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EXISTENCE AND UNIQUENESS OF M-SOLUTIONS FOR
BACKWARD STOCHASTIC VOLTERRA INTEGRAL
EQUATIONS

WENXUE LI, RUITHUA WU, KE WANG

ABSTRACT. In this article, we study general backward stochastic Volterra inte-
gral equations (BSVIEs). Combining the contractive-mapping principle, step-
by-step iteration method and mathematical induction, we establish the exis-
tence and uniqueness theorem of M-solution for the BSVIEs. This theorem
could be applied directly to many models, for example, using the result to
a kind of financial models provides a new and easy method to discuss the
existence of dynamic risk measure.

1. INTRODUCTION

Backward stochastic differential equations (BSDEs) and backward stochastic
Volterra integral equation (BSVIE) are applied widely in finance and stochastic
control ete.[3] 6] [7]. The theoretical foundation of BSDEs have been established by
Pardoux and Peng[5]. The development of BSDEs greatly promoted the evolution
of economics and finance. For example, economists Diffie and Epstein introduced
BSDEs into economics in 1992, and stochastic analyst El Karoai et al [2] discov-
ered the important role of BSDEs in finance. In 2006, Yong [§] introduce the
BSVIEs, in which play a major role in considering the properties of forward sto-
chastic Volterra integral equations, which describe the stochastic optimal control
problem with memories, and in the proof of stochastic Pontryagin maximum prin-
ciple [7] etc.. Besides, in [9], a class of dynamic convex and coherent risk measures
are identified as a component of the adapted M-solutions to certain BSVIEs.

In this article, we consider general backward stochastic Volterra integral equation
(BSVIE)

T
YO = FEYO)+ [ oltos.Y ()Y (0), 2(5), Z(5,0)) ds
’ ¢ (1.1)
—/ h(t,s,Y (), Y (8), Z(t, 5)) AW (s), t € [0,T].
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A class of important BSVIEs (|1.1)) is the the following

Y (1) =§+/t 9(8,Y(S)7Z(8))d8+/t Z(s)dW(s), t€][0,T]. (1.2)

Yong [§] introduced another form of BSVIE (1.1):

T T
Y(t)qu(t)—/t g(t,s,Y(s),Z(t,s),Z(s,t))ds—/t Z(t,s)aW(s), te 0,7

(1.3)
and gave the following definition of adapted solution.

Definition 1.1. Any pair of stochastic processes (Y(-), Z(-,-)) € H[S,T] (defined
as ([3.1)) satisfying (1.3 is called an adapted solution of (|1.3).

Also, the conditions of the existence and uniqueness of the adapted solution to
(1.3) are given. However, it is difficult to consider the uniqueness of the adapted
solution to (|L1.3) under Definition For example, for the BSVIE

Y(t)/tTg(t,s,Y(s),Z(t,s))ds/tTZ(t,s)dW(s), L0, 7], (1.4)

in which g satisfies the conditions of existence and uniqueness theorem, suppose
(Y("),Z(-,-)) is the uniqueness adapted solution of ([1.4). But it is easy to check
that (Y'(+), Z(-,-)) satisfies

Y(t)=Y(t), tel0,T],
Z(t,s) = Z(t,s), (t,s)el0,T]x[t,T],

Z(tv 5) = §(t,5), (ta 5) € [OﬂT] X [O?t];

is also an adapted solution of for any ¢(-) € L2(0,T;R). It is contradictive.

The purpose of this article is to discuss the existence and uniqueness of adapted
M-solutions (defined later), rather than the adapted solution to in Defini-
tion [L.1] We give some sufficient conditions for the existence and uniqueness of
M-solution to ([L.1)), by combining contractive-mapping principle, step-by-step iter-
ation method and mathematical induction. These results could be applied directly
to many models, such as those described as BSVIEs, in which a component of the
M-solution of BSVIEs has a close relation with the dynamic risk measure. By ap-
plying the main result to the financial models, it provides a new and easy method
to discuss the existence of dynamic risk measure.

2. MOTIVATION AND MAIN RESULTS

2.1. Experimental motivation. In this article, we use to describe a class of
economic problems as certain portfolio, such as European option, some current cash
flows, mutual funds etc. Here, Y (t) denotes the price of merchandize, F'(¢,Y (t))
stands for the total wealth of certain portfolio and g is referred to as the generator
of (L.1)). Since the component Y (¢) of the M-solution to has a close relation-
ship with the dynamic risk measure, it is significant to consider the existence and
uniqueness of the M-solution. Here the dynamic risk measure is defined as follows:

Definition 2.1 ([9]). A map p : L% (0,T) — Lg(0,T) is called a dynamic risk
measure if the following conditions hold:
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L. For any ¢(-),9(:) € L% (0,T), if ¢(-) = (), a.s. s € [t,T], for some
t €[0,T), then

p(t, () = p(t,9()), as.
2. For any ¢(-),¢(-) € L%, (0,7), if ¢(-) < ¥(-), as. s € [t,T], for some
t €1[0,7), then
p(t, (1) = p(t,¥(-), as. s€lt,T].

In fact, the model is on the basis of some classical financial models. El Karoui et
al [2] described the problem of European option pricing by applying BSDE (L.2)). In
this case, £ represents square-integrable contingent claim and Y (¢) represents the
price of European option. For their model, if there exists unique solution, then the
map p : & — Y (t) defined by is a dynamic risk measure. Yong [9], extended
into (L.3). There ¢(t) represents the total wealth of certain portfolio. The
author gave dynamic risk measure p(t, ¢(t)) = Y (t) for (L.3).

2.2. Model assumptions and novelty. Now we give some assumptions for (|1.1))
such that it has unique solution.

(H1) Let g: A° x R™ x R™ x R™*d x R™*4d x O — R™ be B(A€ x R™ x R™ x
R™¥d x RmM*d) @ Fpr-measurable, and for all (¢,(,n,&,¢) € [0,T] x R™ x
R™ x R™*d x R™*4 g(t - ¢, n,€, ) is F-adapted and satisfies

T T 9
E/ (/ |g(t,s,0,0,0,0)|ds) dt < oo, (2.1)
0 t
and for all (¢,5) € A, (,(,n,7 € R™ £,€, 6,6 € Rm*d

|g(t7 57C7 777§a §) - g(ta S, Eaﬁ,ga 6))‘
< Le(t, 8)|C = 4 Lyt 8)[n = 71l + Le(t, 8)[€ — €] + L(t, s)|s — <] as.,
where for some € > 0, L¢(t,s), Ly (t,5), Le(t, s), Le(t, s) : A® — R satisfy

(2.2)

T
sup / [Lg(t, 8)2TE + Ly (t, 8)*T° + Le(t,8) T + Le(t, 5)2“} ds = A < o0,
tel0,T] Jt

and
sup (/TL (t s)ds)2*K<i (2.3)
refo.r) Mo 8C?’ '

in which C' is the same as the one in (3.5)).
(H2) Let F: R x R™ x Q — R™ be B(R! x R™) ® Fr-measurable, and

T

E/ |F(t,0)|dt < oo. (2.4)

0
Moreover,
|F(t,s) — F(t,9))] < L:(t)|]s —¢], teR,¢,s€R™ as,
sup |L¢(t)]* < D, (2.5)
t€[0,T]
2CLD < 1.

hold. Here Cf, is determined by (3.11]).
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(H3) Let h : A°XR™xR™xR™*4x Q) — R™*4 he B(ASxR™xR™ x R™* )@ Fpp-
measurable, and for all (¢,¢,n,&) € [0,T] x R™ x R™ x R™*4_h(t,. ¢, n,§)
is F-adapted and has the following relations:

|h(ta8a<7n7§) - h(t,s,f,ﬁ,f) - (§ - £)|2 S LC‘C - §|2 + L17|77 - 77|2 + Lf‘g - g|27
V(t,S) € Acvgaganvﬁ € Rma g)é € Rde> a.S.,

T T
E/ / |h(t,5,0,0,0)|>dsdt < oo,
0 t

max {4CFL§, Cp(Le + Ln)T} <1,
(2.6)
where C'r is determined by (3.21)).

It is easy to verify that conditions (H1)-(H3) will degenerate into (H) in [10] as
([1.1) equal to (1.3). In the rest of the subsection, we will show the novelty in this
paper from the following points: theory and application.

(1) It is noted that (1.2)) can not show the rule of the total wealth changing with
the time; and both nd cannot build up the relation between the total
wealth with the price of merchandise. To get rid of the two defects, we reconstruct
the model as BSVIE .

In [2] (or [9]), by building the relation between & and Y (¢), (or ¢(¢) and Y (¢)),
the dynamic risk measure for (or ) is found. However, model gives
directly the explicit relation of ¢(t) and F(t,Y (t)), i. e. p(t) = F(¢,Y (t)). Hence,
if F'(t,-) has well properties, we could arrive a dynamic risk measure F~! : ¢(t) —
Y (t). Sequently, in order to study the properties of the dynamic risk measure, such
as dynamic convex or coherent risk measures, it only needs to restrict the F(t,-)
further. Then applying the main results to this model, it is convenient to find the
dynamic risk measure. (2) It is well-known that step-by-step iteration method and
fixed point theorem are important method to prove the existence and uniqueness of
solution to equations [T}, [} 5] 8, [[0]. But sometimes, for the equations having com-
plicated forms, it is hard to derive the existence and uniqueness theorem, by using
only method of them. However, in this paper we combine step-by-step iteration
method, fixed point theorem, mathematic induction and Martingale representation
theorem to provide a proof of the existence and uniqueness of M-solution to (1.1)).
For different domain of definition of Z(-,-), we use different method as in Fig

2.3. Main results. Firstly, we introduce the definition of M-solution, and then
give the main results of the paper: existence and uniqueness theorem of M-solution
to BSVIE (1.1). The proof of it is left in the next section.

Definition 2.2. A pair (Y (), Z(-,-)) € H*[S,T] is called an adapted M-solution

of BSVIE (L.1) on [S,T7, if (Y(-), Z(:,)) satisfies (L.1) in the usual Itos sense for
almost all ¢t € [S,T] and, in addition, the following holds:

Y(t) = E(Y(t)|Fs) —|—/S Z(t,s)dW (s), a.e.tel[S,T].
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T :
Step-by-step ' Fixed point
iteration method : theorem
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Mathematical Martingale
induction | representation
. theorem
S T t

F1GURE 1. Diagram of methods used in different domains of defi-
nition of Z(-,-) to prove the main result

Theorem 2.3. Let (H1)—(H3) hold, then (1.1) admits a unique adapted M-solution
(Y(),Z(-,")), and the following estimate holds:

1Y (), ZC D3z
T T T 9
gchE{/R \F(t,0)|2dt+/R (/t |g(t,s,0,0,070)\ds> it (o

T T
+/ / |h(t,s,0,0,0)|2dsdt}, Re[0,T).
R Jt

Furthermore, if g, F', h satisfy (H1)-(H3), respectively, and (Y (), Z(-,-)) is the M-
solution, in which (g, F,h) is replaced by (g, F,h). Then

E[/R\ (t) — |2dt+// Z(t,s)]? dsdt

<cwp{ [ 1Py o) - Fov@Pa
T T
([ tatts (0. Y0, 2(05).200.9) 28)

R

(5. Y(9).Y (1), Z(1.5). Z(t,5)) ds) s
/ / h(t,s,Y(s),Y(t),Z(t,s)) — B(t,s,Y(s),Y(t),Z(t,s))|2dsdt},
for R €10,T].

3. PROOF OF THE MAIN THEOREM

Before proving Theorem we show some useful notion from [I0], and some
lemmas. Let

b (9 19(0,T)) = {¢ (0,T) x Q — R™ : ¢(-) is B([0,T]) @ Fs-measurable,

E(/OT |¢(t)|th) < oo}.

P
q
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LE(@; 240, 7)) = { () € L7 L1(0,T)) : ¢(-) is F-adapted}.

For any p,q > 1, let L9(0,T; LE(2; L*(0,T))) be the set of all processes Z : [0, T2 x
Q — R™*4_ guch that for almost all ¢ € [0,71], Z(t,-) € LE(Q; L*(0,T)), there is

/OT {E(/OT |Z(t,s)|2ds>p/2}Q/p dt < oo.

For convenience, denote
A[R,S] ={(t,s) € [R,S]*: R<s<t< S},
A°[R,S) ={(t,s) €[R,S]*: R<t<s< S},
and forany 0 < R< S <T,
HP[R, S] = LE(Q; LP(0,T)) x LP(0,T; LE(Q; L*(0,T))). (3.1)
If we define

50) 2 ety = { B [/ |2dt+// (o) dsai )

Then || - [|32[r,s) could define a metric on H?[R, S| and the space is complete under
this metric, clearly.
For any R, S € [0,T), consider the stochastic integral equation

T T
A(t,r):1/;(t)+/ k(t,s,u(t,s))ds—/ ult, s) AW (s), (3.2)

for r € [R,T] and t € [S,T], where k : [S,T] x [R,T] x R™*4 x Q — R™ is given.
(A(t,-), pu(t,-)) is F-adapted for any ¢ € [R,T]. Introduce the following assumption
for k:
(HO) Let R,S € [0,T), and k : [S,T] x [R,T] x R™<¢ x Q — R™ be B([S, T] x
[R,T] x R™*4) @ Fr-measurable such that k(t, -, z) is F-progressively mea-
surable for (t,2) € [S,T] x R™*4 and

E(/T k(% 5,0)| ds)p < o0, ae. t €[S,T), (3.3)
R

for some p > 1. Moreover, the following holds:
|k(t,s,2) — k(t,s,2)| < L.(t,s)|z — 2|, (t,s) €[S, T] x [R,T], z,Z€ R™ a.s,

where L, : [S,T] x [R,T] — [0,00) is a deterministic function, such that

for some € > 0,

T
sup / L.(t,8)*T¢ds < .
te[S,T)
Let r = S € [R,T) be fixed. Define
VI(t) = \t,S), Z(t,s) = u(t,s), telR,S], sel[S,T).

Then (3.2)) is rewritten as stochastic Fredholm integral equations (SFIEs):

T T
V() = (1) + / k(t, s, Z(, 5)) ds — / Z(t,s)dW(s), te[S,T]. (3.4)

We call (v(-), Z(-, )) € L% (R,S) x LP(R, S; L§(S,T)) as an adapted solution of
(13.4), if it satisfies in the sense of Ito.
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Lemma 3.1 ([10]). Let (HO) hold. Then for any ¥(-) € L’z (R, S), (3.4) admits a
unique adapted solution (Y°(-), Z(-,-)) € L% (R,S) x LP(R,S; L§(S,T)), and the
following estimate holds:

T

E{|¢S(t)p+(/ST|Z(t,s)|2ds>p/2} < C’E{|1/;(t)|p+(/s k(t,5,0)|ds) "}, (3.5)

fort € [R,S]. If k : [R,S] x [S,T] x R™*4 x Q — R™ satisfies (HO), {(-) €
L% (R,S), and (°(-),Z(-,-)) € L% (R,S) x LP(R,S;L3(S,T)) is the unique
adapted solution of in which (k, ) is replaced by (k, 1), then
B T
Bl - isop+ ([

_ 9 p/2
[ 12(9) = 2(t.9) ds) }

, (3.6)

< CB{lu0) - dOP + ([ K5, 25) - e, 2(05)] )},

s
fort e [R,S].
Let S = R, and define
Y(t) = At t), tels, T,
Z(t,s) = u(t,s), (t,s)e€ A°[S,T].
Then can be rewritten as

T T
Y(t) = () —l—/t k(t,s, Z(t,s))ds —/t Z(t,s)dW(s), te][S,T]. (3.7)

Lemma 3.2 ([I0]). Let (HO) hold. Then for any ¢ (-) € L% (R,S), (3.7) admits
a unique adapted M-solution (Y (-), Z(-,-)) € HP[S,T], and the following estimate
holds:

E{|Y(t)|p+(/ST|Z(t,s)|2ds)p/2} < CE{W)(t)”—i—(/tle(t,s,Oﬂds)p}, (3.8)

fort € [S,T]. Ifk: [R,S] x [S,T] x R™*4 x Q — R™ also satisfies (HO), ¢(-) €

L% (S,T), and (Y (-), Z(-,-)) € HP[S,T] is the unique adapted M-solution of BSVIE
(3-7) in which (k,v) is replaced by (k,v), then
_ T _ p/2
B{lve) - vior+ ([ 1209 - 25 as) )
s (3.9)

_ T _ P
<cB{juo® — oo + ([ ks, 25) ~ Kt.s,2(t.5)|as) .
t
fort e[S, T].
The proof of Theorem [2.3]is split into three steps, in which we find solutions for

the three BSVIE’s: (3.10)), (3.20), and (L.1).

3.1. Existence and uniqueness of M-solution for the BSVIE.

T T
V() = (t) + /t ot 5, Y (), Y (£), Z(t, 5), Z(5,)) ds — /t Z(t, 5) AW (s), (3.10)

for ¢t € [0,T7].
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Theorem 3.3. Let (H1) hold. Then for any ¢(-) € L% (0,T), (8.10) admits
a unique adapted M-solution (Y (-),Z(-,-)) € H?[0,T]. Moreover, the following
estimate holds:

1Y () ZCo N

{/ |2dt+/ / 12(t,5) dst 1)

<CLE{/RT| ()\2dt+/R (/t lg (t,s70,0,0,0)|ds)2dt}7 Re0,T].

If g also satisfies (Hl), 1/_1() € L% (0,7), and (Y(:),Z(-,-)) € H?[0,T] is the
adapted M-solution of (3.10) in which (g,v) is replaced by (g, ), then

o
E{/ Y (#) |2dt+/ / ts|2dsdt}

T

<0, /R o)~ dorar+ [ ( / (0,5, Y (5),Y (1), Z(0,5), 2(5,0)
—g(t,s,Y(s),Y(t),Z(t,s),Z(s,t))|ds)zdt}, Re[0,T).
(3.12)

Proof. We split the proof into three steps.
Step 1: Let M?2[S,T] be a subspace of H?[S,T], and for any (y(-),z(-,")) €

M?2[S, T satisfies
y(t) = E(y(t)|Fs) —&—/S 2(t,s)dW (s), a.e. t € [S,T], a.s., (3.13)

and define

[y()s 205 ) mes.r) = {E[/ST |y(t)|2dt+/ST /tT |2(t, s)|2dsdt}}1/2

Clearly, M?2[S, T is a nontrivial closed subspace of H?[S,T].
For any () € L% (S, T), (y(-), 2(-,-)) € M?[S,T], consider the BSVIE:

T T
Y(t) = (1) + / ot 5. 4(5), (1), Z(t, 5), 2(s. 1)) ds— / Z(t,5)dW(s), t€[S,T).

Applying Lemma3.2] this BSVIE admits a unique adapted M-solution (Y (-), Z(, -))
in H2[S, T]. On the other hand, (Y(-), Z(-,-)) salsifies (3.13), hence (Y (-), Z(-,-)) €
M?2[S,T).
Define map A : M?[S,T] — M?[S,T] by
A(y(),2(5) = (Y (), Z(,-)- (3.14)
If ((-),2(-,-)) € M?[S,T], and A(y(),2(-,-)) = (Y(-),Z(-,-)), then by @B.9) we

obtain

T
B[y (t) - V(1) +/S |Z(t,5) — Z(t, 5)| ds
< CE[ [ lo(t.5.(5).900).2005). (5.0) = 30,55, 5(0). Z(t, ). (5, )] ds]-
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T
<CE| / (Le(t,9)ly(s) = 5s)] + Lt 9)lu(t) = 5(0)] + Le(t, )]=(5,1)
t

. 2(5,t)|> ds]2

2 € T
< 90A==(T ~ )7 B / (Iy(s) = 55)2 + [y(6) = 50 + |25, 1)

- 2(5,t)|2) ds].

Consequently, we obtain that

1Ay (), 2(C,)) = AT, 20, Nz gsry

EE[/ Y (1) |2dt+/ / Z(t,s)]2dsdt

< 9C AT (T — )75 max{1,2(T - S>}E{ /S y(t) — g2t

/ / z(s,t) —zst)\zdsdt}

< G3(T = 8) 7= [|(y(), 2( ) = G), 2o Dz s,

where C3 = 9C A7+= max{1,2(T—S)}. So A : M?[S,T] — M?[S,T] is contracting,

if T — S is sufficiently small. Then there exists a unique fixed point in M?2[S, T].

Hence (3.10) admits a unique adapted M-solution (Y (-), Z(-,-)) € M2[S,T].
Now% yields

E[|Y(t)|2 + /tT \Z(t,5)|? ds}

T

<CB{ul + ([ lotts. (). Y(0.0.2(5.0)]s) )
<4CE{Ju(t)? + (/tT l9(t, 5,0,0,0,0)] ds)2

+ (/tTLC(t,s 2 )(/tT|Y(s)|2ds> + (/tTLn(t,s)st>(/tT Y (1) ds)
)(/tT| (

)“ds
+ (/TLg(t,s)st Z s,t)|2ds)}.
t (3.15)

Consequently,

1Y () Z(, N regs.y

[/ |2dt+/ / ts|2dsdt}
§4OE{/S o ()\th+/s (/t |(t50000)|ds> i

T

+2(T—S)m“,4%+s/ IV (s) ds

S
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+(T -8 2“A2+s/ / (s,%) |2dsdt}

If T — S is so small that 4C(T — S)ﬂAmax{%T —S5),1} < 1/2, then (3.11)) holds
with CL =&C.
Next, let us talk about the stability estimate. Let (Y'(-), Z(-,-)) and (Y'(-), Z(-,-))

be adapted M-solutions of (3.10)) corresponding to (g,%) and (g,), respectively.
Denote

Y()=Y(t)=Y(t), Z(t,s)=2Z(ts)—Z(ts),
g(tvs) :g(t,s,Y(s),Y(t),Z(t,s),Z(s t)) (

(1) =v(t) = ¥(t)
Y(s),Y(t), Z(t,5), Z(s,1))-

Then by Hadamard formula, we obtain

Wﬂ:ﬂﬂ+[[mm@ﬂg+%@gﬂw

T A
+Z Bult, $)Zi(t, ) + Bilt, ) Zi(s. 1)) + (1, 5)| ds—/t 2(t,5) AW (s).

Applying (3 , we have the stability estimate (3.12)) holds with Cy, = 8C.

In this step we determine the unique solution (Y (¢), Z(¢,s)) to (3.10) for ¢,s €
[S,T].
Step 2: Since E[Y (t)|Fs] € L*(S,T; L%, (), by the Martingale Representation
Theorem we could find a unique Z(-,-) € L*(S,T; L%, (25 — T, S)) such that

S

EIY (0] = EY O Fasrl + [ ZW69)dW), telsST). (310
25-T
By (3.16)) we conclude that
S
B[ 12t ds=BY®F - EY@®P, te(sT)
25-T

Furthermore,

T S
E/ / 1Z(t, 5)[2 ds dt
25-T
<E/ (t)|* dt
T T 9
§SC’E{/ I (t)|2dt+/ (/ \g(t,s,0,0,0,0)\ds) dt}.
S S t

In this step we determine the unique solution (Y'(¢),Z(t,s)) of for t €
[S,T],s €25 —T,S].
Step 3: Denote
i)=Y (), te€[25-T,5], Ya2(t)=Y (), te€]lST],
Z1(t,s) = Z(t,s),t € 28 —T,S] x [S,T], Zi2(t,s)=Z(t,s),t €[S, T] x [S,T],
Zo1(t,s) = Z(t,s),t € 25 -=T,5] x [28 - T, 5],
Zoo(t,s) = Z(t,s),t € [S,T] x [2S — T, S].
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Set Yl(o)(t) =0, and for n =1,2,--- , define the Picard iterations:
T
v (1) = () + / gt 5, Ya(s), V"7V (1), Zus(t, ), Zoa(s. 1)) ds
s

T
_ / Zun(t, s) AW (s),
s (3.17)

S
Y™ (6) = ¢5(t) + / g(t, s, Y\ (s), Y\ (1), ZS0(t, 5), Z57 (s, 1)) ds

S
- / 2801, 5) AW (s),

t

for t € [28 — T, S]. Obviously, (V;™(¢), Z{"(t,s)) € M2[2S — T, S]. Moreover, by
stability estimate (3.12]) we can obtain

S S S
B[ mro-vrtePas [ [ 120 - 25 P dsar
25-T 25-T J25-T

<sopl [ s v oral

By (2.3) and (3.6)), it is not difficult to see that

T
B[l - w3 0P + [ |Zh(ts) - 217 6o ds
S

S CKEY (1) - Y2 (1)),

and
s ~ s
8CE [Wn () = 1 (8)|*dt < SCQKE/ Y () = YR ar
25-T 25T
Consequently,
S S S
Bl [ wrw-vertopas [ [ 120000 - 25 R dsar
25—T 28—-T J25—-T
S
< 8C’KE Y ) — Y2 (1)) de
25-T
S
<< (8CPK)"TIE Y1 (t) = Y (1) | dt.
25-T

By it is easy to see that 8C?K < 1, then we obtain (Yl(n)(-), 2(711)(-7 1)) and
(W3 (), Z(-,-)) are Cauchy sequences on M2[2S — T, S] and L% (S, T)x LP(2S —
T,S; L(S,T)), respectively. If n — oo in , we could obtain the unique
adapted M-solution (Y'(t), Z(t,s)) of forte 28 -T,5],s€ 25 -T,T].
Now, we give the estimate of solution for (¢,s) € [25 — T, S] x [2S — T, T]. Since

S S S
E[/ |Y1(t)|2dt+/ / 2o (1, )2 dsdi]
25-T 25-T J25S-T

S

s s 2
SSCE{/ \¢S(t)|2dt+/ (/ \g(t,s,o,o,0,0)|ds) dt},
25-T 25-T t
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and

E[|¢S(t)|2+/ST|ZH(t,s)|2ds}
< cE{lu(t)? + (/ST \g(t,s,Yg(s),Yl(t),O,Zgg(t,s)ﬂds)z}
gCE{|¢(t)|2+4(/ST J9(1.5.0.0.0,0) ds) '}

T
+4C(T - S) zieAziaE[/ Y2 (s)|? ds
S

T
+ / Zoals, O ds| +40(T — )75 AT By (1)
S

So, if 32(T — S)?QTEEA%CQ max{1,7 — S} < 1, we have

E[/;T |¢S(t)|2dt+/2zT/;|Zu(t,s)2dsdt]

. . . . (3.18)
< (8C+3)E{ /254|w(t)|2dt+/234(/t \g(t,s,0,0,0,0)|ds) dt},
and
S S S

T T T 9
< (80+4)E{/ |¢(t)|2dt+/ (/ \g(t,5,0,0,0,0)|d5) dt}.
28-T 25—-T NJt
Combining ([3.18)) and (3.19)), we show that

T T T
E{/ |Y(t)|2dt+/ / |Z(t,s)|2dsdt}
25T 25-T J25-T
T

< (8C+4)E{ /2:_T |¢(t)2dt+/2$_T(/tT |g(t,s70,0,0,0)|ds)2dt}

Similar to Step 1, stability estimate (3.12)) holds for ¢t € [2S — T, T]. Then we can
use induction method to finish the theorem. O

3.2. Existence and uniqueness of M-solution for the BSVIE.
T
Y(t) = F(t,Y(t)) —|—/ g(t,s,Y(s),Y(t), Z(t,s),Z(s,t))ds
t
T (3.20)
- / Z(t,s)dW (s), t € [0, .
t

Theorem 3.4. If (H1) and (H2) hold for (3.20). Then there admits unique adapted
M-solution (Y (+), Z(-,-)) € H2[0,T], and the following estimate holds:
1Y (), ZCo D ey
T T, T 2
< cFE{/ |F(t,0)|2dt+/ (/ 9(1.5.0,0,0,0)[ds)"at}, R € [0.7),
R R Mt
(3.21)
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w{zere ?’F = 1_22%LLD. Furthermore, if § also satisfies (H1), F satisfies (H2), and
(Y(-), Z(-,-)) € H?[0,T] is the adapted M-solution of (3.20), in which (g, F) is
replaced by (g, F'). Then

E[/ Y (t) — |2dt+// ts)ﬁdsdt}

chE{/R [F(t,Y (1) — F(t,Y () dt (3.22)

T T
+/R (/t lg(t,s, Y (s),Y(t), Z(t,s),Z(t,s))
= §(t,5, Y (), Y (1), Z(t,5), Z(t,5))| ds) " dt}, R€[0,T].

Proof. Let YO (t) = 0. Since F(t,YO)(t)) € L% (0,T), then for n = 1,2,--- we
can define the Picard iterations:

T
Y™ () =F(t,Y" (1) + / g(t, s, Y (s), Y™ (1), 2™ (t,5), 2 (s,1)) ds
t

. /T 201, 8)dW(s), t e [0,T)

(3.23)
In view of (3.12)), we have that

T T T
E[/ |Y<">(t)—Y"—1(t)|2dt+/ / |Z"(t,s) — Z" 7 (t, s)|* ds dt
0 0 0
T
< CLDE/ Y ) — Y2 ()PdE < -
0

<(@oyE | R - PP

By (2.5) we are sure that (Y (™ (.), Z(")(-,.)) is a Cauchy sequence on M?[0, T]. Let
n — oo in (3.23)) we could obtain the unique solution of (3.20)). From (3.11]), we

have
[/ |2dt+/ / ts\stdt]
0

gCLE{ /0 B (1, 0)\2dt+2p/ (1) dt (3.24)

+/OT(/tT |g(t,s,o,o,o,0)|ds) dt}.

So from (22.5)) and (3.24)) we conclude that

E{/OT |Y(t)|2dt+/OT/OT|Z(t,s)|2dsdt}
gCFE{/OT |F(t,0)|2dt+/OT</tT |g(t,s,0,0,0,0)|ds>2dt},

where Cr = %. Similar to Step 1 of Theorem the stability estimate
holds. The proof is complete. (I



14 W. LI, R. WU, K. WANG EJDE-2014/178

3.3. Existence and uniqueness of M-solution for (|1.1)).

Proof. Let (Y(t), Z(0)(t,s)) = (0,0), then for n = 1,2, - - - we can have the Picard
iterations:

T
Yo = Y ) - [ [y 006,000, 20 Ve, )
_ zn=Dy, s)] dw (s)

T (3.25)
4 / gt 5, Y™ (3), Y™ (), Z°(t, 5), Z" (s, £)) ds

T
_/ Zn(t,5) AW (s), € [0,T].
t
By (3.22)) and It6’s isometry, we have
T T T
E[/ |Y(")(t)—Y("_1)(t)|2dt+/ / 1ZM(t,5) — 2Dy, s)|2dsdt}
0 o Jo
T T
< OFE{/ / |h(t,8,Y(nfl)(s)’y(nfl)(t)’Z(nfl)(uS)) _ Z("’l)(t,s)
o Ji
— [h(t, s, YD (s), Y2 (1), 20D (1, 5)) — 207D (¢, 5)] [ ds dt}

T T
< CrL¢E / / |2V (t,5) — 2D (1, 5)|? ds dt
0 0

+Cp(L¢ + Ly))TE /T(YW—”(S) — Y2 (5)) ds.
’ (3.26)

By (2.6)), we see that max{CpL¢,Cr(L¢ + L,)T} = M < 1, and then

E[/ Y™ (1) — Y=g |2dt+/ / — Zn=g, s)|2dsdt}
0

<ME[/ Iy (=D () — Y (=2 (1) 2 dt

/ / —Zn=2y ,s)|2dsdt} <
T T
< M" 1E[/ [y M (@) — <°)(t)|2dt+/ / |Z(1)(t,s)—Z(O)(t,s)|2dsdt}
0 o Jo
holds. So we obtain (Y™ (-), Z(™(.,.)) is a Cauchy sequence on M?[0,T]. Let

n — oo in (3.25)) we obtain the unique adapted M-solution of (1.1)). From (3.21),

we have

[/ |2dt+/ / tsPdsdt}

< CrB] /0 F(t,0) — /t [B(t,5,0.0, 2(t,)) — Z(1.5)] AW (s)* s

+/OT(/tT \g(t,s70,0,0,0)|ds)2dt}
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gCFE{/ |F(t, 0)|2dt+4L5/ / Zdsdt
0
T T 9
+4/ / \h(t,s,0,0,0)|2dsdt+/ (/ |g(t,s,o,o,o,0)|ds) dt}.
0 t 0 t

So
[/ % |2dt—|—/ / |Z(t, s |2dsdt}
T T
<OhE{/ Pt 0)|2dt+/ (/ g (tsOOOO)\ds) dt (3.27)
t
/ / h(t,5,0,0, 0)|2dsdt}
where Cj, = W Similar to Step 1 of Theorem |3.3] applying the Hadamard

formula it is not dlfﬁcult to see that (2.8) holds.
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