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CONTROLLABILITY OF NONLINEAR DEGENERATE
PARABOLIC CASCADE SYSTEMS

MAMADOU BIRBA, OUMAR TRAORE

ABSTRACT. This article studies of null controllability property of nonlinear
coupled one dimensional degenerate parabolic equations. These equations form
a cascade system, that is, the solution of the first equation acts as a control
in the second equation and the control function acts only directly on the first
equation. We prove positive null controllability results when the control and
a coupling set have nonempty intersection.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The control of coupled parabolic system is a challenging issue, which has at-
tracted the interest of the control community in the last decade. These parabolic
systems arise, for example, in the study of chemical reactions (see e.g. [5, [12]),
and in a wide variety of mathematical biology and physical situations (see e.g.
[3, 20, 21]). For some examples involving degeneracy, let us recall some applica-
tions arising in aeronautics (the Crocco equation, see, e.g., [§]), in physics (boundary
layer models, see e.g. [6]), in genetics (Wright-Fisher and Fleming-Viot models, see
e.g. [24] 27]) and in mathematical finance (Black-Merton-Scholes models, see e.g.
[1T, 18 23]). In [I3} 22] 28], the authors developed a functional analytic approach
to the construction of Feller semigroups generated by degenerate elliptic opera-
tors with Wentzell boundary conditions. In [I7], the authors consider degenerate
operators with several boundary conditions.

In [26], the authors studied the null controllability properties for two systems of
coupled one dimensional degenerate parabolic equations. The first system consists
of two forward equations, while the second one consists of one forward equation
and one backward equation with k(z) = 2%, 0 < o < 2.

In this article, we study the null controllability of a cascade system of nonlinear
coupled one dimensional degenerate parabolic equations, at each fixed time T > 0.
More exactly, we show that for all yg, 29 € L?(2) and T > 0, there exists a control
h € L*(w x (0,T)) such that the associated solution of satisfies

y(-,T) € L*(Q) and z(z,T)=0 ae. inQ

In this context of degeneracy and nonlinearity of the system, we will study the
null controllability of the linear degenerate coupled system by using the method
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developed in [8] and after, we will use Kakutani’s fixed point theorem to deduce
the null controllability of the nonlinear system.
We consider the nonlinear coupled system

yr — (k(2)ye)e + f(y) = hly, in Q=Qx(0,T),
zt — (k(2)zz)z + 9(2) = ylo in Q,
y=2z=0 onX={0,1} x (0,7),
y(z,0) =yo(x), 2z(z,0)=z(z) in Q=(0,1),
where f,g: R — R are two locally Lipschitz-continuous functions, the initial data
Y0, 20 are given in L?(Q), h € L*(Q) is a control function to be determined, & is a
diffusion coefficient. Here, w C 2 is an arbitrarily small open control set, O C € is
an arbitrarily small open coupling set and 1., denotes the characteristic function of
w.
In this article, we assume that the coefficient k satisfies the following hypotheses:
ke C([0,1]) nC*((0,1]), k > 0 in (0,1] and k(0) = 0, there exists
A € [0,1) such that zk'(x) < Mk(z) for all z € [0,1].

The remainder of this article is organized as follows: In Section 2, we establish
the uniqueness of the solution to ([2.1). Section 3 is devoted to the proof of our
general Carleman’s inequality of degenerate cascade system. This inequality is
crucial for the proof of the observability inequality that is used to prove the null
controllability of the linear system. In the next two Sections, we prove the null
controllability results for the linear system, and the last Section is devoted to the
proof of Theorem [I.I] and Theorem [I.2] which are the main results of this paper.

Theorem 1.1. We assume that (1.2)) holds, w N O # 0 and f,g : R — R are two
locally Lipschitz-continuous functions such that f(0) = g(0) =0 and that:

lim 3f gs) =0, lim 39(2”) =
Jsl=+o0 |s|log™*(1 + [s]) lol=-+e |o| log™* (1 + |o])
Then, for any (yo,z0) € (HE(Q))? and T > 0, system (L.1) admits (at least) a
(

solution y,z € X = C([0,T); L2 Q) N L2(0,T; HL(Q)) and there exists a control
h € L?(Q) such that the solution (y,z) satisfies z(z,T) = 0 a.e in Q.

Theorem 1.2. We assume that (1.2)) holds and wN O # 0. For any subset ' such
that W' € wN O, there exists two positive constants C = C(Q,w, k, ||allco, ||b]loo)
and sg such that for every s > sy, one has

/ (391{:( o |? + 5363 f )

<Cs/ /97 25 2, (1.3)

Theorem [1.2} improves the Carleman estimate established in [I9] for parabolic
degenerate equatlons. Our proofs use the Carleman estimate established in [19].

(1.1)

(1.2)

2
2 | AL 2, 6p6 T 2\ ,2s®
[v]* + s*0% k() |w,|* + s°0 k($)|w\ )e dz dt

2. WELL-POSEDNESS OF THE PROBLEM

Now, we introduce the Sobolev spaces
H(Q) = {u € L*(Q2);u absolute continuous in [0, 1],

Vku, € L*(Q), u(0) = u(1) = 0},
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H(Q) = {u € Hy(Q); k(z)us € H'(Q)},
respectively with the norms
||UH%1,1(Q) = HUH%?(Q) + H\/EUQEH%Z(Q)v Vu € Hj,(Q);
[ullf ) = lullfn @) + I (kta)allZeqy  Yu € HE ().

Consider the unbounded operator A : D(A) = HZ(Q) — L*(2) defined by Au =
(k(z)uz)z, u € D(A). Recall that the operator Au = (kuy)., u € D(A) = HE(Q) C
H} (), is a closed, symmetric, self-adjoint and negative operator in addition, D(A)
is dense in L?(Q) (see [1, [7, 8]). Moreover, it is infinitesimal generator of a strongly
continuous semi-group. This permits to deduce the following result.

Theorem 2.1. Under hypothesis , for all a € L>=(Q) and f € L?(Q), the
system
yr — (k(@)ye)e +ay=f inQ,
y=0on%, y(x,0)=yo(z) inQ

admits a unique solution y € X = C([0,T); L*(2)) N L*(0,T; HL()) and we have

(2.1)

T
o (0 + / ()2 dt < (15 Bag) + lolaey)- (22)

If moreover yo € D(A) then, y € X1 = H(0,T;L*(Q)) N L*(0,T; HZ()) N
C((0.T); H}(2)) and
T
s 90y o)+ | sy + 1) ) < OIS ) + ool o)
(2.3)

Proof. The existence and uniqueness of the solution of system (|1.1)) comes from the
theory of continuous semi-group see [7] and [25]. Moreover, the solution is

y(t) = T(t)yo + / T(t - 5)(h(s) — f(s)) ds, (2.4)

where (T'(t))¢>0 is the semigroup generated by the operator A.
Multiplying the first equation of (2.1) by y and integrating by parts then inte-
grate on (), we obtain

d
3 e + VRO oy = [ (70 = el dn. (25)
Thus,
d
=y OI72 () + H\/%ym(t)H%?(Q)
< (5 + lla@®)ll Lo @) 1y OlI72 0 + §Hf(t)|\2L2(Q)-
Now, integrating this inequality on (0,¢) we find
1 t
00y + [ 1V )y
0 (2.7)

T K 1 1
< (5 + lellzm@) | 19(6) ey ds+ 51 0) + 5000
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Using Gronwall’s inequality, we obtain

ly(O)I72() < e(T(TH”a”Lw(Q)))(||f(t)||2L2(Q) + 9ol 72a))- (2.8)
From (2.8) and by integrating on (0,T), we obtain

NG 14+ (T +2llall 7 o (T(T+2lall Lo (@)))

Vgl < 11+ (T + 2lallieg))e g
(||fHL2(Q) + llvollZ2(0y)-

Thus, ) and (| . give

Now, multlplylng the ﬁrst equation of system (2.1), by —(ky.). and integrating
by parts on €2, we have

o IV 020 + 1) () e

_ / (ko) (8)) (a(t)y(t) — f(1))

1
< 5||(kyz)m(t)||2y(n) HIF D220y + a7 @ YOI 22 ()
Integrating the last inequality on (0,7") and using ({2.8]), one gets

T
Ve Doy +3 [ 160)e Oz
< IIfH%z(@ + | VEY: (0)l172(q) (2.10)
+ JlalfZe T T @D (|| £1122 ) + [lyoll 72 ()
<@+ HCL||Loo(Q)€(T(T+2HaHL°°<Q))))(||f||%2(cg) + HZJOH%Q(Q)),
with [[90]2 gy = 190]122(0y + 1V (0) |22 g From @), we have
vi (t) = ((kys(8))e —a(t)y(t) + £())* < 3[((kyz(t))m)2+(a( Jy(1))*+ £2(t)]. (2.11)
Hence, by integrating on ) and using the inequalities (2.8)) and ( -, we obtain

T
/0 e ()30 dt < c<1+||a||ioe<T<T+2”a”L°°<Q>>>><an%z@)+||yo||i,;<m>. (2.12)

Now, (2-8), (2.10) and ([2-12)) give (2.3), for all yo € H? (). O

3. CARLEMAN INEQUALITY FOR DEGENERATE SYSTEMS

The main result of this section is the following.
For w = (a,b) let a = 240 3 = 9420 apd Jet p € C*(R) be such that 0 < p < 1

and

1 ifze(0,a

play =0 e )

0 ifze(B,1)

Let us define
1 o
o) = — e (0,T), ) = cl(/ T dr— )
(T —=1))* o k(r)

with ¢; > 0 and ¢3 > m Let U(z) = ") — ¢?7lloll bhe where r > 0 and o

a function which satisfies: o € C?([0,1]), 0 > 0in Q, 0 = 0 on IQ and o, (z) # 0
in [0,1] \ wo where wy is an open set of Q such that wy € w.
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Let us define ®(x,t) = 0(¢t)[p(z)¥(x) + (1 — p(x))T(x)]. The existence of the
function o is proved in [I6]. Consider the adjoint system where G' € L?(Q):
wi + (B(x)wg)y —aw =G in Q,
w=0 onkX, (3.1)
w(z,T) = wr(z) in Q.
We have the following result.

Theorem 3.1. Under hypothesis (1.2), for all T > 0 and | € N, there exists two
constants C = C(Q,w,|lal]lec) > 0 and sg > 0 such that for all s > sg and all

solutions w of (3.1]), we have

/ (sl+10l+1k($)‘wml2+sl+39l+3 z?
Q

2\ 25®
k(a:)|w| )e dz dt

3.2)

T (

§C’(sl/ 0le2sq>|G|2dxdt+sl+3/ /91+3625¢|w|2dxdt).
Q 0 w

The proof of Theorem [3.1] will be given at the end of this section as a consequence
of the following result. Consider the adjoint system

we + (k(z)wz)e =G In Q,
w=0 onkX, (3.3)
w(z,T) =wr(x) in Q.
We have

Theorem 3.2. Under hypothesis (1.2), for all T > 0 and | € N, there exists two
constants C = C(Q,w) > 0 and so > 0 such that for all s > so and all solutions w

of (3.3)), we have

2
/ (sl+19l+1k(1‘)|wz|2+Sl+391+3 z
Q

2) 25®
k(x)|w| )e dz dt

(3.4)

T

g(J(sl/ 01625¢|G|2dmdt+sl+3/ /el+3628¢|w|2dxdt).
Q 0 w

For the proof of Theorem we follow the ideas of [I] and [19]. We prove
first a Carleman inequality for the degenerate part and combine it with a classical
Carleman inequality for the non degenerate part.

Proposition 3.3. Under the hypothesis of theorem [3.1] and for all | € N, there
exists two constants C = C(,1) and sy such that for all s > so and all solutions

w of (3.3), we have the inequality

/ (570 (@) ) + o) + 8107 ()
Q

2
+ sl+3€l+3$|w|2)e2w da dt (3.5)

T
SC(SZ/ OlezsﬂG\zdxdt—i—k(l)slH/ i+l e2se(L:t)
Q 0

we (1, 1)[2 dt),

where o(x,t) = ()Y (x).
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Proof. Let y = (s6)'/?e*?w. We obtain from the first equation of (3.3):
Ply+Pry=(s0)'%e*, (3.6)
with
Ply = (kya)s — sy + s> ky
_ L, .-
Py =y — s(kvs)sy — 28p.ky, — 59,50 Ly
The inner product in L?(Q) gives
IPFyl> + 1PSyll” + 2(Pty, Pry) = |I(s0)'/ % f1°.
The following result is useful for the proof of proposition [3.3]
Lemma 3.4. There exists two constants m > 0 and m’ > 0 such that
1(s0)" /22 F1I* > || PS> + 1Pyl +m8/Q9k($)yx|2
2 T (3.7)
+ msB/ 65|y dedt m’k:(l)s/ Olya (1, 1) dt
Q k(x) 0
Proof. We have
(Py, Py y)
= % / ()03 |y|? do dt + scy / 0(2k(z) — ok’ (x))|yz|* do dt
Q

—|—é/ k()00 y,|* dedt — 2s(1 45+ = /Gt
Q

@ |y|? da dt

/6‘29 L)y dedt + c3s /93 v V2 (2k(x) — zk'(x))|y|* dz dt

—clsk(l)/ Oy, (1,1)]? dt.
0

Using the conditions on k, one obtains
(Pfy, Pry)

> %/ 1/)(x)0tt|y\2dxdt+scl/ 0k(x)|ym\2dmdt+£/ k(2)0:0 |y, |* de dt
Q
—cfs(l+s+ = /Qt \y|2dxdt+f/02 () |y da dt

T
+c§s3/ 03L|y|2dxdt—clsk(1)/ Oy, (1,1)2 dt.
Q k(x) 0

Notice that there exists a constant C' > 0 such that 6,0~! < C, 62671 < T63/2,
0,60 < C6> and 6, < C#3/2. Then, we obtain the inequality

\%(1 + u/@w(@(ett + 0707 1)y?|dedt < sC(I, T, 1) /Q 032y dzdt.  (3.8)
This gives by Hoder’s and Hardy’s type inequalities (see [I])

171+ /¢ )6 + 6707 )y?| dardt
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gséOC(l,T,cl)/Q9k(m)|yx|2dxdt+C(l(sTcl /93L|y|2dxdt
We have
|- (14 —+ /et v 2| dzdt < C(1, T, c1)s /93 v ly|? dz dt.
Next,

l
5/ 0.0 k(2)|y.|> dz dt < sC(I, T, cl)/ 0k(z) |y, |* dz dt. (3.9
Q Q
Using the inequalities above, we infer that there exists a constant M > 0 such that
2(Pfy, Pry)

2 T
2M/(s@k(w)|yz\2+3303$—\y|2)dmdt—2c13k(1)/ Ol (1, 1) dt.
Q 0

k(x)
As ||(s0)Y/2es¢ f||> > 2(P; y, P, y), one deduces inequality O
Proof of Proposition (continued). From (3.6)), we obtain
|(k(2)ya)a | / [Pyl 2, 83 T o
d dt < 2 0k . 6°—— dzdt, (3.10
/ rat < C | (0 sth@lyeft 07 s bl dra, (310

with Cy > 0, and

|2Jt|2 / | P, y| 2 393 ?
dedt < C 0k - 0° ——
o <0 rxdt < Oy Q( <0 + s ( )|y| +s ( )

with C7 > 0. Then, the lemmamthe inequalities (3.10) and ( - give
CII(89)l/2eS“’f|\2

2
/l )al dx dt—i—/ lel® dz dt +m'sk(1 / 0y, (1,¢)|* dt (3.12)
-m sOk(x yx2+5393x—y2 dz dt,
/Q< (@)l + 50 )

where, C' = max(Cyp,C1), m > 0 and m’' = 2¢,C.
Recalling now that w = (s0)~!/2e=*?y, one obtains

ly|*)dzdt,  (3.11)

(s@)l_le%"’lwt\gﬁ?'?e' T ( 6:6” 1+S%) P

and (s60) e |w, |2 < 250y, |* + 2539<p$|y|2. Then, from the Hoder’s and Hardy’s

inequalities and the previous inequalities, we obtain
sl_l/ 0!~ 1e25? lw, | da dt

@ (3.13)

<2 |yt| dxdt—l—co/ <39k({1’,‘)|yw|2 +3393L2|y|2) dz dt,

s”l/ 0 k() e |w, |2 dx dt
N (3.14)
< /(Gk( sl + 55052 2) deat
)| Y S &€ dr,

> o S Y k(.’l;)y
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SH/ 0116259 (o()w ) |2 dz dt
Q
k ) 2 i 2
<2 dedt—chsS/ 95L|y|2dxdt (3.15)
Q@ s Q

k(x)
+ 028/ Ok(z) |y, | dz dt.
Q

We have (s0)'T1e?¢|w,(1,t)]*> = s0|y.(1,t)|? since y(1,t) = 0. Combining the

inequalities (3.12)) to (3.15]), we infer that the estimate (3.5 of the proposition
holds. (]

Back to the proof of Theorem We need the following result that we omit
the proof (see [16] for instance).

Proposition 3.5. We assume that k € C1([0,1]) is a strictly positive function and
k(0) #£ 0. Letl € N. Then, there exists two positive constants C > 0 and sg > 0
such that for all s > so and every solution z of (3.3]), we have

/Q ((0) M| (k(2)z0)al? + (50) 2t |* + (50) |20 |* + (56)' 72 |2[*) > da it

T
< C(sl/ 9l625"|g|2dxdt+sl+3/ /01+3625"\z|2dxdt),
Q 0 w

where n(x,t) = 0(t)¥(x).

Combining Propositions [3.3] and it suffices to verify that Theorem is
true for system (3.3). Thus, by using these propositions, we find the following
inequalities:

T «@
[ (0 kool o )+ 51416 e
0 0
2

+ sl+30l+3ﬁ|w|2)625© dz dt (3.16)

T /B
go(sl/ ale2W|f|2+sl+3/ / 04925 ([ + [0l ) dadt,
Q 0 o

and

T 1
[ ] (10 0@+ )+ 10 ko) P
0 JB

2

+ SHBGHB%W\Q)BQS@ dedt (3.17)

T B
SC’<Sl/ 9l625”|f|2+sl+3/ / 01+3625’7(|wz|2+|w|2)) da di.
Q 0 «

We recall that for every = € (a,3), ¢, n and ® are equivalent. As («a,f) € w,
Caccioppoli’s type inequality (see [16], [@]) leads us to the inequality

sl“/ 0l+1(|wm|2+|w|2)dzdt§0”(sl/ ol|f|2+sl+3/91+3|w|2)dxdt. (3.18)
Q Q w
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Thus, combining (3.15)) and (3.16]), and adding to both sides of the inequality the
term

T B
L (0 0@yl fonf?) + 510 (o)
0 el
2

4 glt3gits ka(cx) |w|2)625<1> dz dt,

and using (3.17)) leads from any solution w of (3.3) to

/ (10 (| (R(2)wa)o|? + [wil?) da At + 810 k() [w,|?
Q

2
+ s”gﬂlw’ﬁm?)e%@ dz dt (3.19)
T
< C(sl/ 91628@|f|2+8l+3/ /9l+3e2s<1>|w|2> da dt.
Q 0 w
This completes the proof of Theorem [3.2] O

Proof of Theorem [3.1 Now, applying inequality (3.19) to (3.1)) with f = f +aw as
right hand term, one obtains from the proof of Theorem the inequality (3.2)) of
Theorem [B.11 O

4. NULL CONTROLLABILITY OF A LINEAR SYSTEM

The aim of this section is to prove the null controllability for the linear system
Yyt — (k(2)y2)s +ay = hl, inQ,
2 — (k(@)z)s + b2 = ylo i Q,
y=2z=0 ond
y(@,0) =yo(z) 2(x,0) =2(z) inQ,
where a,b € L=(Q), yo,20 € L*(Q) and h € L?*(Q) is the control of the system.
The adjoint of system is
—wy — (k(x)wy )z + aw =vlp in Q,
oy~ (K@)a)s +bo =0 inQ,
w=v=0 on?,
w(z,T)=0 v(z,T) =vr(z) in Q.

(4.1)

The main results of this section reads as follows.

Theorem 4.1. Under hypothesis (1.2), a,b € L>®(Q) and for yo,z0 € L3*(),
there exists h € L?(Q) such that the corresponding solution to system (4.1) satisfies
z(.,,T) =0 a.e. in Q.

First, we give some results useful for the proof of Theorem For any € > 0,
we set

J.(h) = % / 0(t) e 2 B2 (2, 1) dxdt+2—18 /Q 2(2,T) da, (4.3)
q

where ¢ = w x (0,T). We have the following results.
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Lemma 4.2. For any ¢ > 0, there exists a control he € L*(q.) such that J.(h.) <
Je(h), for all h € L*(q). One has h.(z,t) = 0(t)"e***w(z,t)1,. Moreover, we have
the inequality

/9(t)‘76_25¢h§(x,t) dxdtg/Q|y0(x)w(x,0)|dx+/Q|20(9c)v(:1c70)|dx. (4.4)

Proof. The continuity and the strict convexity of the functional J. are obvious.
Moreover,

Jo(h) > %/e(t)”e*%%?(x,t) dx dt.
q

Let, h € L*((0,T) x Q) and consider (hy) the sequence h, = hlj1/n7r—1/n-
Then, h,(-,t) — h(-,t), a.e. on (0,1) x (0,T) and we have ||hn||2L2((0,1)x(0,T)) <
||h||%2((071)><(0 7y for all n € N. From the Lebesgue dominated convergence theo-

rem,
T T
/ /hi(m,t)dxdta/ /hz(x,t)dxdt.
0 w 0 w

Then, there exists ng € N such that n > ngy implies

T
1
/0 /hi(ﬂf,t)dxdt > §||hH%2(wx(o,T))v
i.e.

T-1/n 1
/1/ /hi(x,t) dedt > M3y, V02 70

As, 071 (t)e 2% > > 0 on wx]1/n, T — 1/n[, we have

1 I
§||h||2L2(wx(o,T)) < 5/0 /9_1(t)6_28¢h2(30at) dzdt, for n = no.

Therefore,

T
= [ [ o e w0 dodt = i,
0 w

The functional J. is therefore coercive. As a consequence, there exists h. € L?(q)
such that J.(h.) < J.(h) for all h € L?(q).
Now, using Euler’s condition on J., we obtain

1
/ (1) "¢ > ha, )hr 1) dardt = 1 / oo(e, T)2(2, T) o (4.5)
q Q

On the other hand, we consider the following two systems
7 — (k(2)Y,)es +ay=hl, inQ=Qx(0,T),

Zt — (k(‘r)zz)z +bz = ylo in Qa

y=z=0 onX={0,1} x (0,7,

5(2,0)=0 Z(x,00)=0 in Q=(0,1),
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and
—wy — (k(2)wg), + aw =vlp in Q=02 x (0,7),
—Ut — (k(x)vw)w +bv=0 inQ,
w=v=0 onX=/{0,1} x (0,7T), (4.7)

1
wxz, T)=0 v(z,T)=—-2(z,T) inQ=(0,1).
€
Multiplying the two equations of system (4.6)) by w and v respectively, integrating
by parts on @ and using (4.5)), we infer that
he(x,t) = 0(t) 2" Pw, (2, 1)1, (4.8)

Multiplying the two equations of (4.7) by y. and z. associate to the control h.
respectively and integrating on @) and using (4.8]), we infer that

1
/H(t)_7e_25q>h?($, t)dx dt + - / 2%(x,T) dx
q Q

:/9(t)7628‘1’w§(x,t) dxdt+§/ 22(z,T) du, (4.9)
q Q

_ —/Qyo(m)w(x,O) dx—/ 2o(2)o(z,0) de

Q
As a consequence, we obtain the estimate of the lemma (4.2 (I

Proposition 4.3 (Observability inequality). For any T > 0 and sg > s, there
exists a constant C = C(T, ||al|co, |bllco) such that

(-, 0)1Zz 0y + Il Ol 720y < C/Iw(w’t)l2dxdt- (4.10)
q

Moreover,
[hellzz) < Cllyollz2() + |20l 2(0))- (4.11)

Proof. Multiplying the second equation of system (4.7) by v; and integrating on
(0,1), we obtain

d

/Qvg(x,t) a5 | k()2 (z, 1) da

:/bvt(z,t)v(aj,t)dl’ (4.12)
Q

2 1
< %/#(x,t)dxﬂb/vf(x,t)dw vt € [0,7].
2 Jo 2 Ja

The function z +— % is non increasing on (0, 1], we obtain by using Hardy’s

inequality

2 L x L(m,t) 2da s )02 (z x
/Qv (2, ) dz < k(l)/gk:( (D24 < k(l)/gk;( Y2(zt)dz,  (4.13)

with C' > 0. Then, combining inequalities (4.12]) and (4.13)), we obtain

d Cllbl3
— | k(z)vi(z,t)de + o
dt Jo () (@) k(1) Ja

k(x)vZ(z,t)dz > 0. (4.14)

This implies

d / clvlZt 5
—(e e / k(x)vz(m)dx) >0 vtelo,T). (4.15)
dt o
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CliblZt 5
t— e FD /k(:ﬁ)vx(x t)dx
Q

is increasing on [0,7]. We have

Thus, the function

3T/4
—/ (z,t)dx < C / (x,7)dzdr, Vtel[0,T/2]. (4.16)
T/2

Then
3T /4
/k( v (:v t)de < C(T,]1b||co) / / (z,7)dzdr.
Q

Taking s > C(||b]|oo)T® and 1 < s6, the latter inequality and (1.3) give

T
/v2(x,t) dz < 057/ / 0(7)"e*®w(x, 7)*dedr, Vte€[0,T/2]. (4.17)
Q 0 w’

Now, multiplying the first equation of (4.7)) by w; and integrating on (0,1), we
obtain

2 d 2
/th (m,t)dx—ﬁ Qk(ac)wgg(x,t) dz
z/th(x,t)(aw(x,t)—v(a:,t))dm (4.18)
< ||a||§o/ﬂw2(x,t)dx+%/wa(x,t)dx—i—/vz(a:,t)dm vt € [0,7].

Q

Using again that the function x +— ’Cf;) decreases on (0, 1], the inequality (4.17)
and Hardy’s inequality, we obtain that for all ¢ € [0,7/2]

/thz(x,t)dxf%/ﬂk(w)wi(m,t)dx

v Cllall? (419
< 057/ 0(1)"e®®|w(x, 7)[* da dr + = / k(x)w?(z,t) dx.
0 w’ k(l) Q

Hence,
d / CllalZt Cllal2 ¢ T
—— (e 2e) / k(x)w? (x,t) da?) < Ce FD 57/ / 0(7)"e*®|w(x, 7)|* dz dr,
dt o) 0 w!
for all t € [0,7/2]. Thus, for every 0 < s < ¢ < T/2, we obtain
/ k(x)w?(x,s)dx
T
< C/ (z,t)dz 4+ Cs” / / 0(7)"e**®|w(x, 7)> dx dr,
0 w’

for all t € [0,7/2]. Integrating on [T'/4,T/2] with respect to the variable ¢, we
obtain for all s <T'/4

7/ dz

T/2 T
/k‘ (z,t)dzdt 4 Cs” / / 0(7)"e*®|w(x, 7)* dz dr,
T/4 0 w’

(4.20)

(4.21)
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for all t € [0,T/2]. Taking 1 < (s6)* for all s > CT®, we find by using the inequality

(1.3) that

/ w?(z,s)dr < Cs” /T / 0(t)"e2*®|w(z, t)|* dz dt. (4.22)

Combining this ;:esult with the inequa?ity for s =t = 0 we can conclude that
/ (w2 (,0) + v*(z,0)) dz < Cs7 / ! O (e, drdr. (423)

Q 0 Juw _

Lemma 4.4. Let g € C(Q) be such that —g(x) > m > 0 for all z € Q. Let
O(x,t) =0(t)g(x), for (x,t) € Q and mo = ming(—g). Then

8

T
s70(t)Te*? < (%)7 for any s > 27977710 and (z,t) € Q. (4.24)

Proof. We have g(x) = p(x)y(z)+ (1 — p(x))¥(x), and for all x € (0,1), —g(z) >0
and ¢ is a continuous function on [0,1]. Thus, for every = € (0,1), there exists
a constant m > 0, such that —g(z) > m > 0. We have 6(t) > (7)*. Then

—g(z)0(t) > mo(7z)%, for all (z,t) € Q. For s > we have 2s®(z,t) < —7 and
we obtain

2977 ’

2@t < =7 for all (x,t) € Q. (4.25)
Now, if we suppose that there exists a constant A > 0 such that (s6(¢))" < A7

for all t € (0,7) then, we obtain s < A(T ) and as, s > 27977: , we can choose
A =7/mg. With this choice of A, we obtain

7 T8
0(t)" < (—)7, f > . 4.26
(s0(0)7 < (-0, for any s> 50— (4:26)
Using the inequalities (4.25) and (4.26)), we obtain
T8
(s0(t))7e2 @1 < (%)7, for any s > 27970 and (z,t) € Q. (4.27)
This completes the proof of the lemma ([

Proof of Proposition [4.3 (continued). From (4.23)) and lemma we obtain

/Q(wQ(x,O) +v2(2,0)) dz < C / / lw(z,t)|* de dt. (4.28)

Now, from inequalities (4.4)), (4.8)), and Cauchy-Schwarz’s inequality one
obtains

/8779(t)776728¢h§($,t) dz dt

q

< lollz2yllw(-,0)[| 2y + lzoll2 () v (- 0) | 2 ()
1., [

c s
< 5 (ol + laollaor? + 357 [ [ 607 w(a o dodt.
0 w’

N}

This gives

/5770@)776725@“@5(17,75)‘2 dedt <20(|lyollz2(o) + 20/ L2 (0))?- (4.29)

q
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We recall that we(z,t) = s~70(t) "¢ 2%h_(x,t). Thus, using (1.3, [2-11) and
([4.29), we obtain

T o\7
IhelZaq) < 20(%) (Iyollz2() + 20/l 22 (). (4.30)
This completes the proof of the proposition |4.3] (|

Proof of Theorem[{.1. Notice that the solution (y,z) of (4.1), can be decomposed
as follows

y=9+y°, z=zZ+y°
where (7, %), and (y°, 2°) are the solutions of the systems
U — (k(2)7,)e +ag = hl, inQ=Qx(0,7),
Zt — (k(2)Z2)s + 02 =Tlo in Q,

4.31
7=z=0 onX=1{0,1} x(0,7T), (4:31)
7(2,0)=0 Z(2,0)=0, inQ=(0,1)
and
yp — (k(@)yd)e +ay® =0 in Q=02x(0,T),
zp — (k(z)22)s + 02° =y°lp in Q,
{ — (k(w)22) ylo inQ )

y’=2°=0 onX={0,1} x (0,7),
¥°(2,0) = yo(z) 2°(z,0) = 20(z) inQ=(0,1).
Let us define L : L?(Q) — L?(Q)x L*(Q) by L(h) = (y(z,T),z(x,T)) where (7, %) is
the solution corresponding to (4.31). Also let M : L?(Q) x L?(Q2) — L*(Q2) x L?(Q)
be defined by

M(yo, ZO) = (yo(x’T)v 20(3:7T))a

where (y°(z,T), 2°(x,T)) is the corresponding solution to (4.32)). Thus, Theorem
[41] is equivalent to the inclusion

R(M) C R(L). (4.33)

Both M and L are L?(Q) x L?(Q)-valued, bounded linear operators. Consequently
(4.33) holds if and only if, for every (wr,vr) € L?(2)x L?(f) there exists a constant
C > 0 such that

| M (wr, vr)ll(22())2 < CIL" (wr,vr)||L2(0)- (4.34)

Now, by multiplying the two equations of (4.31) by w and v and integrating
respectively, where (w,v) solves the adjoint system (4.2) and using the fact that
these systems are duals, we obtain

L*(wy,vr) = wl,. (4.35)

On the other hand, multiply the two equations of system (4.32)) by w and v where
(w, v) solves the adjoint system (4.2)) and integrate respectively on @, and by using
the fact that these systems are duals, we obtain

M*(wr, vr) = (1(z,0), (v(z,0)). (4:36)
Hence, Theorem is proved, since (4.33)) is just (4.10)). O



EJDE-2016/219 CONTROLLABILITY OF CASCADE SYSTEMS 15

5. PROOF OF MAIN RESULTS

Proof of Theorem[1.4 Let O € wN O. Applying Theorem and taking | = 3
for the first equation of (4.2) and [ = 0 for the second equation of the same system;
we find the following inequalities:

s20%k(z)|wy|* + s%0° —— i w|?)e?*® dz dt
( k(@)
? (5.1)
53/ 93628¢|vlo|2dl‘dt+56/ / 05e25% |w|? dz dt),
Q o Jor
for all s > s1; and
/(sak( Yoa|? + 556 5(“ o)t dede
@ (5.2)

T
< C’sg/ (93(32‘“I>|v|2 dzxdt, for all s > s».
o Jor
Adding these two inequalities, one obtains that for every s > s1 + so,

/ (391{?( Nve|? + 5303 9(6 )|v|2—|—s494 (x )|w$\2+3696%|w| ) e®® dg dt

<Cs/ /93 25@|v|2dxdt+C’s/ / 03e?*®|v|? dx dt

+ Cs° / 05e25®|w|? dz dt.
0 o’

(5.3)
We will absorb the term fOT Jo, 02€**®|v]* dz dt by the term fOT Jo 02€*®|v|? dz dt
by using the properties of the integral. We know that O’ € O and therefore, there
exists a constant C7 > 0 such that

T T
/ / 93625‘P|v\2dxdtgcl/ /93628¢|v\2dxdt.
0 4 0 (@]

Thus, the inequality (5.3]) gives

2
sOk vm2+s393$ v|? + 0%k w12—|—5606x
[ (ol 00 ol 0 kw0

<C’s/ /03 25¢\v|2dxdt+05/ / 05e25% |w|? dx dt.

Now, let 0" € W' €@ wN O, we define and the function ¢ € C>(N) as follows
0<((xz)<1 VoeQ
C@)=1 ifze0 (5.5)
((x)=0 ifzeQ\u
In addition it is assumed that

V¢
C1/2

|w|?)e**® da dt
(5.4)

o0 AC 1o
€ L>*(Q2) and ar € L>(Q). (5.6)
Indeed, just take ¢ = (¢ where (y € C>(f2), to satisfy the two previous conditions
on (.
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We set x = 5203e2*® and multiply the first equation of (4.2)) by ¢xv and integrate

the result on ). We obtain

/Q Loty = 2 /Q F(@)vawaCx — /Q vw(k(@)(C0))
+/@(a+b)vw(x+/@vwc><ta

4
/ v 1ol = Zfi.
Q i=1

Note that there exists a positive constant Cy > 0 such that

il < Cos'67e>® and x| < Cas'f' e (5.7)

k(x)

and, using Hoder’s and Young’s inequalities, one obtains
I = 253/ k:(a:)@vzwxe%‘b(
Q
2
< 2505/ E(x)0|v, [2e**¢ + —55/ E(x)6° |wy|?e*%¢,  dp > 0.

Q % Jo

From inequality ([5.2)), one obtains
T
2505/ k(x)8|v.|?e?**¢ < 05033/ / 63 |v]2e25®¢. (5.8)
Q o Jo

It results that

r 2
I < 05033/ / 03 || ¢ + —85/ k(x)0°|w, [2e**¢, (5.9)
o Jo do  Jg

2
Q:/(a—i—b)vwg‘xgélss/ 93|v|262s¢§+||a—27b”°°s3/ 03 |w|*e**¢, (5.10)
Q Q 1 Q

with §; > 0. As the function x — % is increasing on (0, 1], we have

l|a + 0|2 3/ 31 12 2s® l|a 4 b||2 3/T 3/1 we'®
— X5 0°|lw|e”*?( < —=>=s 0 k(x dz] dt.
st [ gpupesnc < ool Mo [ oo as

Using Hardy’s type inequality to the function we*® with Fubini-Tonelli’s theorem,

we obtain
|a—|—b||2083/ 63 |w|2e2®¢

< C(4||a_|_b||o<> 3/ 93 2¢)i|w|2+ ‘ww|2)625¢')dl‘dt.

Using that ®, = %, we have

||a+b\|2083 03|w|2623<bc
01 Q

< Cslla +bl12,

x S
< T O el + SRl dot
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From inequality (5.4), we find

a+bl|?

H ”0083/ 03\w|2e28‘b§

< C5C’||a+b|| / / 03¢2°®|v[2 Az dt

C5C||a + |1,

s 0%e25® w2 dz dt.
R(1)6: A L

It results that

17

Iy §5153/ 03|22 % 4 Z5Cla T Bl C5C\\a+b|| / /93 25 )2¢ dz dt

b
4 P T Alleo C5C||a+ H / / 06 23(1)‘1U| Cd:z:dt
I4:/ vwlxy de dt < p83 /9‘3|v|2625¢§dxdt
Q Q
2
+ g55/ E(x)0"|w|?e**®¢dzdt, 6 >0
02 o
I, = —/ vw(k(z)((X)x)s dz dt
Q

SAW%NWK&MM&+LMMWMMMMMt

Notice that
ke c(o,1]) nct((0,1]),
(CX)z = CaX + Cxa < Cas*0*e® (/2
(XQ)aw = CaaX + 2CaXa + CXaa < Ca(s0)?e> P12,

Using inequality (5.14), one gets
B = [ W@)lowl (el dod
Q
< 0384/ 042 [wo|¢Y/? dz dt.
Q
02
S (5353/ 93628‘@"1}|2C1/2 d$dt+ 7385/ 95|w|2628¢'<1/2 d.’IIdt,
Q 9 Jg
and
I%——jg|kcw|vuwmx<xm|dxdt

§0335/ 0°e>®|wo|¢H/? da dt.
Q

2
< 5483/ 93623‘I’|U|QC1/2dxdt+ %37/ 97\w|2625¢§1/2dxdt,
Q 4 Q

(5.11)

(5.12)

(5.13)

(5.14)

63 >0

64 > 0.
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Therefore,

I < (53+54)53/ 0325 ®|v|2¢Y/? dx dt
(5.15)

C:
+7385/ 95|w|2 28@4—1/2dxdt+ 3 7/ 97|’LU|2 2S@C1/2dxdt

By summing the I;, for 1 <14 < 4, we obtain

C5Clla+ 0|12,

4
> I < (Coo + 61 + 6y + 0 + 64 + F(06,

i=1

)53/ 63|v|2e?*®¢ da dt
Q

2

2
+ —55/ k(x)0°|w, |2e*** ¢ da dt + ﬁ55/ k(x)07 |w|>e**¢ da dt
60 Q 52 Q

C? C?
+—385/ 95\w|2623©cjl/2dxdt+—387/ 97|w|2623¢’(1/2 dx dt

CsC b
M / / 05¢2® |w|? da: dtC dz dt. (5.16)
Now, we look to increase the term

2 5
—s"/ E(x)6° |wy|*e**® ¢ da dt.
b Jo

To do this, we are going to multiply the first equation of system ([4.2)) by s°6°e?*®w(,
and integrate on Q. To simplify we set ¥ = s°0°e25®,

/vlow(ydxdt
Q
:—/(wYC)wtdmdt—/(wYC)(k‘(x)wm)m dxdt+/ axw?¢ dz dt
Q Q Q
= 1/ wz@dde/ k(x)ygwﬁdxdtfl/ w%k(@)m)ﬁ/ axCw? dz dt.
2 Jq Q 2Jq Q
Therefore,
/k(x)yg|wz|2dxdt
Q
1 1
g/ vlow(dedt—i—f/ |w|2\g‘yt|dxdt+f/ [w*[(k((X)a)z| dz dt
Q 2Jq 2Jq

+ [ laxclwp st
Q

4

:Zjl

Using Hoder-Young’s inequality, one obtains

Ji = 35/ 0> Pyw( dz dt

@ . (5.17)

§753/ 03628¢|v|2Cdzdt+757/ 07e?*® |w|*¢ dx dt.
Q 7 Je
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Observe that X, = (5°0%0,e2°®(5 + 2s0h(x)) because by definition the function ®
is of the form ®(x,t) = 0(t)h(x) where h(z) = p(z)(x) + (1 — p(x))¥(x). Thus,
X, < 0s507e25® for every s > CT8. Therefore, for all s > 1 we have

Jo < Csﬁ/ 07e?®|w|?¢ de dt < 037/ 07e2®|w|?¢ da dt, (5.18)
Q Q

i =s5/ 1al67e2® ¢ || dar dt < ||a\|oos5/ 0562 o2 da di. (5.19)
Q Q

Observe also that (¢x), < C(s6)° e )ezsq><1/2 and from the linearity of the deriv-

x

ative function, we have

J3 = w? | (k(z X)z)ez| ded
s /Q |(E()(CX)a)a| dardlt
< [ uPh(e)(¢0. | dode (5.20)
Q

3036/ 05| w|2e5®¢1/2 dz dt.
Q

Let n, m be natural numbers such that for any n > m, one has
s < Cs™", Vs > COTS. (5.21)

In fact

T8 C
maom — mAan —1\n—m < mAan n—m < maan n—m — n n.
s™0 s™O"(07) <s 9(—16) s 9(—168) Cs™

Since s > CT®, using inequalities (5.17) to (5.20) and (5.21)), we find

/ E(x)X¢|we|? da dt

@ . (5.22)

< ’ysg/ 63e%5® v|2¢ da dt + (; + Clal|e + 0)87/ 07?5 |w|?¢ dz dt
Q Q

Finally, combining inequalities (5.16]), (5.21), and (5.22)), one gets
83/ 63 |v]2e?*®¢ da dt
Q

% Clla+b
< <050+51+62+53+54+ 57+Ha(+|°°
0

2 1
(M + — + — + Cllalle + C 37/ 07 |w|?e2*®¢ da dt
k(1)d1 b2
2
(O+9+£ /97 ‘2 25<I><1/2d$dt
04 O3

/ 03 |v]2e?*®¢ da dt
(5.23)

c'sy

‘We now set dy = 03 = 94 = 0/6077:

3
Clla+b||% 1
o Clall) >

_ 1
—60,W1th

C’fma( ,C,

4’ 4

Using that supp ¢ € O’ we have

(—4C"68 + 60 — 1)s / /93|v|2 Zs®
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- C’6§+2C’534;5(6+20’)60+287/T 67262
0 0 o

The term —4C"6% 4+ 6y — 1 > 0 is equivalent to 16C” > 1 and since C' > 1 > 1
C'534+2C" 82+ (6+2C")d0+2

for g fixed, we obtain by taking C' = 5 (052 00— 1)
0

T T
33/ / 03|v|?e>® < 057/ 07 |w|?e®. (5.24)

0o Jo o Jor
Now, by multiplying the inequality (5.24) by Cy and using inequalities (5.4) and
(5.21)), we obtain the inequality (1.3]) of Theorem (1.2 O

Proof of Theorem[I.1. Consider the functions
18 s 20 o) if g £ 0
F(s)=4q ¢ 1 7 and G(o)=4 ¢ 1 e
f(0) ifs=0 g (0) ife=0
We need the following result.

Lemma 5.1. Under the hypothesis of Theorem [I.1] and any € > 0, there exists a
positive constant C. such that

|F(s)|2/3 < C. +elog(l+|s])

5.25
|G(0)]*/® < C. + elog(1 + |o]). 52

Proof. Indeed, it will be sufficient to prove that for each € > 0, one has |F(s)| <
0,

3/2 : f(s) —
Cy +elog®?(1 4 |s|) for all s € R. Let € > 0. From limys_ 4o TR ) =
there exists s(g) > 1 such that
\@\ <elog®?(1+|s|) for all |s| > s(e). (5.26)
s

On the other hand, using the fact that f is a locally Lipschitz-continuous function,

there exists a constant C,, only depending on € and f, such that |f(s) — f(s')] <

Cypls — |, for all (s,s") € [—s(e), s(¢)]?. In particular, for s # 0 and s’ = 0, we find

s

sl < sl = 11 <., (5.27)

From (5.26]) and ([5.27), we deduce that for all s € R, |@| < Co4elog®?(1+|s)).

Therefore, we obtain |F(s)[?/3 < C. + elog(1 + |s|), for all s € R with C. =
(Ks(g))?/? depending only on ¢ and f, and K > 0 is a constant.

The same arguments, allow us to prove that |G(s)[*/? < C. + elog(1 + |s|), for

all s € R. This completes the proof. ([l

Let R > 0 be a constant whose value will be determined below. We will use the
truncation continuous function Tg : R — R, given by

Ta(s) = s if |s| < R,
e Rsgn(s) otherwise .



EJDE-2016/219 CONTROLLABILITY OF CASCADE SYSTEMS 21

For each (7, 2) € X3, we will consider the linear cascade system

Yt — (kyz)z + F(TR(Q))Z/ =hl, in Q7
2zt — (kzz)e + G(Tr(2))z = ylo in Q,
y=2z=0 onX,
y(x,0) = yo(z), 2(z,0)=zp(x) in .
Obviously, system ([5.28) is of the same form as system (4.1)), with ay = F(Tr(9)) €
L>®(Q) and b; = G(Tr(2)) € L*>®(Q) since F and G are continuous functions.

Consequently, we can apply Theorem to (5.28)). In fact, we apply this result in
an adequate (eventually smaller) time interval (0,7g), where

(5.28)

T = min(T, [lagl| /2, [[bz]71/%). (5.29)

According to Theorem and applying the density of HZ(2) in L*(Q), if yo, 20 €

HZ2(Q) then, there exists a control h € L*(Q x (0,Tg)) such that the solution of
(5.28]) in © x (0, Tg) satisfies z(x,Tr) = 0 in £ and we have

17| 22 wx (0,7m) < Co(w, Tr, ag, bz)(lyoll zr ) + 20l 12 00)) (5.30)

[9llxs + 112lxr < CL(Q,w, Tk, ag, bz)([[yollmL ) + 120l () (5.31)

We now extend the functions h, y and z by zero to the whole Q). Denote such

extensions again h, y and z respectively. The~n, (y,z) lies in X; and solves the

linearised system (5.28)) in Q with control term h € L?(Q), and satisfies z(z,T) = 0

in . Moreover, we have the estimates

1]l 22w 0,7) < Co(,w, Tr, ag, bz)([[yoll zr1 () + 120l 12 02)) (5.32)

lyllx + llzllx < Ci(Qw, Tk, ag, bz) (ol a2 (@) + 20l a2 ())- (5.33)

For a fixed control h € L?(Q), we now denote by (yn,z,) the solution of (5.28)

associated to h and the potentials ag,bs. For any (7,2) € X2, one defines the
family of controls

Agr(9,2) = {h € L*(Q) : (yn,21) € X7, 2p(x,T) = 0 in Q and h satisfies (5.32)}.
Thus, we can introduce the multi-valued mapping
Ar (§,%) € X§ — Agr(3,2) C X7,
where

Ar(Y,2) = {(yn, z1n) € X12, solution of (5.28)), satisfying (5.33)) and h € Ag(y, 2)}.

We will prove that this mapping admits at least one fixed point (y, z). We will also
prove that, for some R, every fixed point of A satisfie

lyllx, + [[zllx, <R (5.34)

Notice that Kakutani’s fixed point theorem can be applied to Ar thus, ensuring
the existence of (at least) one fixed point of Ag in X?.

First, from the inequalities and (5.33)), we deduce that A (g, Z) is for every
(7, %) a nonempty set. Moreover, Agr(7, 2) is a closed and convex subset for any
(7, 2). In fact, if (y, 2z) and (v, 2') are two elements of Agr(7, Z), solutions of
associated to controls h and I/ respectively. Let o € [0,1]. We are going to show
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that (Y, Z) withY = ay+ (1 —a)y’ and Z = az+ (1 —«a)2z’ and (Y, Z) is a solution
of (5.28). Consider the following two systems

Yr — (kyz)a + F(Tr(9))y = hle  in (0,Tp) x 2,
zt — (kzz)s + G(Tr(Z))z = ylo in (0,Tp) x £,

y=2z=0 onX, (5.35)
y(z,0) = yo(x), 2z(x,0) =2p(z) in Q,
and
yé - (k‘ly;)w + F(TR(:&))yl = hllw in (O’Tl) X Q7
2y — (kzl)e + G(Tr(2))2' = y'lo in (0,T1) x Q,
= (kzy) (/ r(2))z' =y'lo (0,71) (5.36)

y=2'=0 onX,
y'(z,0) = yo(x), 2'(z,0)=2z)(x) in Q.

Since systems ([5.35]) and ([5.36]) admit solutions at any times Ty and T3 respectively,
we can deduce that (Y, Z) is a solution of

Yi— (W), + F(Tr(@)Y = H, in Q.
Zy — (kZz)e + G(TR(2))Z =Y1o inQ,
Y=Z2=0 on?,

Y(x,0) =Yo(x), Z(z,0)= Zp(x) in Q,

(5.37)

where H = ah + (1 — a)l/, Yo(z) = yo(z) + yi(x) and Zo(z) = zo(x) + 2{(z).
Consequently, with T' = max(7Tp, T1), we have Z(x,T) = 0 in Q and the inequalities
and are satisfied. We can deduce that (Y,Z) € Ar(y,%) for any
(7,%) € X{. Then, Ag(7, %) is the convex subset. On the other hand, from (5.33)),
Ag(7, %) is bounded in X?. Hence, Ag maps the whole space X7 in a bounded
subset of X?. Now, let K C X? be a bounded set. Let us show that for any
(9,2) € K, Ag(y,2) is a compact set of XZ. Thus, let {(yn,2,)} be a sequence in
Agr(7,2). From inequality (5.33)), (yn, z,) is bounded in X? there exists a sequence
{hyn} in Ag(g,%) and from, h, is bounded in L?(Q). Thus, there exists a
subsequence denoted again {(yn, z,)} and {h,} such that

h, — h weakly in L*(Q),

(Yn, 2n) — (y,2) strongly in (C([0,T]; H))? and weakly in X7. (5.38)
Since (yn, zn) is a solution of the system
(W)t = (E(Yn)a)a + F(Tr(§))yn = (hn)le  in @,
(zn)e = (k(2n)a)e + G(TR(Z)2n = (Yn)lo  in Q, (5:39)

Yn =2, =0 on X,

yn(x,0) = yo(z), 2zn(z,0) = 2o(z) in Q,
we conclude by passing to the limit that (y,z) € Ar(g,2) and is associated to the
control h € Ar(y, 2) for any (g,%) € K, as claimed. Thus, we can conclude that

Ar(K) = U{AR(%,2) : (,%) € K} is relatively compact in X?.
Let us now prove that the mapping (¢, 2) — Ag(9, 2) is upper hemicontinuous,
i.e. that the real-valued function (g, 2) € X{ = sup(, .yenn(z,5) (K> (4, 2)) is upper
semicontinuous for each bounded linear form u € (X?)’. In other words, let us see
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that

BO&,# = {(ga’g) € ‘le2 : sup </u’7 (yaz)> Z a} (540)
(¥,2)€AR(,2)

is a closed subset of X? for every a € R and every p € (X3)'. Thus, let ((4n, Zn))n
be a sequence in By, such that (y,,2,) — (,%) in X{. Our aim is to prove that
(9,2) € Ba,u. In view of the continuity of on F', G and Tr, we have

F(Tr(Yn)) — F(Tr(y)) strongly in L>(Q),
G(Tr(Zn)) — G(Tg(2)) strongly in L*°(Q).
Since all sets Ar(Yn, Z) are compact and satisfy (5.33), we deduce that

o< sup (1, (Y, 2)) = (1, (Yn, 2n)) (5.42)
(y,2)EAR(Yn,Zn)

(5.41)

for some (yn,2n) € ArR(Gn, 2n). In fact, the mapping (gn, 2n) — (i, (y,2)) is con-
tinuous on the compact set Ag(gn, Z,), this upper boundary is achieved; i.e. there
exists (ynvzn) € AR(gnvén)v such that Sup(y,z)eAR(ngn)<Mﬂ (y72)> = </1'7 (yn7zn)>7
as claimed. From the definitions of Ag(§n, 2,) and Ag(§n, Z,), there must exist a
sequence (h,), C L?(w x (0,T)) solution of the system

(yn)t - (k(yn)x)x + F(TR(y;L))yn = (hn)lw in Q,
(2n)t — (E(2n)z)e + G(Tr(Z0))2n = (yn)lo  in Q,
Yn =2, =0 on X, ’

Yn(2,0) = yo(x), zn(z,0) = 2zo(z) in Q.

such that h, and (y,,z,) satisfy the inequalities (5.32)) and respectively.
Hence, (yn, 2, ) and h,, are uniformly bounded in X? and L?(Q) respectively. There-
fore, we must write the following at least for a subsequence that we are going to
denote (yn,z,) and h,, again respectively such that (y,,z,) — (¥,2) strongly in
X2 and h, — h weakly in L2(Q). Since the subsequence ((yn,zn))n is a so-
lution of (5.43), we check by passing to the limit that (7,2) € Ag(y,2) and
h e AR (Gn, Zn). Consequently, we can take the limit in and deduce that
@ < SUP(y Lyenp(g,2) (s (U5 2)) = (1, (U, 2)), this is to say (¥, 2) € Ba,y. This proves
that (¢, 2) — Ag(7, Z) is upper hemicontinuous on X?.

As a consequence, for any fixed R > 0, Kakutani’s fixed point theorem can
be applied ensuring the existence of a fixed point of Ag, i.e. that there exists
(y,2) € X? such that (y,2) € Ar(y, 2).

Now, let us show the existence R > 0 such that ||y|/r~ + ||z||r=~ < R.

(5.43)

I1yllx, + M2l x,

< C(1+ [laglloo + [1bs]l o)™/ 2OT NIt (g 1y + [[2001712),  (5.44)

_ _ 12 _12
< el/ZCT(lJrayHoo+|\bzHoc+||ay||oo+\|bzHoo)(”yOHHI1 + ||ZOHH,1)~

Since for any small € > 0,
laglloe = F(Tr(9)) < C: +elog(1 + R),
lagll% = F(Tr(§))* < Ce + clog(1+ R),
[bz]loc = G(Tr(Y)) < Cc + elog(1 + R),
1b2[|% = G(Tr(9))* < C: + elog(1 + R).
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Then (5.44)), becomes

lyllx, + ll2llx, < e“OHEHEEED lyo | 1y + Jl20] )

< U (1 4+ R)% (Ilyollprr + 120l r2)

with C > 0. The fact that X; — L*°(Q) (a consequence of [15, Theorem 5.4]),
with continuous embedding then, taking e = (2¢)~! like in [19], we infer that

ylloe + 12lloe < CL+R)Y2(llyoll g + 0]l ), (5.46)

(5.45)

and we have ||y]|co+]/2]|co < R, for R > 0 large enough. Thus, the proof of Theorem
[I.3]is complete. O
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