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HOMOGENIZATION OF REACTION-DIFFUSION EQUATIONS
IN FRACTURED POROUS MEDIA

HERMANN DOUANLA, JEAN LOUIS WOUKENG

ABSTRACT. The article studies the homogenization of reaction-diffusion equa-
tions with large reaction terms in a multi-scale porous medium. We assume
that the fractures and pores are equidistributed and that the coefficients of the
equations are periodic. Using the multi-scale convergence method, we derive
a homogenization result whose limit problem is defined on a fixed domain and
is of convection-diffusion-reaction type.

1. INTRODUCTION

Our aim is to investigate, by means of mathematical homogenization techniques,
the diffusion phenomenon in a multi-scale porous medium. The medium consists
of a connected network made of pores and fractures which are equidistributed, and
the diffusion process is modelled by a semilinear reaction-diffusion equation with a
large reaction term. To be more precise, we consider a diffusion process modelled
by the boundary-value problem

z\ Oue . Tt 1 ot o .
P2 = v (A ) Vue) + 2o ud) @ =07 x (0.1,
x i .
A(E,Q)VUEUZO on (89 \8Q)>< (O7T), (11)

ue =0 on (0Q°NIN) x (0,T),
ue(x,0) = u’(z) in QF,

where T > 0 is a fixed real number representing the final time of the process, 2°
is a fractured porous domain in which the process occurred and whose structure
follows in the lines below (see [23]).

Let Q be a bounded domain in RN (N > 3) locally located on one side of its
Lipschitz continuous boundary 9§2. Let Y = (0,1)" be the unit cell in RV and put
Y =Y,.UY,, where Y;, and Y, are two disjoint open connected sets representing
the local structure of the porous matrix and the cracks (fissures), respectively. We
assume that a periodic repetition of Y, in RY is connected and has a Lipschitz
continuous boundary. Next, we set Y,,, = Z; UZP where Z, and Z, are two disjoint
open connected sets representing the local structure of the solid part of the porous
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matrix and the pores, respectively. We assume that Z,, and Z, have strictly positive
Lebesgue measures and that Z; has a Lipschitz continuous boundary. The fractured
porous medium ¢ is defined as follows. For € > 0, we set

Gm = Upezn (E+Y,) and G, =R\ G,,,

and

Gs = UkEZN (]C + Zs) and Gp = Gm \és,
and we define the pores space {1, = QN €2G, (this include the pores crossing
00), the cracks space 5 = QN eG,. (this includes the cracks crossing 9€2) and the
fractured porous medium as

QF =0\ (2, UQ7).
We assume that both Q¢ and QF U ) are connected.
This being so, the e-problem is constrained as follows:
(A1) (Uniform ellipticity) The matrix A(y,7) = (a;j(y,7))1<i,j<n in the space
(Lo (RN+1)N XN jg real, symmetric, positive definite, i.e, there exists A > 0
such that

llaijll oo mr+1y <A, 1<4,5 <N,

N
Z aij(va)CiCj Z A71|<|2 V(y,T) € RNJrlaC S RN
ij=1
(A2) (Lipschitz continuity) The function g : RY x R x R — R satisfies the
following hypotheses. There exists C' > 0 such that for any (y,7) € RV+!
and u € R,

|0ug(y, T, u)| < C
|aug(y77—7 ul) - 8Ug(y77—7 u2)| < C|U1 - u2|(1 + |’LL1| + |u2|)_1'

(A3) g(y,7,0) =0 for any (y,7) € RVNFL

(A4) (Periodicity) We assume that:

(1) g(, - u) € Coer(YXT) (T = (0,1)) for any u € Rwith [, g(y, 7,u) dy =
0 for all (r,u) € T x R;

(ii) the functions a;; lie in Lf)er(Y xT) forall 1 <i,j <Nj;

(iii) the density function p belongs to Cper(Y) and satisfies A=! < p(y) < A
for all y € RV,

Remark 1.1. As a direct consequence of the periodicity and the zero mean value
hypothesis for the function g (see precisely the first item of the hypothesis (A4)
above), there exists a unique R(, -, u) € Cper(Y xT) such that Ay R(-, -, u) = g(-,-, u)
and [, R(y,7,u)dy = 0 for all 7, v € R. Moreover R(-,-,u) is at least twice
differentiable with respect to y. Furthermore, on letting G = VR it follows from
A2 and (A3) that

|Gy, 7, u)] < Clul, |0.G(y,7,u)] <C, (1.2)

10uG(y, 7, u1) = 0uG(y, T,uz)| < Cluy — uz| (1 + [ur] + Juz|) 7" (1.3)

The motivation for problem (L.1) arises from its applicability in the area of
modeling of flow and transport in fractured porous media related to environmental

and energy problems. In order to overcome difficulties encountered in numerical
simulations in multi-scale porous media, we need to upscale such models, that is to
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find equivalent models by letting ¢ — 0. This leads to model problems posed on
a fixed domain @ = Q x (0,T) with suitable boundary conditions, hence relatively
easy to handle numerically.

Problem can also be viewed as modelling the flow of a single phase com-
pressible fluid in a fractured porous medium that obey nonlinear Darcy law. In that
case, u. is the density of the fluid, p(y) is the porosity of the medium while A(y, 7)
is the permeability of the medium. As the scale (size) of the fractures and that
of the pores are separated (ratio of order ), we use the multi-scale (or reiterated
two-scale) convergence method in the framework introduced in [20] to upscale the
e-problem.

The homogenization of parabolic equations in perforated has been widely in-
vestigated in the literature. We quote some works similar to ours. In [I§] the
homogenization of parabolic monotone operator in periodically perforated domain
is considered. The problem they consider is degenerate and they use the two-scale
convergence method. In [13] [14], the authors study the homogenization of a family
of parabolic equations

%b (;ug) —diva(ue, Vue) = f

in periodically perforated domain ). with Dirichlet boundary conditions and Neu-
man boundary conditions, respectively. In [6] is considered the upscaling of a
convection-diffusion equation in a perforated domain made of holes periodically
distributed. The homogenization limit for the diffusion equation with nonlinear
flux condition on the boundary of a periodically perforated domain is studied in
[12]. In [7] the homogenization of a semilinear parabolic equation in a periodi-
cally perforated domain is considered. In [I0] the authors describe some diffusion
models for fractured media. We also mention [II] where the author used the I'-
convergence method associated with multi-scale convergence notions to get a limit
law of an incompressible viscous flow in a porous medium with double porosity.
Taking into account the preceding review which is far from being exhaustive, we
observe that the study of a problem like is relevant due to many reasons. For
example, contrarily to the problems studied in [7, I3} 4] where the perforations
are on one scale with time independent coefficients, our problem is set up in a
fractured porous media (perforation on two scale) and deals with time dependent
coeflicients with the time variable oscillating at a different speed from the space
variable. The perforation on two scale and the oscillations at different speeds drive
our problem into a non-standard framework of reiterated homogenization, which,
combined with the large nonlinear oscillating reaction term makes the proofs in
this paper quite involved. When passing to the limit (as & — 0), the large reaction
term in the e-problem generates a convection term and we get a limit problem of
convection-diffusion-reaction type. The main result of the paper states as follows.

Theorem 1.2. Assume that the hypotheses (A1)—(A4) are satisfied and let u. (e >
0) be the unique solution to (1.1)). Then as e — 0 we have

ue — ug in L*(Qr),
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where ug € L*(0,T; HE () is the unique solution to

ou . .
|Zs] (/ p(y) dy) 87150 =div (A(:c, t)Vuo) + div Ly (z,t,ug)
Ym
—Lz(i&t,’do) 'V'LL() —Lg((E,t,U()) m QT

up=0 ondQx(0,T)

uo(z,0) = u’(z) in Q.
The coefficients and operators in the theorem above are defined in Section [4
This article is organized as follows. A priori estimates and compactness results are
formulated and proved in Section [2| In Section [3] we recall the concept of multi-

scale convergence and prove some preliminary results. Finally, Section [4] deals with
the passage to the limit and the derivation of the macroscopic model for problem

[TD).
2. A PRIORI ESTIMATES AND COMPACTNESS RESULT

Throughout, C' denotes a generic constant independent of £ that can change
from one line to the next, the centered dot stands for the Euclidean scalar product
in RY while the absolute value or modulus is denoted by | - |.

With the connectedness of €2° in mind, the space

Ve={uec H Q%) :u=0o0n 00NN} (2.1)
is Hilbertian when endowed with the gradient norm,
[ullv. = Vullz2@:) (u€Ve). (2.2)

Therefore, the Lipschitzity of the function g(y,7,-) and the positivity assumption
on the density function p readily imply (see e.g., [4 [I7]) the existence of a unique
solution u. € L?(0,T;Vz) NC(0,T;L*()) to the problem (L.I)). Moreover the
following uniform estimates hold.

Lemma 2.1. Assume that the hypotheses (A1)—(A4) are satisfied. Then the fol-
lowing estimates hold:

sup ||u5(t)||%2(95) <, (2.3)
0<t<T
T
| IVl < c, (2.4)
-o0u
o aitsHLQ(O,T;VE’) <, (2.5)

where C' is a positive constant which does not depend on €.

Proof. Let t € (0,T]. Multiplying the first equation in (|1.1)) by u. and integrating
over Q¢ x (0,t) yields:

t
16 e Oy — 16 ey +2 [ [ A°ITuc(o) dods
0 Qe
. (2.6)
1
:2// =% (ue(s))ue(s) dx ds.
0 ¢

e €
But Remark [I.1] readily implies

1

x t x t
=

. x t
77“6) = leG(ga ?7“6) - aTG(ga ?7”6) ! vu67

)
=
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which combined with (2.6 leads to
t
16 2 ()2 ey + 2 / / A\ Ve (s) 2 di ds
0 Qs

t
<16 20 e =2 | [ @) u dods

¢
- 2/ / (0rG*(ue) - Vue)ue dx ds,
0 €

where G*(u.) = G (£, %,u.) and 9,G°(u.) = B%G(‘T L, ue). Using (L.2), the

e g2 e g2
ellipticity of the matrix A and the boundedness of the function p, we have

t
A*1||u5(t)||2Lz(Qa)—|—2A*1/ / |Vue(s)? dz ds
0 (2.7)

t
< AHu0||%2(Q) +4C’/O /QE |uel|[Vue| dz ds.

For any real number § > 0, we have by Young’s inequality,

t t t
46’/ / |ue||Vue| deds < 405/ / luc|? dz ds + g/ / |Vue|? dz ds.
0o Jos o Joe 0 Jo Jas

Choosing § > 0 such that % = %, the inequality (2.7) yields:
t
A Oy + A7 [ 195 ey o s

t
< A2 +4c5/0 1e () 2 g e ds,

which by means of the Gronwall’s inequality first leads to (2.3)), then to (2.4)).
As for (2.5)), it follows from (1.1)) that
cOuc g s e 2 ! e 2
I EHL?’(O,T;VE’) <cC ; | div A*Vuclly, dt + C ; Hgg (ue)llv, dt.  (2.8)
On the one hand, (2.4)) and the boundedness of the matrix A imply

T
/ | div A*Vu.lly, dt < C. (2.9)
0
On the other hand, we have

1
=9 (ue)llv: = sup | G*(ue) - Vpdz +/ (0rG* (ue) - Vue)p dx
€ eVe llollv.=1 Jas -

which by means of the Poincaré’s inequality and (1.2)) yields

1 '

=9°(ue)|lv: < C sup (llue (D)l L2(0e) + |Vue ()|l 204 IVl L2 (0¢))
€ PEVL |lpllv. =1
< C (lue®llz2 o) + IVue(t)[r2q))  t € (0,T).
Therefore, using (2.3))-(2.4)) and the Holder’s inequality we get
T
1
| Izswana<c. (210)

0
We combine (2.8]), (2.9) and (2.10) to get (2.5). O
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The next result relies on the following classical extension property (see e.g., [I]).

Proposition 2.2. For any € > 0, there exists a bounded linear operator P. from
V. into H}(Q) such that for any u € V. we have

Pu=u inQ°, (2.11)
[1Peull 3 ) < Cllullv., (212)
where C' is a positive constant independent of ¢.

For a function u € L2(0,T;V.) we define its extension P.u as follows
(P-u)(t) = P-(u(t)) a.e. t€(0,T), (2.13)

and P.u € L?(0,T; H} (Q)).
Bearing this in mind and owing to Proposition (see precisely (2.12))), we have
the following corollary.

Corollary 2.3. Under the hypotheses of Lemma|2.1), we have the uniform estimate
[ Petic|| 220,712 (0)) < C (2.14)

where C' > 0 is a positive constant independent of € and where P. is the extension
operator defined in Proposition [2-1]

The next estimate requires some preliminaries. We define R, : H}(Q) — V. by
R.u = ulg, for u € H}(Q) (where u|g, denotes the restriction of u to Q). Then,
R, is continuous since

[ Rzullv. < llullga ) for u e Hq(R).

We recall that the adjoint R : V! — H~1(Q) of R. satisfies, for all v € V! and
v € Hy(9),

(RZv, ) = (v, Rep),
where the brackets on the left hand side denote the duality pairing between the
spaces H~1(Q) and HJ(Q2) while those on the right hand side denote the duality
pairing between V! and V.. It is straightforward that

Ru = xg-u for u € L*(Q° x (0,T)). (2.15)
Indeed, for any ¢ € L?(0,T; H}(2)), we have

T
(Reu, @) = (u, Rug) = / / u(ploe )de dt
0 Qe

T T
:/ /XQa(ugo)dxdt:/ /(XQE u) @ dx dt.
0o Ja 0o Ja

It is worth noticing that combining (2.15) and Proposition (see precisely (2.11))
therein), we have

R*u = xq-(P.u) for uw € L*(0,T;V.). (2.16)

Likewise, one can easily check that, for any u € L?(0, T; V) with %1; € L%(0,T;V)),
we have

Oue  O(REu.)
5 )= o (2.17)

We are now in a position to formulate another estimate.

Ri(
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Lemma 2.4. There exists a constant C' independent of € such that

- O(P.u.
[(p XQE)%HL%O,T;H—%Q)) <C. (2.18)

Proof. We first prove that there exists a constant C' independent of € such that
Bue
0
To do this, let ¢ be arbitrarily fixed in L2(0,T; H}(2)). We have

vy 2 OUe - Oug
(B2 (0" ) )| = [" 5 Be)|

T _ou
= ’/0 <p837:7R€90>v;,vsdt‘

- Ou
<lp 7;||L2(0,T,v;)||Re<PHL2(o,T;vE)

< Ol|Reol 2 0,15v2) (see (2.5))
< Cllellz2 0,511 0))-

IR (p° =)l 20,111 () < C- (2.19)

Having done this, it remains to prove that

ou O(P.uy)
R (p° =) = pxas —— . 2.20
(0" 5) = P x5, (2-20)
But with (2.16]) and (2.17)) in mind, it is easy to see that
ou ou O(RZue) O(xae P-ue) O(P-ue)
R* (4 €\ — sR* €\ — ¢ ee) _ € ere) _ € . e

) (o) o0 P o PXe g

and the proof is complete. ([l

The following compactness result will be the starting point of our homogenization
process.

Theorem 2.5. Assume that the sequence (p®xqs)eso weakly x-converges in L™ (),
as € — 0, to some real function that is different from zero almost everywhere in €.
Then the sequence (P.uc)e=q is relatively compact in L*(0,T; L?(£2)).

Proof. This is a direct consequence of the convergence hypothesis on the sequence
(p° X< )e>0, Corollary and Lemma by using [B, Theorem 2.3 and Remark
2.5). O

3. MULTI-SCALE CONVERGENCE AND PRELIMINARY CONVERGENCE RESULTS

We recall the definition and some compactness results of the multi-scale con-
vergence theory [2, 21], 22]. We also introduce our functional setting and adapt
some results of the multi-scale convergence method to our framework. We fi-
nally prove some preliminary convergence results needed in the homogenization
process of the problem under consideration. We introduce the following notations:
Qr =Qx(0,T) and 7 = (0,1).
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3.1. Multi-scale convergence method.

Definition 3.1. (i) A sequence (u:)eso C L?(Q27) is said to weakly multi-scale

converge towards ug € L?(Qr x Y x Z x T), and denoted u. —— uq in L?(Qr),
ifase — 0,

/ ue(z, t)p(z, t,
Qr

T t
,?,?)d(ﬂdt

— //// uo(z, t,y, 2, 7)p(x, t,y, 2,7) de dt dy dz dr
Qr XY XZXT

for all ¢ € L*(Qr; Cper(Y x Z x T)).

(ii) A sequence (u:)eso C L%(Q7) is said to strongly multi-scale converge towards
up € L*(Qr x Y x Z x T), and denoted u. =" ug in L?(Q), if it multi scale
converges weakly to ug in L2(Qr x Y x Z x 7) and further satisfies

T
3

(3.1)

||u€||L2(QT) — ||u0||L2(QT><Y><Z><T) as ¢ — 0. (3.2)
Remark 3.2. (i) Let u € L*(Q7;Cper(Y x Z x T)) and define u® : Q7 — R by

uf(z,t) = u(x,t,%,e%,g%), for ¢ > 0 and (x,t) € Qp. Then v X% 4 and

ut =%y in L2(Qr) as € — 0. We also have u® — @ in L?(Qr) -weak as & — 0,

with
u(x,t) = /// u(, -y, 2,7)dydz dr.
Y XZxT

(ii) If a sequence (ue)eso C L?(Qr) multi-scale converges weakly in L?(Qr) to
some uy € L2(Qr x Y x Z x T), in the sense of Deﬁnition then (3.1) still holds
for € C(Qp; LX, (Y x Z x T)).

(iii) Let u € C(Qp; L, (Y x Z x T)) and define u¢ like in (i) above. Then

per
w—ms .
u® —% uin L?(Qr) as ¢ — 0.

The following two compactness results are the cornerstones of the multi-scale
convergence theory.

Theorem 3.3. Any bounded sequence in L*(Qr) admits a weakly multi-scale con-
vergent subsequence.

Let E be an ordinary sequence of real number converging to zero with €.
Theorem 3.4. Let (u:)ecp be a bounded sequence in L?(0,T; HE(Y)). There exist
a subsequence E' of E and a triplet (ug,u1,us) in the space

L*(0,T; Hg () x L*(Qr; LT Hper (V) x L*(Qr; LAY X T Hyr(2)))
such that, as B/ > ¢ — 0,
ue — ug in L*(0,T; H}(Q))-weak (3.3)
Qe w—ms OU ou ou
PR PR T .
We need to tailor Theorem according to our needs. The functions u; and us

in Theorem are unique up to additive function of variables x,t,7 and x,t,y, T,
respectively. It is crucial to fix the choice of u;. We introduce the space

HY(V,n) = {u € HLy(Y) /Y p(y)uly) dy = 0},

in L*(Qr) (1<j<N). (3.4)



EJDE-2015/253 REACTION-DIFFUSION EQUATIONS IN FRACTURED POROUS MEDIA 9

which is a closed subspace of ngr(Y) since it is the kernel of the bounded linear
functional u — [}, p(y)u(y)dy defined on H,(Y). The version of Theorem
that will be used in the sequel formulates as follows.

Theorem 3.5. Let (u.)ecp be a bounded sequence in L?(0,T; HE(Q)). There exist
a subsequence E' of E and a triplet (ug,u1,us) in the space

L0, T; Hy () x L*(Qp; L(T; H) (Yi))) X L*(Qp; L*(Y x T; Hp . (2)))

per
such that, as E' 3¢ — 0,
ue — ug in L*(0,T; Hy(Q))-weak (3.5)
Oue w—ms OUug Ouyq Ous
—_— + +
The proof of the above theorem is similar to that of [8, Theorem 2.5], and is

omitted. The following weak-strong convergence result (see [19, Theorem 6] for its
proof) and its corollary are worth recalling since they will be used in the sequel.

in L*(Qr) (1<j<N). (3.6)

Theorem 3.6. Let (u:).cp C L?*(Q7) and (v:)-cr C L?(Qr) be two sequences such
that ue =% uy and ve =% vy in L*(Qr) with ug,vg € L*(Qr x Y x Z x T).

w—ms .
Then ucve —— ugvg in L*(Q7).

Corollary 3.7. Let (u.)-cp C L?(Qr) and (vo)eep C L2(Q7) N L2°(Qr) be two

sequences such that u. = uy and v. ~— vy in L?(Q7) with ug,ve € L*(Qr x
—ms

Y x ZxT). Assume further that (v.).cp is bounded in L= (Qr). Then u.v. ———
upvg in L*(Qr).

3.2. Preliminary convergence results. We start this subsection by studying the
limiting behavior of the sequence (xq:)e>0 as € — 0. To do this, we first express
the characteristic function of ¢ in €2, in terms of those of Y,,, and Z,. Denoting by
Xe and xj, the characteristic functions of Q7 and €}, respectively, it appears that
X:(z) = xa. (g) = Xy, (E) (by Y-periodicity)
))xa, (Z

c 62)

= (1 - Xy, (g))xzp (5%) (by Y and Z-periodicity).

T xT

Xp(x) = (1= xa.(

Hence

xos(2) =1 = (xc(2) + x;3(2)) (z€Q)

—1_ [qu(g) +(1- XYc(g))XZp(g%)]
= (10 (D) (1= xz,(5))
= Dz, (5)-

But, xv,, (-) ® xz.(-) € Lgg, (Y x Z) so that according to (iii) of Remark

X0 — Xy, ® Xz, in  L*(Qr),

where the tensor product xy,, ®xz, is (xyv,, ® xz.) (v, 2) = xv,, W)xz.(2), ((y,2) €
RY x RY). We have proved the following result.
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Proposition 3.8. As ¢ — 0, the characteristic function xqs of Q° multi-scale
converges weakly in L*(Qr) to Xy,, ® Xz,

We now recall properties of some functional spaces that we will use. The topo-
logical dual of H(Y,,) is denoted in the sequel by (H, (Y, )) while L2(Y,,) stands
for the space of functions u € L2 (Y) satisfying fy Ju(y)dy = 0. We first
recall that, since the space H ; (Y,,) is densely embedded in L%(Ym), the following
continuous embeddings hold:

H)(Ym) C L3(Ym) C (H)(Ym))'

We also recall that the topological dual of L*(T; H)(Yy,)) is L*(7; (H)(Y;,))'). This
readily follows from the reflexiveness of the space H}(Y;,). We denote the duality
pairing between H}(Y,,) and (H}(Y,,))" by (-,-), and that of L*(T; H}(Y,)) and
L*(T;(H}(Ym))') by [-,-]. Thus, we have

(u,v) = /Y u(y)o(y) dy

for u € L2(Y,,) and v € H)(Y;,), and

[u,v]z/( (1) dT—/ / u(y, T)v(y, 7) dy dr

foru € L*(T; H)(Y,,)) and v € L*(T; (H ) (Yy))').- Furthermore let D,(Y,,) stands
for the space of functions u € Dy, (Y') with me Ju(y) dy = 0. Owing to the fact
that the space D,(Y;,) is dense in H)(Y;,) the following result holds (see e.g. [20]
Lemma 2 and Lemma 3]).

Theorem 3.9. Let u € Dy, (Y xT) and assume that u is continuous on Dy(Y) ®
Dper(T) endowed with the Licr(’]’ H)(Yy))-norm. Then u € L2 (T;(H)(Ym))'),
and further

() = / (u(r), o, 7)) dr

for all ¢ € D,y(Y) @ Dper(T), where (-,-) denotes the duality pairing between
DL (Y X T) and Dpe; (Y x T), whereas the right-hand side is the product of u and

per

@ in the duality between L2, (T; (Hy(Ym))') and L2 (T; H)(Yon))-

per
We now define an operator

2 2
R: chr(Y) - chr(Y)

(3.7)
U Xy, pU.

It is clear that R is a non-negative and linear bounded self-adjoint operator. Using
the positivity of the weight p we prove that the kernel of R is defined by:

ker(R) = {u € L2 (Y):u=0ae. inY,,}.

per

We denote by ker(R)* the orthogonal of the kernel of R in L2, (Y') while L§(Y;,)
stands for the completion of ker(R)+ with respect to the norm

lull+ = Xy, p?ull 2 vy (u€ker(R)™).

per
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We denote by P the orthogonal projection from L2_ (Y) onto L§(Y,). We recall
that for u € L2, (T; L2, (Y)) we define Ru and Pu by

(
per per

(Ru)(7) = R(u(7)) and (Pu)(r) = P(u(r)) for ae. 7€ (0,1).
Conmdered as an unbounded operator on LZ_ (7 ; H;(Ym)), the domain of R’ =

XYum

per(

ou
W = {0 € L2 (T3 HY (V) : Xy € Laun( T3 (HA (Vo)) .
We endow W with its natural norm

lullw = llullcz,, (7512 (i) + HXYmpa L2, (T3 () (W EW),

per

and recall an important result (see e.g., [16, [I7]) we will use in the sequel.

Proposition 3.10. The operator P maps continuously W into C([0,1]; L3(Y)),
.e., there exists a constant ¢ > 0 such that

HPUHC (L3 (V) = SUP ||XY pPu(r) 2y < cllullw  for allu € W.

Moreover,
ou Ov
[XYmpgaU] = _[XYWPE:U] for all u,v € W. (3.8)
We will also use the following convergence results in the forthcoming homoge-
nization process.
Proposition 3.11. Let ¢ € C°(Q1) ® Dper(T) @ Dy(Yyn). Let E', (uc)ecr and
(uo,u1) € L*(0,T; Hy(Q)) x L*(Qp; L*(T; HY (Vo)) be as in Theorem. Then

. 1 T z t
lim = / ue(x, t)p(g)go(x, t, - 6—2)daz dt = |Zs| [xy,, pui(z,t), o(x,t)] dx dt,
T Qr

where 0 < |Zs| < 1 denotes the Lebesque measure of the set Zs.
Proof. We have

1 T T 1
- € at — at7777d dt
Ef%uu>m5wm L e

=2 | welotias@pDplat. L S)deds

et G (G

€

T t
,t,—, = )dx dt
Jole,t, 2, 25)da
Bearing in mind that

/XWMM@MWm%ﬂWZO for all (z,t,7) € RV x R x R),
Y

the same line of reasoning as in the proof of [8, Theorem 2.3] yields, as E 3 ¢ — 0,
1

xT

T €T €T
8/Tus(ﬂv,t)XYm(E)XZS((3_2)/)(6)<p(a:,1t = E2)da:dt
- XY, Xz, pu1p dx dt dy dz dr,

Qr XY XZXT
which concludes the proof. [
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We finally introduce the following notation-definition
F§ = L*(0,T; Hy(Q)) x L*(Qp; L2 (T3 H (Y,))) x L*(Qp; LA, (Y x T; H (Z
0— s 4y 4o Ty Hper\4 1 p(Im X ( T per( X4 per( S)))a

where H],.(Z) stands for the space of functions v € H}.(Z) with st u(z)dz = 0.

We similarly define Dper(Zs) and remark that the space F} admits the following
dense subspace

3 = C () X (@) ® Dper(T) @ Dy (Yin)) % (C57(Qr) @ Dyer (Y x T)

® Dper(Zs) )
Moreover, F} is a Banach space under the norm

1o, w1, uz) gy

= lluoll 20,713 (0)) + Il L2@psze (msmy (v + vzl L2 @s2 (v xrm,, (2)))-

4. HOMOGENIZATION PROCESS AND MAIN RESULTS

Let E be an ordinary sequence of real numbers ¢ converging to zero with e.

4.1. Derivation of the global limit problem. By Corollary and Theorem
there exist

(Uo,ul,UQ) € F(lJ (41)
and a subsequence E’ of F such that, as E' 3 ¢ — 0,

Pou. — ug in L?(0,T; Hy(Q))-weak,
O(P.ue) w—ms Oug Ouy  Ous

oz, or; T oy o M@ <i<N).

Moreover, as E' 3 ¢ — 0 we have
P Xas — PXy,, @ Xz, in L™(Q) weak-*
so that Theorem [2.5] yields
Pou. — ug in L2(0,T; L*()). (4.2)

We are now in a position to formulate the first homogenization result.
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Theorem 4.1. The triple (ug,u1,uz) € F§ determined above by ([4.1)) is a solution
to the variational problem

(uo,u1,u2) € F(l)a

8’11,0 3%
( /Y otyy) [ e - / (a2, 6), S )]

T

= —/// G(y,7,up) - Vipo dx dt dy dr
Qp XYy, xT

+/// gy, T, up)1 de dt dy dr
QTXKnXT

1 (4.3)
A(y7 T)(Vmuo + vyul + VZUQ)
|ZS‘ Qr XY X Zs XT
- (Vatho + Vo1 + V.iho) da dt dy dz dr

1
o0.G(y, T,u
|ZS‘ ////QTmexZSxT( (y 0>

(Vauo + Vyur + vzu2)>¢o da dt dy dz dr
for all (1o, 11,v2) € Fo°-

Proof. Let e > 0 and let (g, 11,%2) € F5°. The appropriate oscillating test func-
tion for our problem is defined as follows:

r t r x t
w6(x7t) = ¢0(x’t) + 61/)1(]3,t, gv ?) + 62%(%@ ga ?7 ?)a (44)

for (z,t) € Q@ x (0,7). Multiplying all terms in the main equation of (1.1) by
e (z,t) and integrating over Q° x (0,7T) leads to

x . Ou. _
/Ql)(g)ﬁ%dxdt— /Q

€ g
T

t 1 t
A(f,—g)Vus-VzZJE da?dtJrf/ g(f,—Q,us)i/JE dx dt,
% g £ Q% g £

or equivalently to

x x x 0(Pue)
/QT P(E)XQE(?;Q) Ve dx dt

ot
xr X x t
/QT X0 (5, )AL, )V (Petie) - Ve d (4.5)

1 T xz t
- (=, —=)g(—, =, P ®dx dt.
+€/QTXQ (5’62)9(5752’ Eus)/l/} T

We now pass to the limit in (4.5) as E' o ¢ — 0. We start with the term in the left
hand side. We have

T z x O0(P.ug T T T o,
/ p(S)xa: (=, =) ( )wg dx dt = —/ p(S)xas (=, —2)P5u€i dx dt,
Qr Qr € g €

£ eer) ot ot
(4.6)
and we recall that
e _ Oy Oy z t, 10Y z t
ot (z,8) = ot (x’t)+€8t (x’t’s’sz) e Ot (m’t’5’52>
O z x t 0o r z t
20P2 rTz 1, 0P Tz 1
T (.t e’ e?’ 52)+ or (.t e’ e?’ 62)'
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It follows from (4.2)) that

. T T 0o
i [ oG, Gpa

~[[[ s Guen @ ey iz @)
QrxY xZ

——1Z( [ stas) [ TGrvodaa

m

dz dt

By means of Proposition we have

1 T x OYn
- - € P 5 s by ™
e P

lim
E'2e—0 €
_ 20
= P)xy (Y)xz. (2)ur— = dwdt dy dzdr (4.8)

Qr XY xXZxT T

=|Zs ‘/ XY, u1(z,t), (;Z}l( ,t)} dx dt

r t
-2

=)

The following limits hold:

. x T T 0 x t
T Ty (E Ep 2 Tt
E/lalrarioa /QT p(E)XQE(E’EQ)PEuE ot (=4 gl e’ 52)dmdt_0 (4.10)
. T T x 0o r x t B
E/lall;l’l_)O - p(g)xgs(g, ?)Peugﬁ(x,t7 g, ?, ?) dxdt = 0. (411)

After the passage to the limit in the left hand side of -, we used the formula
T 881/;2 dr = 0. Similar trivial arguments work for and - Thus as E' >
€ — 0, we have

T Ou,
/ng(E) 5t Ve dxdt — | Z4| / y)dy /QT 990 da dt

oY

(4.12)
- |ZS|/Q [pxymul(x,txﬁ(x,t)] dx dt.

As regards the first term in the right hand side of (4.5)), it is classical that, as
E’' 3¢ — 0, we have

A Ly9(Po,) - Vo drdt
Qs ¢ €

T x r t
- / xor (2. 5)ACE, 5)V(Peu) - Vo da dt (4.13)

_)////QTXY X ZsxT Al D)Vt + Yyt +Va) (Vo

+ V1 + Vﬂbg) dx dtdydzdr.
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Concerning the second term in the right hand side of (4.5, we first rewrite it as
follows:

1 T t
P.ug ). da dt
E/%g(é" 27 u)¢ €T

1 Tz t Tz t r t
=- P. dz dt -, =, P t,—, —)dzdt
5/%‘9(57 27 uE)wo x +/ 9(57527 8u£)w1(x7 55?52) T (414)
x T
e [ o G Pudunle L, 5, ) dedr
T
It is straightforward from [20] Lemma 5] that
T t T t
/%g(gvgapeus)¢l(x,t7E,E2)d$dt

_/ g2 2,pu€)xﬂa(f )i (x, )dacdt (4.15)
Qr €

- |Zs|/// g(y,T,Uo)ﬂ)l(Iat,ny) d%dtdydT
Qr XY XT

as E’ 3 € — 0. Likewise, it holds that

lim ¢

z 1 T x
-, =, P, t,—, —=,—)dxdt =0. 4.16
E/5e—0 /g;;g(5782’ EUE)QZJQ(:Ca ,5762’82) €T ( )

It then remains to deal with the first term in the right hand side of (4.14]). We have

9 ?, Psus) : vm'l/}O dz dt (417)

x t
_ /E (6TG(E)€727PUE) \V4 u€)¢0 dx dt.

It follows from [20, Lemma 5 - Remark 2] that as E' 3 & — 0,

/ (87“6;(E i PEUE) : vzug)wo dflf dt

. ¢ g2’
- //// (0,G(y, 7, u0) - (Vauo + Vyur + V,uz)) ¢ da dt dy dz dr.
Qr XYy X ZyxT
(4.18)

Likewise,

lim G (

E'35e—0

(4.19)
= |Zs \/// G(y, 7, up) - Vatbo dx dt dy dr.
Qr XY, xT

) Q»Pus)' xwodiﬂdt
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Thus, as £’ © ¢ — 0, we have

1 z t
/ 9(777,}3511,5)’1/15(125(#
€ Qs g €

o //// (0:G(y, 7,u0) - (Vauo + Vyur + Vus)) vho dz dt dy dz dr
Qr XYy X ZsxT

—1Z| /// G(y,7,up) - Vytbo da dtdy dr
Qr XY XT

+ |Zs‘ /// g(yaTa u(l)wl(xvtava) dxdtdydTa
Qr XYy XT
(4.20)

which combined with (4.12)—(4.13)) concludes the proof. O

The second term on the left hand side of (4.3 needs further investigations. In

fact, for further needs, we would like to rewrite it using formula (3.8)) of Proposition
[3.10] as follows

0 0
_/QT [prmu1($,t),#($,t)] dx dt :/ [PXYm%(%t)ﬂ/Jl(%t)] d{L‘dt,

Qr

but this requires that u; € W.

Proposition 4.2. The function uy € L2, (T; H)(Y,,)) defined by [@.1) and Theo-
rem [.1] belongs to W.

Proof. Let g = 12 = 0 and ¥1 = ¢ ® ¢ in ((4.3), where ¢ € C§°(2r) and
1) € Dper(T) @ Dp(Ys). Using the arbitrariness of ¢, we are led to

) Ouy
— 1), —(z,t)| dedt = —dyd
[prmul(m, )s 5y (z, )} T //YMXY,HP 5, Ydydr

= //Yﬂg(ym uo)v dy dr

1
/ / / Ay, 7)(Vaug + Vyur + Voug) V0 dy dz dr.
|ZS| Y XZsxT

But g = div, G, and the boundedness of the matrix A implies that the linear
functional

wH//YXTg(%ﬂUoWdydT

1
- — /// Ay, 7)(Vauo + Vyur + Voue)Vytp dy dz dr
‘ZS| Y XZsXT

is continuous on Dyer(T) ® Dp(Yyn) with the L2, (T; H)(Y,,))-norm. Thus can

per

be extended to and element of L2..(T;(H}(Y;,))'). In other words, xy, p%2 €

L2..(T;(H}(Y))") and the proof is complete. O
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Therefore the global homogenized problem of (1.1 reads

(uo,u1,u2) € F(l)»

Ouq
/ y)dy /QT 7% dxdt+/QT XY = o (a: t),91(x,t)] drdt

= —/// G(y,7,up) - Vipo da dtdy dr
Qr XY XT
+/// STy U dx dt dy dt
QTXymng(y 0)¥1 y (4.21)

1
- — //// A(y,T)(V;EUO + va1 + VZUQ) . (Vzwo
|ZS| Qr XYy X ZsxT
+ V1 + Vzd)g) dx dt dy dz dt

1
1z //// (0-G(y, 7 u0) - (Vauo + Vyur
A e X Vo X Zy XT

+ V.ug))thg dr dt dydzdr  for all (Yo, v1,12) € FF.

The variational problem (4.21)) is termed global since it contains the macroscopic
homogenized problem and the local problem.

4.2. The macroscopic problem. We are now in a position to derive the equa-
tion describing the macroscopic behavior of the e-problem (|1.1)). The variational
problem is equivalent to the system

(/Y p(y)dy)/Q %wodwdt

m

:7/// G(y,T,up) - Vipo dx dt dy dr
Qr XY XT

+V ug) - (Vatho) dmdtdydz dr

//// (0rG(y, T, u0) - (Vzuo + Vyus
‘Z | Qr XY X Zs xXT

+ V,u2))odxdtdydzdr for all ¥y € C5°(Qr),

/ [PXYmaa (z,t), 91 (2,t)] dz dt
Qr

= /// g(y, 7, uo)1 de dt dy dr
Qr XY XT

1 (4.23)
- — //// Ay, 7)(Vauo + Vyus
|ZS‘ Qr XYy XZsxXT

+ Voug) - (Vyth1) dedt dy dz dr
for all ¥y € C5°(Q7r) @ Dper(T) @ Dp(Yrn),
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and

//// Ay, 7)(Vzuo + Vyur + Voug) - (Vi) dedtdydzdr =0
Qpr XYy XZsxXT

for all 1 € C5°(Q2r) ® Dper(T) ® Dper(YM) ® Dper(Z)-
(4.24)
We first study (4.24). We start with a few preliminaries. We define H%E(ZS)
to be the space of functions in H'(Z,) assuming same values on the opposites
faces of Z, and satisfying st u(z)dz = 0. We remark that if u € H](Z) with
/ 2, W(z)dz = 0 then its restriction to Z; (which is still denoted by u in the sequel)
belongs to H(Z). Vice-versa, the extension of a function u € H(Z,) belongs to
Hye(Z) with [, u(2)dz = 0. We have the following result whose proof is obvious
and therefore omitted.

Proposition 4.3. Let 1 < j < N and let (y,7) € RN x R be fized. The follow-
ing microscopic local problem admits a solution which is uniquely defined almost
everywhere in Zg.

X (y,7) € Hy(Z,) :

Ow

—dz 4.25
) O (4.25)

N
/ Ay, )Vox? - Vewdz = =Y ayy
Zs k=1
forallw € H#(ZS).

Back to (4.24), let 9o = ¢ ® w with ¢ € D(Qr) ® Dper(7T) @ Dy(Yy,) and
w € Dper(Zs). We get

/// oz, t,y, 7)dx dt[/ Ay, 7)(Vaup + Vyur + V.oug) - Vow dz} =0
Qr XY XT Zs
which by the arbitrariness of ¢ gives, for fixed (x,t) € Qr and fixed (y,7) € RN xR,

/ Ay, 7)Vyus - Vowdz = —/ Ay, 7)(Vgup + Vyur) - V.wdz. (4.26)
Zs Z,

By inspection of the microscopic problems (4.25) and (4.26) it appears by the
uniqueness of the solution to (4.25) that for almost all (z,t, y, 7) fixed in Q7 xRN xR

N

0 0 ;
uale iy ) = 3 (Got (@ 0) + 5 L@ by D)) r) e in Ze (427)
J J

For further needs, we introduce a notation. We define the matrix V,x by

5Xi .o
\/ L = < < 7\7 .
( ZX)ZJ 82’]‘ (1 =] > )

Then we can write in short for almost all (x,t,y,7,2) € Qp x RY x R x RV,

Viug =Vyx - (VmUO + vyul) (428)
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We can now look at the mesoscopic scale. Let (z,t) € Q7 and (r,&) € R x RY
be freely fixed and let 7(z,t,r, &) be defined by the mesoscopic cell problem:

mi(x,t r,f) ew

o G onldeat = ([ ATVl Tm) - (00 dyzar

= // g(y, 7, )1 dydr  for all Y1 € W,
Y, XT

(4.29)
Where I stands for the identity matrix. For the sake of simplicity, we put A =
J, A(I + V.x)dz. The following Proposition addresses the question of existence
and uniqueness of the solution to the variational problem (4.29)).

Proposition 4.4. The following local variational problem admits a solution which
is uniquely defined on Y,, X T:
mi(z, ¢, &) €W

877'1
dyd
[pXYm a 71l)1 |Z| /L"LXT y’ )v ﬂ-l ywl y T

//YmXTg(y,TT)ilildydTJr|Z| // 7)€ Vb1 dy dr

for all 1 € W.

(4.30)

Proof. Tt is clear from the boundedness of the bilinear form on the left hand side,
and the boundedness of the linear form on the right hand side of that
admits at least one solution in W. As for the question of uniqueness, let 71, 6, be
two solutions to . Then ¢; = m — 61 solves with zero right hand side.
This yields

¢, | " -
[pXYmai’raCl] - |Zg| //meTA(:% T)VHCI : vyCl dy dr = 0.

But formula (3.8]) of Proposition implies

[PXY,0, %7 Gl =0

// Ay, T)VyC1 - VG dydr = 0,
Y XT

which by the uniform ellipticity of the homogenized matrix A yields VG =
0 a.e. in Y,, x7. Therefore there exists a function h depending only on 7 such that
&1(y,7) = h(r) for almost every (y,7) € Y, x T. But, since & € L2, (T; H) (Vo))
we have

We are left with

per

0:/ p(y)&i(y, ) dy = h(T)/ p(y)dy ae. inT. (4.31)
m Ym

Thus h = 0 since fY y)dy # 0. Therefore £&; = 0 almost every where in Y, x
7. O

In particular taking r = ug(z,t) and £ = Vug(x,t) with (z,¢) arbitrarily chosen
in Qr and then choosing in (4.29)) the particular test functions ¥ = ¢(x,t)vy, with
v € C°(Qr) and vi € (Dper(T) ® Dy(Ysy,)), and finally comparing the resulting
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equation with (4.23), it follows by means of Proposition (bear in mind that
Dper(T) @ Dy(Ysn) is dense in W), that for almost every (z,t) € Qp we have

ur(x,t) = mi(z, t,uo(x,t), Vyuo(z,t)) (4.32)

almost everywhere on Y;,, x 7. The linearity of the problem suggests a more
flexible expression of its solution 7. We formulate the following variational prob-
lems

wi(z, t,r) €W
8w1 1 ~
(XY 0] — Ay, 7)Vyw: - Vyhdy dr = g(y, m,r)b dydr
or |Zb| Y. xXT Y xT
for all ¥ € W.
(4.33)
and
0(x,t) = (0;(x,1)1<i<v € (W)Y
[oxv,, 00; ) — 1 // fl(y,T)VyQi -V dydr
or Zs| J )y, x1 ' (4.34)

1 & . b
Ay, 7)=——dydr forallp € W,
‘ZS| ];1 //Y,,,LXT k( )ayk

and leave to the reader to check that they admits solutions that are uniquely defined
on Y, X 7 and satisfy

m(z, 6,1, ) (y, 7) = 0(z, t,y,7) - £ +wi(a, t,y, 7, 7). (4.35)
Hence, the same lines of reasoning as above yields
ur(@,t,y,7) = 0(x,t,y,7) - Voue(z, t) + wi(a, t,y,7,uo (2, 1)). (4.36)

We are now in a position to formulate the strong form of the macroscopic vari-
ational problem (4.22). Substituting in (4.22) the expression of V,us obtained in
(4.28]), we have:

(/Y p(y)dy)/Q %%dwdt

m

= 7/// Gy, T,up) - Vipo dx dt dy dr
Qr XY XT

1 _
/// Ay, 7)(Vauo + Vyur) - (Vaiho) de dt dy dr (4.37)
|ZS| Qr XY XT

ML e ([ 0+ a0dz) - (T

+ vyul))}wo dedtdydr for all ¥ € CZ(Qr).
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We put B(y, 1) = [, I+ V.x(y,7,2))dz ((y,7) € RY x R) and use (4.36) to get

( /Y p(y)dy) /Q %wodmt

m

- —/ (// 3rG(y7T7uo)-quo>1/)o da dt dy dr
Qr Yo XT

1 N
— AV ug - Vb dz dt
1Zs| Jar
1 -
_ A .
| Zs| Qr (//meT (y)T)vywl dy dT) Vatpo dz dt (4.38)
1 // -
- — 0rG(y, 7y up) (B(y, 7)(I + V,0))dy dr
|ZS| Qr {( Yo xT ( O)( ( )( Y )) )
 Vauo }o do di

1 i
~zi L] a6 r ) (B + 9,09 00) dya)
“tpodadt  for all vy € C5°(2r),

where
Awt)= [[ A+ Vit ndydr (@) € ).
Y, xT
Setting
Ll(l',t,’/‘) = // A(va)Vywl(xvtayaT7 T) dydTa
Y, xT
Lo(x,t,r)

_ //WT [12.10.Gw. 7.0 + 8. Cl.7.r) (B )T + Vb, t.9.7))) | dyr,
Ls(z,t,7)

= // arG(ya T, T) (B(ya T)(I + vye(fv ta Y, T)) ! vywl (xa t7 Yy, T, 7")) dy dr.
Y, xT
We are led to the following result.

Theorem 4.5. The function ug determined by (4.1)) and solution to the variational
problem (4.22)), is the unique solution to the boundary value problem

o X
2.1( [ o) dy) 55 = div (AGe.Vu0) + div Li(z b0
Y, ot

— Lay(z,t,up) - Vug — La(z,t,up) in Qp (4.39)

up =0 on 9N x (0,T)

uo(z,0) = u’(z) in Q.
Proof. The claim that ug solves the problem (4.39) has been proved above and
the uniqueness of the solution to (4.39]) follows from the fact that the functions

L;(x,t,-) (1 <i < N) are Lipschitz. This can be proved by mimicking the reasoning
in [3]. O

We can now formulate the homogenization result for problem (|1.1)).
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Theorem 4.6. Assuming that the hypotheses (Al)—(A4) are in place and letting
ue (¢ > 0) be the unique solution to (1.1), we have, as € — 0,

ue — ug in L*(Qr),

where ug € L*(0,T; HE(Q)) is the unique solution to (4.39).
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