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SUPERLINEAR SINGULAR FRACTIONAL BOUNDARY-VALUE
PROBLEMS

IMED BACHAR, HABIB MAAGLI

ABSTRACT. In this article, we study the superlinear fractional boundary-value
problem
D%u(z) = u(z)g(z,u(x)), 0<=z<1,
w(0) =0, lim D 3u(x)=0, lim D 2u(z)=¢, u'(1)=¢,
z—0t z—0t

where 3 < a < 4, D is the Riemann-Liouville fractional derivative and &, >
0 are such that € + ¢ > 0. The function g(z,u) € C((0,1) x [0, 00), [0, 00))
that may be singular at * = 0 and = 1 is required to satisfy convenient
hypotheses to be stated later.

By means of a perturbation argument, we establish the existence, unique-

ness and global asymptotic behavior of a positive continuous solution to the
above problem.An example is given to illustrate our main results.

1. INTRODUCTION

Fractional differential equations have been of great interest recently. Many
phenomena in viscoelasticity, porous structures, fluid flows, electrical networks
can be modeled by these fractional boundary-value problems (see, for instance,
[0l [7, 111 [14] [17] and references therein) for discussions of various applications.

Fractional boundary-value problems of the form

D%(z) + f(z,u(z)) =0, 0<z<l1,3<a<i, (1.1)

subject to various boundary-value conditions have been considered by many au-
thors, see for example, [I, 2 B, 4, 5 8 10, 12, I3, 15, 16, 19, 20, 21] and the
references therein.

Here D¢ is the Riemann-Liouville fractional derivative of order a (3 < a < 4)
defined by [7, 14, [17],

YAt y(x), if3<a<4

Yiu(z), if a =4,

(

a
D%u(z) = ddw
dx

where for g > 0,
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Liang and Zhang [8] established the existence of positive solutions to problem (|1.1])
subject to

u(0) = u’(0) = u”(0) = v (1) = 0, (1.2)
where f(z,u) € C([0,1] x [0,0),[0,00)) is nondecreasing with respect to u,

f(t L(ﬁ f)) £0
"T(a)‘a—2 «

for t € (0,1) and there exists a positive constant v < 1 such that f is y-concave
with respect to w, that is, for all A € [0, 1],

A f(x,u) < f(z, Au).

Their approach is based on lower and upper solution method.

Recently Zhai et al [20], by means of fixed point theorem for a sum operator
proved the existence and uniqueness of a positive solution to problem —
with f(z,u) = p(z,u) + ¥(z,u), where p,¢ € C([0,1] x [0,00),[0,00)) increasing
with respect to the second variable. The function ¢ is -concave with respect to
u for some v € (0,1), ¢ > dpyp for some positive constant dy, ¥(x,0) # 0 and
Y(x, Au) > Mp(z,u) for A € (0,1).

In this article, we consider the superlinear fractional problem

D%u(z) —u(z)g(z,u(z)) =0, 0<z<l,

w(0) =0, lim D*Pu(@) =0, lim D°Pu(@) = ¢ u'(1) =, (1.3)
where 3 < a <4 and &,¢ >0 with £+ > 0.

The function g(z,u) € C((0,1) x [0, 00), [0, 00)), which may be singular at = 0
and x = 1 is required to satisfy some convenient hypotheses to be stated later. We
emphasize that the condition £ 4+ ¢ > 0 on the boundary data is essential to obtain
positive solutions.

To simplify our statements, we use the following notation:

(i) BT((0,1)) denotes the set of nonnegative measurable functions on (0,1).

(ii) C(X) (resp. C*(X)) denotes the set of continuous (resp. nonnegative con-
tinuous) functions on a metric space X.

(iii) We denote by G(z,y) the Green’s function of the operator u — —D%u, with
boundary conditions

: a—3 : a—2 "
u(0) = mll%h DY Pu(x) = mliré1+ DY u(z) =u"(1) = 0.

(iv) For a € (3,4], we let

Jo=1{peB*((0,1)): /1 t* 11— 1)*3p(t)dt < oo} (1.4)
0
(v) For p € BT((0,1)), we denote
P fc,yE(lg,l) /0 G(.’E, y) p(t)dt (15)

and we will prove that if p € J,, then 7, < oo.
(vi) For 3 < o <4 and & ¢ > 0 with £+ ¢ > 0, we define the function h on [0, 1]

by
h(z) = L.100‘72(04 —1—(a—3)z)+ ;xafl
INGY) (a—=1)(a—2) (1.6)

= hl(x) + hg(.’l?)
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It is easy to show that h is the unique solution of the problem
D%(z)=0, 0<z<l,

u(0) =0, lirgl+ D 3u(x) =0, lirgl+ D ?u(z) =¢, u'(1)=(. (1.7)
Note also that, there exists a constant M > 0, such that
1
M(/)(m) < h(z) < M¢(x), for all z € [0, 1] (1.8)

where

222 if £ > 0.
To state our main results, we require a combination of the following conditions.
(H1) g:(0,1) x [0,00) — [0, 00), continuous,
(H2) There exists a function p € C((0,1))NT with 7, < % such that, for all
€ (0,1), the map y — y(p(x) — g(z, yh(x))) is nondecreasing on [0, 1].
(H3) For all z € (0, 1), the function y — yg(z,y) is nondecreasing on [0, o).

o) = {x o=

Using a perturbation method, we establish the following result.

Theorem 1.1. Under assumptions (H1)-(H2), problem (1.3) admits a solution
u € C([0,1]) such that, for all x € [0,1],

coh(z) < u(z) < h(x), (1.9)
where ¢y € [0,1]. Furthermore, if assumption (H3) is also fulfilled, then this solution

1S UNIQUE.

Corollary 1.2. Let ¢ € C'([0,00)), ¥ > 0 such that the map y — o(y) = y(y)
is nondecreasing on [0,00). Let ¢ € C*((0,1)) such that the function x — q(x) :=
q(x) maxo<i<p(z) ¢’ (t) € Jo. Then for XA € [0 —) the problem

Du() = M(@yu(e)ilu(a)), € (0,1),
a(0) =0, lim D*u(@) =0, Tim D*Pu(e) =€, u'(1)=C,

z—0+
admits a unique positive solution u € C([0,1]) such that
(1 = Arg)h(z) < u(z) < h(x), for all x € [0,1].

Our paper is organized as follows. In section 2, we give the explicit expression
of the Green’s function G(z,y) and we establish some sharp estimates on it. In
section 3, first for a convenient nonnegative given function p, we construct the
Green’s function H(z, y) of the operator u — —D*u+pu, with boundary conditions
w(0) = lim,_,g+ D 3u(x) = lim,_ o+ D*2u(z) = v”(1) = 0 and we derive some
of its properties. In particular, we prove the following statements:

(i) There exists a constant ¢ € (0, 1] such that for (z,y) € [0,1] x [0, 1],

cG(z,y) < H(z,y) < G(z,y).
(ii) The equation holds
Uy = Uptp + Uy (pUrp) = Upth + U(pUptp), for all 3 € BT((0,1)).
where the kernels U and U, are defined on B*((0,1)) by

/ G(z,)v(y)dy, Up(z / H(z,y)Y(y)dy, = €[0,1]. (1.10)
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By exploiting these properties, we prove our main results.

2. ON THE GREEN FUNCTION
We recall the following known properties.

Lemma 2.1 ([7, 14} 17]). Let a € (3,4) and u € C((0,1)) N L'((0,1)). Then we
have

(i) For 0 <~y <o, DV'I[% = 1"y and D*I%u = u.
ii) Du(z) = 0 if and only if u(z) = 1271 + o2 2 4 c32°73 4 cqz® 4,
(i)
where ¢; € R, fori € {1,2,3,4}.
(iii) Assume that D*u € C((0,1)) N L*((0,1)), then
I°D%u(z) = u(z) + 1271 + oz 2 + c32° 73 4 ey,
where ¢; € R, fori € {1,2,3,4}.

Next we give the explicit expression of the Green’s function G(z,y).

Lemma 2.2. Let a € (3,4] and ¢p € C*([0,1]). Then the problem
—D%u(x) =¢(z), 0<z <1,

u(0) =0, lim D Bu(x) =0, lim, D 2u(z) =0, (1) =0, (2.1)
has a unique nonnegative solution
1
u(z) = / Gz, y)¥(y)dy, (2.2)
0
where for x,y € [0,1],
1 xa—ll_ya—?)_x_ya—l’ OgnySL
G(’J), y) - a—l( )a—3 ( ) (23)
Lla) |zt (1 —y)* 3, 0<z<y<l.

Proof. Since ¢ € C([0,1]), by Lemma [2.1] we have

u(z) = 2% 4 eax® % 4 ez T3 4 gzt — I ().
Using the fact that w(0) = 0, lim,_o+ D 3u(z) = 0 and lim,_o+ D* 2u(z) = 0,
u’(1) = 0, we obtain c; = c3 = c4 = 0 and ¢; = ﬁ fol(l — )39 (y)dy. Then,
the unique solution of is

1 ! a—1 a—3 1 * a—1
ue) = / 2 (=) )y~ s / (z — )" P (y)dy

=, G(x,y)¢(y)dy.

This completes the proof. O
Proposition 2.3. The Green function G(x,y) in Lemma has the following
properties:
(i) Fory €[0,1], the function x — G(z,y) belongs to C*([0,1]).
(il) For z,y €]0,1],
1 2(a—1)
F(Oé) O(xay) = (CE,y) — F(Oé)

where Hy(z,y) = 27 2(1 — 3)* 3 min(z,y).

HO(x,y)v
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(iii) For z,y € [0,1],

ﬁxc"ly(l —y)* P <Glay) < 2<lcf(;)l)ﬂc““?y(l — )0
(iv) Forxz € (0,1] and y € [0,1),
(a—1) 0 (a—1)(a—2)
) < Loty < 0" ),
where H(x,y) = 2 3(1 — y)* 3 min(z, y).
(v) For x € (0,1] andye [0,1),
(04*1)( 2)( —3) % 0 (a—1)(a—2)~

where H(z,y) = 22~ 4(1 — y)* 4 min(z, y) (1 — max(z,y)).
Proof. (i) From Lemma [2.2] for z,y € [0,1], we have

I Jae ' 1—y)* P —(z—y*!, 0<y<az<l
Clay) = { (1-9)*= — ()

T(a) |22 (1 — )3, 0<z<y<l,
- ﬁ [2271(1 = )*=® — (max(z — y,0))*"1].

Since a > 3, if follows that the function z — (max(z — y,0))*"! belongs to
C?([0,1]). This implies the result.
(ii) Observe that for a,b > 0 and ¢,y € [0, 1], we have

b b
min(1, 7)(1 —ey?) <1 — ey’ <max(1,=)(1 — cy®). (2.4)
a
Now, since for z,y € [0, 1], we have
1 _ _ max(z —y,0).,_1
G(z,y) = —a2% 11 —y)* 3|1 — (1 —y)}(———=22)~
and %yy)o) €]0,1], for x € (0,1] and y € [0, 1), then the required result follows

from 2.4) withb=a—1,a=1and c= (1 —y)>.
(iii) The inequalities follows from (i) and the fact that

)

zy < min(z,y) <y, for z,y € [0,1].
(iv) Since for z,y € [0,1],

0 a—1 ]z 21—y 32— (2 -y 2, 0<y<a<l;
9 Glany) = a_z( )a—3 (z—y)

NI = L

the required result follows from (2.4) with b=a —2,a=1and c= (1 —y).
(v) Since for z € (0,1) and y € [0,1),

0 (a—1)(@=2) Ja* 31 -y)*? —(z—y)*°, 0<y<z<l
72G(Z‘,y) = a—3 a—3

max(z — y,0)

€T - (173/)&73[17 ( ZC(l—y)

)77,
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the required result follows again from (2.4) with b =a — 3, a =1 and ¢ = 1. This
completes the proof. ([

From Proposition (iii), we deduce the following result.
Corollary 2.4. Let v € BT((0,1)), then

1
Ui € C(0,1])) < / y(1 —1)° 3 (y)dy < oo,

Proposition 2.5. Let 3 < o < 4 and ¢ € C((0,1)). Assume that the function
y — y(1 —y)*3Y(y) € C((0,1)) N L((0,1), then Ut is the unique solution in
C((0,1]) of

—D%(z) =9¢(z), 0<z<l,

u(0) =0, lim D* 3u(x) =0, 1iIgl+ D ?y(x) =0, u"(1)=0.

xz—0

(2.5)

Proof. From Corollary we deduce that the function Uy € C([0,1]). This
implies that I*~%(U|4|) is finite on [0, 1]. Hence, we obtain

—a o ]‘ * 33—«
PO = gy | @0 v

~ v | ([ wecw e

1
= K(z, 2)¥(z)dz,

0

where ) N
. _ 3—a
Next we will express explicitly K(z, z). Using (2.3)), we obtain
K(z,z)
_ (1 — Z)a—?; /3: 3—a, a—1
- e L @ sty — 2,0y
I'(4—a)l(a) Jo ’

— 1 301 _ \a—3 _ ; ¢ _ o\3—«a N a—1
= 57 0= 2" = s [ =ty — 20y

If z < x, then we have

/ N ) (g — o))y = / @)y — )y

_T@r=a),
On the other hand, if x < z and y € (0, ), we have
[ @ =0 maxty - 2,0y = (2.7)
0

From ([2.6) and (2.7), we obtain
1 1
K(z,z) = gx?’(l —2)*73 — é(max(:p —2,0))3.
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Hence for x € (0,1), we have
1
61 (Uy)(z) = 6/ K(z,2)y(z)d=
0

=z ’ — )3 — z)dz z2 wz z)dz
=ot [l= 2 = e+ 3 [ sua)a

—xzz22z ngzzx3 — 2)739Y(2)dz
32 [ o+ [ ot [0 -0 e
= Jl(l') + Jg(x) + Jg(l’) + J4(£L') + J5(£U)

We claim that
4

DH(UY)(x) := df(ﬂ*a(Ui/J))(l”) = —t(x), for z € (0,1).

da?
Indeed, since the function z +— 21(z) is continuous and integrable in a neighbor-
hood of 0 and the function z — (1 — 2)®73¢(2) is continuous and integrable in a
neighborhood of 1, we deduce that Ja(x), J3(x), Jy(x) and J5(x) are differentiable.
On the other hand, since (1 — 2)*=3 — 1 = O(z) near 0, it follows that J;(x) is
differentiable. So, we have

4 (g-o m=m2x —2)*73 — z)dz xmzzz
SOI U@ =30° [ (1= 27~ ez 60 [ ()

T 1
- 3:6/ 224 (2)dz + 3962/ (1 — 2)*73(2)dz,
0 T
Similarly, we obtain

d* .
@(14 (UY))(x) = —¢(x), forz e (0,1).
It remains to verify the boundary conditions. Since Ut € C([0,1]), we deduce

that U (0) = 0. On the other hand, clearly we have
Ilir{)l+ Ki(z) = mlil%l+ Ky(z) = $Erg+ Ks(z)=0

and by [9, Lemma 2.2], we have lim,_,o+ K4(7) = 0. Now, since D*~3(Uv)(z) =
L (I*=(Uy))(z), we deduce that
: a—3 o
xlirgh D> (Uvy)(z) = 0.
Similarly, we show that lim,_,o+ D*"2(U)(z) = 0, by using the fact that
a—2 d2 4—a
D (Uy)(z) = @(I (UY))(2).
Let n > 0. By Proposition (v), there exists a constant ¢ > 0, such that for
x € (n,1] and y € (0,1), we have
> — a— a— a—
|52CG @ )| < en™ty(1 —y)* (1 - max(z,y)) < eny(1—y)*
So by the Lebesgue theorem, we deduce that (Uy)"”(1) = 0.
Finally, the uniqueness follows immediately from Lemma The proof is com-
plete. O

Same properties in Proposition [2.5] remain true for o = 4.
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Proposition 2.6. For each z,t,y € (0,1), we have
G(z,t)G(t,y) < 4(a—1)?
Glz,y) — T(a)
Proof. Using Proposition (ii), for each z,t,y € (0,1), we have
G(z,t)G(t,y) < 4o — 1)215“_2(1 _ o= min(z, ) min(t,y).
Glz,y) — T(a) min(z,y)
So the result follows from the fact that

t* (1 — )3, (2.8)

min(z, t) min(t, y)

<t.
min(z, y) -
This completes the proof. ([l
Proposition 2.7. Let p € J,. We have: (i)
Ao —1)° /1 -1 -3
< o[ e — ) Bp(4)dt < oo, 2.9
)< A [ a0 (2.9
where T, is given by (1.5).
(ii)
U(ph)(z) < 1ph(zx), for xz € |0,1]. (2.10)

Proof. Let p € J,. (i) Using (1.5)) and (2.8, we obtain (2.9). (ii) Since h = hy + ha,
we need to prove (2.10) for hy and hs.

To this end, observe that for each x,y € (0, 1], we have lim,_,q ggzz; = Zigg
Therefore, by applying Fatou lemma and (|1.5]), we obtain

1
ha(y)
U(phe)(z) = / G(z, d
ha(@) (ph2)() | ( y)hZ(x)p(y) Y
1
- Gy, 2)
< <
< III;H_)I{If ; G(z,y) G(x7z)p(y)dy < Tp.
Similarly, we prove U(ph1)(x) < 1ph1(z), by observing that lim,_,o ggzg = Ziégg
This completes the proof. ([

3. PROOFS OF MAIN RESULTS

3.1. On the Green’s function of the perturbed operator. In this subsection,
our goal is to determine the positive solution to the linear fractional problem

—D%(x) + p(z)u(z) = Y(z), 0<z<]l,
u(0) = lim D* 3u(z) = lir{)l+ D 2y(x) =u"(1) = 0.

z—0

(3.1)

To this end, we need to construct the Green’s function to the homogeneous problem

associated with (3.1)).
Let p € J,. For (z,y) € [0,1] x [0,1], put Go(z,y) = G(z,y) and

Gl y) = /0 Gla, )G (L y)p(D)dt, 1> 1. (3.2)
Let H : [0,1] x [0,1] — R, be defined by
H(w,y) =Y (~1)"Gu(z,y), (3.3)

n=0



EJDE-2016/108 SUPERLINEAR SINGULAR FRACTIONAL PROBLEMS 9

provided that the series converges.

Lemma 3.1. Let p € Jo with 7, < 1, then for all (x,y) € [0,1] x [0,1], we have
(1) Gn(z,y) < 7)G(z,y) for each n € N. So, H(x,y) is well defined in [0,1] x

[0,1].
(ii) For eachn € N,
Loz 'y(1 = y)* 7% < Galz,y) < Raz®y(1 —y)* 7>, (3-4)
where
1
L « 1 _ =3
"= T /0 (1= ) Pp(at)
2 f2 ! f n
R, = (22 ”“ / 2711 — 3p(t)dt) .
0
(111) Ghti( fo G(t,y)p(t )dt for each n € N.
oy
v) Jo H fo G(x, tyH(t,y)p(t)dt.

Proof (i) bv10us1y the 1nequahty is valid for n = 0. Assume that G, (z,y) <

"G (x,y), then by using and , we obtain
1
Guiaw) 77 [ Gl 0G(E b < 737G ).
0

So, H(z,y) is well defined in [0,1] x [0, 1].
(ii) The inequality in (3.4)), follows by induction and Proposition (iii).
(iii) We will proceed by induction. Obviously the equality is valid for n = 0. Assume
that

1
Galin) = [ Guma @G )0 (35)
0
Then by using (3.2)) and the Fubini-Tonelli theorem, we obtain

Gnii(z,y) = /1 G(amt)(/l Gn,l(t,z)G(z,y)p(z)dz)p(t)dt
O1 ) 0
- /O ( /O G(m,t)Gn_l(t,z)p(t)dt)G(z,y)p(z)dz

= /0 Gn(x,2)G(z,y)p(z)dz.

(iv) Let n € N and z,t,y € [0, 1]. From Lemma (i) we deduce that
0 < Gu(z, t)G(t, y)p(t) < 77 Gz, )G(t, y)p(t).

So, the series > - fol Gn(z, t)G(t, y)p(t)dt is convergent. By the dominated con-
vergence theorem and Lemma |3.1] (iii), we deduce that

/ H(z, t)G(t,y)p(t)dt = Z/ z,t)G(t, y)p(t)dt

n=0

= Z/ "Gz, t)Gn(t, y)p(t)dt

= /0 G(z, t)H(t, y)p(t)dt.
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d

Proposition 3.2. For p € J, with 7, < 1, the function (z,y) — H(x,y) belongs
to C([0,1] x [0,1]).
Proof. The function (z,y) — Gn(z,y) € C([0,1] x [0,1]), for all n € N. Clearly
Go =G e C([0,1] x [0, 1)),

Assume that the function (x,y) — G,—1(z,y) € C([0,1] x [0,1]). Using Lemma
3.1 (i) and Proposition [2.3] (iii), we obtain

G(2,8)Gn1(t, y)p(t) < 7,7 G(2,)G(t, y)p(t)

a—1
I(e)
Therefore by (3.2) and the dominated convergence theorem, we deduce that the
function (x,y) — Gn(z,y) € C([0,1] x [0,1]).

On the other hand, from Lemma (i) and Proposition (iii), we have

<a(SS) (1 00 Pp(0).

Gn(xay) < Tp G(l‘,y) < WTp .
So, the series > -,(—1)"Gn(z,y) is uniformly convergent on [0,1] x [0,1] and
therefore the function (x,y) — H(x,y) belongs to C([0, 1] x [0, 1]). O

Lemma 3.3. Let p € J, such that 7, < 1/2. On [0,1] x [0, 1], one has
(1 =7)G(x,y) < H(z,y) < Gz, y). (3.6)
Proof. By using Lemma[3.] (i), we obtain

H(z,y)| <D (7)"Glx,y) =

G(z,y). (3.7)
n=0 1- p
On the other hand, we have
H(l‘,y) = G(l‘,y) - Z(_l)nGn+1(m7y) (38)
n=0

Since the series 3_, -, fol G(z, 2)Gn(z,y)p(z)dz is convergent, we deduce by (3.8)
and (3.2)) that

Hiz,y) = Gla,y) — 3 (—1)" / G, 2)Go(zy)p(2)d2

=Gy~ | G2 (317Gl ()
n=0

that is,
H(z,y) = G(z,y) — U(pH(.,y))(@). (3.9)
Using (3.7) and Lemma (i), we obtain

1 1 T,
. < . = < P .
UpH(,y))(2) < 17— - UpG(.y))(@) = — TpGl(Ly) ST TPG(L@/)
So, by (3.9), we obtain

H(l’,y) > G(I,y) -

p

1-—-2T
— - Gla.y) = £
—Tp —Tp

G(z,y) > 0.
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So, H(x,y) < G(z,y) and by and Lemma[3.1] (i), we obtain

Corollary 3.4. Let p € Jo with 7, < 5 and ¢ € BT((0,1)). Then

U € C([0,1]) <= / y(1 — )" 3 (y)dy < oo.

Proof. The assertion follows from Proposition (3.6) and Proposition (iii).
O

Lemma 3.5. Let p € J, with 7, < 5 and ¢ € BT((0,1)). Then we have

Uy = Upp + Up(pUrh) = Upp + U (pUp)). (3.10)
In particular, if U(py) < oo, then
(I =Up(p ) +U(p))¢ = T+ U(p.))I = Up(p.)) = 4. (3.11)

Here U(p.)(¥) = U(py).
Proof. From 7 we have

G(z,y) = H(z,y) + UPH(, y))(x), for (z,y) € [0,1] x [0,1].
So by the Fubini-Tonelli theorem we deduce that

Ud(x) = / (H(z,y) + UGH(. 9))(@))(y)dy

= Upt(x) + U(pUpt) ().
Now, using Lemma [3.1] (iv) and again the Fubini theorem, we obtain

/ / (e, )Gt y)p(t)ply) dt dy = / / G, () (D) () di dy;
0 0 0 0

that is,
Up(pUY)(z) = U(pUpt))().
Therefore
U = Uptp + U(pUpp) = Upp + Up(pU¥) ().
(Il

Proposition 3.6. Let ¢ € B*((0,1)) such that y — y(1 — 3)* 3 (y) belongs to
C((0,1))NLY((0,1)) and p € C((0,1)NTa with 7, < 5. Then u = Uy is the
unique nonnegative solution in C([0,1]) to problem (3.1) satisfying

(1—71)U¢ <u<Ug. (3.12)
Proof. By Corollary[3.4} we conclude that the function z — p(z)Upt(z) € C((0,1)).

On the other hand, from (3.10) and Proposition (iii), we have that there
exists m > 0 such that

2(a—1)

Upi(e) < Up(a) < ~fs

Therefore

/ y(1 — ) 3p)Uptb(y)dy < m / (1 - ) 3p(y)dy < oo.
0 0

1
/0 2 Py(1—y)*PP(y)dy = ma*"2.  (3.13)



12 I. BACHAR, H. MAAGLI EJDE-2016/108

By applying Proposition the function u = Uy = Uy — U(pUy,t) satisfies the
equation
Du(z) = —(x) + p(x)u(z), € (0,1),
u(0) = lim D*3u(x) = lim D*u(z) = u”(1) = 0.

z—0t z—0

Integrating the inequalities ([3.6]), we obtain

Next, we prove the uniqueness. Let w € C’Jr [0, 1]) be another solution to
problem (3.1)) satisfying w < U. Since by (3.12 and 3.13) the function y —

y(1 —y)*py)w(y) € C((0,1))NLL((0,1)), by Proposmon 2.5/ the function w :=
w + U(pw) satisfies
D*w(z) +¢(z) =0, =x€(0,1),
w(0) = lim D*Bw(z) = lim_ D 2@(z) = @ (1) = 0.
z—0

z—0t

From Proposition [2.5] we deduce that
W :=w ~+ U(pw) = U.

Therefore,
T+UP)(w—u)") =T +Up)((w-u)7),
where (w — u)* = max(w — ,0) and (w — u)~ = max(u — w,0).
Since |w(y) —u(y)| < 2U%(y) < 2my®~2, we deduce by Proposition [2.3 (ii) that
_ 1
ol = o) < 882 [y ) minte ot
_ 1
W/O Yy (1= )" Pp(y)dy < .
So by , we obtain that u = w. |

3.2. Proofs of main results.

Proof of Theorem[I1. Let 3 < a <4 and &,¢ > 0 with £ + ¢ > 0. We recall that

hiz) = %xaﬁ(a —1—(a—3)x)+ mxa_l, for x € [0, 1].

Let p € C((0,1))NT o with 7, < 1 such that assumption (H2) is satisfied. Let
F:={ueB((0,1): (1—71p)h <u<h}.
Consider the operator A defined on F' by
A = b= Uyp(ph) + Up((p — g, 0))u).
By and we have
Up(ph) < U(ph) < 1ph < h, (3.14)
and by (H2), we obtain
0<g(,u)<p forallueF. (3.15)
Next, we prove that A(F) C F. Form and (| , we obtain
Au<h— Up(Ph) + Up(pU) <h,
Au > h —Uy(ph) > (1 —1p)h.
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Since the map y — y(p(z) — g(x,yh(zx))) is nondecreasing on [0, 1], for = € (0,1),
the operator A becomes nondecreasing on F.
Define the sequence {ux} by ug = (1 — 7)h and up1 = Auy for k € N. Since
F is invariant under A, we have u; = Aug > ug and by the monotonicity of A, we
obtain
1—-—mp)h=uy<u < - <up <upqr < he

Therefore, the sequence {ux} converges to a function u € F satisfying

u= (I =Up(p)h+Up((p - g(;, u))u).
Namely
(I = Up(p))u = (I = Up(p.))h — Up(ug(., w))- (3.16)
Now, since U(pu) < U(ph) < h < oo, by applying the operator (I+U(p.)) on
and using and , we conclude that u satisfies

u=h-—U(ug(.,u)). (3.17)
We claim that u is a solution of (|1.3]). From (3.15)) and ([1.8]), we have
u(y)g(y, uly)) < p(y)hly) < Mp(y)dly) < My*~>p(y). (3.18)

This implies that fol y(1 —y)*3u(y)g(y, u(y))dy < oo. Hence from Corollary
we deduce that the function z +— U(ug(.,u))(z) € C([0,1]) and from (3.17), we
conclude that u € C([0, 1]).

Using (H1) and (B.18)), we obtain that the function y — y(1—y)*3u(y)g(y, u(y))
belongs to C'((0,1))NL((0,1))), which implies by Proposition [2.5that u is a solu-

tion of (1.3).

Now assume further that condition (H3) is satisfied. Let v € C([0, 1]) be another
nonnegative solution to problem (|1.3) satisfying (1.9). As above, we have
0 < v(y)g(y,v(y)) < pW)h(y) < My*~*p(y).
So the function y — y(1 —y)*3v(y)g(y,v(y)) € C((0,1))NL((0,1))). Put v :=
v+ U(vg(.,v)). By Proposition [2.5| we have
D%(x) =0, 0<z<]1,
u(0) =0, lim D*Pu(x) =0, lim D* ?u(x)=¢, (1) =

z—0t z—0t
Hence
v:=v+U(vg(.,v)) = h.
That is,
v="h—-U(vg(.,v)). (3.19)
For z € (0,1), we let
R R
0, if v(z) = u(z).
Note that, from (H3), we have o € BT((0,1)). Using (3.17) and (3.19) we deduce
(I+U(e))((v—u)") =T +U(e))((v—u)),
where (v — u)t = max(v — u,0) and (v — u)~ = max(u — v,0). Since o < p, we
deduce by (2.10), that
U(olv —ul) <2U(ph) < 21,h < 0.
Hence u = v by (3.11]). This ends the proof. O
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Proof of Corollary[I.3 The conclusion follows from Theorem with g(z,y) =
Aq(z)(y) and p(z) := Ag(z). U

Example 3.7. Let 3<a<4and {,( >0 withé+(>0. Let r >0, v > 0 and
q € C*((0,1)) such that

1
/ pla=DH=2)(r+v) (1 _ )03 4(4)dt < oo.
0

Let ¢(s) = s""!log(1 + s¥) and q(y) := q(y) maxo<i<p(y) ¢'(t). Since ¢ € Ja, then
for X € [0, %ﬂ), the problem

D%u(z) = Aq(z)u" T (z)log(1 +u”(x)), 0<z<I,
uw(0) =0, lim D*3u(z) =0, lim D* 2u(z)=¢, "(1)=2¢,

z—0t z—0t
admits a unique positive solution v € C([0, 1]) satisfying
(1 = Arg)h(z) <u(z) < h(z), forall0 <z <1.
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