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EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS FOR
FRACTIONAL SEMILINEAR DIFFERENTIAL EQUATIONS

BAMBANG HENDRIYA GUSWANTO, TAKASHI SUZUKI

ABSTRACT. In this article, we study the existence and uniqueness of a local
mild solution for a class of semilinear differential equations involving the Ca-
puto fractional time derivative of order a (0 < o < 1) and, in the linear part,
a sectorial linear operator A. We put some conditions on a nonlinear term
f and an initial data ug in terms of the fractional power of A. By applying
Banach’s Fixed Point Theorem, we obtain a unique local mild solution with
smoothing effects, estimates, and a behavior at t close to 0. An example as an
application of our results is also given.

1. INTRODUCTION

Some existing researches showed that, in diffusion process, there are particle’s
movements that can be no longer modelled by the (normal) diffusion equation. To
see these phenomenons, one can refer to [II, B, [8, [I6] observing the dispersion in a
heterogeneous aquifer, the transport of contaminants in geological formations, the
dispersive transport of ions in column experiments, and the diffusion of water in
sand, respectively. All of these processes follow the pattern

(2@) ~t*, 0<a<l, (1.1)

where (z2(t)) is the mean square displacement at time ¢. These processes are called
subdiffusion and can be modelled by the equation

Diu(z,t) = DoAu(z,t), = €R™ t>0, (1.2)

where 0 < o < 1, D,, is a subdiffusion coeficient, and Df* is the Caputo fractional
derivative of order a.. Reaction subdiffusion equation was also derived (see [2] [
10l 111, 17, 18, 22| 27, 28]). Subdifusion model can also be a formula for memory
phenomenon (see [I3| 21]). In [5], Du et al. also found that the order of fractional
derivative is an index of memory. Thus a study to investigate a solution to this
model is very useful. Recently, there are some researches studying a solution to
fractional evolution equations, for instance, see [4, [6] 19, 20] 24} 26} 29| BT, [32], 33].
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In this article, we show the existence and uniqueness of a local mild solution to
the fractional abstract Cauchy problem

Diu=Au+ f(u), t>0,0< o<1,

(0) =1 (1.3)

where H is a Banach space, D' is the Caputo fractional derivative of order «,
A : D(A) — H is a sectorial linear operator, up € H, and f : H — H. We use
some conditions on f and ug in terms of the fractional power of A. The conditions
are

(i) f(0) =0,
(ii) there exist Cyo > 0,9 > 1, and 0 < § < 1 such that

1£(u) = F@)I| < Coll| A%ul] + [|A%0])" || A% — A%

for all u,v € D(AP),
(iii) up € D(A”) for some 0 < v < 1.

These conditions are used to study the solvability and smoothing effect for some
class of semilinear parabolic equations (see [14]). As in [14], we apply Banach’s
Fixed Point Theorem to construct a local mild solution to the problem by
employing the properties of solution operators generated by A and the fractional
power of A. In this paper, we obtain the existence and uniqueness of the local mild
solution with smoothing effects, estimates, and a behaviour at t close to 0 as the
advantages of our results compared with the preceding related results.

This article is composed of four sections. In section 2, we introduce briefly the
fractional integration and differentiation of Riemann-Liouville and Caputo opera-
tors. In this section, we also provides some properties of analytic solution operators
for fractional evolution equations including some estimates involving the fractional
power of sectorial operators. In next section, our main results are showed. Finally,
in the last section, an application of our main results is given.

2. PRELIMINARIES

2.1. Fractional time derivative. Let 0 < o < 1, a > 0 and I = (a,T) for some
T > 0. The Riemann-Liouville fractional integral of order « is defined by

JeF(t) = /t wf(s)ds fel'(), t>a (2.1)
0= f, ) | e |
We set JO, f(t) = f(t). The fractional integral operator (2.1 obeys the semigroup
property

Je I, =T 0<a, Bl (2.2)

The Riemann-Liouville fractional derivative of order « is defined by
bt —s)—@
Dg,tf(t) = Dt/ mf(s)ds, f S Ll(I), % % f S Wl,l(I)’ t> a, (23)

where * denotes the convolution of functions

(f*g)(t) = / f(t - T)g(r)dr, t>a,
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and WH1(I) is the set of all functions u € L(I) such that the distributional
derivative of u exists and belongs to L!(I). The operator Dy, is a left inverse of
Jg s that is,

Dg,t*];,tf(t) = f(t), t>a,
but it is not a right inverse, that is

JDe () = f(t) — (t=a)" g (@), t>a
a,t™a,t - F(Ot) a,t ’ .
The Caputo fractional derivative of order « is defined by
t —
(t—s)"
D¢ =D —_— — 2.4
20 = Dy [ (6 = f0)ds. 1> a (24)
if fe LY (I), t=** f e Whi(I), or
DY F(t) = /t U= b f(s)ds, t > a (2.5)
ot J, Tl —a) 77 ’ ’ ’
if f € Wh(I). The operator Dg, is also a left inverse of J,, that is
D3 Jaf () = f(1), t>a, (2.6)
but it is not also a right inverse, that is
JaiDa () = f(t) = fa), t>a. (2.7)
The relation between the Riemann-Liouville and Caputo fractional derivative is
(t—a)~
D¢ =D - . 2.
a,tf(t) a,tf(t) F(l _ O[) .f(a)7 t>a ( 8)

For a = 0, we set Jg', = Ji*, Dy, = D, and Dg, = Dy*. We refer to Kilbas
et al [I5] or Podlubny [25] for more details concerning the fractional integrals and
derivatives.

2.2. Analytic solution operators. In this section, we provide briefly some results

concerning solution operators for the fractional Cauchy problem
DY u(t) = Au(t) + f(t), t > 0,

pu(t) )+ f(t) (2.9)

u(0) = up.

For more details, we refer to Guswanto [7].
Henceforth, we assume that the linear operator A : D(A) C H — H satisfies the
properties that there is a constant 6 € (7w/2, 7) such that

p(A) D Se={AeC:A#0,|arg(N)| < 0}, (2.10)
[R(A; A < % A € Sy, (2.11)

where R(\; A) = (A — A)~! and p(A) are the resolvent operator and resolvent set
of A, respectively. We call A as a sectorial operator. Every operator satisfying
this property is closed since its resolvent set is not empty. The linear operator A
generates solution operators for the problem , those are

1
Sa(t) —/F MATIR(NY; A)dN, ¢ >0, (2.12)

~ omi

1
Py(t) = — /F MR A)dN, t >0, (2.13)

= omi
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where r > 0, 7/2 < w < 0, and
Iw={AeC:larg\)| =w,|A| >r}U{reC:|arg(\)| < w, [N =7}

is oriented counterclockwise. By the Cauchy’s theorem, the integral form
and are independent of r > 0 and w € (7/2,6).

Let B(H) be the set of all bounded linear operators on H. The properties of the
families {S4(t) }+>0 and {P,(t)}:>0 are given in the following theorems.

Theorem 2.1. Let A be a sectorial operator and So(t) be an operator defined by
(2.12). Then the following statements hold.
(i) Sa(t) € B(H) and there exists a constant C; = Cy(«) > 0 such that
[Sa(®)] < C1, >0,
(ii) S (t) € B(H;D(A)) fort >0, and if v € D(A) then AS,(t)x = Su(t)Ax.
Moreover, there exists a constant Cy = Ca(a) > 0 such that
|AS, ()] < Cat™, t>0,
(iil) The function t — S, (t) belongs to C>°((0,00); B(H)) and it holds that

1

S (t) = —/ eANFTIRONY A)dN, n=1,2,...
T w

271
and there exist constants M, = My (a) > 0,n =1,2,... such that
S ()] < Mut™™, >0,
Moreover, it has an analytic continuation S, (z) to the sector Sy_r o and,
for z € Sy_r/2, n € (7/2,0), it holds that
S (2) i/r eMNTIR(AY; A)d.

= omi

n

Theorem 2.2. Let A be a sectorial operator and P, (t) be an operator defined by
(2.13). Then the following statements hold.

(i) P.(t) € B(H) and there exists a constant Ly = Li(«) > 0 such that
1P ()l < Lit*™, >0,

(i) P.(t) € B(H;D(A)) for all t > 0, and if v € D(A) then AP,(t)x =
P, (t)Ax. Moreover, there exists a constant Ly = La(a) > 0 such that
AP, (t)]| < Lot™', t>0,
(iii) The function t — Py (t) belongs to C*°((0,00); B(H)) and it holds that
1
 2mi

/ ePAPR(AY A)dA, n=1,2,...
Fr,w

and there exist constants K, = K,(«a) > 0,n=1,2,... such that
[P (@) < Knt* ™, >0,

Moreover, it has an analytic continuation Py (z) to the sector Sy_r /o and,
for z € Sg_r/2, n € (7/2,0), it holds that

Po(2) /F e R(\Y; A)dA.

- 21
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The following theorem states some identities concerning the operators S, (t) and
P, (t) including the semigroup-like property.

Theorem 2.3. Let A be a sectorial operator, S, (t) and P,(t) be operators defined
by (2.12) and (2.13)), respectively. Then the following statements hold.

(i) Forx € H and t > 0,
So(t)r = J} Py (), DpSa(t)x = APy (t)z,
(ii) For x € D(A) and s,t > 0,
DSy (t)r = AS,(t)x,

St + 8)x = S,(t Yo — // t+$_11;)r) aPa(T)Pa(T)IL'deT.

The next theorem shows us the behavior of the operator S, (t) at ¢ close to 0T.

Theorem 2.4. Let A be a sectorial operator and So(t) be an operator defined by
(2.12)). Then the following statements hold.

(i) If x € D(A) then lim;_,o+ So(t)x = 2.
(ii) For every x € D(A) and t > 0,

ti(tiT)ail T)xdT
| i Satryadr € D)

/t MASQ(T)(EdT = Sa(t)z — =z,
o Ta)
(iit) If z € D(A) and Az € D(A) then

lim Sa(t)e — = 1

t—0+ te F(O[ + 1)

The representation of the solution to (2.9) in term of S, (¢) and P,(t) is given in
the following theorem.

Theorem 2.5. Let u € C((0,00); H) N LY((0,00); H), u(t) € D(A) fort € [0, 00),
Au € LY((0,00); H), f € L'((0,00); D(A)), and Af € L'((0,00); H). If u is a
solution to the problem ([2.9)) then

t
u(t) = Sa(t)uo —|—/ P,(t—s)f(s)ds, t>0. (2.14)
0
Now, we consider the fractional power of operator A
A*%_ﬂ/ A PR\ A)zd\, x € H, 3>0,
7r

and

1
APy = A(AP~ 1) = 27/ MZIR(N A)Azd\, 2 € D(A), 0< B < 1.
T Fr,w
Some estimates involving A” and the operators families {S, (t) }t>0, {Pa(t)}¢>0 gen-
erated by the sectorial operator A are provided by the following theorem. These
estimates are analogous to those as stated in [23, Theorem 6.13] for analytic semi-
groups.
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Theorem 2.6. For each 0 < 3 < 1, there exist positive constants C| = Cf(«, ),
Ch = Ch(o, B), and C4 = Ch(a, ) such that for all x € H,

|APS, (|| < Ot~ B=Y £ 1)||z|, >0, (2.15)
| AP P, (t)z|| < Cht=>B=D=1z|, t>0. (2.16)

Moreover, for all x € D(AP),
|Sa(t)z — x| < C5t*P||APz||, t>0. (2.17)

Now, let & = a(¢ —1)+1, for 0 < ¢ < 1, and 27 = max{0, z}, for z € R. Thus
we have the following result.

Corollary 2.7. For each 3> (2—1/a)t orf=2—-1/a>0andz € H,
10| AP (t)al] < 204 Jall, 0<t<1, (

17478 (|| < 2078 all, t> 1, (
|| AP P, (t)z|| < Ch|lz||l, t>0, (2.20

9] APS, (x| — 0, ast— 0T (
Furthermore, we have the same result as Theorem (ii) with weaker condition.

Theorem 2.8. Let 0 < 3 < 1. Then, for x € D(A®) and s,t > 0,

DSy (t)xr = AS,(t)x, (2.22)

St + 8)x = Sa(t)Sals)z — // Hszi;” C () Pa(r)z dr dr. (2.23)

3. MAIN RESULTS

In this section, we show the existence and uniqueness of a mild solution for the
problem (|1.3)) under certain conditions by applying Banach’s Fixed Point Theorem.
Based on Theorem we define a mild solution to the problem (|1.3)) as follows.

Definition 3.1. A continuous function u : (0,7] — H is a mild solution to the
problem (1.3)) if it satisfies

u(t) = So(t)uo +/O Pult— 8)f(u(s))ds, 0<t<T.

The conditions on f are:

(i) f(0)=0,
(ii) there exist Cy > 0, ¥ > 1, and 0 < 8 < 1 such that

1 () = f)]| < Co(l|A%ul| + | A%0]))* | A%u — APw]],
for all u,v € D(AP).

Let BC((0,T); D(A®)) be the set of all bounded and continuous functions w :
(0,T] — D(AP). Under the conditions on f above, we obtain the following results.

Theorem 3.2. Let ug € D(AY) with
B-—v>2-1/a)t, 1-av—196_,>0, 0<9&, <1, (3.1)

where

e=alC-1)+1, 0<(¢<1l; 2" =max{0,z}, z€eR.
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Then there exits T > 0 sufficiently small such that the problem (1.3|) has a unique
mild solution u satisfying

ts1=vy € BO((0,T]; D(A™)), lin, o= Ay(t) = 0,
t—
|AMu(t)|| < Ct=Sn=v[| A uol|, ¢ € (0,T],
for everyn e (v+(2—1/a)*, 5].

Theorem 3.3. Let u be the mild solution to the problem (L.3)) in Theorem , If
f(u(t)) € D(A), fort e (0,00), then

ti-vu € BC((0,T]; D(A))
with
|Au(t)|| < Ct=5 || A o], t € (0,T).
3.1. Proof of Theorem We define first the Banach space
Esr ={u:[0,T] — H : t*~vu € BC((0,T]; D(A"))}
equipped with the norm
lulllgr = sup 5= A%u(t)]], (32)
0<t<T

and define a closed ball Bg r in Eg 1 by
Bgr ={ue Egr: |[ulllsr < K},

where T and K are some constants which will be specified later.
Next, we define a mapping F on Bg 1 by

Fu(t) = Sa(t)uo —1—/0 Py (t — s) f(u(s))ds.

First, we prove the continuity of A” Fu(t) with respect to ¢ in (0,7]. Since A% is a
bounded operator on D(A) and, for each x € H, S, (t)x is continuous with respect
to t in (0, 00), then, for each x € H, A?S,(t)x is continuous with respect to ¢ in
(0,00). Thus it remains to show the continuity of

AP /t Pyt —s)f(u(s))ds, 0<t<T.
0

Note that
t

t+h
AB/O Po(t+h —s)f(u(s))ds — AP ; P, (t—s)f(u(s))ds

= AB/ Po(t —s)f(u(s + h))ds — AP / Po(t — s) f(u(s))ds

—h 0

A7 / Pu(t — 5)(f(uls + 1) — f(u(s)))ds

4+ 48 / Palt +h — 5)f (u(s))ds.
0
Observe that, for v € Eg r,
1 (u(t + h)) = flu@)]] < Co2” K710 D8 v | A%u(t + h) — APu(t)]| (3.3)
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and
1f (@) < Col| APu()]|” < Cot ™"~ |||ul |57 < CoK 't %, (3.4)

for 0 <t <T. Next, we have
/0 AP Pt — 5)(F(u(s + B)) — f(u(s)))]ds

t
< 219*100021@71/ (t — 5)~8 s~ (=D& —v|| ABy(s + h) — APu(s)]|ds.
0
Now, consider that, for 0 < s <t < T,
(t — 5) "85~ O D8%—v || APu(s 4+ h) — APu(s)|| < 2K (t — s) S0 sV,
s 2K (t —s) %8s %-v ¢ L1((0,t);H), 0<t<T,
| APu(s + h) — APu(s)|| — 0, ash — 0.
Hence, by the Dominated Convergence theorem,
t
/ (t —s)"8 s~ (D&% —v|| ABy(s + h) — APu(s)||ds — 0, as h — 0.
0
This implies

/0 | A7 Po(t — ) (f(uls + b)) — f(u(s)))]lds — 0, as h— 0.

Next, observe that

h
|14 P+ b= 9l
h
< CoChla, B)K? / (E4h— 8) 8506w s
0

h
t+h
= CoChla K (e e ame [T 1yt
0

= CoCha, H)K (1 4+ h)! 6060 ;gﬁ_u
x (Hih)lﬂ%ﬁ’”ﬂﬁ — 0652 — Vg Hih)
= W’ll_%‘s”(t + h)_gﬁH(l — V€p-0,8p32 — VEp—u; HLh)’
where
H{a,bic;2) = r(b)g((?— b) /01 tb_l((ll—_;z)f;b_l’ e-b-a>0 fal<1

is hypergeometric function (see [15]). Thus

h
/ IAP Po(t + b = )|l f (u(s)|ds — 0, as h— 0.
0

Therefore the continuity of A% Fu(t) with respect to t in (0, 7] is obtained.
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Next, we prove that the mapping F' is well-defined and maps Bg r into itself.
Consider

/0 1AZPa(t = )|[I1f (u(s))llds

t
< CoChla K Hlullar [ (6= 5) S5~ %r-vds
0

< CoCy(a, BYK" B(1 = V€50, 1 — &5)|[Jul| g, rt 57760,
where .
B(a,b) = / ro N1 —=7)"Ydr, a,b>0,
is Beta function. Therefore '
150 | AP Fu(t)|| < 19| A%So (thuol| + CaK "~ [Jull| gt =50~ %0 Hea=v 1 (3.5)
where Cy = CoCh(er, 3)B(1 — €3, 1 — ¥€p_,), implying
1Fullpr < sup ¢50-7[|APSq (tuol| + Co KO~ T80 8o v [juf || 5.7 (3.6)
0<t<T
Note that 1 — &g — 93—, +&3—, =1 —av —9E3_, > 0 by . By , we can
find 0 < T < 1 such that
5= | APV S, () A ug || < 2C) (v, B — v)||A o, 0<t<T.
Then, for u € Bg T, we have
I[Fulllgr < sup 59+ ||AP7Y S, (t) A ugl|| + Co KT~ ="8—v
0<t<T

(3.7)
<207 (o, B — v)||Aug || + Co KT —ov=98—v
Next, we choose K > 0 such that
201 (e, B — v)|| A ug| + Co KT == < K. (3.8)

For the case 1 —av —9¢g_,, > 0, we can get such a K by taking 7" sufficiently small.
For the case 1 — av — ¥¢3_, = 0, we choose K > 0 sufficiently small such that

C,K? < K,
and then take T such that
sup 58| APV S, (1) A¥uo|| < K — C4K°. (3.9)
0<t<T
Note that in both cases, we can find C = C(«, 3) > 0 such that
K < C||A%ug||. (3.10)

Hence |||Ful||g,r < K. Thus the mapping F is well-defined and maps Bg r into
itself.

Next, we show that the mapping F': Bgr — Bg r is a strict contraction. Note
that, if u,v € Bg 1, we have

| AP Fu(t) — APFo(t)|

< [ 14PN uls) - F(0(5))ds
0



10 B. H. GUSWANTO, T. SUZUKI EJDE-2015/168

1

t
! — 197
< CoCh(a, B) / (t— )7 (lulllo.z + lollo.r)

w g~ (@—Dés— l[|u — U|||ﬁ7TS*§ﬁ—ud8

t
< CoCh(a, B)2° 1K1 / (t—s)"% s "0vds|[u—v[||g.r
0

< €427 K u — vl gt 6806,

Then
(65 | AP Fu(t) — APFo(t)]| < €2 B = ol gt 00
< €2 KO = vl T O,
Note that we can select K > 0 and 7' > 0 sufficiently small such that
Cs = C, 20 1RV Ipl-av=98%-v < (3.11)

Consequently,
I|Fu— Fol|| < Cslllu— vl

It means the mapping F' : Bgr — Bgr is a strict contraction. Thus, by Banach’s
Fixed Point Theorem, we can get a unique v € Bg 7 which is a mild solution to the

problem (1.3)). Furthermore, by (3.7)), (3.8), , and (3.10)), for this u, we have
ulllgr < sup $59=+[[ATV S, (8) A%ug|| + CaK T =807 06s-vH8a-0 < C|| AV .
0<t<T

Then, by (3.2),

|APu(t)|| < Ct=$o—+ | A%, 0<t<T.

Now, we check the continuity of w at t = 0. Note that

t
15| APu()|| < #5(| AP S, (uo | +t5”‘”/0 1A% Pa(t = $)|ILf (u(s)) (3.12)
< v HA,BfVSa(t)AVUOH + C4K’I9t1*0él/*’l9§[3_y.
Thus, if 1 — av — ¥z, > 0, letting ¢ — 0 on both sides of (3.12)), we obtain
lim t7-» APu(t) = 0.
t—0t+
For the case 1 — av — 9¢s_, = 0, consider first that, from (3.6, we have
APV S (8) Ao | + Cak | [ulll g7,

Iullgzr < sup -~
0<t<T’

for any 0 < T < T. Since C5 < 1, then C4KY~1 < 1. Hence there exists Cg > 0
such that

| AP~V S (1) A ug .

I|ulllgr < Cs sup t5-»
0<t<T

By taking 7" — 0, thus we also have

lim %+ APu(t) = 0,
t—0+

for the case 1 — av —9¥€g_, = 0. We can also conclude that the results above also
hold for every n € (v + (2 —1/a)*, 3) since such a 7 satisfies the condition (3.1)).
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Remark 3.4. From , for T > 1, we have
69| A7 S, (Dyuo| < 27 (0, B — )= A%ugll, ¢ € (0,T),
Then, it follows that becomes
20 (a, B — V)| A% ug || T + CL KT~V =%+ < K. (3.13)

Observe that we can not get K > 0 satisfying (3.11]) and (3.13]) for T" sufficiently
large although K is taken to be sufficiently small. Thus the problem (L.3)) has no
a global mild solution « on (0, c0).

Remark 3.5. If we assume that f is a nonlinear operator in H satisfying

(i) f(0)=0,
(ii) there exist Cyo > 0,9 > 1, and 0 < § < 1 such that

() = f)]] < Co(L+ (| A%l + [|A%0]))? 1) || A%u — AP,
for all u,v € D(A%),
then Theorem [3.2] remains valid.

3.2. Proof of Theorem We verify first the following lemma.

Lemma 3.6. Let u € Bgr be a mild solution to (L.3). Then, by the condition
(3-1), APu(t) is Hélder continuous in [, T] for each e > 0.

Proof. First, consider that, by (2.23)),
APSo(t 4 h)ug — AP Sy (t)ug

¢ h(t—i—h—T—r)_"
= AP — ug — B T T)U T artr
= AP(54(h) — I)Sa(t)ug — A /0 /O T o) APa(Pa(ruodrd

and

t+h t
Aﬁ/o Pa(t—i—h—s)f(u(s))ds—Aﬂ/O Pu(t — 5) f(uls))ds

= AP / P,(t—s)f(u(s+ h))ds — AB/O P, (t — s)f(u(s))ds

—h

oy / Pu(t — 5)(f(uls + 1) — F(u(s)))ds

h
+ AP / Po(t+h —s)f(u(s))ds.
0
Now, let e <t <t+ h <T with € > 0. Observe that
h -«
/ (t+h—71-1) —61a gy
0 I(l—-a)
RSt h—r)
T(1—a)(1—¢&—s)
< F(2 — §1—5)B(a7 1- O{)
S 0—G - a2 &5 —a)
implying

t h —
/ / R T s dpdr
o Jo I'(l-a)

H(l—é,a;2—5;t+h%>

hi=S1-s(t + h — r)—e
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F(2 - 5175)3(017 1- a)h1_£175 i —a,~Ep15—v
ST T - @@ &5 —a) / (4 h =) Srmeremdr
P(2—-&-5)B(a,1 —a)h' =85 (t + h)' o Spvov /tih (1-3s)

0

(1— &)1~ )T (@2 &g — a)
< C’7h17§1—5(t + h)lfaféﬁﬁ_y

agEots-v g

where
Cr — ['@2-&-s)B(a,1 —a)B(1 —&gis-v,1— )

(=& s)T(1— )T (@~ &y~ a)
Then, for every 0 < § <1 — [,

147 S (t + h)uo = A”Sa (tuo
< [(Salh) — 1) AP S (tyuo]|
/ / t+h r)_a|\A1—6Pa(T)AW-”Pa(r)A”uo||d’“dT

< Cy(a,0 hc”SIIABJ”S ”5 (£)A"uol| + Cy(er, 1 = 6)Co(ar, B+ 0 — v)

_ _ «
// (t+h—71 7“) 785 p=8s4s-v dp dr || AV )|

I'(l—a)
<o, B+ 6 — v)Ch(a, S)h=S1-0¢ = (t1=8m+5-v L 1)]| AV w0 ||
+ Ch(a,1 = 6)Chla, B+ 6 — v)Crll—E-spima=€asss | Ay |
< (0, B+ 8 — 1) Chon RS-0 (11555 1 1) A%
+ Cgh! =St =8ovs—v 1 1)|| AV uo |
< CohtSt-sg= (g1 =8ts—v 4 1)|| A% uyl],

for some constants Cg, Cy > 0. Next, note that
t
147 P = ) ats + ) = Flats))ls

t

< 2”71 CoCh(a, B)K / (t—s) 70 s (U8 APu(s 4 h) — APu(s)| ds
0

and

/ | AP Po(t + h — ) f(u(s))ds
h

SCOCé(a,ﬂ)Kﬂ/ (t+h—s) s 8-rds
0

h
t+h
< Cuglt ) =602 [Tty
0

< e _f;gﬁy (t + B)1—€s =060 (HLh) 1_%’”;1(1 — 0€p1 €332 — Vg t%)
< Cllhl—ﬂg,@—ut—fﬂ’
for some constants Cg, C11 > 0. Thus we obtain

| APu(t 4+ h) — APu(t)]|

< Coh'=S1=sp=($1=8m+s—v 1 1) || A%ug|| + Oy A 78010
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t
20y C K / (t — 5)% s~ 0D | A%u(s + h) — APu(s) |ds
0

By the Gronwall’s inequality, it implies that APu(t) is Holder continuous on [g, T
for any € > 0. O

Next, by the Lemma[3.6] f(u(t)) is also Hélder continuous on [e, T for any & > 0;
that is,

£ (u(t + h)) = f(u(®))]| < Cra{h!~Ststm0m 0mD8amr (g1 =845 4 1)[| A%
4 pls—v =€ —(9-1)€s— }’
for some constant Cy15 > 0. Note that the assumption (3.1) assures that 0 <

1 —3¥€3-, and, for each 0 < § < 1 — 3, it holds that 0 < 1 — &;_5. Furthermore,
consider that, for t € (0,7, we have

1= [ ASa (Buol] < Chla, 1 — )16~ 4 )| 47w
with
Loy —a>0, &4y —a+1-&_,=1—a>0.
It follows, for T sufficiently small, that
1417 | ASq (t)uol| < 2C7 (@, 1 — v)[|A"uo|.

Now, observe that

A / Pa(t — 5) f(u(s))ds
t/2
= AP, (t — s)f(u(s))ds

0
t

+ | APu(t = s)(f(u(s)) = f(ult))ds + (Sa(t/2) = ) f(u(t))

t/2
=I5+ I+ Is.

Next, we note that

1| (Salt/2) = DFu(t))]] < Castéi= | ()] < CoCraK 16w,
for some constant Cy3 > 0, and

Sy — Vs, =1 —av —108&_,.
Therefore, for ¢t € (0,T] with T' > 0 sufficiently small, we have
(9 (Sa(t/2) = D (B))]] < 206Cra Kt =60
for some constant C14 > 0. Hence, by (3.10), we obtain
51| I < Chsl| A% uo

for some constant C'5 > 0. Furthermore,
t/2
t9-v|| 1, || < Lo(a)CoKVt51-v / (t —s) "t Ve-rds
0

< Cl6t£1—u_19557u < Cthl_aV_ﬂgﬁfu’
for some constant Cy > 0. Thus, for T" sufficiently small, we find that

5| I || < Curl| A g,
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for some constant Ci7 > 0. Now, consider
[APa(t = s)(f(u(s)) = f(u(?)))ll
< Lg(a)Clg{(t _ 8)*51—85*04*(19*1)56711(SlffﬁJré—u +1)|| A% uo||

+ (t — §)7V8-v g~ (I-DEs— }

Therefore,

t
| JAR = )7 (wto) = st s
< Crg{t!8-smom(0mDesy (g1 =Eobo—v 4 1)|| AV ug | 4 1700080718}
for some constant Cyg > 0. Furthermore, by using the assumption ,
v t+1-&Gs—a—(0—-1)-r >1—av -9, >0,
1=9p-, — & — (0 = 1)§p— = 2(1 — av —¥¢5-,) > 0.
Note also that 1 — £g45—, > 0. Then, for T sufficiently small,
9 || L] < Cugl| Ao,
for some constant C19 > 0. Thus we conclude that
[Au(t)]| < Caot™* | A uoll, ¢ € (0,7,

for some constant Caq > 0.

4. APPLICATIONS
We consider the parabolic initial-value problem
D&u = Au+ |ulP"tu, inQx (0,7)
ulan =0, (4.1)
u(0) =up, inQ
where Q € RN with C? boundary and p > 1. The abstract formulation of the

problem (4.1)) is

Difu=Au+ f(u), inQx(0,7T)
. (4.2)
u(0) = ug, in€Q,

where
A=A, fu) = |uf .
Here, we set H = L?(Q2) and D(A) = H? = {u € H?(Q) : u = 0 on 9Q}. Note that
A is sectorial in H.
Next, for 8 > N(1 —1/p)/4 and p > 1, we have

lull2p < Cl|A%ull2,  w e D(A?)

(see [12] for more details). By the mean value theorem and the Holder inequality,
for u,v € D(AP), one can obtain that

1 () = F)3 < D2 (lullp-1)q + [0l p-130)* PV ffu = ][
where 2/p + 2/r = 1. Tt implies
1£(w) = F ()2 < p(llullzp + [vll2p)" ™ lu = v]l2p
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by taking r = 2p such that (p — 1)¢ = 2p. Thus we get
1 () = F@)l2 < p([A7ull2 + [ A%0]|2)P | Au — APv]
for u,v € D(A®). We find that
D(A?)Y=HY, HY ={ue H*Q) ulpa =0}, 1/4<f<1
(see [30] for more details). Thus, for

1 : 1
<8<, 1fN(1—];)§17
N 1 , 1
Z(1—];)§ﬁ<1, 1f1<N(1—2;)<4,

and ug € D(A”) with

pép — 1
a(p—1)

1
O<v<fB—(2-—)", ifpl<l,

1
§V<67(27a)+, ifp£ﬁ>1a

by Theorem m problem (4.1) has a unique mild solution u satisfying
tsr=vu € BC((0,T); D(A")), lim o= AMu(t) = 0,
t—0
[A" ()| < Ct = || A uol|pr, ¢ € (0,T]
for every n € (v + (2 — 1/a)™, 8] with T sufficiently small.
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