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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A
DIRICHLET PROBLEM INVOLVING PERTURBED
p(z)-LAPLACIAN OPERATOR

ABOUBACAR ABDOU, ABOUBACAR MARCOS

ABSTRACT. In this article we study the existence of solutions for the Dirichlet
problem
— div(|VuP®72Vu) + V(@) |u|?™ 2y = f(z,u) inQ,
u=0 on 909,

where Q is a smooth bounded domain in RY, V is a given function in a
generalized Lebesgue space Ls(z)(Q) and f(z,u) is a Carathéodory function
which satisfies some growth condition. Using variational arguments based
on “Fountain theorem” and “Dual Fountain theorem”, we shall prove under
appropriate conditions on the above nonhomogeneous quasilinear problem the
existence of two sequences of weak solutions for this problem.

1. INTRODUCTION

In this work we study the existence of multiple solutions for a nonlinear Dirichlet
problem involving the p(z)-Laplacian operator,

—Apyu + V(@) [u|*™ 2y = f(z,u) inQ,

1.1
u=0 on 01, (L.1)

where Q2 C RY is a smooth bounded domain, p,q,s : & — R are continuous
functions, V € L*@)(Q) and f(x,u) is a Carathéodory function. Here, the p(x)-
Laplacian operator is given by Apyu = div(|Vu|P®)=2Vu), which is a generaliza-
tion of the usual p-Laplacian operator.

Nonlinear boundary value problems with variable exponent have received con-
siderable attention in recent years. This is partly due to their frequent appearance
in applications such as the modeling of electrorheological fluids [22], 24 28], elastic
mechanics, flow in porous media and image processing [6], but these problems are
very interesting from a purely mathematical point of view as well. The main interest
in studying such problems arises from the presence of the p(z)-Laplacian operator
which is a natural extension of the classical p-Laplacian operator div(|Vu|P~2Vu)
obtained in the case where p(z) = p is a positive constant. However, such generaliza-
tions are not trivial since the p(x)-Laplacian operator possesses a more complicated
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structure than the p-Laplacian operator, for example, it is inhomogeneous. Many
authors have studied problems with variable exponent, we refer for example to the
works in [4, 12, 13| 15, 17, 18] 19} 21] and references therein.

When p(z) = p is a constant and V' = 0, Dinca et al. [7], using variational and
topological methods, proved the existence and multiplicity of weak solutions for the
following Dirichlet problem with p-Laplacian

—Apu = f(z,u) in Q, wu=0on 9,

where f(z,u) is a Carathéodory function which satisfies some growth condition.
The main tool in their work was the well known “Mountain Pass theorem” of
Ambrosetti and Rabinowitz.

Fan and Zhang [13] studied the variable exponent case with V' =0

—Ap@yu = f(z,u) in Q,  u=0on

where f(z,u) is a Carathéodory function which satisfies some subcritical growth
condition. By the “Mountain Pass lemma”, the authors showed that the consid-
ered problem admits at least one nontrivial weak solution and, by the “Fountain
theorem”, the infinite many pairs of weak solutions.

In [I7], Tliag considered the Dirichlet problem as in [I3] under some more general
conditions on the Carathéodory function. Using “Fountain theorem” and “Dual
Fountain theorem”, the existence of two different sequences of weak solutions was
proved.

Chabrowski and Fu [4] established in the superlinear and sublinear cases the
existence of nontrivial nonnegative weak solutions for the Dirichlet problem

— div(a(z)|VulP®2Vu) + b(z)|ulP® 20 = f(z,u) in Q, u=0ondQ,

where € is a bounded domain in RY a(x) and b(x) are positive functions in L>(2),
the continuous function p(z) satisfies 1 < p(z) < N and the Carathéodory function
f(z,u) satisfies two different subcritical growth conditions. Their argument was
based on the “Mountain Pass theorem”.

Recently, Liang et al. [2I] studied the p(x)-Laplacian equation

— div(|VulP®=2Vu) 4 [u[P ™2y = f(z,u) in Q, u =0 on IN.

In this problem, contrarily to all previous, the Carathéodory function f(x,u) sat-
isfies some critical growth condition, which is rare in the literature. The existence
of infinitely many pairs of weak solutions was proved by applying the “Fountain
theorem” and the “Dual Fountain theorem”.

Inspired by the works as in [4, [7, 12, 17, 21], we want to study the nonlinear
Dirichlet problem with a perturbation term V(x)|u|?®)=2y in the left-hand
side of the first equation of , where the function V(z) has an indefinite sign
and belongs to the generalized Lebesgue space L**) (), the nonlinearity f(z,u)
is superlinear and satisfies some subcritical growth condition. The discussions on
the existence of multiple weak solutions will be based on the theory of generalized
Lebesgue and Sobolev spaces with variable exponents by using the critical points
theory, the “Fountain Theorem” and the “Dual Fountain Theorem”. The results
obtained here generalize some well known other results established in [7], [I3], [17].

The remainder of this paper is organized as follows, in section 2 we introduce
some technical results and formulate the required hypotheses in order to solve our
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problem, finally, in section 3 we state some auxiliary results and prove the main
results of this work.

2. PRELIMINARIES AND HYPOTHESES

To study the Dirichlet problem , we need to recall some properties of variable
exponent Lebesgue and Sobolev spaces LP(®) () and W1P(#) (Q), respectively, which
will be used later. We refer to [9] [14] 20] for the basic properties of these spaces.

Suppose that € is a bounded domain of RV with a smooth boundary 9. Let
us denote by

C(Q) ={pe Q) :p(x) >1 for every z € Q},
p~ =minp(z), p" =maxp(x), forpe C(Q),
€N e

M = {u:Q — R:u is a measurable real-valued function}.

Definition 2.1. The variable exponent Lebesgue space Lp(z)(Q) is defined by
LPFO(Q) = {ue M: /Q lu|P®dz < 400},
endowed with the so-called Luxemburg norm
ful ey = inf {A > 0 /Q S <1},

Remark 2.2. Variable exponent Lebesgue spaces resemble to classical Lebesgue
spaces in many respects, they are separable Banach spaces and the Holder inequality
holds. The inclusions between Lebesgue spaces are also naturally generalized, that
is, if 0 < mes(2) < oo and p, g are variable exponents such that p(z) < ¢(z) a.e.
in ©, then there exists a continuous embedding L) (Q) — LP(®)(Q).

Definition 2.3. The variable exponent Sobolev space is defined by
Whr/(Q) = {u € LP@(Q) : |Vu| € L@ (Q)},
with the norm
lull1 ey = inf {A>0: /Q (|¥|ﬂ<w> 151 da < 13,

I

l1.p2) = VUl p(2) + [Ulpa)s

where |[Vu| = /3N (‘9“)2.

=1 \Ox;

Proposition 2.4 (Fan and Zhao [14]). Both LP(*)(Q) and W'P(*)(Q) are separable,
reflexive and uniformly convex Banach spaces.

We denote by LP'(®)(2) the conjugate space of LP(®)(Q), with flx) + ﬁ =1.

Proposition 2.5 (Fan and Zhao [14]). The Hélder inequality holds, namely
1 1
[ uvldz < (= + )l o) < 2ladpiololy o
Q p p

for all u € LP@)(Q) and v € LP ®)(Q).
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Moreover, if hy, ha, hz :  — (1,00) are Lipschitz continuous functions such that
4 &+ 5 =1, then for any u € LM((Q), v € L")(Q), w € L"®)(Q), the
following inequality holds (see [15 Proposition 2.5])

/ |uwvw|dax < < — + — + )\U|h1(x)|v|h2 z)|w|h3 (2.1)

hg

The modular is an 1mportant tool in studying generalized Lebesgue-Sobolev
spaces, which is a mapping ¢, : LP®)(Q) — R defined by

oolu) = [ Jul .
Q
The statements below establish the connection between ¢, and | - |-

Proposition 2.6 (Fan and Zaho [14]). We have the relations:

(1) The following assertions are equivalent
(i) Julp@) < (>, =)1 <= @p(u) < (>,=)1,
(i) |ulp@) = a <= @p(u) = o when a # 0,
(111) ‘u|p(w) — 0= C)OP(U) — 0,
(iv) |ulp(z)y — 00 <= @p(u) — oc.

. - + - +
(2) min([ulp . [ulp ) < ep(u) < max(ful? . [ul? ).
Let uy,, u C LP®)(Q), withn =1,2---.

3) The following assertions are equivalent
( g

(i) limn_,+oo \un — u|p(z) = 0,

(if) limy,— 400 @p(un —u) =0,

(iil) un — u in measure in Q and lim,,_ 4 @, (un) = @p(u).
(4) limy, 4 o0 [Un|p@) = +00 if and only if lim, 4 o ©p(un) = +00.

Proposition 2.7 (Edmunds and Rékosnik [10]). Let p(x) and q(x) be measurable
functions such that p(x) € L>®(Q) and 1 < p(z)g(x) < oo, for a.e. x € Q. Let

u € LI®)(Q), u#0. Then
|ulp@)ga) <1 = |U|p(z Ya(z) = ||u|p("L)|q( ) < |U|p( a(z)’
Z +
[ulp(@yate) = 1= (Ul ey < NP lg@) < ull o)

In particular if p(z) = p is a constant, then
[l gy = [l 0

Definition 2.8. For p € C(Q), let us define the so-called critical Sobolev exponent

of p by
. Iévf(zz) if p(x) < N,
p*(z) = P

400 if p(z) > N,
for every = € Q.

We also define the space W& -p(@) (€2) as the closure of the space of C*°-functions
with compact support in Q C§°(Q) in the space W1P(#)(Q) endowed with the norm

Jull = [[Vellpea)-
The dual space of Wol’p(m)(Q) is denoted by W12 (#)(Q), where ﬁ +

for every = € Q.

:1’

_1
p'(z)
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Next, we recall some embedding results regarding variable exponent Lebesgue-
Sobolev spaces.

Proposition 2.9 (Fan and Zhao [14]). The following statements hold:

(i) The space (Wol’p(x)(Q), II-1) s a separable and reflexive Banach space.
(ii) If p,q € C+(Q) and q(z) < p*(z) for every x € Q, then there is a compact
and continuous embedding

WhP@(Q) — LI@)(Q).
(iii) There is a constant C > 0 such that
Ul p(z) < Cl|Vul|p@), for allu e Wol’p(z)(Q).

Remark 2.10. Using the result of Fan and Zhao in Proposition (iii), the
norm ||ully p(zy = ||Vul|p) + [tlp) s equivalent to the norm ||ul| = [[Vul|,() in
Wol’p(x)(Q). Hence from now, we will consider the space Wol’p(x)(ﬁ) equipped with
the norm |[|ul| = |[Vul|y).
Remark 2.11. If p,qg € C(Q) and ¢(z) < p*(z) for every x € Q, then the
embedding from Wol’p(r)(Q) into L9(*)(Q) is compact.

As in the case p(z) = p (constant), we consider the p(z)-Laplacian operator

Ay WP (@) — W @ (),

defined by

(=Apzyu,v) = / Va2V uVude, for all u,v € W™ (Q).
Q

Proposition 2.12 (Fan and Zhang [13]). We have the following properties:
(i) —Ap@ : Wol’p(x)(Q) — W12 @)(Q) is a homeomorphism.
(i) —Ap) : Wol’p(m)(Q) — W=L2'@)(Q) is a stictly monotone operator, that
18,

—(Apz)u — Dpyv,u —v) >0,  forallu#ve Wol’p(x)(Q).
(iil) —Ap() : W(}’p(m)(Q) — WL @)(Q) is a mapping of type (S), that is,
0

Y

if up — u in Wol’p(m)(ﬂ) and limsup(—Ap ) tn, Uy —u) <

n—oo

then u, — u in Wol’p(x)(Q),

Proposition 2.13 (Chang [0]). The functional ¥ : Wol’p(z)(Q) — R defined by

W= [ vur® g
) /Qp(x)v ¢

is continuously Fréchet differentiable and W' (u) = —Apzyu, for allu € Wol’p(m)(Q),

We recall now some basic results concerning the Nemytskii operator. Note that,
if f: QxR — Risa Carathéodory function and v € M, then the function
Nyu : Q — R defined by (Nyu)(z) = f(z,u(x)) for z €  is measurable in Q. Thus,
the Carathéodory function f : 2 x R — R generates an operator Ny : M — M,
which is called the Nemytskii operator. The propositions below give the properties
of Nf.
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Proposition 2.14 (Zhao and Fan [20]). Suppose that f : QxR — R is a Carathéo-
dory function and satisfies the growth condition

a@)
|f(z,t)] < c|t|P@ + h(z), for everyxz e Q, t eR,

where o, B € C(Q), ¢ > 0 is constant and h € L@ (Q). Then N;(L**)(Q)) C
LA@)(Q).  Moreover, Ny is continuous from L@ (Q) into LA™ (Q) and maps
bounded set into bounded set.

Proposition 2.15 (Zhao and Fan [20]). Suppose that f : QxR — R is a Carathéo-
dory function and satisfies the growth condition

If(z, )] < ct|*@® = 4 h(x), for everyx €, t € R,

where ¢ > 0 is constant a,B€CL(Q), h € LP®)(Q) with B the conjugate exponent
of a, i.e. ﬁ():a( 2 Let F: Q xR — R defined by

z)—1°
F(x,t):/ f(z,s)ds
0
Then

(i) F is a Carathéodory function and there exist a constant ¢; > 0 and o €

LY(Q) such that
|F(z,t)| < a1|t|*® +o(z), forallzeQ, teR.
(i) The functional ® : L*®)(Q) — R defined by ®(u) = [, F( ))dx is con-
tinuously Fréchet differentiable and ®'(u) = Nf( ), for all u 6 LO‘(”)(Q).

Remark 2.16. In Proposition if we take o € C(Q) with a(z) < p*(z) for
every z € Q, the embedding Wol’p(x) (Q) — L*®)(Q) is compact. Hence the diagram

Wwer@ ) L pe@ () X ppe ) & wir'@)(q)

shows that Ny : Wol’p(x)(ﬂ) — WL (@) (Q) is strongly continuous on Wol’p(z)(Q).
Moreover using the same argument, the functional ® : Wl’p @ (Q) — R defined by
= [, F( ))dz is strongly continuous on W, ” p(@ )(Q)

Throughout this work, we make the following assumptions on the Dirichlet prob-
lem :
(A1) p,q,s € C;(Q) such that 1 < g(z) < p(z) < N < s(z) for every z € Q and
Ve L*@(Q).
(A2) f: Q@ xR — R satisfies the Carathéodory condition and the following
subcritical growth condition

|f(x, )] < ct|P®=1 4 h(z), forallzeQ, teR,

where ¢ > 0 is constant, 3 € C(Q) with 3(x) < p*(x), for every z € €,
h e Lﬁl(w)(Q) where (' is the conjugate exponent of 3.
(A3) There exist 8 € (p™, (p*)~) and M > 0 such that
0<6F(x,s) <sf(x s) for x € Q, s € R with |s| > M,
where F(z,s) = [; f(
(Ad) f(z,—t) = —f(z,1) for x 6 Q seR.
(A5) B~ >p".
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3. PROOFS OF MAIN RESULTS AND AUXILIARY RESULTS

In this section, we investigate some auxiliary results which allow us to prove our
main results. Here and henceforth, we denote by X the generalized Sobolev space
W(}’p(aj)(Q) equipped with the norm |||, X* its dual space, s'(z) the conjugate
exponent of the function s(z) and we define a continuous function

 s@l)
)= Ty (o)

By assumptions (A1), (A2) on the functions p,q, s and §, a straightforward com-
putation gives

q(z) < p*(x), a(z) <p*(z), s§'(z)q(x)<p*(x)and B(z) < p*(z),
for every = € Q. Then, we have the following remark.

Remark 3.1. From Proposition (i), the embeddings X < LI®)(Q), X —
Lo@)(Q), X «— L¥@a@)(Q) and X — LP@(Q) are compact and continuous.
Therefore, there exists a positive constant C' such that

lulga) < Cllull,  |ula@) < Cllull,  |uly@)q@) < Cllull,  |ulpe) < Cllull, (3.1)
for all uw € X. Without any loss of generality, we can suppose that C > 1.

By a solution of problem (1.1)), we mean a weak solution which satisfies the
following condition.

Definition 3.2. We say that u € X is a weak solution of (1.1)) if
/ |VulP® =2V uVudz +/ V(@) |u)?®2uvde = / flz,u)vde, Vv e X. (3.2)
Q Q Q

Let us consider the Euler-Lagrange functional or the energy functional H : X —
R associated with problem (|1.1)) defined by

1 V(z)

H(u) = / —— | Vul[P® dy +/ — |1 ® dg — / F(z,u)dz.
o p(x) o q(@) Q

Let us introduce the functionals ¥, J,® : X — R defined by

u) = L ulP@ dg u) = Mqu)x u) = z,u)dx
V) = [ S vupde, T = [ S o) = [ P

Then, the energy functional H can be written as
H(u) :=U(u) + J(u) — ®(u).
The functional J is well defined. Indeed, using Holder inequality and Proposition
for all u € X, we have
T < V]l € 1V om0y 0l 1 -
We have the following result concerning the regularity of the functional H.

Proposition 3.3. The functional H € C1(X,R), i.e., H is continuously Fréchet
differentiable. Moreover, u € X is a critical point of H if and only if u is a weak

solution of (1.1)).
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Proof. By Proposition [2.13] and Proposition 2.15] we know that ¥ respectively ®
are of class C''(X,R) and their derivative functions are given by

(d¥(u),v) = /|Vu|p(w) *VuVoudr and (d®(u /f x,u)vdx,

for all u,v € X. It is also well known (see [2, [19]) that the functional J is of class
C'(X,R) and its derivative is given by

(dJ(u),v) = / V() |u|"®~2yude,  for all u,v € X.
Q
Therefore, the functional H € C*(X,R) and its derivative function is given by

<dH(u),v>:/ |Vu|p("”)*2Vqud:c+/V(x)\u|q<m)*2uvdx7/f(x,u)vdm,
Q Q Q

for all u,v € X. Now, let u be a critical point of H, then we have dH (u) = Ox+,
which implies that
(dH (u),v) =0, for all v € X.

Consequently,
/ \Vu|p(x)*2Vqudx+/ V() |u| "™ 2uvde = / flz,w)vde, Vv e X.
Q Q Q

It follows that u is a weak solution of (|1.1). On the other hand, if u is a weak
solution of (1.1)), by definition, we have

/ \Vu|p(7‘)_2Vqudx—|—/ V() |u "D 2uvde = / flz,w)vdz, Vv e X,
Q Q )

which implies that
(dH(u),v) =0, for all v € X.
So, dH(u) = 0x~ and hence w is a critical point of H. The proof is complete. I

Remark 3.4 (see [27]). As the Sobolev space X = Wol’p(ac)(Q) is a reflexive and
separable Banach space, there exist (ep)nen+ € X and (f)nen+ € X* such that
frn(€m) = 6pm for any n,m € N* and

*

X =span{e, :n € N}, X* =span{f, :nc N}
For k € N* denote by
X =span{ey}, Yy = @?ZlXj, Z = & X

Definition 3.5. We say that

(1) The C'-functional H satisfies the Palais-Smale condition (in short (PS)
condition) if any sequence (up)nen € X for which, (H(un))neny C R is
bounded and dH (u,) — 0 as n — oo, has a convergent subsequence.

(2) The C!-functional H satisfies the Palais-Smale condition at the level ¢ (in
short (PS). condition) for ¢ € R if any sequence (up)nen € X for which,
H(u,) — ¢ and dH (u,) — 0 as n — 00, has a convergent subsequence.

(3) The C'-functional H satisfies the (PS)* condition for ¢ € R if any se-
quence (uy)neny € X for which, u, € Y, for each n € N, H(u,) — ¢ and
d(Hy, )(un) — 0 as n — oo with Y;,, n € N as defined in Remark has
a subsequence convergent to a critical point of H.
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Remark 3.6. It is easy to see that if H satisfies the (PS) condition, then H
satisfies the (PS), condition for every ¢ € R.

Now, we state our main results of this work.

Theorem 3.7. Under assumptions (A1)—(A5), problem (1.1) has a sequence of
weak solutions (£un,)neny € X such that H(tu,) — +00 as n — co.

Theorem 3.8. Under assumptions (A1)—(A5), problem (L.1) has a sequence of
weak solutions (£up)nen € X such that H(xu,) < 0 for eachn € N and H(tu,) —
0 asn — oo.

The proofs of these above results will be based on a variational approach, using
the critical points theory, we shall prove that the C''-functional H has two different
sequences of critical values. The main tools for this end are “Fountain theorem”
and “Dual Fountain theorem” (see Willem [25, Theorem 6.5]) which we give below.

Theorem 3.9 (“Fountain theorem”, [25]). Let X be a reflexive and separable Ba-
nach space, I € C(X,R) be an even functional and the subspaces Xy, Yy, Z) as
defined in remark[34} If for each k € N* there exist py, > r, > 0 such that

(1) infoez, Ja)=re I(x) — o0 as k — oo,

(2) maXycyy, |lz||=p I(:Z?) <0,

(3) I satisfies the (PS). condition for every ¢ > 0.

Then I has a sequence of critical values tending to +oco.

Theorem 3.10 (Dual Fountain theorem [25]). Let X be a reflexive and separable
Banach space, I € C1(X,R) be an even functional and the subspaces Xy, Yy, Zi, as
defined in remark[3]} Assume that there is a ko € N* such that for each k € N*,
k > ko, there exist px, > 1, > 0 such that

(1) infrez,, |jaf=pp L(x) 20,

(2) b, = max ey, |o|=r, {(7) <O,

(3) dp = inferk, Izl <pe I(l‘) — 0 as k — oo,

(4) T satisfies the (PS)% condition for every c € [d,,0).

Then H has a sequence of negative critical values converging to 0.
We first prove that the functional H satisfies (P.S) and (PS)} conditions.

Lemma 3.11. Under assumptions (A1)—(A3), the functional H satisfies the (PS)
condition.

Proof. Let (un)nen € X be a (PS) sequence for H, i.e., (H(uy))nen € Ris bounded
and dH (u,) — 0 as n — co. Then, there exists a positive constant k € R such that

|H (u,)| < k, for every n € N. (3.3)
For n € N, we denote by Q,, = {x € Q: |u,(z)] > M} and Q, = Q\Q,,, with M as

in assumption (A3). Without any loss of generality, we can suppose that M > 1.
By Proposition m (i), there exist ¢; > 0 and o € L'(£2) such that

F(z,un(2)) < 1]un(@)]?® +o(z) < s MP" + o(2),
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for every x € Q. Hence,
/ F(z,uy(z))dz < / (clM’BJr +o(z))dx
n 2
g/kqwﬂ++0@»m: (3.4)
Q

= MP" meas(Q2) + / o(x)dx = k.
Q

Using hypothesis (A3),

F(z,up(x)) < = f(x,un(z))un(z), forall z € Qy,

| =

which gives

/Q F(z,u,(z))dx
1
<5 | 1)@ (35)

1
=7 n n dx — y Un n dx ).
([ S @@ = [ ) @)
Using the growth condition in (A2),

[ f@un@n@e] < [ (@@ + @) @))ds

n

< eMP meas(Q)+ M [ h(z)dw
Q;L

<cMP” meas(Q) + M/ |h(z)|dz = ko,
Q

which yields

1 ko
- o fz un (2)uy(z)de < 7 (3.6)

For n € N, using Holder inequality, Proposition and inequality we can
deduce that

- - +
/2'VT$)HU”P()dI < 2|V sy max{|unl g0y 10013 g0 }

< 2|V gy max{C? uy |7, CT [Jun]|4" Y,

where C' > 1 is a constant which appears in (3.1)).
Let us show that the sequence (up)nen is bounded in X. By contradiction,
assume that |u,| — 4+ooasn — oo. For each n € N with ||u,| > 1, using

inequalities (3.3)), (3.4)), (3.5)), (3.6) and (3.7)), the following holds

1 1
_ §<dH(un), Up) + §<dH(Un)a Up)

1
:/ 7|Vun|p(x)dx+/ M\un\’I(m)dx—/F(x,un)dx
o p(x) o (@) Q

- [ [ VPt [ Vi s - f(Lun)undm]
0 Q Q Q

(3.7)

k+1> H(uy)
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+ é(dH(un),un>

:/ L|Vun|p(””)dac+/ V(:C)\un\qu)dx— F(z,uy)dx
o p(z) o q() Q)

- [ P e =G [ [Vup@de = G [ Vs
Qn 0 Jq 0 Jo

1 1
43 [ Fu)unds + G (). )

1 1
Z—+/|Vun|p(z)d:1:f—_/\V(x)\|un|‘I(m)dxf/ F(x,uy,)da
pPT Ja qa Ja Q

/
n

1 1 1
_7/ |Vun\p(f”)dx—f/ \V(x)\|un|q(“7)dx+f/ () undz
0 Ja 0 Ja 0 Jar

+ g lH (), ua)

1 1

+,1 1 +
> (o5 = g)en(Vum) =207 (= + ) V]ago funll

1 k
- §||dH(Un)||X* Upl| — k1 — ?2
1 1 - +,1 1 +
>(—==-3 n po—201 —_ N s(x n 1
> (o5 = g lualP” =207 (= + 5)IVIsco
1
= S (wn) | x- n| = s,

where k3 = ki + %2, Since 6 > pt > g%, letting n — oo in the last inequality we
obtain a contradiction. Therefore, the sequence (uy)nen is bounded in X. Con-
sequently, we can extract a subsequence still denoted (un)ncy weakly convergent
to some u in X. Using the compact embedding X — LO‘(“’)(Q), we deduce that
the subsequence (u,)nen converges strongly to u in L**) (). To prove the strong
convergence of (u,)nen in X, we need the following proposition.

Proposition 3.12. If (u,)nen converges weakly to u in X, then

lim [ V(z)|un|?®2u, (u, — u)dz = 0.
n—oo Q

Proof.

‘ / V(m)|un|q(aj)72un(un - u)dx| < CO|V|S(x)||un|q(I)7l|%|un - u|oz(x)
Q a(m)=

k
< CO|V|s(a:) |un|q?x) [t — u|o¢(a:)a

where ¢g and kg € {¢~ — 1,¢" — 1} are positive constants. Using the compact

embeddings X — L@ (Q), X — L*®)(Q) and the inequality ||u,|q@) — [ulg@)] <

[ty — u|q($), we obtain |u, — ulyg) — 0 in Lq(m)(ﬂ), |ty — u|a(m) — 0 in LO‘(I)(Q)

and [un|q(z) — |t|q(z). The proof is complete. O
Since dH (u,) — 0 as n — 00, (Un)nen is bounded in X and
[(dH (un), un — u)| < (dH (un), un)| + [(dH (un), u)]

< [ dH (un) ||+ [[un || + |dH (un) || x-

ull,



12 A. ABDOU, A. MARCOS EJDE-2016/197

we infer that
lim (dH (up), un, — u) = 0. (3.8)

n—oo
The Nemytskii operator N being strongly continuous, so lim,,—,oc N¢(u,) = Ny(u)
in X*, combine this fact and the weak convergence u,, — u in X, it follows that

lim (Ny(uy), tn —u) = 0. (3.9

n—oo

By Proposition expressions (3.8]) and (3.9)), we can conclude that

lim (—=Ap ) Un, un —u) = 0.

Now, by Propositionm (iii), it is clear that the subsequence u,, — u in X strongly,
since —A,(,) is a mapping of type (Sy). The proof of Lemma is complete. [

Lemma 3.13. Under assumptions (A1)—(A3), the functional H satisfies the (PS)%
condition for every c € R.

Proof. Let (un)nen+ C X be a (PS)¥ sequence for H with ¢ € R, i.e., u, €Y, for
each n € N*, H(u,) — c and d(H,y,)(u,) — 0 as n — oo. In a similar way to
the proof of Lemma we obtain the boundedness of the sequence (uy,)nen+ C
X. Consequently, we can extract a subsequence (un, )ken< Of (Un)nen weakly
convergent to some v in X. The space X can be written as X = U, en+ Yo, then we
can choose a sequence (v, )pen+ such that v, € Y, for each n € N* and lim,,_, o0 v, =
u in X. We have the following expression

(dH (uny, ), tny —u) = (dH (uny ), thny, = V) + (dH (Uny ), v — ). (3.10)

As d(Hyy, )(un,) — 0ask — 00, Un, —Vp, = 0inY,, and v,, — u € X, we
deduce that

(dH (un, ), Un,, — Vn,,) — 0 and (dH (un, ), vn, —u) — 0 as k — oo. (3.11)

Hence, (3.10) and (3.11)) give us
(dH (un, ), tn, —u) — 0 as k — oo. (3.12)

We have seen that the Nemytskii operator Ny : X — X™ is strongly continuous
while the p(z)-Laplacian operator is a mapping of type (S ). These facts combine
with Proposition yield that dH : X — X* is a mapping of type (S1). Since
the subsequence (uy, )ren« converges weakly to w in X, from it is clear that
limy o0 Un, = v in X. Next, we show that u is a critical point of H. Choosing an
arbitrary w, € Y,, for any ny > n, we can write

(dH (u), wy) = (dH (u) — dH (un, ), wn) + (dH (un, ), wn)
= (dH (u) — dH (un, ), wn) + (d(H}y, )(tn,); wn)-
Since H € CY(X,R) and limy_, o tupn, = u in X, it follows that limy_,oo dH (up, ) =
dH (u). Therefore, (3.13) letting k& — oo we deduce that (dH (u),w,) = 0 for all

wy, € Yy, hence dH (u) = 0. In conclusion, H satisfies the (PS)} condition for every
c € R. The proof is complete. (Il

Now, we state several Lemmas that will be useful in the sequel.
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Lemma 3.14 (see [13]). If a € C(Q) with a(z) < p*(x), for every x € Q, for
each k € N* denote

Br = sup{|u|a(z) : u € Zy, [Jul| =1}
Then, B < 0o and limy_, o B = 0.

Lemma 3.15 (see [I6]). Assume that © : X — R is a strongly continuous func-
tional and ©(0) =0, for each v > 0 and k € N* denote

ar = sup{|O(w)] : u € Zy, [Jull <~}
Then, a < 0o and limg_, o ap = 0.

Lemma 3.16. Assume that the Carathéodory function f satisfies (A2), (A3). Then
there exist k1,ka > 0, oo € L'(Q) and x € L*>(Q) with x(x) > 0 for every x €
such that

F(x,t) > x(x)[t|® — ky — kaoo(x), forz e Q, t € R.
Now, we are in a position to give the proofs of main theorems state above.

Proof of Theorem[3.7. Let us verify the conditions of the Fountain theorem. It is
clear that the C'-functional H : X — R defined by

o= [ L our@ gy V(@) 1a@) gy — o0 de
) = [ oy Vs [ S = [ Fed

is even and, by Lemma it satisfies the (P.S) condition. So, the functional H
satisfies also the (PS). condition for every ¢ > 0, which gives the condition (3) of
Fountain theorem.

Let us prove that for each k£ € N* there exists r, > 0 such that

inf H(u) — o0 as k — oo.
u€Zy; llull=re

By Proposition we deduce that
|/ F(z,u(z))dz| < / (cl|u|5($) +o(z))dz < crpp(u) + co,
Q

where ¢; = [, o(z)dz. By Proposition (1) and (2), pg(u) < 1if |u|ge) <1
and pg(u) < |“|,3(:5) if |u|g(z) > 1, respectively. Using Lemma |3.14) we also have
[ulg(zy < Brllull, for all u € Z. Then, for u € Zy with [[ul| > 1, it follows that

1
) > (Wm—~f/uf|w )9 i — 105 (1) — e
R = O Y i Julge) < 1
= - at + + + .
ﬁmw-ﬂ9|wmqu—q£HWB—@ if Julge) > 1
1 20 4
> —llP” = 2Vl Il = el ~ ca,

where c3 = ¢1 + ¢o. For each k € N*| define the real numbers r; by

= (aft o).
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From hypothesis (A5), we know that 8% > p~, hence limg_, o 7, = +00. Without
any loss of generality, we can suppose that r;, > 1 for each k € N*. Using the above
inequality, for all u € Zy, with |lu|| = 7%, we infer that

1 - 204" ot
H(u) = F(Clﬁ+ﬁﬁ ERR —7|V|s(m (crftBy )
+ R A
— e F B o
Bt —p* - 207" + e
ﬁwf@ﬁWf) = = WVl @) T e
N ﬁ+—p+ 2C * + . p-=qT
= (a8 ) ‘”{ Fipt o Vs (18787 ) 7=
_ €3 }
(c15+ﬁ5+)f st
Consequently,
- + _ ot
wf H(w) > (g0 [P
wezhon, ) 2 (@570 ) { prpt

—_— (3.13)

g\ =L c3
—T\V\s(w (1878, )"+ PT -

(c1f+pe Yo7
Using inequality (3.13) and hypothesis (A5), it is obvious that

inf H(u) — 400 as k — o0,
u€Zy, |lull=rk

so condition (1) of Fountain theorem is satisfied.
It remain to prove that for each k € N* there exists py > 7 > 0 such that

max  H(u) <0.
u€Yy, |lull=px

The functional || ||g : X — R defined by

fulo = ( [ x@lutoar) "

being a norm on the Banach space X, with x as defined in Lemma[3.16] Then, on
the finite dimensional subspace Y}, the norms ||- || and ||- || are equivalent, so there
exists a constant § > 0 such that |lullg > d]|ul|, for all u € Y. Using Lemma [3.16]
we also obtain [, F(z,u)dz > |lul|§ — ks, where ks = [, (k1 + k200(z))dz. Then,
for all u € Y}, with ||ul| > 1, we have

st%%ww+%/wmwmmwfwmm

(3.14)

207"
<;T” ull” +T\V\s(x)IIUHq = 8%[ull® + ks.

Hypothesis § > pt > ¢+ implies that

1 2
(p—_tp + C—|V|5($)tq — 0% + kg) = —o0.

lim

t—o0
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Then, there exists ¢ty > 0 such that for all ¢ € [1, +00) N [tg, +00)
1 + 204"

7t17

|V|é(x)tq — 690 4 kg < (3.15)

By Choosing pr, = max{r,to} + 1, inequality (3.15)) is fulfilled for ¢ = pj. Then,
for all u € Y}, with ||ul| = p, it follows that

207"
*H P+ TIVIS(I)IIUII‘I =8 |ul)” + ks < —1 <0, (3.16)

Combine (3.14)) and ( -, it is obvious that
H(u) <0,

max
u€EYk, [lull=ps
which shows that the condition (2) of Fountain theorem is satisfied.

By applying Theorem (“Fountain theorem”), the C*-functional H has a se-
quence of critical values tending to +oo. Therefore, there is a sequence (£, )pen C
X of critical points for the functional H such that H(+u,) — +oo as n — co. So,
the proof is complete. O

Proof of Theorem[3.8 Let us verify the conditions of the Dual Fountain theorem.
The C'-functional H is even, because the function f is odd in its second argument
(see hypothesis (A4)). By Lemma [3.13] the functional H satisfies the (PS)} con-
dition for every ¢ € R, in particular for every ¢ € [dy,,0), so condition (4) of Dual
Fountain theorem is satisfied.

We first prove that for each k£ € N* there exists r; > 0 such that

max  H(u) <0.
u€Yy, |lull=rk
The norm || - || defined previously being equivalent with the norm || - || on the finite
dimensional subspace Y}, there exists a constant 6 > 0 such that |ullg > dull,
for all u € Y;. As in the proof of Theorem for all u € Yj, with ||ul| > 1, the
following inequality holds

207"
H(u) < *H P +T|V|s(m llull”” = 6 flul® + ks. (3.17)

Hypothesis # > p*t > ¢+ implies that

lim
t—o0

1 20"
(—tP Vgt — 0% k3> = —o0.
p q

So, there exists a constant t; € (1, 4+00) such that for all ¢ € [¢1, +00)

1 204"
?tp+ =+ T|V|s(x)tq - 59t9 + k3 S _]— (318)

Inequalities ([3.17)) and (3.18)) show that, for any u € Y}, with ||u|| = ¢, H(u) < —1.
Choosing r, = t1 for each k € N*, we deduce that
max  H(u) <—-1<0,

u€Yy, [lull=rk

so condition (2) of Dual Fountain theorem is satisfied.
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Second, we prove that there is kg € N* such that for each k € N*, k > kg, there
exists py > rr > 0 for which

inf H(u) > 0.

u€Zx, ||ull=pr

In a similar way to the proof of Theorem for all w € Zj with |lu|| > 1, the
following inequality holds

ZC +
H(u )>*H i *7IV|5<1)IIUII’1 — 1By ull®T — e (3.19)
We also have
lim (800 )57
k—oo
. +_—pt 204" + o _at
= tim [E 2 (o gt ) _7|V|S(m)(clﬁ+ﬁk )7~ P — 3] = +oo.

k—o0 ﬂ+p+
Then, there is kg € N* such that for all k& > ko, (015+5£ )P**ﬁ+ > t; and
Bt - 2C1" bt
3+p ; T|V|S(w>(clﬂ+5f )r= -7 —e3 2 0.
By Choosing py, = (01,6’+ﬂ,fo+)ﬁ*iﬁ+ for k > ko, it follows that py > rp, =t1 > 0 for
each k € N*. Using (3.19), it is obvious that

+ 204" +o_at
H(“’) > ﬁﬂ+ + (Clﬁ-‘rﬁ ) - ?‘V‘S(I)(Clﬁ—’_ﬁ]ﬁ] >P7*ﬂ+ — C3 > 0,

(Clﬂ+/6k )

for all u € Zy, |lu|]| = pr. Finally, this last inequality gives
inf H(u) >0,

u€Z, |lull=px

which shows that the condition (1) of Dual Fountain theorem is satisfied. Next, we
prove that

inf H(u) — 0 as k — oo.
w€Zy, |lull<pr

Let us denote
b= max H(u), dy= inf H(u

ueYi, lull=r P uezi Tull<on
It is easy to remark that Y, N Zy # 0 for each k € N*. For k > kg, let ug € YN Zy,
with ug # 0, and ug = muo, then |lug|| = . Since 0 < 1y < pi for each k > ko,
it follows that

di < H(ug) <bg <0, for each k > k.

From hypothesis (A2), a straightforward computation gives
\F(z,t)] < %mﬁ(r) +hz)t], forzeQ, teR (3.20)

Let us consider the functionals ¥y, ¥y, W3 : X — R defined by

= L/ |uxQ(x)x u) =

/h )|u(x)|d.

x)|ﬂ(x)dx,

Obviously, ¥1(0) = ¥(0) = ¥3(0) =
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Proposition 3.17. The functionals W1, Yo and V3 are strongly continuous.

Proof. Let (un)nen € X be a sequence and u € X such that w,, — u weakly in X.
We have to show that ¥q(u,) — ¥1(u) in R. Using the inequality

1
(W1 (un) — W1 (u)] < = /Q |V (@)[un| 1) = Ju]1®)|dz,
and the well known inequality

[la|? — |b|P| < v]a—b](Ja] + |b|)p71 , foralla,beR, (3.21)

where v is a positive constant, we obtain

1 (0) = 01()] = [ V) =] ] + )

YCo z)—1
< 2Vl lun = ulago| (fun] + 1u) ™™ |
q a(@)—1
YCo r
< FHVHS(I)‘UH - ulq(f) (‘un|4(fﬂ) + |u|f1(m)) )
where cq is a positive constant of Holder inequality and r € {¢~ — 1,¢" — 1}.

Since the embedding X — L% (Q) is compact and continuous, then lim,, _, o |ty —
Ulg(ay = 0 and limy, oo ([ung@) + |u‘q(:c))r = 2"|u|". Hence,

lim Uq(uy,) = ¥y (u).
The embedding X — Lﬁ(’”)(Q) being compact and continuous, similar computa-
tions show that
lim Wo(u,) = Py(u) and  lim PU3(u,) = Us(u).

n—oo n—oo

Now, denote
Ak = sup{|W1(u)| s u € Z, [ul] <1},
Ve = sup{|Wa2(u)| : u € Zy, [ull <1},
er = sup{|Ps(u)| : u € Zg, |ul| <1}
By Lemma [3.15] and Proposition [3.17} we obtain
kli_)rgQ AL = kh—>rgo Ve = kh—{go e =0. (3.22)

Choose v € Z;, with ||v]] <1 and 1 < t < pg, using inequality (3.20), we get

v) = 1 () PE) vaq(fﬂ)x_ . to(x))dx
1) = [ —sve@P® + [ S8 @ e = [ Fa@)a

|V ()| c
>— [ (@) " @ de — [ ——|tv x)|5(r)dx — [ h(x)|tv(x)|dx
o a0 o 3" o)
= 7\111(25"0) — \Ifg(tl}) — \Ifg(tv).
Since Uy (tv) < pf A, Ua(tv) < prr'yk and U3(tv) < pgeg, it follows that
H(tv) > —pf)\k — pé#wc — prek, for all t €]1, p] and v € Zj, with |v| < 1.
Hence, from the last inequality, we deduce that

- PZ+)\k - p£+’yk — prep < dp <0, forall k> k. (3.23)
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The real number p;, = (clﬁ"’ﬁf:)ﬁ being a positive constant, expressions
(3-22) and yield limg_,oo dr = 0, so the condition (3) of Dual Fountain
theorem is satisfied.

By applying Theorem (“Dual Fountain theorem”), the C'-functional H has
a sequence of negative critical values converging to 0. Therefore, there is a sequence
(£un)neny € X of critical points for the functional H such that H(£u,) < 0 for
each n € N and H(zu,) — 0 as n — oo. The proof is complete. ]
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