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INELASTIC COLLISION OF TWO SOLITONS FOR
GENERALIZED BBM EQUATION WITH CUBIC

NONLINEARITY

JINGDONG WEI, LIXIN TIAN, ZAILI ZHEN, WEIWEI GAO

Abstract. We study the inelastic collision of two solitary waves of different
velocities for the generalized Benjamin-Bona-Mahony (BBM) equation with

cubic nonlinearity. It shows that one solitary wave is smaller than the other

one in the H1(R) energy space. We explore the sharp estimates of the nonzero
residue due to the collision, and prove the inelastic collision of two solitary

waves and nonexistence of a pure 2-soliton solution.

1. Introduction

In this article, we study the generalized Benjamin-Bona-Mahony (BBM) equa-
tion with cubic nonlinearity

(1− ∂2
x)∂tu+ ∂x(u+ u3) = 0, (t, x) ∈ R× R, (1.1)

where u(t, x) is a function of time t and a single spatial variable x. If the nonlin-
earity term u3 changes to u2, then the above equation becomes the BBM equation.
Equation (1.1) was introduced by Peregrine [30] and Benjamin, Bona and Mahony
[2]. In particular, it is not completely integrable. No inverse-scattering theory
can be developed for this equation [23, 29]. This situation is in contrast with the
generalized Korteweg-de Vries equation (gKdV) equations

∂tu+ ∂x(∂2
xu+ f(u)) = 0, (1.2)

which is completely integrable for f(u) = u2 (KdV equation), f(u) = u3 (mKdV
equation) and f(u) = u2 − µu3 (Gardner equation).

Let us review some classical works related to collision problems of solitons for
the generalized KdV and BBM equations. The two equations have been studied
since the 1960s from both experimental and numerical points of view; see examples
[1, 3, 4, 5, 8, 10, 31, 33, 34, 35]. Many elegant results have been found on the
existence of explicit solution and stability, local and global well-posedness, long
time dynamical behavior, etc.

It is well-known that the KdV equation has explicit pure N -soliton solutions by
using the inverse scattering transform [9, 24, 32]. The stability and asymptotic
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stability of N -solitons of KdV equation were studied by Maddocks and Sachs [12]
in HN (R) using variational techniques and in H1(R) by Martel, Merle and Tsai
[21]. LeVeque [11] further investigated the behavior of the explicit 2-soliton solution
of KdV equation for nearly equal size. Mizumachi [26] considered the large time
behavior of two decoupled solitary wave of the generalized KdV equation. Martel
and Merle [16] investigated the inelastic collision of two solitons with nearly equal
size for gKdV equation (1.2) with f(u) = u4. It shows that the 2-soliton structure
is globally stable in H1(R) and the nonexistence of a pure 2-soliton in the regime.
They also considered the so-called BBM equation [15]:

(1− λ∂2
x)∂tu+ ∂x(∂2

xu− u+ u2) = 0, (t, x) ∈ R× R, λ ∈ (0, 1).

For the pure 2-soliton, we mean that the solution u(t, x) of KdV equation satisfies

‖u(t, x)−
2∑
j=1

Qcj (x− cjt− xj)‖H1(R) → 0 as t→ −∞,

‖u(t, x)−
2∑
j=1

Qcj (x− cjt− x′j)‖H1(R) → 0 as t→ +∞,

for some xj such that the shifts ∆j = x′j−xj depend on c1, c2. This solution which
is called the 2-soliton represents the pure collision of two solitons, with no residue
terms before and after the collision. In other words, the collision is elastic.

Except for the collision of two solitons with nearly equal size of two equations, the
collision of two solitons with different velocities has also been studied in [14, 18, 20,
28]. In [14], it was shown that the collision of two stable solitary waves is inelastic
but almost elastic. As a consequence, the monotonicity properties are strict: the
size of the large soliton increases and the size of the small soliton decreases through
the collision with explicit lower and upper bounds. In [18], they considered the
generalized KdV equation with a general nonlinearity f(u):

ut + (uxx + f(u))x = 0, (t, x) ∈ R+ × R, u(0) = u0 ∈ H1(R),

assuming that for p = 2, 3, 4, f(u) = up + f1(u) where limu→0 | f1(u)
up | = 0, and f1

belongs Cp+4.
In [28], it is classified on the nonlinearities for which collision are elastic and

inelastic. For integrable case, the collision of two solitons is elastic, such as KdV,
mKdV and Gardner nonlinearities. For non-integrable case, the collision of two
solitons is inelastic, such as gKdV, a general case f and BBM etc.

There are many unsolved questions related to the collision problems for partial
differential equations. In this study we focus on the existence of a pure 2-soliton for
the gBBM equations in the collision regime. To prove the nonexistence of a pure
2-soliton for non-integrable partial differential equations, we should consider four
conditions [4, 18, 20]. The first one is that the related Cauchy problem should be
globally well-posed. The second one is that the solutions of the equations should
satisfy the mass and energy conservation laws. The third one is that the equations
should have solitary wave solutions with certain properties. The last one is that
the equations should have asymptotic stability of multi-solitons.

In this article, we consider the collision of two solitary waves with different ve-
locities for the gBBM equation with cubic nonlinearity. Our purposes is to study
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the dynamical behavior of two solitons during the collision and to prove the nonex-
istence of a pure 2-soliton after the collision.

As we know, the Cauchy problem related to (1.1) is globally well-posed in H1(R)
[2] and the solutions of (1.1) satisfy the following conservation laws:

E(u(t)) =
1
2

∫
R
u2(t, x)dx+

1
4

∫
R
u4(t, x)dx = E(u0), (1.3)

m(u(t)) =
1
2

∫
R

(u2(t, x) + u2
x(t, x))dx = m(u0). (1.4)

The quantity
∫

R u(t, x)dx is also formally conserved. However, (1.1) admits no more
conserved quantities.

Recall that (1.1) has a two-parameter family of solitary wave solutions {φc(x−
ct− x0) : c > 1, x0 ∈ R}, where φc satisfies

cφ′′c − (c− 1)φc + φ3
c = 0, in R. (1.5)

The unique even solution of (1.5) is given by

φc(x) = (c− 1)1/2Q
(√c− 1

c
x
)
,

where Q(x) =
√

2 cosh−1(x) solves

Q′′ +Q3 = Q. (1.6)

Let N ≤ 1, 1 < cN < · · · < c1 and x1, . . . , xN ∈ R. There exists a unique solution
u of (1.1) such that

lim
t→−∞

‖u(t, x)−
N∑
j=1

φcj (x− xj − cjt)‖H1(R) = 0, (1.7)

which means that the behavior of the sum of N -soliton solutions with different
velocities is asymptotical stable as t→ −∞. Following [14, 18, 20], we assume that
1 < c2 < c1 and u(t) is the H1(R) solution of (1.1) such that

lim
t→−∞

‖u(t)−
∑
j=1,2

φcj (x− cjt)‖H1(R) = 0. (1.8)

By the symmetry x → −x, t → −t of (1.1), there exist solutions with similar
behavior as t → +∞. However, what will occur after the collision of the two
solitons and the global behavior of such solutions is still unknown. We will explore
the collision of two solitons and the nonexistence of a pure 2-soliton solution.

Theorem 1.1. Let c1 > c2 > 1 and u be the unique solution of (1.1) such that

lim
t→−∞

‖u(t)−
∑
j=1,2

φcj (x− cjt)‖H1(R) = 0. (1.9)

There exists ε0 = ε0(c1) > 0 such that if 0 < c2 − 1 < ε0 then there exists c+1 >
c+2 > 1, ρ1(t), ρ2(t) and T0,K > 0 such that

w+(t, x) = u(t, x)−
∑
j=1,2

φc+j
(x− ρj(t))

satisfies

lim
t→+∞

‖w+(t)‖H1(x> 1
2 (1+c2)t) = 0, , (1.10)
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1
K

(c2 − 1)
9
2 ≤ c+1 − c1 ≤ K(c2 − 1)

7
2 ,

1
K

(c2 − 1)5 ≤ c2 − c+2 ≤ K(c2 − 1)4, ,

(1.11)
1
K

(c2 − 1)9/4 ≤ ‖∂xw+(t)‖L2(R) +
√
c2 − 1‖w+(t)‖L2(R) ≤ K(c2 − 1)7/4, (1.12)

for t ≥ T0.

Remark 1.2. Because the mass and energy conservation, the Sobolev space H1(R)
appears to be an ideal space to study long time dynamical properties of (1.1).

Remark 1.3. The results of the Theorem 1.1 mean nonexistence of a pure 2-
soliton in the regime. By (1.9) and (1.10), we see that an asymptotic 2-soliton at
−∞ cannot be an asymptotic 2-soliton at +∞. We also see from (1.11) that the
size of the large soliton increases and the size of the small soliton decreases through
the collision, with explicit lower and upper bounds. The bound in (1.12) is thus a
qualitative version of nonexistence of a pure 2-soliton.

This article is organized as follows. In Section 2, we construct an approximate
solution to the problem in the collision regime. Section 3 is devoted to preliminary
stability results. Section 4 is concerned with the proof of Theorem 1.1.

2. Construction of an approximate 2-soliton solution

The objective of this section is to construct an approximate solution for the
gBBM equation with cubic nonlinearity, which describe the inelastic collision of
two solitons φc1 , φc2 in the case where 0 < c2 − 1 < ε0 is small enough. And
the approximate solution z(t, x) does only exist in the collision region. Also, the
structure of z(t, x) and S(t) are more complicated than that of the BBM equation.

2.1. Reduction of the problem. Let

c1 > 1, λ =
c1 − 1
c1

∈ (0, 1). (2.1)

We make the change of variables:

x̂ = λ1/2(x− t

1− λ
), t̂ =

λ3/2

1− λ
t, z(t̂, x̂) =

√
1− λ
λ

u(t, x). (2.2)

If u(t, x) is a solution to (1.1), then z(t̂, x̂) satisfies

(1− λ∂2
x̂)∂t̂z + ∂x̂(∂2

x̂z − z + z3) = 0. (2.3)

Lemma 2.1. (i) Let c > 1. By (2.2), a solitary wave solution φc(x− ct) to (1.1)
is transformed into Q̃σ(yσ) which is a solution of (2.3) where

Q̃σ(x) =
√
σθσQ(

√
σx), Q(x) =

√
2 cosh−1(x), (2.4)

σ =
c− 1
cλ

, θσ =
1− λ

1− λσ
= (1− λ)

∞∑
j=0

(λσ)j ,
1
θσ

=
1

1− λ
− λ

1− λ
σ,

µσ =
1− σ

1− λσ
= 1 + (λ− 1)σ

∞∑
j=0

(λσ)j , yσ = x̂+ µσ t̂.

Especially, if c = c1, then µσ = 0, yσ = x̂, Q̃σ(yσ) = Q(x̂) and

Q′′ +Q3 = Q, (Q′)2 +
1
2
Q4 = Q2 in R. (2.5)
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(ii) Moreover, Q̃σ satisfies the equations

Q̃′′σ +
1
θσ
Q̃3
σ = σQ̃σ, (Q̃′σ)2 +

1
2θσ

Q̃4
σ = σQ̃2

σ. (2.6)

For σ > 0 small, we have

‖Q̃σ‖L∞(R) ∼
√

(1− λ)σ‖Q‖L∞(R), ‖Q̃σ‖L2(R) ∼
√

(1− λ)σ1/4‖Q‖L2(R), (2.7)

(Q̃3
σ)′(yσ + δ) =

(1− λ)3/2

λ2
(φ3
c)
′(x− ct+

δ√
λ

). (2.8)

The proof of the above lemma is similar to the proof of [20, Claim 2.1], so we
omit it.

2.2. Decomposition of approximate solution. Firstly, we construct an approx-
imate solution z(t, x) of

(1− λ∂2
x)∂tz + ∂x(∂2

xz − z + z3) = 0, (2.9)

which is the sum of the function Q(y), a small soliton Q̃σ(yσ) and an error term
w(t, x). As in [20], we introduce the new coordinates and the approximate solution
of the form

yσ = x+ µσt, y = x− α(yσ),

α(s) =
∫ s

0

β(r)dr, β(yσ) =
∑

(k,l)∈Σ0

ak,lσ
lQ̃kσ(yσ), (2.10)

z(t, x) = Q(y) + Q̃σ(yσ) + w(t, x), (2.11)

where

w(t, x) =
∑

(k,l)∈Σ0

σl(Ak,l(y)Q̃kσ(yσ) +Bk,l(y)(Q̃kσ)′(yσ)), (2.12)

Σ0 = {(k, l) = (1, 0), (1, 1), (2, 0), (2, 1), (3, 0), (4, 0)}, (2.13)

Define the operator L by
Lf = −f ′′ + f − 3Q2f. (2.14)

Definition 2.2. Let M be the set of C∞ functions f such that

∀j ∈ N, ∃Kj , rj > 0, ∀x ∈ R, |f (j)(x)| ≤ Kj(1 + |x|)rje−|x|. (2.15)

Following formulas (2.10)-(2.13), we set

S(z) = (1− λ∂2
x)∂tz + ∂x(∂2

xz − z + z3) = SmKdV(z) + SgBBM(z),

SmKdV(z) = ∂tz + ∂x(∂2
xz − z + z3), SgBBM(z) = −λ∂t∂2

xz.

Then, it gives

S(z(t, x)) = S(Q(y)) + S(Q̃σ(yσ)) + δS(w(t, x)) + Sint(t, x), (2.16)

where

δS(w) = δSmKdV(w) + SgBBM(w), δSmKdV(w) = ∂tw − ∂xLw, (2.17)

Sint(t, x) = ∂x(w3(t, x) + 3Q2(y)Q̃σ(yσ) + 3Q(y)Q̃2
σ(yσ) + 3Q̃2

σ(yσ)w(t, x)

+ 6Q(y)Q̃σ(yσ)w(t, x) + 3Q(y)w2(t, x) + 3Q̃σ(yσ)w2(t, x)).

Since Q̃σ(yσ) is a solution to (2.9), we get S(Q̃σ(yσ)) = 0.
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Proposition 2.3. There holds

S(z) =
∑

(k,l)∈Σ0

σlQ̃kσ(yσ)
(
ak,l((λ− 3)Q′′ − 3Q3)′ − (LAk,l)′ + Fk,l

)
(y)

+
∑

(k,l)∈Σ0

σl(Q̃kσ)′(yσ)
(

(3− λ)A′′k,l + 3Q2Ak,l + ak,l(2λ− 3)Q′′

− (LBk,l)′ +Gk,l

)
(y) + ε(t, x),

where

F1,0 = (3Q2)′, G1,0 = 3Q2,

F1,1 = (3− 2λ)A′1,0 + (3− λ)B′′1,0 + 3Q2B1,0 + λ(λ− 1)a1,0Q
′′′,

G1,1 = 2a1,0λ(λ− 1)Q′′,

F2,0 = a1,0

{
(λ− 3)A′′1,0 − 3A1,0Q

2 − 3Q2
}′ + (3Q+ 9A1,0Q)′ + (3− 2λ)a2

2,0Q
′′′,

G2,0 =
a1,0

2
{

(6λ− 9)A′1,0 + (λ− 3)B′′1,0 − 3Q2B1,0

}′
+ (3B1,0Q+ 3A1,0B1,0Q)′ + 3Q+ 9A1,0Q+

3
2

(1− λ)a2
1,0Q

′′.

In addition, the following statements hold:
(i) For all (k, l) ∈ Σ0 such that 3 ≤ k+ l ≤ 4, then Fk,l and Gk,l depend on Ak′,l′

and Bk′,l′ for 1 ≤ k + l ≤ 2. Moreover, if Ak′,l′ is even and Bk′,l′ is odd, then Fk,l
is odd and Gk,l is even.

(ii) If the functions Ak′,l′ and Bk′,l′ are bounded, then ε(t, x) satisfies

|ε(t, x)| ≤ Kσ5/2O(Q̃σ(yσ)). (2.18)

Before proving Proposition 2.3, we give some preliminary lemmas on φc.

Lemma 2.4 (Identities of φc). For all c > 1,∫
R
φ2
c = c1/2(c− 1)1/2

∫
R
Q2,∫

R
φ4
c =

4
3

(c− 1)
∫

R
φ2
c ,

∫
R

(φ′c)
2 =

1
3
(c− 1

c

) ∫
R
φ2
c ,

E(φc) =
1
2

∫
R
φ2
c +

1
4

∫
R
φ4
c =

(2c+ 1
6

)
c1/2(c− 1)1/2

∫
R
Q2,

m(φc) =
1
2

(1
3
(c− 1

c

)
+ 1
)∫

R
φ2
c = c−1/2(c− 1)1/2

(4c− 1
6

) ∫
R
Q2,

E(φc)− cm(φc) = −1
3

(c− 1)3/2c1/2
∫

R
Q2,

d

dc
E(φc) = c

d

dc
m(φc) > 0.

(2.19)

The proof of the above lemma can be completed by a straightforward calcula-
tions.

Lemma 2.5 (Properties of L, [14, Lemma 2.2]). The operator L defined in L2(R)
by (2.14) is self-adjoint and satisfies the following properties:

(i) by the first eigenfunction, then LQ2 = −3Q2;
(ii) by the second eigenfunction, then LQ′ = 0; the kernel of L is {c1Q′, c1 ∈ R};
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(iii) if a function h ∈ L2(R) is orthogonal to Q′ by the L2 scalar product, there
exists a unique function f ∈ H2(R) orthogonal to Q′ such that Lf = h.
Moreover, if h is even (odd), then f is even (odd).

Lemma 2.6 ([20, Claim B.1]). Let h(t, x) = g(y) = g(x− α(yσ)), where g is a C3

function. Then we have

∂th = −µσβ(yσ)g′(y), ∂xh = (1− β(yσ))g′(y),

∂2
xh = (1− β(yσ))2g′′(y)− β(yσ)g′(y),

∂x∂th = −µσ(1− β(yσ))β(yσ)g′′(y)− µσβ′(yσ)g′(y),

∂3
xh = (1− β(yσ))3g′′′(y)− 3(1− β(yσ))β′(yσ)g′′(y)− β′′(yσ)g′(y),

∂2
x∂th = µσ

{
−(1− β(yσ))2β(yσ)g′′′(y) + 3β(yσ)β′(yσ)g′′(y)

− 2β′(yσ)g′′(y)− β′′(yσ)g′(y)
}
.

Lemma 2.7. Let A and q be C3-functions. Then we have

δSmKdV(A(y)q(yσ))

= q(yσ)
{
−(LA)′(y) + β(yσ)(−3A′′ − 3AQ2 + (1− µσ)A)′(y)− β′(yσ)(3A′′)(y)

+ β2(yσ)(3A′′′)(y) + (β2)′(3A′′/2)(y)−β′′(yσ)A′(y)− β3(yσ)A′′′(y)
}

+ q′(yσ)
{

3A′′(y) + 3A(y)Q2(y) + (µσ − 1)A(y)− β(yσ)(6A′′)(y)

− β′(yσ)(3A′)(y) + β2(yσ)(3A′′)(y)
}

+ q′′(yσ) {3(1− β(yσ))A′(y)}

+ q′′′(yσ)A(y).

Proof. Using Lemma 2.6, we have

∂t(A(y)q(yσ)) = −µσβ(yσ)A′q(yσ) + µσAq
′(yσ),

and

− ∂xL(A(y)q(yσ))

= ∂x
{

(∂2
xA−A+ 3AQ2)q(yσ) + 2(∂xA)q′(yσ) +Aq′′(yσ)

}
= {∂x(∂2

xA−A+ 3AQ2)}q(yσ) + (∂2
xA−A+ 3AQ2)q′(yσ)

+ 2(∂2
xA)q′(yσ) + 3(∂xA)q′′(yσ) +Aq′′′(yσ)

= q(yσ)
{

(1− β(yσ))3
A′′′ − 3(1− β(yσ))β′(yσ)A′′ − β′′(yσ)A′ − (1− β(yσ))A′

+ 3(1− β(yσ))(AQ2)′
}

+ q′(yσ)
{

3(1− β(yσ))2A′′ − 3β′(yσ)A′ −A+ 3AQ2
}

+ q′′(yσ) {3(1− β(yσ))A′}+ q′′′(yσ)A.

Combining the above equalities, we complete the proof. �

Lemma 2.8 ([20, Claim B.3]). Let A and q be C3-functions. Then we have

SgBBM(A(y)q(yσ))

= λµσq(yσ)
{
β(yσ)A′′′(y) + β′(yσ)(2A′′(y))

}
+ λµσq(yσ)

{
β2(yσ)(−2A′′′)(y)

+ (β2)′(yσ)(−3A′′/2)(y) + β′′(yσ)A′(y) + β3(yσ)A′′′(y)
}
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+ λµσq
′(yσ)

{
−A′′(y) + β(yσ)(4A′′)(y)+β′(yσ)(3A′)(y) + β2(yσ)(−3A′′)(y)

}
+ λµσq

′′(yσ)
{
−2A′(y) + β(yσ)(3A′)(y)

}
+ λµσq

′′′(yσ)(−A)(y).

Lemma 2.9. Let

β = a1,0Q̃σ + a1,1σQ̃σ + a2,0Q̃
2
σ + a2,1σQ̃

2
σ + a3,0Q̃

3
σ + a4,0Q̃

4
σ.

Then

β′ = a1,0(Q̃σ)′ + a1,1σ(Q̃σ)′ + a2,0(Q̃2
σ)′ + a2,1σ(Q̃2

σ)′ + a3,0(Q̃3
σ)′ + a4,0(Q̃4

σ)′,

β′′ = σQ̃σa1,0 + Q̃3
σ(− a1,0

1− λ
) + σQ̃2

σ(4a2,0) + Q̃4
σ(− 3a2,0

1− λ
)

+ σQ̃3
σ(
λa1,0

1− λ
− a1,1

1− λ
+ 9a3,0) + σ2Q̃σa1,1 + Q̃5

σ(− 6a3,0

1− λ
) + σ5/2O(Q̃σ),

β2 = a2
1,0Q̃

2
σ + 2a1,0a2,0Q̃

3
σ + 2a1,0a1,1σQ̃

2
σ + (2a1,0a3,0 + a2

2,0)Q̃4
σ

+ (2a2,0a3,0 + 2a1,0a4,0)Q̃5
σ + (2a1,0a2,1 + 2a1,1a2,0)σQ̃3

σ + σ5/2O(Q̃σ),

(β2)′ = a2
1,0(Q̃2

σ)′ + 2a1,0a2,0(Q̃3
σ)′ + 2a1,0a1,1σ(Q̃2

σ)′ + (2a1,0a3,0 + a2
2,0)(Q̃4

σ)′

+ σ5/2O(Q̃σ).

In the next four lemmas, we expand the various terms in (2.16).

Lemma 2.10. There holds

S(Q) =
∑

(k,l)∈Σ0

σl
(
Q̃kσ(yσ)ak,l

{
(λ− 3)Q′′ − 3Q3

}′(y)

+ (Q̃kσ)′(yσ)ak,l(2λ− 3)Q′′(y)
)

+
∑

(k,l)∈Σ0

σl
(
Q̃kσ(yσ)F Ik,l(y) + (Q̃kσ)′(yσ)GIk,l(y)

)
+ σ5/2O(Q̃σ(yσ)),

(2.20)

where

F I1,0 = 0, GI1,0 = 0, F I1,1 = λ(λ− 1)a1,0Q
′′′, GI1,1 = 2a1,0λ(λ− 1)Q′′

F I2,0 = (3− 2λ)a2
2,0Q

′′′, GI2,0 =
3
2

(1− λ)a2
1,0Q

′′,

and for all (k, l) ∈ Σ0 such that 3 ≤ k + l ≤ 4, F Ik,l ∈ M is odd, GIk,l ∈ M is even
and both depend only on ak′,l′ for 1 ≤ k′ + l′ ≤ 2.

Proof. By Lemma 2.7, let A(y) = Q(y) and q = 1, then

SmKdV(Q(y)) = δSmKdV(Q)− ∂x(2Q3)

= (Q′′ −Q+Q3)′ + β(yσ)(−3Q′′ − 3Q3

+ (1− µσ)Q)′ − β′(yσ)(3Q′′) + β2(yσ)(3Q′′′) + (β2)′(3Q′′/2)

− β′′(yσ)Q′ − β3(yσ)Q′′′.

Using Q′′ = Q−Q3 and (2.4), we find

SmKdV(Q(y))

= β(yσ)(−3Q′′ − 3Q3)′ − β′(yσ)(3Q′′) + β2(yσ)(3Q′′′) + (β2)′(yσ)(3Q′′/2)
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− σβ(yσ)(λ− 1)Q′ − β′′(yσ)Q′ − β3(yσ)Q′′′ − (λ− 1)λσ2β(yσ)Q′

+ σ5/2O(Q̃σ(yσ)).

By Lemma 2.8 and (2.4), we have

SgBBM (Q(y))

= λµσ

{
β(yσ)Q′′′ + β′(yσ)(2Q′′) + β2(yσ)(−2Q′′′) + (β2)′(yσ)(−3Q′′/2)

+ β′′(yσ)Q′ + β3(yσ)(Q′′′)
}

= β(yσ)(λQ′′′) + β′(yσ)(2λQ′′) + β2(yσ)(−2λQ′′′) + (β2)′(yσ)(−3λQ′′/2)

+ σβ(yσ)λ(λ− 1)Q′′′ + σβ′(yσ) {2λ(λ− 1)Q′′}
+ β′′(yσ)(λQ′) + β3(yσ)(λQ′′′) + σβ2(yσ)λ(λ− 1)(−2Q′′′)

+ σ(β2)′(yσ)λ(λ− 1)(−3Q′′/2) + σβ′′(yσ)λ(λ− 1)Q′

+ σ2β(yσ)λ2(λ− 1)Q′′′ + σ2β′(yσ)λ2(λ− 1)(2Q′′) + σ5/2Qσ(yσ)).

Combining the above discussions, we deduce that

S(Q)

= β(yσ)
{

(λ− 3)Q′′ − 3Q3
}′

+ β′(yσ)(2λ− 3)Q′′ + β2(yσ)(3− 2λ)Q′′′

+ (β2)′(yσ)(1− λ)(3Q′′/2) + β′′(yσ)(λ− 1)Q′ + σβ(yσ)(λ− 1) {λQ′′ −Q}′

+ σβ′(yσ) {2λ(λ− 1)Q′′}+ β3(yσ)(λ− 1)Q′′′ + σβ2(yσ)λ(λ− 1)(−2Q′′′)

+ σ(β2)′(yσ)λ(λ− 1)(−3Q′′/2) + σβ′′(yσ)λ(λ− 1)Q′

+ σ2β(yσ)λ(λ− 1)(λQ′′ −Q)′ + σ2β′(yσ)λ2(λ− 1)(2Q′′) + σ5/2O(Q̃σ(yσ)).

By Lemma 2.9, we derive

S(Q)

= Q̃σ(yσ)a1,0

{
(λ− 3)Q′′ − 3Q3

}′
+ Q̃′σ(yσ)a1,0(2λ− 3)Q′′

+ Q̃2
σ(yσ)

(
a2,0

{
(λ− 3)Q′′ − 3Q3

}′
+ (3− 2λ)a2

2,0Q
′′′
)

+ (Q̃2
σ)′(yσ)

(
a2,0(2λ− 3)Q′′ +

3
2

(1− λ)a2
1,0Q

′′
)

+ σQ̃σ(yσ)
(
a1,1

{
(λ− 3)Q′′ − 3Q3

}′
+ λ(λ− 1)a1,0Q

′′′
)

+ σQ̃′σ(yσ) (a1,1(2λ− 3)Q′′ + 2λ(λ− 1)a1,0Q
′′)

+
∑

3≤k+l≤4

σl
(
Q̃kσ(yσ)ak,l

{
(λ− 3)Q′′ − 3Q3

}′
(y) + (Q̃kσ)′(yσ)ak,l(2λ− 3)Q′′(y)

)
+

∑
3≤k+l≤4

σl
(
Q̃kσ(yσ)F Ik,l + (Q̃kσ)′(yσ)GIk,l

)
+ σ5/2O(Q̃σ(yσ)),

for 3 ≤ k + l ≤ 4, F Ik,l ∈ M and GIk,l ∈ M are as in the statement of Lemma
2.10. �

Lemma 2.11. There holds

δSmKdV(w)
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=
∑

(k,l)∈Σ0

σl
(
Q̃kσ(yσ)(−LAk,l)′(y) + (Q̃kσ)′(yσ)((−LBk,l)′ + 3A′′k,l + 3Q2Ak,l)(y)

)
+

∑
(k,l)∈Σ0

σl
(
Q̃kσ(yσ)F IIk,l(y) + (Q̃kσ)′(yσ)GIIk,l(y)

)
+ σ5/2O(Q̃σ(yσ)),

where

F II1,0 = 0, GII1,0 = 0, F II1,1 = 3A′1,0 + 3B′′1,0 + 3Q2B1,0, GII1,1 = 0,

F II2,0 = a1,0(−3A′′1,0 − 3A1,0Q
2)′, GII2,0 = −3a1,0

2
(
3A′′1,0 + (B′′1,0 +Q2B1,0)′

)
.

For all (k, l) ∈ Σ0 such that 1 ≤ k′ + l′ ≤ 2, F IIk,l and GIIk,l depend on Ak′,l′ and
Bk′,l′ for 1 ≤ k′ + l′ ≤ 2. Moreover, if Ak′,l′ is even and Bk′,l′ is odd, then F IIk,l is
odd and GIIk,l is even.

Proof. Note that

δSmKdV(w) =
∑

(k,l)∈Σ0

σl
(
δSmKdV(Ak,l(y)Q̃σ(yσ)) + δSmKdV(Bk,l(y)(Q̃σ)′(yσ))

)
.

By Lemmas 2.7 and 2.9, we have

δSmKdV(A1,0(y)Q̃σ(yσ))

= Q̃σ(yσ)
{
− (LA1,0)′ + a1,0Q̃σ(yσ)(−3A′′1,0 − 3A1,0Q

2)′ − a1,0Q̃
′
σ(yσ)(3A′′1,0)

+ a2
1,0Q̃

2
σ(yσ)(3A′′′1,0)

}
+ Q̃′σ(yσ)

{
3A′′1,0 + 3A1,0Q

2 − a1,0Q̃σ(yσ)(6A′′1,0)
}

+ Q̃′′σ(yσ)(3A′1,0) + σ3/2O(Q̃σ(yσ)).

Using (Q̃′σ)2(yσ) = σ3/2O(Q̃σ(yσ)), by (2.4) and (2.6), we have

Q̃′′σ(yσ)(3A′1,0) =
(
σQ̃σ(yσ)− 1

1− λ
Q̃3
σ(yσ)

)
(3A′1,0) + σ3/2O(Q̃σ(yσ)).

Thus, we get

δSmKdV(A1,0(y)Q̃σ(yσ))

= Q̃σ(yσ)(−LA1,0)′ + Q̃′σ(yσ)
(
3A′′1,0 + 3A1,0Q

2
)

+ Q̃2
σ(yσ)

(
a1,0(−3A′′1,0 − 3A1,0Q

2)′
)

+ (Q̃2
σ)′(yσ)

(
−9

2
a1,0A

′′
1,0

)
+ Q̃3

σ(yσ)(3a2
1,0A

′′′
1,0 −

3A′1,0
1− λ

) + σQ̃σ(yσ)(3A′1,0)

+ σ5/2O(Q̃σ(yσ)).

We study δSmKdV(B1,0(y)Q̃′σ(yσ)) in a similar way:

δSmKdV(B1,0(y)Q̃′σ(yσ))

= Q̃′σ(yσ)
{
−(LB1,0)′ + a1,0Q̃σ(yσ)(−3B′′1,0 − 3B1,0Q

2)′
}

+ Q̃′′σ(yσ)(3B′′1,0 + 3B1,0Q
2) + σ3/2O(Q̃σ(yσ))

= Q̃′σ(yσ)(−LB1,0)′ + (Q̃2
σ)′(yσ)

(
a1,0

(−3B′′1,0 − 3B1,0Q
2)′

2

)
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+ σQ̃σ(yσ)(3B′′1,0 + 3B1,0Q
2) + Q̃3

σ(yσ)
(
−

3B′′1,0 + 3B1,0Q
2

1− λ

)
+ σ3/2O(Q̃σ(yσ)).

The proof is complete. �

Lemma 2.12. There holds

SgBBM (w) =
∑

(k,l)∈Σ0

σl(Q̃kσ)′(yσ)(−λA′′k,l)(y)

+
∑

(k,l)∈Σ0

σl
(
Q̃kσ(yσ)F IIIk,l (y)) + (Q̃kσ)(yσ)GIIIk,l (y))

)
+ σ3/2O(Q̃σ(yσ)).

where

F III1,0 = 0, GIII1,0 = 0, F III1,1 = −2λA′1,0 − λB′′1,0, GIII1,1 = 0

F III2,0 = λa1,0A
′′′
1,0, GIII2,0 = 3λa1,0A

′′
1,0 +

λa1,0

2
B′′′1,0.

For all (k, l) ∈ Σ0 such that 1 ≤ k′ + l′ ≤ 2, F IIIk,l and GIIIk,l depend on Ak′,l′ and
Bk′,l′ for 1 ≤ k′ + l′ ≤ 2. Moreover, if Ak′,l′ is even and Bk′,l′ is odd, then F IIIk,l is
odd and GIIIk,l is even.

Proof. By definition, we see that

SgBBM (w) =
∑

(k,l)∈Σ0

σl
(
SgBBM (Ak,l(y)Q̃kσ(y

σ
)) + SgBBM (Bk,l(y)(Q̃kσ)′(y

σ
))
)
.

It follows from Lemma 2.8 and (2.4)–(2.6) that

SgBBM (A1,0(y)Q̃σ(yσ))

= λµσQ̃σ(yσ)
{
β(yσ)A′′′1,0 + β′(yσ)(2A′′1,0) + β2(yσ)(−2A′′′1,0)

}
+ λµσQ̃

′
σ(yσ)

{
−A′′1,0 + β(yσ)(4A′′1,0)

}
+ λµσQ̃

′′
σ(yσ)(−2A′1,0) + σ3/2O(Q̃σ(yσ))

= λQ̃σ(yσ)
{
a1,0Q̃σ(yσ)A′′′1,0 + a1,0Q̃

′
σ(yσ)(2A′′1,0) + a2

1,0Q̃
2
σ(yσ)(−2A′′′1,0)

}
+ λQ̃′σ(yσ)

{
−A′′1,0 + a1,0Q̃σ(yσ)(4A′′1,0)

}
+ λQ̃′′σ(yσ)(−2A′1,0) + σ3/2O(Q̃σ(yσ))

= Q̃′σ(yσ)(−λA′′1,0) + σQ̃σ(yσ)(−2λA′1,0) + Q̃2
σ(yσ)(λa1,0A

′′′
1,0)

+ (Q̃2
σ)′(yσ)(3λa1,0A

′′
1,0) + Q̃3

σ(yσ)(−2λa2
1,0A

′′′
1,0 +

2λ
1− λ

A′1,0) + σ3/2O(Q̃σ(yσ)).

Similarly, we can derive that

SgBBM (B1,0(y)Q̃′σ(yσ)) = λQ̃′σ(yσ)a1,0Q̃σ(yσ)B′′′1,0 + λQ̃′′σ(yσ)(−B′′1,0)

= σQ̃σ(yσ)(−λB′′1,0) + (Q̃2
σ)′(yσ)

(λa1,0

2
B′′′1,0

)
+ Q̃3

σ(yσ)
( λ

1− λ
B′′1,0

)
+ σ3/2O(Q̃σ(yσ)).

In view of 2 ≤ k + l ≤ 4, we have

SgBBM (σlQ̃kσ(yσ)Ak,l(y)) = σ(Q̃kσ)′(yσ)(−λA′′k,l) + σ3/2O(Q̃σ(yσ)),

SgBBM (σl(Q̃kσ)′(yσ)Bk,l(y)) = σ3/2O(Q̃σ(yσ)).

The proof is complete �
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Lemma 2.13. There holds

Sint(w) =
∑

(k,l)∈Σ0

σl
(
Q̃kσ(yσ)F int

k,l (y)) + (Q̃kσ)(yσ)Gint
k,l(y))

)
+ σ3/2O(Q̃σ(yσ)),

where

F int
1,0 = (3Q2)′, Gint

1,0 = 3Q2, F int
1,1 = Gint

1,1 = 0,

F int
2,0 = 3Q′ − 3a1,0(Q2)′ + (9A1,0Q)′,

Gint
2,0 = 3Q+ 9A1,0Q+ (3B1,0Q)′ + (3A1,0B1,0Q)′.

For all (k, l) ∈ Σ0 such that 3 ≤ k′ + l′ ≤ 4, F int
k,l and Gint

k,l, depend on Ak′,l′ , Bk′,l′

for 1 ≤ k′ + l′ ≤ 2. Moreover, if Ak′,l′ , are even and Bk′,l′ are odd then F int
k,l are

odd and Gint
k,l are even.

Proof. By a direct calculation, we have

∂x(w3) = ∂x(A3
1,0(y)Q̃3

σ(yσ)) + σ3/2O(Q̃σ(yσ))

= (1− β(yσ))
{

(A3
1,0)′Q̃3

σ(yσ)
}

+ σ3/2O(Q̃σ(yσ))

= Q̃3
σ(yσ)(A3

1,0)′ + σ3/2O(Q̃σ(yσ)),

∂x(3Q2Q̃σ(yσ) + 3QQ̃2
σ(yσ))

= 3(1− β(yσ))
{
Q̃σ(yσ)(Q2)′ + Q̃2

σ(yσ)Q′
}

+ 3Q2(Q̃σ)′(yσ) + 3Q(Q̃2
σ)′(yσ)

= Q̃σ(yσ)(3Q2)′ + (Q̃σ)′(yσ)(3Q2) + Q̃2
σ(yσ)(3Q′ − 3a1,0(Q2)′)

+ (Q̃2
σ)′(yσ)(3Q) + Q̃3

σ(yσ)(3a1,0Q
′),

∂x(3Q̃2
σ(yσ)w) = Q̃3

σ(yσ)(3A′1,0) + σ3/2O(Q̃σ(yσ)),
and

∂x(6QQ̃σ(yσ)w)

= ∂x(6A1,0QQ̃
2
σ(yσ) + 3B1,0Q(Q̃2

σ)′(yσ))

= Q̃2
σ(yσ)(6A1,0Q)′ + (Q̃2

σ)′(yσ) (6A1,0Q+ (3B1,0Q)′)− Q̃3
σ(yσ)(6a1,0A1,0Q)′

+ σ3/2O(Q̃σ(yσ)).

Thus, we further get

∂x(3Qw2) = ∂x

(
3A1,0QQ̃

2
σ(yσ) + 3A1,0B1,0Q(Q̃2

σ)′(yσ)
)

= Q̃2
σ(yσ)(3A1,0Q)′ + (Q̃2

σ)′(yσ) ((3QA1,0B1,0)′ + 3A1,0Q)

+ Q̃3
σ(yσ)(−3a1,0(A1,0Q)′) + σ3/2O(Q̃σ(yσ),

∂x(3Q̃σ(yσ)w2) = Q̃3
σ(yσ)(3A′1,0) + σ3/2O(Q̃σ(yσ)).

By Lemmas 2.10–2.13 and Proposition 2.3, we obtain explicit expressions of Fk,l
and Gk,l for 1 ≤ k + l ≤ 2. immediately.

By Proposition 2.3, if the system, (2.21),

(LAk,l)′ = ak,l((λ− 3)Q′′ − 3Q3)′ + Fk,l

(LBk,l)′ = (3− λ)A′′k,l + 3Q2Ak,l + ak,l(2λ− 3)Q′′ +Gk,l
(2.21)

is solved for every (k, l) ∈ Σ0, then S(z) = ε(t, x) is small. �
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2.3. Explicit resolution of system (2.21). In this part, we consider (2.21) with
k = 1 and l = 0. We look for explicit solutions of the form

Ak,l = Ãk,l + γk,l, Bk,l = B̃k,l + bk,lφ, (2.22)

where Ãk,l ∈M is even and B̃k,l ∈M is odd. Let

Pλ =
3
2
Q+

3− λ
2

xQ′, P = P1 =
3
2
Q+ xQ′.

So we see that

LP = −2Q−Q3, LPλ = ((λ− 3)Q′′ − 3Q3). (2.23)

Lemma 2.14. Assume that (2.22) and (ak,l, Ak,l, Bk,l) satisfy (2.21). Then

ak,l =
12

(λ− 3)(λ− 7)
1∫

R Q
2

{
−γk,l

∫
R
Pλ +

∫
R
Gk,lQ+

∫
R
Fk,l

∫ x

0

Pλ

}
.

Proof. Multiplying the equation of Bk,l by Q and using LQ′ = 0 gives

ak,l(2λ− 3)
∫

R
(Q′)2 =

∫
R

((3− λ)Q′′ + 3Q3)Ak,l +
∫

R
Gk,lQ

= −
∫

R
(LAk,l)Pλ +

∫
R
Gk,lQ.

Then, multiplying the equation of Ak,l by
∫ x

0
Pλ(y)dy yields∫

R
(LAk,l)′

∫ x

0

Pλ = −
∫

R
(LAk,l)Pλ + γk,l

∫
R
Pλ

= −ak,l
∫

R
(LPλ)Pλ +

∫
R
Fk,l

∫ x

0

Pλ.

By combining the above two identities, we obtain

ak,l

{
(2λ− 3)

∫
R

(Q′)2 +
∫

R
(LPλ)Pλ

}
= −γk,l

∫
R
Pλ +

∫
R
Gk,lQ+

∫
R
Fk,l

∫ x

0

Pλ,

which leads to the formula of ak,l. According to Lemma 2.4,

ak,l

{
(2λ− 3)

∫
R

(Q′)2 +
∫

R
(LPλ)Pλ

}
= ak,l

(λ− 3)(λ− 7)
12

∫
R
Q2. (2.24)

�

Lemma 2.15. The following is a solution of (2.21) with k = 1 and l = 0:

a1,0 =
−6λ

(λ− 3)(λ− 7)

∫
R Q

3∫
R Q

2
, A1,0 = a1,0

(3
2
Q+

3− λ
2

xQ′
)
−Q2.

Proof. Recall that from Proposition 2.3, F1,0 = (3Q2)′ and G1,0 = 3Q2. Thus from
Lemma 2.14 we obtain

a1,0 =
12

(λ− 3)(λ− 7)
1∫

R Q
2

(
3
∫

R
Q3 − 3

∫
R
Q3Pλ

)
=

−6λ
(λ− 3)(λ− 7)

∫
R Q

3∫
R Q

2
.

(2.25)
Integrating (2.21) with (k, l) = (1, 0) gives

LA1,0 = a1,0((λ− 3)Q′′ − 3Q3) + 3Q2, (2.26)

(LB1,0)′ = (3− λ)A′′1,0 + 3Q2A1,0 + a1,0(2λ− 3)Q′′ + 3Q2. (2.27)
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Since L(−Q2) = 3Q2 and LPλ = (λ− 3)Q′′ − 3Q3, we have

A1,0 = a1,0Pλ −Q2, (2.28)

where Pλ = ( 3
2Q+ (3−λ)

2 )xQ′. �

2.4. Resolution of Systems (2.21) for 2 ≤ k + l ≤ 4.

Proposition 2.16. Let F ∈ M be odd and G ∈ M be even. Let γ ∈ R. Then,
there exists a, b ∈ R, Ã ∈M being even, and B̃ ∈M being odd such that

A = Ã+ γ, B = B̃ + bφ

and satisfy
(LA)′ + a((3− λ)Q′′ + 3Q3)′ = F

(LB)′ + a(3− 2λ)Q′′ − (3− λ)A′′ − 3Q2A = G.
(2.29)

Proof. Using (L1)′ = (1−3Q2)′ = −3(Q2)′, we obtain Ã and B̃, respectively. Since
F ∈M is odd, and H(x) =

∫ x
−∞ F (z)dz+3γQ2 belongs to M and is even, We have

LÃ+ a((3− λ)Q′′ + 3Q3) = H,

(LB̃)′ + a(3− 2λ)Q′′ − (3− λ)Ã′′ − 3Q2Ã = G+ 3γQ2 − b(Lφ)′.

Since
∫

R HQ
′ = 0 and H ∈ M, by Lemma 2.5, there exists H̄ ∈ M such that

LH̄ = H. It follows that Ã = −aPλ + H̄ is even, and belongs to M . �

We need to find B̃ ∈M be odd, such that (LB̃)′ = −aZ0 +D − b(Lφ)′, where

D = (3− λ)H̄ ′′ + 3Q2H̄ +G+ 3γQ2 ∈M,

Z0 = (3− 2λ)Q′′ + (3− λ)P ′′λ + 3Q2Pλ ∈M.

Let

E =
∫ x

0

(D − aZ0)(z)dz − bLφ.

Since ∫
R
Z0Q = (2λ− 3)

∫
R

(Q′)2 −
∫

R
(LPλ)Pλ =

(λ− 3)(λ− 7)
12

∫
R
Q2 6= 0,

if we choose a =
∫

R DQ/
∫

R Z0Q, and b =
∫ +∞

0
(D − aZ0)(z)dz, then we have the

following lemma.

Lemma 2.17. There exist a and b such that E ∈M and
∫

R EQ
′ = 0.

2.5. Recomposition of the approximate solution after the collision. Let
1 < c2 < c1, where 0 < c2 − 1 < ε0 is small and set

λ =
c1 − 1
c1

, σ =
c2 − 1
c2λ

.

Consider the function z(t, x) defined by (2.10)-(2.13), where for all (k, l) ∈ Σ0, ak,l,
Ak,l, Bk,l are chosen as in Lemmas 2.15 and 2.17. Set

τσ = σ−
1
2−

1
100 =

(c− 1
cλ

)− 1
2−

1
100 , d(λ) = b3,0(λ) +

1
6(1− λ)

b31,0(λ). (2.30)
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Lemma 2.18. There holds: for all t, ,, z(t, x) = z(−t,−x),

‖(1− λ∂2
x)∂tz + ∂x(∂2

xz − z + z3)‖H1(R) ≤ Cσ
11
4 ∀t, (2.31)

‖z(τσ)−
{
Q(x− 1

2
δ) + Q̃σ(x+ µστσ −

1
2
δσ)

− d(λ)(Q̃3
σ)′(x+ µστσ −

1
2
δσ)
}
‖H1(R) ≤ Cσ9/4,

(2.32)

‖z(−τσ)−
{
Q(x+

1
2
δ) + Q̃σ(x− µστσ +

1
2
δσ)

+ d(λ)(Q̃3
σ)′(x− µστσ +

1
2
δσ)
}
‖H1(R) ≤ Cσ9/4,

(2.33)

where

δ =
∑

(k,l)∈Σ0

ak,lσ
l

∫
R
Q̃kσ, b̃1,1 = b1,1 − (1/6)b31,0, δσ = 2(b1,0 + σb̃1,1). (2.34)

Proof. The symmetry property z(t, x) = z(−t,−x) follows from (2.10)–(2.13), since
the transformation x → −x, t → −t gives yσ → −yσ and y → −y. Note that ak,l,
Ak,l, Bk,l ∈ Σ0 solve Ωk,l, and S(z) = ε(t, x). It follows that

‖S(t)‖H1(R) ≤ Cσ5/2‖Q̃σ‖H1(R) ≤ Cσ
11
4 .

To prove (2.32), we begin with some preliminary estimates

‖α(s)‖L∞(R) ≤ C, ‖α′(s)‖L∞(R) ≤ C
√
σ. (2.35)

For t = τσ, f ∈M and the small σ > 0, we have

‖f(y)Q̃σ(yσ)‖H1(R) ≤ Cσ10, (2.36)

‖Q(y)−Q(x− 1
2
δ)‖H1(R) ≤ Cσ10. (2.37)

To prove (2.35), by the definition of Q̃σ (see Lemma 2.1), we have

0 ≤ Q̃σ(x) ≤ C
√
σe−

√
σ|x|, ∀x ∈ R. (2.38)

Let f ∈ M, so that |f(y)| ≤ C|y|e−|y| on R. Note that t = τσ, since µσ > 1/2, we
have

√
σ|yσ| ≥

√
σ(µστσ − |y| − |α(yσ)|) ≥ 1

2
σ−

1
100 −

√
σ|y| − 1.

Thus, by (2.38),

|Q̃σ(yσ)f(y)|2 ≤ Cσe−σ
− 1

100 |y|2re−2(1−
√
σ)|y| ≤ Ce−σ

− 1
100 e−|y|.

Using
∫

R e
−|y|dx =

∫
R e
−|y| dy

1−α′(yσ) ≤ C, we obtain

‖Q̃σ(yσ)f(y)‖L2(R) ≤ Ce−
1
2σ
−1/100

≤ Cσ10.

For t = τσ and x > −τσ/2, we have |α(yσ)− 1
2δ| ≤ Kσ

10. Indeed, |α(yσ)− 1
2δ| ≤

C
∫ +∞
yσ

Q̃σ ≤ Ce−
√
σyσ holds for t = τσ and x > − 1

2τσ, so we have yσ ≥ 1
4τσ and

so e−
√
σyσ ≤ e− 1

4σ
− 1

100 ≤ Cσ−10. For t = τσ, we get

‖Q(y)−Q(x− 1
2
δ)‖H1(x>− 1

2 τσ) ≤ Cσ10.
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To prove (2.37), it suffices to use the decay of Q. Note that if x < − 1
2τσ, since

|α(yσ)| ≤ 1, we have y < − 1
2τσ + 1 and

‖Q(y)−Q(x− 1
2
δ)‖H1(x<− 1

2 τσ)

≤ ‖Q(y)‖H1(y<− 1
2 τσ+1) + ‖Q(x− 1

2
δ)‖H1(x<− 1

2 τσ) ≤ Cσ10.

From the expression of z(τσ), the structure of the functions Ak,l, Bk,l, as well as
limy→−∞ φ(y) = −1, we have∥∥z(τσ)−

{
Q(y) + Q̃σ − b1,0Q̃′σ + γ2,0Q̃

2
σ − b2,0(Q̃2

σ)′ + γ1,1σQ̃σ

− b1,1σQ̃′σ − b3,0(Q̃3
σ)′ + γ3,0Q̃

3
σ + γ2,1σQ̃

2
σ + γ4,0Q̃

4
σ

}∥∥
H1(R)

≤ Cσ9/4.
(2.39)

Note that σ9/4 corresponds to the sizes of b2,1σ(Q̃2
σ)′ and b4,0(Q̃4

σ)′ in H1(R), where
b2,1 and b4,0 are bounded.

Let us expand Q̃σ(yσ − b1,0− σb̃1,1) and (Q̃3
σ)′(yσ − b1,0− σb̃1,1) up to the order

σ
13
4 in H1(R) as:∥∥Q̃σ(yσ − b1,0 − σb̃1,1)−

{
Q̃σ − b1,0Q̃′σ − b̃1,1σQ̃′σ

+
1
2
b21,0Q̃

′′
σ −

1
6
b31,0Q̃

′′′
σ

}∥∥
H1(R)

≤ Cσ9/4,
(2.40)

‖(Q̃3
σ)′(yσ − b1,0 − σb̃1,1)− (Q̃3

σ)′‖H1(R) ≤ Cσ9/4. (2.41)

By (2.40) and (2.41), we have

Q̃′′σ = σQ̃σ −
1

1− λ
Q̃3
σ +

λ

1− λ
σQ̃3

σ, Q̃′′′σ = σQ̃′σ −
1

1− λ
(Q̃3

σ)′ + σ
5
2O(Q̃σ),

and ∥∥{Q̃σ(yσ − b1,0 − σb̃1,1)− d(λ)(Q̃3
σ)′(yσ − b1,0 − σb̃1,1)

}
−
{
Q̃σ − b1,0Q̃′σ + (1/2)b21,0σQ̃σ − (b̃1,1 + (1/6)b31,0)σQ̃′σ

− (b21,0/2(1− λ))Q̃3
σ − b3,0(Q̃3

σ)′
}∥∥

H1(R)
≤ Cσ9/4.

(2.42)

Combing (2.38), (2.40) with (2.41) yields∥∥z(τσ)−
{
Q(y) + Q̃σ − b1,0Q̃′σ + γ2,0Q̃

2
σ − b2,0(Q̃2

σ)′ + γ1,1σQ̃σ − b1,1σQ̃′σ

− b3,0(Q̃3
σ)′ + γ3,0Q̃

3
σ + γ2,1σQ̃

2
σ + γ4,0Q̃

4
σ

}∥∥
H1(R)

≤ Cσ9/4,∥∥z(τσ)−
{
Q(y) + Q̃σ(yσ − b1,0 − σb̃1,1)− d(λ)(Q̃3

σ)′(yσ − b1,0 − σb̃1,1)

+ (γ1,1 − (1/2)b21,0)σQ̃σ + (−b1,1 + b̃1,1 + (1/6)b31,0)σQ̃′σ + γ2,0Q̃
2
σ − b2,0(Q̃2

σ)′

+ γ2,1σQ̃
2
σ + (γ3,0 + (b21,0/2(1− λ))Q̃3

σ + γ4,0Q̃
4
σ

}∥∥
H1(R)

≤ Cσ9/4.

By choosing

γ1,1 =
1
2
b21,0, b̃1,1 = b1,1 −

1
6
b31,0, γ2,0 = 0,

b2,0 = 0, γ2,1 = 0, γ3,0 = −
b21,0

2(1− λ)
, γ4,0 = 0,
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together with (2.35), we arrive at (2.32). �

2.6. Existence of approximate 2-soliton solutions.

Proposition 2.19. There exists a function z# of the form (2.10)-(2.11) such that
for all t ∈ [−τσ, τσ],

‖(1− λ∂2
x)∂tz# + ∂x(∂2

xz# − z# + z3
#)‖H1(R) ≤ Cσ7/4, (2.43)∥∥z#(τσ)−

{
Q(x− (1/2)δ) + Q̃σ(x+ µστσ − (1/2)δσ)

− 2d(λ)(Q̃3
σ)′(x+ µστσ − (1/2)δσ)

}∥∥
H1

+ ‖z#(−τσ)−
{
Q(x+ (1/2)δ) + Q̃σ(x− µστσ + (1/2)δσ)

}
‖H1(R) ≤ Cσ7/4,

(2.44)

where for all λ ∈ (0, 1) and d(λ) 6= 0,

∣∣δ − −6λ(1− λ)1/2

(λ− 3)(λ− 7)
(
∫
Q)2∫
Q2

∣∣ ≤ Cσ1/2, |δσ − 2b1,0| ≤ Cσ. (2.45)

Making the change of variable (2.2), we define

v(t, x) =

√
λ

1− λ
z#(t̂, x̂), D =

(1− λ)3/2

λ5/2
d(λ), , (2.46)

T =
1− λ
λ3/2

τσ = (
c2 − 1
c2

)−
1
2−

1
100 (

1− λ
λ

)λ
1

100 . (2.47)

From the above proposition, we have the following result.

Proposition 2.20. For a positive constant C, the function v defined by (2.46)
satisfies

‖(1− ∂2
x)∂tv + ∂x(v + v3)‖H1(R) ≤ C(c2 − 1)5/2, ∀t ∈ [−T, T ],∥∥v(T )−

{
φc1(x− c1T −

1
2

∆1) + φc2(x− c2T −
1
2

∆2)

− 2D(φ3
c2)′(x− c2T −

1
2

∆2)
}∥∥

H1(R)
+
∥∥v(−T )−

{
φc1(x+ c1T +

1
2

∆1)

+ φc2(x+ c2T +
1
2

∆2)
}∥∥

H1(R)
≤ K(c2 − 1)9/4,

where for all c1 > 1, D = D(c1) 6= 0, and

∣∣∆1 −
−6λ(1− λ)1/2

(λ− 3)(λ− 7)
(
∫

R Q)2∫
R Q

2

∣∣ ≤ C(c2 − 1)1/2, |∆2 − 2b1,0| ≤ C(c2 − 1). (2.48)

To prove Propositions 2.19 and 2.20, we see that the first estimate is a conse-
quence of

(1− ∂2
x)∂tv + ∂x(v + v3) =

λ2

(1− λ)3/2
{(1− λ∂2

x̂)∂t̂z + ∂x̂(∂2
x̂z − z + z3)}.
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Since
√

λ
1−λ Q̃σ(yσ + δ) = φc(x− ct+ 1√

λ
δ) for c = c1 or c2, we have

Q(x̂− δ

2
) + Q̃σ(x̂+ µστσ −

δσ
2

)− 2d(λ)(Q̃3
σ)′(x̂+ µστσ −

δσ
2

)

=

√
1− λ
λ

{
φc1(x− c1T −

δ

2
√
λ

) + φc2(x− c2T −
δσ

2
√
λ

)

− 2
(1− λ)3/2

λ5/2 (φ3
c2)′(x− c2T −

δσ

2
√
λ

)
}
,

Q(x̂+
δ

2
) + Q̃σ(x̂− µστσ +

1
2
δσ)

=

√
1− λ
λ

{
φc1(x+ c1T +

δ

2
√
λ

) + φc2(x+ c2T +
δσ

2
√
λ

)
}
.

Using these identities and the estimates for z#, we complete the proof of Propo-
sition 2.20. Let

z#(t, x) = z(t, x) + w#(t, x), w#(t, x) = −d(λ)(Q̃3
σ)′(yσ)(1− P (y))

where P is defined in (2.23).
To prove (2.44), we replace z = z# − w# in (2.32) and obtain

‖z#(τσ)−
{
Q(x− 1

2
δ) + Q̃σ(x+ µστσ −

1
2
δσ)

− d(λ)(Q̃3
σ)′(x+ µστσ −

1
2
δσ)
}
− w#(τσ)‖H1(R) ≤ Cσ9/4.

Using (2.36) (P ∈M) gives∥∥z#(τσ)−
{
Q(x− 1

2
δ) + Q̃σ(x+ µστσ −

1
2
δσ)

− 2d(λ)(Q̃3
σ)′(x+ µστσ −

1
2
δσ)
}∥∥

H1(R)

≤ Cσ9/4 + ‖d(λ)(Q̃3
σ)′(x+ µστσ −

1
2
δσ)− w#(τσ)‖H1(R)

≤ Cσ9/4 + C‖(Q̃3
σ)′(x− 1

2
δσ)− (Q̃3

σ)′‖H1(R) ≤ Cσ7/4.

Similarly, we have

‖z#(−τσ)− {Q(x+
1
2
δ) + Q̃σ(x− µστσ +

1
2
δσ) + d(λ)(Q̃3

σ)′(x− µστσ +
1
2
δσ)}

− w#(−τσ)‖H1(R) ≤ Cσ9/4,

so that

‖z#(−τσ)− {Q(x+
1
2
δ) + Q̃σ(x− µστσ +

1
2
δσ)}‖H1(R)

≤ Cσ9/4 + C‖(Q̃3
σ)′(x+

1
2
δσ)− (Q̃3

σ)′‖H1(R) ≤ Cσ7/4.

Note that (2.45) is a consequence of (2.34).
To prove (2.43), we let

S#(t, x) = (1− λ∂2
x)∂tz# + ∂x(∂2

xz# − z# + z3
#)

= S(z(t, x)) + δS(w#) + ∂x((z + w#)3 − z3 − 3Q2w#).
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We claim that
‖δS(w#)‖H1(R) ≤ Cσ7/4. (2.49)

It follows from Lemmas 2.11 and 2.12 that, the lower order term in δS(w#) =
δSmKdV(w#) + SgBBM (w#) is d(λ)(Q̃3

σ)′(yσ) (L(1 − P ))′. This term is controlled
in H1(R) by σ7/4. Note that

‖∂x((z + w#)3 − z3 − 3Q2w#)‖H1(R) ≤ Cσ
25
12 . (2.50)

This follows from the expressions of z and w#.

3. Stability of 2-soliton structure

3.1. Dynamic stability in the interaction region. For any c > 1 sufficiently
close to 1, we consider the function z#(t) of the form

z#(t̂, x̂) = Q(y) +Q(yσ) +
∑

(k,l)∈Σ0

σl(Q̃kσ(yσ)Ak,l(y) + (Q̃kσ)′(yσ)Bk,l(y)),

which is used in Proposition 2.19 (recall that y, yσ are defined in (2.10)). As in
Proposition 2.20, we set

v(t, x) =

√
λ

1− λ
z#(t̂, x̂)

= φc1(y1) + φc2(y2)

+
∑

(k,l)∈Σ0

σl
{
φkc2(y2)Ãk,l(y1) + (φkc2)′(y2)B̃k,l(y1)

}
,

(3.1)

where

y2 = x− c2t, y1 =
y√
λ

= x− c1t− α̃(y2), α̃(y2) =
1√
λ
α(
√
λy2),

Ãk,l(y1) = (
1− λ
λ

)k−
1
2Ak,l(

√
λy1), B̃k,l(y1) = (

1− λ
λ

)k−
1
2

1√
λ
Bk,l(

√
λy1).

(3.2)

Now, we set
S(t) = (1− ∂2

x)∂tv + ∂x(v + v3).

Proposition 3.1. Let θ > 1/2. Suppose that there exists ε0 > 0 such that the
following holds for 0 < c2 − 1 < ε0 and all t ∈ [−T, T ],

‖S(t)‖H1(R) ≤ K
(c2 − 1)θ

T
, (3.3)

and for some T0 ∈ [−T, T ],

‖u(T0)− v(T0)‖H1(R) ≤ K(c2 − 1)θ, (3.4)

where u(t) is a H1(R) solution of (1.1). Then there exist K0 = K0(θ,K, λ) and a
function ρ : [−T, T ]→ R such that, for all t ∈ [−T, T ],

‖u(t)− v(t, x− ρ(t))‖H1(R) ≤ K0(c2 − 1)θ, |ρ′(t)| ≤ K0(c2 − 1)θ. (3.5)

Proof. We prove the result on [T0, T ]. Using the transformation x→ −x, t→ −t,
then the proof is the same on [T0, T ]. Let K∗ > K be a constant to be fixed. Since
‖u(T0)− v(T0)‖H1(R) ≤ K(c2 − 1)θ, by continuity in time in H1(R), there exists
T ∗ > T0 such that

T ∗ = sup
{
T1 ∈ [T0, T ] |∃r ∈ C1([T0, T1]) :
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sup
t∈[T0,T1]

‖u(t)− v(t, x− r(t))‖H1(R) ≤ K∗(c2 − 1)θ
}
.

�

Next we give some estimates related to v.

Lemma 3.2. There holds
‖(1− ∂2

x)(∂tv + c1∂xv)(t)‖L∞(R) + ‖∂2
t ∂

2
xv(t) + c1∂t∂

3
xv(t)‖L∞(R)

≤ K(c2 − 1)1/2,
(3.6)

‖∂tv(t) + c1∂xv(t) + (c1 − c2)α̃′(y2)φ′c1(y1)‖L2(R) ≤ K(c2 − 1)
3
4 , (3.7)

‖∂tv(t) + c1∂xv(t) + (c1 − c2)α̃′(y2)φ′c1(y1)‖L∞(R) ≤ K(c2 − 1), (3.8)

‖∂xv − φ′c1(y1)‖L2(R) ≤ K(c2 − 1)1/2, (3.9)

‖α̃′′(y2)‖L∞(R) +
1

c2 − 1
‖α̃(4)(y2)‖L∞(R) ≤ K(c2 − 1). (3.10)

Note that these estimates are consequence of the (3.1).

Lemma 3.3 (Modulation). There exists a C1 function ρ : [T0, T
∗]→ R such that,

for all t ∈ [T0, T
∗], the function ε(t, x) defined by ε(t, x) = u(t, x + ρ(t)) − v(t, x)

satisfies ∫
R
ε(t, x)(1− ∂2

x)(φ′c1(y1))dx = 0, ∀t ∈ [T0, T
∗],

and for K independent of K∗,

‖ε(t)‖H1(R) ≤ 2K∗(c2 − 1)θ,

ρ(T0)|+ ‖ε(T0)‖H1(R) ≤ K(c2 − 1)θ,

|ρ′(t)| ≤ K‖ε(t)‖H1(R) +K‖S(t)‖H1(R).

(3.11)

Proof. Let

ζ(U, r) =
∫

R
(U(x+ r)− v(t, x))(1− ∂2

x)(φ′c1(y1))dx.

Then
∂ζ

∂r
(U, r) =

∫
R
U ′(x+ r)(1− ∂2

x)(φ′c1(y1))dx,

so that from Lemma 3.2 (see(3.9)), for (c2 − 1) small enough, we get

∂ζ

∂r
(v(t), 0) =

∫
R

(∂xv)(t, x)(1− ∂2
x)(φ′c1(y1))dx

>

∫
R

[(φ′′c1)2 + (φ′c1)2]dx−K(c2 − 1)1/2

>
1
2

∫
R

[(φ′′c1)2 + (φ′c1)2]dx.

Since ζ(v, 0) = 0, for U is near v(t) in L2(R) norm, the existence of a unique ρ(U)
satisfying ζ(U(x− ρ(U)),ρ(U)) = 0 can be seen by the Implicit Function Theorem.

From the definition of T ∗, it follows that there exists ρ(t) = ρ(u(t)), such that
ζ(U(x− ρ(t)), ρ(t)) = 0. We set

ε(t, x) = u(t, x+ ρ(t))− v(t, x), (3.12)
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then
∫

R ε(t)(1− ∂
2
x)(φ′c1(y1))dx = 0 follows from the definition of ρ(t). Estimate

(3.11) follows from the Implicit Function Theorem and the definition of K∗. More-
over, since (3.4), we have |ρ(T0)|+ ‖ε(T0)‖H1(R) ≤ K(c2− 1)θ, where K is indepen-
dent of K∗.

To prove
|ρ′(t)| ≤ K‖ε(t)‖H1(R) +K‖S(t)‖H1(R), (3.13)

by the definition of ε(t), we have

(1− ∂2
x)∂tε+ ∂x(ε+ (ε+ v)3 − v3)

= −[(1− ∂2
x)∂tv + ∂x(v + v3)] + ρ′(t)(1− ∂2

x)∂x(v + ε)

= −S(t) + ρ′(t)(1− ∂2
x)∂x(v + ε).

(3.14)

Since
∫

R ε(t, x)(1− ∂2
x)(φ′c1(y1))dx = 0, we have

0 =
d

dt

∫
R
ε(t)(1− ∂2

x)(φ′c1(y1))dx

=
∫

R
[(1− ∂2

x)∂tε(t)](φ′c1(y1)) +
∫

R
ε(t)(1− ∂2

x)[∂tφ′c1(y1)]

= −
∫

R
∂x(ε+ (ε+ v)3 − v3)φ′c1(y1)−

∫
R
S(t)φ′c1(y1)

+ ρ′(t)
∫

R
(1− ∂2

x)∂x(v + ε)φ′c1(y1)

+
∫

R
ε(1− ∂2

x)[−c1φ′′c1(y1) + c2α̃
′(y2)φ′′c1(y1)].

Integrating by parts, we have

ρ′(t)
∫

R
(v + ε)[(1− ∂2

x)∂x(φ′c1(y1))]

= −
∫

R
S(t)φ′c1(y1) +

∫
R
ε((1 + ε2 + 3εv + 3v2)[∂xφ′c1(y1)]

+ (1− ∂2
x)[−c1φ′′c1(y1) + c2α̃

′(y2)φ′′c1(y1)]),

(3.15)

and so∣∣ρ′(t)∫
R

(v + ε)[(1− ∂2
x)∂x(φ′c1(y1))]

∣∣ ≤ C(‖ε(t)‖L2(R) + ‖S(t)‖L2(R)). (3.16)

it is not difficult to check that∫
R

(v + ε)[(1− ∂2
x)∂x(φ′c1(y1))]

=
∫

R
[(1− ∂2

x)(φc1(y1))][∂x(φ′c1(y1))] +
∫

R
(v − φc1(y1) + ε)[(1− ∂2

x)∂x(φ′c1(y1))],

and for c2 − 1 < ε0 small enough,

−
∫

R
[(1− ∂2

x)(φc1(y1))][∂x(φ′c1(y1))] ≥ −3
4

∫
R

(φc1 − φ′′c1)φ′′c1

=
3
4

∫
R

(φ′c1)2 + (φ′′c1)2 > 0,

so that
|
∫

R
(v + ε)(1− ∂2

x)∂x(φ′c1(y1))| ≥ 1
2

∫
R

(φ′c1)2 + (φ′′c1)2
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holds for c2 − 1 < ε0 small, and (3.13) follows from (3.16). �

Lemma 3.4 (Control of the negative direction). For all t ∈ [T0, T
∗], there holds∣∣∫

R
ε(t)(1− ∂2

x)φc1(y1)dx
∣∣

≤ K(c2 − 1)θ +K(c2 − 1)1/4‖ε(t)‖L2(R) +K‖ε(t)‖2H1(R).

(3.17)

Proof. Since v(t) is an approximate solution of (1.1), m(v(t)) has a small variation.
Indeed, by multiplying the equation S(t) by v(t) and integrating, we obtain

| d
dt
m(v(t))| = |

∫
R
S(t, x)v(t, x)dx| ≤ K‖S(t)‖L2(R).

Thus for all t ∈ [T0, T
∗],

|m(v(t))−m(v(T0))| ≤ KT sup
t∈[−T,T ]

‖S(t)‖H1(R) ≤ K(c2 − 1)θ. (3.18)

Since u(t) is a solution of (1.1), we have

m(u(t)) = m(v(t) + ε(t)) = m(u(T0)) = m(v(T0) + ε(T0)). (3.19)

By expanding (3.19), and using (3.18) and (3.11), we derive

2|
∫

R
((1− ∂2

x)v(t))ε(t)|

≤ K(c2 − 1)θ + 2|
∫

R
((1− ∂2

x)v(T0))ε(T0)|+ ‖ε(T0)‖2H1(R) + ‖ε(t)‖2H1(R)

≤ K(c2 − 1)θ + ‖ε(t)‖2H1(R).

Using this and ‖(1− ∂2
x)(v(t)− φc1(y1))‖L2(R) ≤ K(c2 − 1)1/4, so we obtain

|
∫

R
ε(t)((1− ∂2

x)φc1(y1))dx|

≤ |
∫

R
ε(t)[(1− ∂2

x)(v(t)− φc1(y1)]|+ |
∫

R
ε(t)((1− ∂2

x)v(t))|

≤ K(c2 − 1)θ +K(c2 − 1)1/4‖ε(t)‖L2(R) +K‖ε(t)‖2H1(R).

Set

F (t) =
1
2

∫
R

((c1 − 1)ε2 + c1(∂xε)2 − 1
2

((v + ε)4 − v4 − 4v3ε))

+
1
2

(c1 − c2)
∫

R
α̃′(y2)((∂xε)2 + ε2).

�

Lemma 3.5 (Coercivity of F ). There exists k0 > 0 such that for c2 − 1 small
enough, there holds

‖ε(t)‖2H1(R) ≤ k0F (t) + k0

∣∣∣∫
R
ε(t)(1− ∂2

x)φc1(y1)dx
∣∣∣2. (3.20)

The proof of the above lemma can be found in [6, 14].

Lemma 3.6 (Control of the variation of the energy functional). There holds

|F ′(t)| ≤ K(c2 − 1)‖ε(t)‖2H1(R) +K‖ε(t)‖H1(R)‖S(t)‖H1(R), (3.21)

where K is independent of c2.
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Proof. First, we compute

F ′(t) =
∫

R
(∂tε)

(
(c1 − 1)ε− c1εxx − ((v + ε)3 − v3)

)
−
∫

R
(∂tv)(ε3 + 3vε2) +

1
2

(c1 − c2)
{
−c2

∫
R
α̃′′(y2)(ε2

x + ε2)

+
∫

R
α̃′(y2)∂t(ε2

x + ε2)
}

= F1 + F2 + F3.

We claim that∣∣∣F1 + F2 −
(
ρ′(t)

∫
R
ε[(1− ∂2

x)(∂tv + c1∂xv)]−
∫

R
(ε3 + 3vε2)(∂tv + c1∂xv)

)∣∣∣
≤ K‖ε(t)‖L2(R)‖S(t)‖H1(R),

(3.22)
and

|F3 − (c1 − c2)
{
ρ′(t)

∫
R
ε[(1− ∂2

x)(α̃′(y2)φ′c1)]−
∫

R
(ε3 + 3vε2)α̃′(y2)φ′c1

}
|

≤ K(c2 − 1)‖ε‖2H1(R) +K‖ε‖H1(R)‖S(t)‖H1(R).

(3.23)

To prove (3.22), using the equation of ε(t) (that is (3.14)), we find

F1 = c1

∫
R
ε((1− ∂2

x)∂tε)−
∫

R
(∂tε)(ε+ ((v + ε)3 − v3))

= c1

{∫
R

(−∂x(ε+ (ε+ v)3 − v3))ε−
∫

R
S(t)ε+ ρ′(t)

∫
R

[(1− ∂2
x)∂x(v + ε)]ε

}
+
∫

R
[(1− ∂2

x)−1∂x(ε+ (ε+ v)3 − v3)](ε+ ((v + ε)3 − v3))

+
∫

R
[(1− ∂2

x)−1S(t)](ε+ ((v + ε)3 − v3))

− ρ′(t)
∫

R
[∂x(v + ε)](ε+ ((v + ε)3 − v3)),

F1 = −c1
∫

R
ε3(∂xv)− 3

2
c1

∫
R
ε2(∂xv2)− c1

∫
R
S(t)ε+ c1ρ

′(t)
∫

R
[(1− ∂2

x)∂x(v)]ε

+
∫

R
[(1− ∂2

x)−1S(t)](ε+ ((v + ε)3 − v3))− ρ′(t)
∫

R
(∂xv)ε+ ρ′(t)

∫
R

(∂xε)v3.

Thus, we have

|F1 −
(
−c1

∫
R
ε3(∂xv)− 3

2
c1

∫
R
ε2∂x(v2)

)
+ ρ′(t)

∫
R
ε∂x(c1(1− ∂2

x)v − v − v3)|

≤ K‖ε(t)‖L2(R)‖S(t)‖H1(R).

Using S = (1− ∂2
x)∂tv + ∂x(v + v3), we find that∣∣∣F1 −

(
−c1

∫
R
ε3(∂xv)− 3

2
c1

∫
R
ε2∂x(v2)

)
+ ρ′(t)

∫
R
ε[(1− ∂2

x)(∂tv + c1∂xv)]
∣∣∣

≤ K‖ε(t)‖L2(R)‖S(t)‖H1(R).

So (3.22) follows from the definition of F2.
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To prove (3.23), from (3.10) we have∣∣∫
R
α̃′′(y2)(ε2

x + ε2)
∣∣ ≤ ‖α̃′′‖L∞‖ε‖2H1(R) ≤ K(c2 − 1)‖ε‖2H1(R),

1
2

∫
R
α̃′(y2)∂t(ε2

x + ε2) =
∫

R
α̃′(y2)(∂t(ε− ∂2

xε))ε−
∫

R
α̃′′(y2)(∂xε)(∂tε).

Using Lemma 3.2, we have∣∣∫
R
α̃′′(y2)(∂xε)(∂tε)

∣∣ ≤ C(c2 − 1)‖ε‖H1(R)(‖ε‖H1(R) + ‖S‖H1(R)).

Using the equation of ε gives∫
R
α̃′(y2)(∂t(ε− ∂2

xε))ε

=
∫

R
α̃′(y2)(−εxε− (ε3)xε− 3(v2ε)xε− 3(vε2)xε

− S(t)ε+ ρ′(t)ε((1− ∂2
x)∂x(v + ε)))

=
∫

R
α̃′′(y2)(

1
2
ε2 +

3
4
ε4 +

3
2
v2ε2 + 2vε3 − ρ′(t)1

2
(ε2 + 3ε2

x)) + ρ′(t)
∫

R
α̃(4)(y2)

1
2
ε2

+
∫

R
α̃′(y2)(−ε3vx −

3
2
ε2(∂xv2) + ρ′(t)ε[(1− ∂2

x)vx]− S(t)ε).

The coefficients of α̃′′(y2) and α̃(4)(y2) are controlled, so we get (3.23).
By Lemma 3.4 and (3.11), we have∣∣ ∫

R
ε(T ∗)(1− ∂2

x)φc1(y1)dx
∣∣

≤ K(c2 − 1)θ +K(c2 − 1)1/4‖ε(T ∗)‖L2(R) +K‖ε(T ∗)‖2H1(R)

≤ (K + 1)(c2 − 1)θ,

for 0 < c2 − 1 < ε0 small enough. Thus, by Lemma 3.5, we obtain

‖ε(T ∗)‖2H1(R) ≤ k0F (T ∗) +K(c2 − 1)2θ.

Integrating (3.21) on [T0, T
∗], by (3.11) and (3.3), there exists K1 > 0 independent

of K∗ such that

|F (T ∗)| ≤ |F (T0)|+K(c2 − 1)
3
4T sup

t∈[T0,T∗]

‖ε(t)‖2H1(R)

+KT sup
t∈[T0,T∗]

(‖ε(t)‖H1(R)‖S(t)‖H1(R))

≤ K1(c2 − 1)2θ +K(K∗)2(c2 − 1)2θ+ 3
4 +K1K

∗(c2 − 1)2θ.

Thus, for 0 < c2 − 1 < ε0 small enough, we obtain

‖ε(T ∗)‖2H1(R) ≤ C(c2 − 1)2θ(2 +K∗).

By fixing K∗ such that C(2 +K∗) < 1
2 (K∗)2, we see ‖ε(T ∗)‖2H1(R) ≤

1
2 (K∗)2(c2 −

1)2θ. This contradicts the definition of T ∗, thus we have T ∗ = T , and arrive at
(3.5). �
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3.2. Stability and asymptotic stability for large time. In this section, we
consider the stability of the 2-soliton structure after the collision. For v ∈ H1(R),

we denote ‖v‖H1
c2

(R) =
√∫

R ((v′(x))2 + (c2 − 1)v2(x)) dx, which corresponds to the
natural norm to study the stability of φc2 .

Proposition 3.7 (Stability of the two decoupled solitons). Let c1 > 1. Let u(t)
be an H1(R) solution of (1.1) such that for some w > 0, X0 ≥ 1

2 (c1 − c2)T , there
holds

‖u(0)− φc1 − φc2(x+X0)‖H1(R) ≤ (c2 − 1)
3
4 +w. (3.24)

There exists ε0 > 0 such that 1 < c2−1 < 1+ε0. Then there exist the C1 functions
ρ1(t), ρ2(t) defined on [0,+∞) and K > 0 such that

(i) (stability)

sup
t≥0
‖u(t)− (φc1(x− ρ1(t)) + φc2(x− ρ2(t)))‖H1

c2
(R) ≤ K(c2 − 1)

3
4 +w, (3.25)

c1
2
≤ ρ′1(t)− ρ′2(t) ≤ 3c1

2
∀t ≥ 0,

|ρ1(t0)| ≤ K(c2 − 1)
3
4 +w, |ρ2(t0) +X0| ≤ K(c2 − 1)w. (3.26)

(ii) (asymptotic stability) There exist c+1 , c
+
2 > 1 such that

lim
t→+∞

‖u(t)− (φc+1 (x− ρ1(t)) + φc+2
(x− ρ2(t)))‖H1(x> 1

2 (1+c2)t) = 0, (3.27)

|c+1 − c1| ≤ K(c2 − 1)
3
4 +w, |c+2 − c2| ≤ K(c2 − 1)1+w+min( 1

2 ,w). (3.28)

The proof of the above proposition is similar to the one of [6, Theorem 1.1], so
we omit it.

4. Proof of Theorem 1.1

Proposition 4.1. Let c1 > 1 and 1 < c2 < 1 + ε0, for ε0 > 0 small enough.
1. Existence and exponential decay: Let x1, x2 ∈ R. There exists a unique H1(R)

solution u(t) = uc1,c2,x1,x2(t) of (1.1) such that

lim
t→−∞

‖u(t)− φc1(x− c1t− x1)− φc2(x− c2t− x2)‖H1(R) = 0. (4.1)

Moreover, for all t ≤ − T
32 ,

‖u(t)− φc1(x− c1t− x1)− φc2(x− c2t− x2)‖H1(R) ≤ Ke
1
4

√
c2−1(c1−1)t. (4.2)

2. Uniqueness of the asymptotic 2-soliton solution at −∞: if w(t) is an H1(R)
solution of (1.1) satisfying

lim
t→−∞

‖w(t)− φc1(x− ρ1(t))− φc2(x− ρ2(t))‖H1(R) = 0, (4.3)

for ρ1(t) and ρ2(t), then there exist x1, x2 ∈ R such that w(t) = uc1,c2,x1,x2(t).

The above proposition is essentially the same as [6, Theorem 1.3]. Recall that
such a result was first proved for the generalized KdV equations in [19], and refined
techniques were introduced in [13, 21].

Lemma 4.2. Let c1 > 1. Let 1 < c2 < 1 + ε0 and ε0 = ε0(c1) > 0. We suppose
that u(t) is a solution of (1.1) satisfying: for some ρ1(t), ρ2(t),

lim
t→−∞

‖u(t)− φc1(x− ρ1(t))− φc2(x− ρ2(t))‖H1(R) = 0, (4.4)
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lim
t→+∞

‖u(t)− φc1(x− ρ1(t))− φc2(x− ρ2(t))− w+(t)‖H1(R) = 0, (4.5)

where |c+j − cj | ≤ ε0|cj − 1| and

lim
t→+∞

‖w+(t)‖H1(x> 1
2 (1+c2)t) = 0, lim sup

t→+∞
‖w+(t)‖H1(R) ≤ ε0|c2 − 1|1/2. (4.6)

Then, there exist C = C(c1) such that
1
C

lim sup
t→+∞

‖w+(t)‖2H1
c2

(R) ≤ c
+
1 − c1 ≤ C lim inf

t→+∞
‖w+(t)‖2H1

c2
(R),

1
C

(c2 − 1)−1/2 lim sup
t→+∞

‖w+(t)‖2H1(R) ≤ c2 − c
+
2

≤ C(c2 − 1)−1/2 lim inf
t→+∞

‖w+(t)‖2H1(R).
(4.7)

Proof. By (1.3), (1.4), (4.4), (4.5) and (4.6), we have that for the large t,

m(u(0)) = m(φc1) +m(φc2) = m(φc+1 ) +m(φc+2 ) +m(w+(t)) + o(1), (4.8)

E(u(0)) = E(φc1) + E(φc2) = E(φc+1 ) + E(φc+2 ) + E(w+(t)) + o(1). (4.9)

Let (j = 1, 2),

āj =
E(φc+j )− E(φcj )

m(φc+j )−m(φcj )
,

so that
|āj − cj | ≤ C|c+j − cj |. (4.10)

Indeed, by (2.19), one has

E(φc+j )− E(φcj )

m(φc+j )−m(φcj )
=

d
dcE(φc)
d
dcN(φc)

|c=cj +O(|c+j − cj |) = cj +O(|c+j − cj |).

Considering ā2E times (4.8) - (4.9) and then ā1 times (4.8) - (4.9), we find that for
the large t

[E(φc+1 )− ā2m(φc+1 )]− [E(φc1)− ā2m(φc1)] = ā2m(w+(t))− E(w+(t)) + o(1),
(4.11)

[ā1m(φc2)− E(φc2)]− [ā1m(φc+2 )− E(φc+2 )] = ā1m(w+(t))− E(w+(t)) + o(1).
(4.12)

Note that ∫
R
|w+|4 ≤ C‖w+‖2H1(R)

∫
R

(w+)2 ≤ Cε0|c2 − 1|
∫

R
(w+)2

so that

ā2m(w+(t))− E(w+(t)) >
1
4

((c2 − 1)
∫

R
(w+)2 +

∫
R

(w+
x )2).

Now, let β1 = d
dcm(φc)|c=c1 > 0, by (2.19), we have

(
d

dc
E(φc)− ā2

d

dc
m(φc))|c=c1 = (c1 − ā2)

d

dc
m(φc)|c=c1 ,

and so
1
2

(c1 − 1)β1 < (
d

dc
E(φc)− ā2

d

dc
m(φc))|c=c1 < (c1 − 1)β1.
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Thus, from (4.11), we obtain that for the large t,

c+1 − c1 ≥ C[(c2 − 1)
∫

R
(w+(t))2 +

∫
R

(w+
x (t))2] + o(1) ≥ C‖w+(t)‖2H1

c2
(R) + o(1),

c+1 − c1 ≤ C ′‖w+(t)‖2H1
c2

(R) + o(1).

Similarly, we have

c2 − c+2 ≥
C

(c2 − 1)1/2
[(c1 − 1)

∫
R

(w+(t))2 +
∫

R
(w+

x (t))2] + o(1)

≥ C

(c2 − 1)1/2
‖w+(t)‖2H1(R) + o(1),

c2 − c+2 ≤
C ′

(c2 − 1)1/2
‖w+(t)‖2H1(R) + o(1).

Estimate (4.7) follows. �

Proof of Theorem 1.1. Let c1 > 1 and ε0 = ε0(c1) be small enough. Let 1 < c2 <
1 + ε0 and T be defined by (2.47). Let ũ(t) be the unique solution of (1.1) such
that

lim
t→−∞

‖ũ(t)− φc1(x− c1t)− φc2(x− c2t)‖H1(R) = 0.

(1) By Proposition 4.1, for all t ≤ − T
32 ,

‖ũ(t)− φc1(x− c1t)− φc2(x− c2t)‖H1(R) ≤ Ke
1
4

√
c2−1(c1−1)t. (4.13)

Let ∆1,∆2 be defined in Proposition 2.20, and let

T− = T +
1
2

∆1 −∆2

c1 − c2
.

Since |∆1| + |∆2| ≤ C = C(c1), and c1 − c2 > c1 − 1 − ε0 ≥ 1
2 (c1 − 1), we have

−T− < − 1
32T , for small c2 − 1 and so

‖ũ(−T−)− φc1(x+ c1T
−)− φc2(x+ c2T

−)‖H1(R) ≤ Ke−
1
4

√
c2−1(c1−1)T−

≤ (c2 − 1)10,
(4.14)

for ε0 small enough. Let

u(t, x) = ũ(t+ T − T−, x+
1
2

∆1 + c1(T − T−)). (4.15)

Then, u(t) is a solution of (1.1) and satisfies

‖u(−T )− φc1(x+ c1T +
1
2

∆1)− φc2(x+ c2T +
1
2

∆2)‖H1(R) ≤ (c2 − 1)10. (4.16)

It is easily checked that the results obtained for u(t) imply the desired results on
ũ(t).

(2) By Proposition 2.20 and (4.16), we have

‖u(−T )− v(−T )‖H1(R) ≤ K(c2 − 1)9/4.

By Proposition 2.19 and the above estimate, we can apply Proposition 3.1 with
θ = 5

2 −
1
2 −

1
100 = 2− 1

100 . There exists ρ(t) such that for all t ∈ [−T, T ],

‖u(t)− v(t, x− ρ(t))‖H1(R) + |ρ′(t)| ≤ C(c2 − 1)2− 1
100 .
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In particular, for r = ρ(T ), |r| ≤ C(c2 − 1)2− 1
50 , we have

‖u(T )− v(t, x− r)‖H1(R) ≤ C(c2 − 1)2− 1
100 ,

and using Proposition 2.20, we obtain

‖u(T )− {φc1(x− r1) + φc2(x− r2)− 2D(φ3
c2)′(x− r2)}‖H1(R)

≤ C(c2 − 1)2− 1
100 ,

(4.17)

where r1 = c1T + 1
2∆1 + r and r2 = c2T + 1

2∆2 + r, so that

1
2

(c1 − c2)T ≤ r1 − r2 ≤
3
2

(c1 − c2)T.

Moreover, since ‖(φ3
c2)′‖H1(R) ≤ C(c2 − 1)7/4, we also obtain

‖u(T )− {φc1(x− r1) + φc2(x− r2)}‖H1(R) ≤ C(c2 − 1)7/4. (4.18)

In what follows, (4.18) will serve us to prove that u(t) is close to the sum of two
solitons for t > T , whereas (4.17) will allow us to prove that u(t) is not a pure
2-soliton solution at +∞.

(3) By using Proposition 3.7 with w = 1, it follows from (3.25), (3.27) and (3.28)
that there exists ρ1(t), ρ2(t), c+1 , c

+
2 such that

c+1 = lim
t→+∞

c̄1(t), c+2 = lim
t→+∞

c̄2(t), |c+1 − c1| ≤ C(c2 − 1)7/4,

|c+2 − c2| ≤ C(c2 − 1)5/2, w+(t, x) = u(t, x)− {φc+1 (x− ρ1(t)) + φc+2
(x− ρ2(t))},

sup
t≥T
‖w+(t)‖H1

c2
(R) ≤ C(c2 − 1)7/4, lim

t→+∞
‖w+(t)‖H1(x> 1

2 (1+c2)t) = 0.

(4.19)
From Lemma 4.2, we obtain

0 ≤ c+1 − c1 ≤ C(c2 − 1)
7
2 , 0 ≤ c+2 − c2 ≤ C(c2 − 1)4.

(4) There exists K0 > 0 such that

lim inf
t→+∞

‖w+(t)‖H1
c2

(R) ≥ K0(c2 − 1)9/4. (4.20)

This follows the proof of the BBM case in [20] immediately, so we omit it.
Based on Cases (1) through (4), The proof of Theorem 1.1 is complete �
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