.18)), we have

1
’z/ géAvdx‘ < é/ £|Av|Pdx + —zQ/ &lg|Pda. (4.25)
RN 2 JrN 2\ RN

Then we use (4.19) and (4.24)—(4.25) in (4.18)) to find that

d
—/ E\Vv|2d:c—|—>\/ ¢|Vo|?da
dt RN RN

C — 2p—2
< el + lollfn + 22 llolizp=z + 22 [vel?) (4.26)

+2a3/ £|Vv|2d1:+022/ E(|vs]? + |g)*)de.
RN RN

Applying [26, Lemma 5.1] to (4.26)) over the interval [r — 1, 7], along with w being
replaced by ¥_,w, we deduce that

/ EIVu(r, T — t,9_rw,v)[2dx
RN

c [T . _ _
<7 [ (P + I + #4503

(4.27)
+ 22(s,0_w)nl[?) ds + ¢ /

T—1

e)‘(sz)/ |Vu(s)|? de ds
|z|>k

0
+ czfz(T,w) / e)‘sz2(s, w) / (\1/13|2 +|g(s + T, x)|2) dx ds,
-1 |z| >k

where v(s) = v(s, 7 — t,9_;w, 2(T — t,¥_rw)ug). Our task in the following is to
show that each term on the right hand side of vanishes when ¢ and k are
larger. First, by Lemma there are two constants Ty = T (7,w, B,n) > 2 and
Ry = Ry(7,w,n) > 1 such that for all ¢t > T} and k > Ry,

c/ e)‘(S*T)/ |Vo(s)|? dx ds
|| >k

T (4.28)
SC/ / [Vo(s, 7 —t,9_rw,v)|* de ds <
T—1J|z|>k

|3

By (4.2) in Lemma there exist Ty = To(7,w, B) > 2 and Ry = Ro(1,w,n) > 1
such that for all £ > T5 and k > Ro,

E/T
k) _

<

M) [v(s, 7 — t,9_rw, vo) |32 ds
1

3

. (4.29)
/ llo(s, T —t,9_rw,v0)||3:ds < g
T—1

El e
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By Lemma[4.3] there exist T3 = T3(7,w, B) > 2 and Rz = Rs(7,w,n) > 1 such that
for all t > T3 and k > R3,
% / A A (s 9w |u(s, T — t,9_yw, v0)||§£:§ds

271 (4.30)
< E22p—4(_7_, W)EYT P Ly(1,w,¢) <

I3

)

and

E/ A ug(s, 7 — £, 0w, vo)||?ds < %LQ(T,W,&) <
T—1

. . (4.31)

N3

By the assumptions on 3 and g, we deduce that there exist Ry = Ry(7,w,n) such
that for all £ > Ry,

0
ez 2(T, w)/ e’\sz2(s,w)/ (Js|* + |g(s + 1,2)*) de ds < g (4.32)
-1 |z| >k
Obviously, there exists Rs = R5(7,w,n) such that for all k¥ > R,
c [T _T
%/ A7) 22 (5,9 w) || o || ds
T (4.33)

c 0 n
< Sl (7 w) / 2(s,w)ds < 1,
k -1 6

where ffl 2%(s,w)ds < +oo. Finally, take
T:{T13T27T3}7 R:maX{R17R27R3aR47R5}'

It is obvious that R and T are independent of the intension . Then (4.28))-(4.33)
are integrated into (4.27) to get that for all ¢t > T and k > R,

/ \Vo(r, 7 — t,9_rw,vo)|*de < 1. (4.34)
|z >v2k
Then in connection with Lemma the desired result is achieved. O

4.2. Estimate of the truncation of solutions in L?P~2. Given u the solution
of problem ((1.1)) and (1.2)), for each fixed 7 € R,w € Q, we write M = M (r,w) > 1
and

RN(|U(T,T — 6,0 _rw,ug)| > M) ={x € RY, lu(r, 7 —t,9_rw,ug)| > M|}. (4.35)

We introduce the truncation version of solutions of problem (3.8)-(3.9). Let
(v — M)+ be the positive part of v — M, i.e.,

(v M), = {g M, %fv>M,

, ifv < M.
The next lemma shows that the integral of L?’~2-norm of |u| over the interval
[T — 1,7] vanishes on the state domain R (|u(r,7 — t,9_,w),ug)| > M) for M
large enough, which is the second crucial condition for proving the asymptotic
compactness of solutions in H*(R™M).
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Proposition 4.5. Assume that (3.1)-(3.5) hold. Let 7 € R,w € Q,
B={B(r,w);TeRweN} D

and ug € B(r — t,9_w). Then for any n > 0, there exist constants M =
M(r,w,m) > 1 and T = T(1,w, B) > 2 such that the solution u of problem (3.8)
and (3.9) satisfies that for allt > T and all € € (0,1],

/ 2= / lv(s, T —t,0_rw, 2(T — t,0_rw)ug) P2 dxds <7,
T—1 (@]
where p > 2, M and T are independent of ¢,

O =RN(Ju(s, 7 — t,9_rw, 2(T — t,9_rw)ug)| > M)

and
6= 06(r,w, M) = a F>Pe~(P=2l(=7) yyp=2,

Proof. First, we replace w by ¥_,w in (3.8]) to see that
v=uv(s) =v(s,7 —t,9_rw,v9), s€[r—1,7]

is a solution of the SPDE

dv z(s — T,w) z(s — Tyw)
P Ap=22T0) PO (s, x), 4.36
dS + v v Z(_T,W) f(1'7u)+ Z(—T,LU) g(s 'T) ( )
with the initial data vg = z(7 — t,9_,w)ug, where we have used z(s,d_,w) =
z(s—1,w)
== > 0.
z(—T.w)

We multiply (4.36) by (v—M )ﬁ_l and integrate over RY to obtain that for every
se[r—1,71],

1d
-= (vfM)ﬁ_der)\/ v(vfM)ffldxf/ Av(v — M) dz
p ds RN RN RN
z(s —Tw) _1 z2(s — 1,w) / -
= - — M) d _ — M)E " dx.
Z(—T,OJ) RN f((E,’U/)(’U )+ £L'+ Z(—T,L«J) RN g(S7$)(’U )+ x
(4.37)
We now need to estimate every term in (4.37). First, it is obvious that
- Av(v — M)ﬁ__ldx =(p— 1)/ (v— M)ﬁ__Q\Vdex >0, (4.38)
RN RN
)\/ v(v— M5 Nde > /\/ (v — M) da. (4.39)
RN RN
If v > M, then u = z7!(s,9_,w)v > 0. Therefore by assumption (3.1]), we have
flz,u) < —agu?™' + h@)
v (4.40)

=y (BT T - TG,

2(—T,w) (-1, w) v
Since s € [T — 1, 7] and p > 2, then by we have
F?7P < 227P(s — 7,0) < E*7P,
from which and it follows that

z(s —T,w) o
2(—7,w) f@,w)
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Cu z(s — T,w) 2*Pvp_1 22(s — ,w) U1 (x)
= 1( z2(—T,w) ) + 22(-T,w) W
o ooaE(s—TwN\TP L og (s —Tw)\2P 2P (s —Tw) Y ()
- _7< z(—7,w) ) o 7( z(—7,w) ) o+ 22(—1,w) W
a1 F2-p p—2 aq F?p p—1
R R T o R
F? 1
+m\¢1(x)|(U—M) ;

which by the nonlinearity in (4.37) is estimated as
z

Hs—mw) z,u)(v — M2 dx
e el IR ICE R

| ,
- ZZZ—P(—T,w)M RN(U MY de

ORI

2 227P(—1,w)
F2

2p—2

X/RN('U*M)_FP d.’E‘FW

=T, (,d)
a5} F?-p a5} F?-p

S S, Y ~MPdr -2
-2 22r(—1w) /RN(U Jido 2 227P(—1,w)

/ ()0 — M2 2
RY (4.41)

1
></ (v—M)P2de+ X[ (v— M) de
RN 2 Jgw~
cF?

+7/ 1 ()72 d,
2P(—T,w) RN(’UZM)| 1(@)

where the last term the e-Young’s inequality (4.9) is used. The second term on the
right-hand side of (4.37) is bounded as

o FFP 2p—2
<— — M)P™*d .
=T " /RN(U ) dx (4.42)

1 Fv )
+—— 9° (s, z)dzx.
a1 2P (=T, w) JRN (u(s)>M)
By a combination of (4.37)—(4.42)), we obtain

d a5} 2-p _9 p
(0(5) = MY+ 272 [ (o(s) = M)

ds Jgn 227 P(—T,w
a F2p 2p—2
cF? 2 p/2

< m(”g(& DI+ ||1/J1||p/2),

where the positive constant c¢ is independent of e, 7,w and M. Note that for each
T€Rand e € (0,1],

e < o7 w) = e7 () < el (4.44)
Here for convenience, we put

0=o(r,w,M) = oy F¥Pe= (=200 pp=2 » ¢,
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d=d(r,w) = a1 F2Pe=(P=2)w(=1 5 q

where d is unchanged and ¢ — +o0 as M — +o0o. Then from (4.43)) and (4.44]) we
infer that

d

L (o)~ MYz + o /
dS RN RN
< ePPe I (|g(s, )2 4+ 1),

where s € [T — 1,7] and g, F, F' are independent of € and ¢. By using [26, Lemma
5.1] to (4.45)) over the interval [r — 1, 7], we find that

/ e / (v(s) — M)~ da ds
T—1 RN
1 /(7 P
< y /771 eo(s=7) /RN (v(s, T —t,9_rw,vp) — M)+ dx ds (4.46)

Fpeplw(=7)] T
+%/ e (Jlg(s, )12 + 1) ds.
T—1

First by (4.13), there exists 71 = Ty (7, w, B) > 2 such that for all t > T,

1 T
¥ /T_l p0(s—7) /RN (v(s,T —t,¥_rw,v9) — M)i dx ds

(v(s) — M)¥ dx + d/RN (v — M)iP*Qda? (4.15)

1
<= e lu(s, T — t,9_,w, vo)||Bds (4.47)
T—1
< N(7,w) ! 0
T _—
—_ b dQ b)

as ¢ — +oo, where N(7,w) is the bound of the right hand side of (4.13]). We then
show that the second term on the right hand side of (4.46)) is also small as ¢ — +o0.
Indeed, choosing ¢ > d(where § € (0, ) is in (3.5)) and taking ¢ € (0,1), we have

e (lg(s, )|1> + 1) ds
| e (ot +1)

T—¢
- / 2o (|lg(s, I + 1)ds + / 2= ((lg(s, )2 + 1)ds
7—1 T—¢

T—C
e [ e e g )P+ s+ e [ e (gl ) + s
T—1 T

—<
T

< emesdle) / e (lg(s, )|I? + L)ds + / (llg(s. )12 + Dds.

—o0 T—¢

By (3.5), the first term above vanishes as ¢ — +o0, and by g € L?loc(R, L?(R™))
we can choose ¢ small enough such that the second term is small. Hence when
0 — 400, we have

Freplw(=7)  r7
%/ ee2(s=7) (Hg(s, Y412+ 1)ds 0. (4.48)
T—1

Then by (4.46])—(4.48)), there exist two large positive constants M; = M;(7,w) and
T, =T (r,w, B) > 2 such that all t > T,

/ ef1(s77) / (v(s) — M1)P dads <, (4.49)
T—1 RN
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where o1 = oleQ’pef(p”)‘“’(”')'Ml. Note that v — M; >
(4.49) gives that for all ¢ > T,

/ e01(s—7) / lv(s)|*P~% dx ds
T—1 RN (v(s)>2M;)

< 227’_2/ e1(s=7) / (v(s) — Ml)ip*2 drds < 2%772,
T—1 RN

5 for v > 2M;. Then

(4.50)

By a similar argument, we can show that there exist two large positive constants
My = Ms(7,w) and Ty = Ty(7,w, B) > 2 such that for all t > T5,

/ 692(577)/ [v(s)|?P2 da ds < 22P~ 2, (4.51)
T—1 RN (v(s)<—2M3)

where gy = a;F?Pe=2IWDIN,. Put M = 2 x max{M;, My} and T =
max{T},T>}. Then (4.50) and (4.51) together imply the desired. O

4.3. Asymptotic compactness on bounded domains. In this subsection, by
using Proposition [I.5 we prove the asymptotic compactness of the cocyle ¢ defined
by in H}(Og) for any R > 0, where Op = {z € R¥;|z| < R}. For this
purpose, we define ¢(-) = 1 —¢£(-), where & is the cut-off function as in . Then
we know that 0 < ¢(s) <1, and ¢(s) =1if s € [0,1] and ¢(s) =01if s > 2. Fix a
positive constant k, we define

.132 2

- _ T
U(taTawaUO) = ¢(ﬁ)@(t,7’,w,1}0), ’U/(t,T,w,UO) = ¢(ﬁ)u(t?7—?w7u0)7 (452)
where v is the solution of problem (3.8)-(3.9) and u is the solution of problem
(1.1)-(L.2) with v = z(t,w)u. Then we have
a(t, T, w,ug) = 27 H(t,w)o(t, T,w, vp). (4.53)
It is obvious that v solves the following equations:
Uy 4+ Mo — AD = ¢zf(z, 27 v) + pzg — vAP — 2V .V,
o0, 5 =0, (4.54)
{)(T> :)3) = f)o(:b‘) = (bv()(x)v
where ¢ = ¢(z%/k?).
It is well-known that the eigenvalue problem on bounded domains O, 5 with
Dirichlet boundary condition:

—AD = A7,

17|g(gw§ =0
has a family of orthogonal eigenfunctions {e;}5° in both L*(O, ) and Hg (O, /)
such that the corresponding eigenvalue {\; ;;o‘f is non-decreasing in j.

Let H,, = Span{e, ez, ...,en} C Hy(Oy ) and Py, : Hi (O, 5) — Hp, be the
canonical projector and I be the identity. Then for every u € H&(Ok \/5), u has a
unique decomposition: @ = w; + 2, where @, = Ppa € H,, and s = (I — Pp,)u €
HL ie., H&(Okﬁ) =H, ®H=.

Lemma 4.6. Assume that (3.1)—(3.5) hold. Let T € R, w € Q and
B={B(r,w);TeRweQ} eD.
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Then for every n > 0, there are Ng = No(T,w, k,n) € Z* and T = T(7,w, B,n) > 2
such that for all t > T and m > Ny,

H(I - Pm)’["(Tv =t rw, ’[LO)HH[%(O,C\@) <1,

where g = ¢ug with ug € B(r — t,¥_,w). Here @ is as in (4.53) and N,T are
independent of €.

Proof. By ([4.53), we start at the estimate of 0. For o € Hg(O,, /), we write
¥ = ¥1 + 0y where ¥y = P,,0 and 03 = (I — P,,)0. Then naturally, we have a
splitting about @ = @y + Uy where @4; = P4 and 4e = (I — P,,)a. Multiplying
(4.47) by Avy we get that
1d
2dt
= —z/ of(x, 2~ ) Adgda + / (9pzg — vAQY — 2V . Vv)Avydz,
Okva Okva
where z is the abbreviation of z(t,w). By (3.2), we deduce that

1
—1 ~ - ~ 12 4—2p 2p—2 2 2
Z/@kf of(x, 27 v)Avedr < 4||Av2||L2(Ok\/§) +cz ||UHL2p—2(ok\/§) + 27|92

(4.56)

Va0, ) + MVElBao, ) + 1A%, )

(4.55)

On the other hand,

/ (629 — VAG — 2V6.Vv) Adada
o (4.57)

L2 201,12 2 2
< 7 I1A%2 L2 (0, 5 + G lgll” + V] + Vo))

Then by (4.55)—(4.57) we find that

d - N
%HVWH%z(okﬁ) + ||A02||2L2(ok_ﬁ)

- 2p—2
< (ol o, ) + 2l + 29l + ol
from which and Poincaré’s inequality

||A62”%2(Ok\/§) > )‘m+1||v1~}2||%2(0k\/§)’

it follows that
d, __ -
a“vvz\@(okﬁ) + )\m+1||VU2||2L2(okﬁ) (4.58)
- 2p—2
< ol i, + 2l + gl + ol
Applying [26, Lemma 5.1] to (4.58|) over the interval [r — 1, 7], along with w being
replaced by ¥_,w, we find that

IV T2(r, 7 = 8,90, 50)| 20, )

-
</ eAmt1(s—T) IVOa(s, 7 —t,¥_rw, UO)||L2(O \f)ds
7-

At 22 (s, 0 cw) ([21® + g (s, ) 1) ds

1
C/ m+1(s T) 4= 2p(8 '19 TW)”'U( _t71977'w760)||3,1;;*22(0k\/§)d8
e
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T
+ c/ A1 = y(s, 7 — £, 0w, To)|| 4 ds
T—1

-
< c/ eAm1 (57T 420 (g 9 W) ||u(s, T — t,ﬁ_Tw,f)o)HiZ;;_zz(okﬂ)ds
T—1

:
o [ A (s = 10w, 0) s
=1

+ c/ A1 (s=) 2 (5. ﬂ_Tw)(Hg(s, IZ+ 1)ds
T—1
=0+ L+ I, (4.59)

We next to show that I, Is and I3 converge to zero as m increases to infinite. First
since by (4.1), 2*72P(s — 7,w) < E*=% for s € [~1,0], then we have

I

-
= z2p—4(—7—, w) / e’\m+1(s_7)z4_2p(s —T,w)
T—1

<\ j12p—2
X (s, 7 —t,9_ w, vo)||Lp2p,2(Okﬂ)ds
< 22P74(7T’M)E472p/ Am+1 (=) Iy (s, 7 —t,ﬁ_Tw,ﬁo)HQL’;;fg(o f)ds
kV2
1 (4.60)

< Z2p—4(_7_7 w)E4_2P ( /T e)\erl(s—T)

T—1

X / lo(s, T —t,9_,w, ) |*P "% dx ds
Oy vz(v(s)|2M)

+ / A (5=7) / [0(s,7 — 00, ) 2 dar ).
-1 O, a(Jv(s)|<M)

By Proposition there exist Ty = Ti(7,w, B,n) > 2, M = M(r,w,n) such that
for all t > T7,

Z2p74(_7_7 w)E472p\/ 6@(577)
T—1

(4.61)

X / (s, T — 69w, Do) [P dzds < .
Oryz(lv(s)|2M)

But A, 41 — 400, then there exists N = N'(r,w,n) > 0 such that for all m > N,
Am+1 > 0. Hence by (4.61) it gives us that for all ¢ > T7 and m > N’ there holds

-
Z2p74(—’7', w)E4*2p/ 6)‘m+1(5*7)
T—1

(4.62)

X / CJu(s, T — 69w, To) [P dads < .
Oy ya(lv(s)|=M)

For the second term on the right hand side of (4.60)), since O /;(|v(s)| < M) is a
bounded domain, then there exists N” = N”(7,w,n) > 0 such that for all m > N”|
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B
z2p—4(—7,w)E4—2p/ At (s=7)

T—1
></ (s, T — 9 _rw, Do) [P dx ds (4.63)
Orva(lv(8)[<M)

2p—4 4oy M2 ~
< 2PN (=T, w) BT p— [(Opyz(lv(s)] < M) <,

where (O, z(|v(s)| < M))| is the finite measure of the bounded domain
Orva(lv(s)] < M). Put Ny = max{N’,N”}. It follows from (4.60)-(4.63) that
for all m > Ny and t > T,

I < 2n. (4.64)
By Lemma there exists To = To(7,w, B) and Ny = Ny(7,w,n) > 0 such that
for all m > Ny and t > Ty,
Ll(’T,w75) <

Ir < <

4.65
pw— (4.65)

By a same technique as (4.48)), we can show that there exists N3 = N3(7,w,n) > 0
such that for all m > Nj,

L= c / A7) 22 (59w (lg(s, )| + 1) ds < . (4.66)
T—1

Let Ng = max{N;, N3, N3} and T = max{T},T>}. Then (4.64)—(4.66) are inte-
grated into (4.59) to get that for all m > Ny and ¢t > T,
||v172(7',7' - t,'l9,.,-w,’l’30”|L2(okﬁ) S 477 (467)

Then by (3.11)) and (4.67)), we have

||V’l]2(7', T — t, ’19,7-(;}, ﬂO)HLQ(Ok\/E)
= Z(—T, w) ||V172(T, T — t, 19,‘,—(4), ’l~)0) ||L2(Ok-\/§)
< C(r,win,
for all m > Ny and ¢ > T, which completes the proof. O

Lemma 4.7. Assume that (3.1)—(3.5) hold. Let 7 € Ryw € Q. Then for every
k>0, the sequence {G(T, T —t,, 0 _rw, ¢(%§)Uo,n)}2°:1 has a convergent subsequence
in HG (O, j3) whenever t, — +00 and ugn € B(T —tn,V_y,w).

Proof. Given n > 0, by Lemma there exists Ng € Z* such that as ¢, — +o0,
2

- x
U~ Pair,m — oo o, <7 (469
By Lemma, we deduce that for t,, large enough,
2
. x
HPNOu(T7 T —1n, 19*7""}7 Qs(ﬁ)uo,n)”Hl(Okﬂ) < L1(7—7 w, E)' (469)

Note that
HY(O, 3) = Pn,H' (0, 5) + (I — Pn,)H' (O, s5),
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but Py, H' (O, s3) is a finite dimensional space, which is compact. Then by ([4.69),
if n, m large enough,
_ z?
||PNOU(7_3 T — tna 19—7'(“)7 (b(ﬁ)uO,n)

) (4.70)
- x
- PNgu(Ta T —lm, 19_.,-&), ¢(ﬁ)uo,m||H1(okﬁ) <.
Then it is easy to complete the proof using (4.68]) and (4.70) and a standard argu-
ment. (Il

4.4. Existence of pullback attractor in H'(R"). In this subsection, we prove
the existences of pullback attractors in H*(RY) for problem (I.1) and (1.2) for
every ¢ € (0,1].

Proposition 4.8. Assume that — hold. Then the cocycle ¢ defined by
is asymptotically compact in H'(RY); i.e., for every 7 € R and w € Q,
the sequence {p(t, T —tn, 94w, up n) 1o, has a convergent subsequence in H*(RN)
whenever t,, — 400 and up, € B = B(T —t,,9_4,w) with B € D.

Proof. Given R > 0, we denote 0% = RY — Op, where O = {z € RY;|z| < R}.
By Proposition for any n > 0, there exist R = R(r,w,n) > 0 and Ny =
Ni(1,w, B,n) € Z* such that for all n > Ny,

_ _ ) M —lw(=7)|
lo(r, 7 — tn, ¥—rw, z(T tn,ﬁ_Tw)uo,n)Hm(@;{) < 86 , (4.71)
for every ugn, € B = B(T —tn,¥_¢,w). By (3.11) and (4.71), we have
n
lu(r, T —tn, O —rw, 2(T — ty, 19_Tw)u07n)||H1(o%) < 3 (4.72)

On the other hand, for this R, by Lemma there exists Ny = No(7,w, B,n) > Ny
such that for all m,n > N,

1‘2

HU’(T7T - tna 1977""}’ d)(ﬁ

)uo,n)

x
- U(TvT - tma'l?f‘l'wad)(ﬁ)uo,m)”]{é( (473)

Orva)
<7
-8
Then the desired result follows from (4.72) and (4.73) by a standard argument. O
Given ¢ € (0,1], by Lemma we deduce that the ®-pullback absorbing set
K. of p. in L2(RY) is defined by
K. ={K.(1,w) = {u € L*(RY); ||ju|| < L.(r,w)};T € R,w € Q}, (4.74)

where 0
1/2
Le(rw) = (e / e (g(s + 7, )2+ 1)

—0o0

By Proposition and Theorem we have the following result.

Theorem 4.9. Assume that (3.1)—(3.5) hold. Then for every fixzed ¢ € (0,1],
the cocycle ¢, defined by (3.10) possesses a unique D-pullback attractor A, g1 =
{Ac i (1,w); 7 € Ryw € Q} in HY(RY), given by

H'(RY)
Ae,Hl (Ta w) = m5,‘>0U1£25905(ta T = ta ﬂ—twa KE(T - t, ﬁ—tw)) ) TE Ra w e Q.
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Furthermore, A g is consistent with the ®-pullback random attractor A, in the

space L2(RY), which is defined as in (3.13)).
5. UPPER SEMI-CONTINUITY OF PULLBACK ATTRACTOR IN H!(RM)

From Theorem for every e € (0,1], the cocycle ¢. admits a common D-
pullback attractor A. in both L2(RY) and H*(RY), where D is defined by (3.11).
Then we may investigate the upper semi-continuity of A. in both L?(RY) and
H'(RY). Note that [18] only proved the upper semi-continuity in L*(RY) at & = 0.
In this section, we strengthen this study and prove that the upper semi-continuity
of A. may happen in the topology of H'(RV) at ¢ = 0.

For the upper semi-continuity, we also give a further assumption as in [I§], that
is, f satisfies that for all 2 € RV and s € R,

[ )] < alsl? ™+ (), (51)

where ay > 0, ¢y € L®(RN) if p=2 and ¢y € L7z (RN) if p > 2.

Let g be the continuous cocycle associated with the problem (1.1 and ([1.2] . ) for
e = 0. That is to say, ¢¢ is a deterministic non-autonomous cocycle over R. Denote
by Dg the collection of some families of deterministic nonempty subsets of L?(RY):

Do ={B={B(r) C L*(R");7 ¢ R};, lim e Y B(r—t)|=0,7 €R, 6 < A},

Where )\ is as in As a special case of Theorem m under the assumptions
, %0 has a common Do-pullback attractor Ay = {Ao(7); 7 € R} in both
and HY(

To prove the upper semi—continuity of A. at e = 0, we have to check that the
conditions (2.10)-(2.14) in Theorem hold in L?(RY) and H(RY) point by
point. But (2.10])-(2.13)) have been achieved, see [18, Corollary 7.2, Lemma 7.5 and
equality (7.31)]. We only need to prove the condition holds in H!(RY).

Lemma 5.1. Assume that (3.1)-(3.5)) hold. Then for every 7 € R and w € §, the
union Uee (o] A:(T,w) is precompact in H'(RY).

Proof. For any n > 0, it suffices to show that for every fixed 7 € R and w € (2, the
set Uge(0,1]A (7, w) has finite n-nets in H'(RY). Let x = x(7,w) € Use(0,1)A4(T,w).
Then there exists a € € (0, 1] such that x(7,w) € A.(7,w). By the invariance of
Ac(7,w), it follows that there is a ug € A.(7 — t,9_4w) such that (by (3.11))

X(T,w) = pe(t, 7 —t, 01w, ug) = uc(r, 7 — t,9_;w,ug) Vt>0. (5.2)

Given R > 0, denote 0% = RN — O, where Or = {r € RY;|z| < R}. Note
that A.(7,w) € ©. Then by Proposition for every n > 0, there exist T =
T(r,w,n) > 2and R = R(t,w,n) > 1 such that the solution u of problem and
(1.2) satisfies

lue (7,7 — t,ﬂ_TW,UO)HHl(OE) <n Vt>T. (5.3)
Then by —@, we have
Ix (7, W)HHl(o y <m,  forall x € Usg(o,1A:(T, w). (5.4)

On the other hand, by Lemmam 6] there exist a projector Py, and T' = T'(1,w, n) >
2 such that for all t > T,

(I = Pny)tie(r, 7 = 1,970, ﬂO)HHé(ORﬁ) <, (5.5)
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where 4. is the cut-off of u on the domain Oy, s, by ([£.52). Because Py, i. € Hy,,
where Hy, = span{ej,s,...,en,} is a finite dimension space and Py, t. (7,7 —
t,9_,w, o) is bounded in Hy, which is compact. Therefore there exist finite points
V1,2, ...,V € Hy, such that

| PNy e (T, 7 — t,9 _yw, tg) — Ui||H3(OR\/§) <n. (5.6)
Thus by (5.2), the inequalities (5.5) and (5.6)) are rewritten as
10 = Pa)x(re) o, <1 1PxX(R) = villso, 0 <7 (5.7)

for all x € U.¢(0,1]A<(7,w). We now define 9; = 0;(z) =0 if v € 0% 5 and 0; = v;
if z € Op 5. Then for every i = 1,2,...,s, 9 € HY(RY). Furthermore, by (5.4)
and , we have

Ix(7:w) = vill g @y < lIx(mw) = Billaos, )+ IX(Tw0) = Uil 30,2
< HX(Taw)”Hl(O;ﬂ) + ||PN0X(7'>W) - ’Di”Hé(ORﬁ)
+ H(I_ PNO)X(va)HH&(ORﬁ) S 37]7

for all x € U.e(0,1)A4s(T,w). Thus U.e(o,1)A<(T,w) has finite n-nets in H'(R"Y),
which implies that the union U.¢(g1.A:(7,w) is precompact in HY(RM). O

Then we obtain that the family of random attractors A. indexed by e converges
to the deterministic Ag in H'(RY) in the following sense.

Theorem 5.2. Assume that (3.1)-(3.5) and (5.1) hold. Then for each T € R and
w € Q,

lifg dist 1 (Ae (1, w), Ao (7)) = 0,

€

where distg1 is the Haustorff semi-metric in H*(RY).
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