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EXISTENCE OF MULTIPLE SOLUTIONS TO ELLIPTIC
PROBLEMS OF KIRCHHOFF TYPE WITH CRITICAL
EXPONENTIAL GROWTH

SAMI AOUAOUI

ABSTRACT. In this article, we study elliptic problems of Kirchhoff type in
dimension N > 2, whose nonlinear term has a critical exponential growth.
Using variational tools, we establish the existence of at least two nontrivial
and nonnegative solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In article, we establish some multiplicity results for the equation

N N
—A’(/ de)(divﬂvuwjvu) V%)
RN N (1]‘)

:B’( F(a:,u)dm)f(a:,u)—f—h, in RN, N > 2,
RN

where A’(-), B'(-) denote the derivatives of two C'-functions A(-) and B(-); f(-,-) :
RY x R — [0, 4o00[ is a Carathéodory function such that f is radially symmetric
with respect to x, i.e if z,y € RY satisfy |z| = |y|, then f(x,s) = f(y,s), for all
s € R. Moreover, we assume that f(z,t) =0 for all t <0 and all z € RY;

(2, 0) /fxt

h: RN — [0, 4o00[ is some radial function such that h # 0 and k € LN (RN) with
N = N

Kirchhoff-type problems have become a very interesting topic of research in re-
cent years and many papers dealing with such kind of equations were published.
We can, for instance; see [4, 9] 10, [IT] 12} 13| 14} B7] and references therein. The
interest for these problems with various proposed nonlocal terms could be explained
by their contributions to modeling many physical and biological phenomena. First,
let us mention that quasilinear equations of the model

—M(/Q [Vul? da:) div (|[VulP7*Vu) = f(z,u) inQ,
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where Q is a domain of RY, is essentially related to the stationary analog of the
Kirchhoff equation

Ut —M(/Q \Vu\2>Au= f(z,t),

where M (s) = as+b,a,b > 0. This last equation was proposed by Kirchhoff [20] as
an extension of the classical D’Alembert wave equation for free vibrations of elastic
strings. The Kirchhoff model takes into account the length changes of the string
produced by transverse vibrations. Later, Lions [26] gave an abstract functional
analysis framework to the Kirchhoff model. Next, equations of the model

—M(/ |u|? dx) div (|Vul[P7*Vu) = f(z,u) inQ,
Q

arise in many physical phenomena such as systems of particles in thermodynami-
cal equilibrium via gravitational potential, thermal runaway in ohmic heating, and
shear bands in metal deformed under high strain rates. On the other hand, equa-
tions of Kirchhoff-type appear in some biological studies; more precisely, such kind
of equations could describe the evolution of the density of a population living in
some domain 2. The reader interested in the physical and biological aspects of the
Kirchhoff-type problems could be referred to [11], 37]. In the present work, we are
interested in the case when the nonlinearity term f(z, s) has maximal growth on s
which allows us to treat the problem variationally. Explicitly, in view of the
Trudinger-Moser inequality, we will assume that f satisfies critical growth of ex-
ponential type such as f(z,s) behaves like exp(a(m)\s\%) as |s| — +oo. Elliptic
equations involving nonlinearities of exponential growth have been studied by many
authors; see, for example [T}, 2} 3], [ [7, 8, 17, 18, 2T, 22, 23], 24), 25|, 28], 291 30} 3T, B33},
34, [36] and references therein. Studying problems of Kirchhoff-type and involving
nonlinearities having a critical exponential growth is a new research subject. Up to
our best knowledge, only Figueiredo and Severo [19] studied a problem involving
nonlocal terms and a nonlinear term with a critical exponential growth. In [I9],
the authors studied the problem

7m</ |Vu|2das)Au:f(:c,u) in Q,
Q
u=0 onJf

where ) is a smooth bounded domain in R? m : [0, +oo[— [0, +00] is some con-
tinuous function satisfying that inf,;>om(t) > 0, @ is nonincreasing for ¢ > 0,

m(t) < ay + agt? for all t > tg for some positive constants, a1, ag, tg and o, and

t+s t s
/ m(u)du > / m(u)du +/ m(u)du, Vs, t>0.
0 0 0

Concerning the nonlinear term, the authors assume that f has a critical exponential
growth and satisfies that [ f(z,t)dt < Kof(x,s) for all (z,s) € Q x [so, 00| for
some positive constants sg and K. Furthermore, it was assumed that for each

zeq0 ! (:3’5) is increasing for s > 0. This article is a contribution in this new
direction. In our paper, we treat a more general problem which is defined in all
the space RY, N > 2 and presenting a nonlocal term in the right-hand side of the
equation. We will try to adapt some arguments developed in [16].

Now, we state our main hypotheses in this work.

(H1) A:[0,4+oc[— R is a C-function satisfying that A(0) = 0 and
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e if s > 0, then A'(s) > 0,
e there exist Cy > 0, ag > 0 and sy > 0 such that
A(s) > Cp s, V0 < s < sp.

(H2) B:R — R is a C'-function satisfying that there exist C; > 0, a; > 0 and
s1 > 0 such that

B(s) < Cp s*, V0 <s<sy.

(H3) There exist Co > 0, « > N — 1, 8 > 0 and a bounded radial function
v : RN — [0, +00[ such that for all s > 0 and all x € RY,

()| < Ca(Is]* + 1517 (exp (4(2)]s|¥7) = Sn-2(1(@),5)) ),

where
N=2 T k kN
Swar(a),5) = 3 LD
k=0 ’

(H4) There exist Ag > 0, ag > 0, kg > 0 and My > 0 such that
o MA(s) > Al(s)s for all s > My,
o A(s) > ko s for all s > M.

(H5) The function B satisfies that
e there exist Ay > 0 and M; > 0 such that

MB(s) < B'(s)s, Vs> M,
e if s >0, then B'(s) > 0.
(H6) There exist a bounded nonempty open set Q of RV, My > 0, § > 0, and
K € LY*(RY) such that
0<0F(x,s) < f(x,s)s, Vs> M, Vz e,
OF (x,s) < f(x,s)s + K(x), Vs>0, VzeRN.

Definition 1.1. A function v € WY (RY) is said to be a weak solution of the
problem (|1.1)) if it satisfies

[ull™

A’(T) </]RN |Vu|N72Vu -Vvdzx + /]RN |u|N72uvdx)

= B’(/ F(z,u) dx) / fz,u)vde +/ hvdz, Vv € WHN(RY).
RN RN RN
The main result of the present work is given by the following two theorems.

Theorem 1.2. Assume that (H1)—(H3) hold true. If agN < ayinf(a+ 1,8+ 1),
then there exists n > 0 such that the problem (1.1) admits at least one nontrivial
and nonnegative weak solution provided that [h|yn gy < 1.

Theorem 1.3. Assume that (H1)—(H6) hold true. In addition, we assume

(HT) there exists Ry > 0 such that y(x) =0 for |x| < Ry.

If oo N < aginf(a+ 1,8+ 1), agN > 1 and \10 > AN, then there exists n > 0
such that the problem (1.1) admits at least two nontrivial and nonnegative weak
solutions provided that |h|~/ gry < 1.
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2. PRELIMINARIES

Here, we state some interesting properties of the space W~ (RY) that will be
useful throughout this paper. Let 2 be a bounded domain of RN, N > 2. First, we
recall that the important Trudinger-Moser inequality (see [27) [35]) asserts that

exp (a\u|%) e L}(Q) forue Wy () and o > 0.
Then, there exists a positive constant C' > 0 depending only on N such that

sup / exp <a|u|%)dx§C|Q\ if o <ay, YueW;N(Q),
Q

IvulLN(Q)Sl

1
where ay = NW]QV:; and Wy_1 is the measure of the unit sphere in RY. In the

case of RN N > 2. we have the following result (for N = 2, see [7, [33], and for
N > 2, see [1], [30])

/ [exp(a|u\%) — Sn_a(a,u)]dr < +oo  for u € WHN(RN) and o > 0,
RN

where
=2 Ozk kN
Sn_ala,u) =" oyl
k=0
Moreover, if [Vu|py@yy <1, |u[pv@yy < M < 400 and o < a, then there exists

a constant C = C(N, M, «) > 0, which depends only on N, M and « such that

/]RN [exp(a|u|%) — Sy_a(o,u)] dz < C.

Furthermore, using above results together with Holder’s inequality, if o > 0 and
q > 0, then

/ ul* [exp(alu| ¥T) — Sy_a(a,u)] dx < 400, Vue WENRN).,  (2.1)
]RN

More precisely, if [[ully1,x@yy < M with aM ™1 < ay, then there exists C =
C(a,M,q,N) > 0 such that

/RN uf? [exp(alul ¥T) = Sx 2, w)] d < Cllullyngan). (2.2)

3. PROOF OF THEOREM

First, observe that the appropriate space in which the problem ([1.1)) will be
studied is W~ (RY) which consists of all the functions in W1~ (RY) which are
radial. The space Wl (RY) will be equipped with the classical norm

full = ([ (9u s+ 1))

It should be useful to remind that the continuous embedding W1~ (RY) — LI(RY)
holds for all ¢ € [V, +o0].
We start by introducing the energy functional corresponding to the problem

(LI): J: WY RN) - R,
J(u) :A(W) —B(/RN F(m,u)dm) —/RN hu dz.
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By (H1) and (H2), it is clear that there exist ¢; > 0 and ¢z > 0 such that for all
(z,s) € RN x R, we have
N
(B (e,5)] < crfsf 1 + ol s/ (exp(raols]¥T) = Sy-a(yoe, ), (3.1)
where Yoo = sup,cpn~ v(z). Taking (2.1) into account, it yields
F(z,u) € LYRY), for all (z,u) € RY x WLV (RY),

Hence, the functional J is well defined on W™ (RY). Moreover, by standard
arguments (see [6]), we could easily establish that J is of class C* in W1V (RY)
and that we have

(' (u), v)
el

= A/(T)(AN |VU|N72VU . V'U dx+ \/RN |U|N72U'U dl’)

—B'(/ F(x,u)dx)/ f(x,u)vdx—/ hvdz, Y u,v € WHY(RY).
RN RN RN

Here, according to Definition [I.1]and by the virtue of the known so-called principle
of symmetric criticality (see [32]), every critical point of the functional J is in fact
a weak solution of the problem (|1.1)).

Lemma 3.1. Assume that (H1)—(H3) hold. Then, there exist p > 0,p > 0 and
n > 0 such that

J(u) > p,  for allu € WHN(RYN) such that ||ul| = p,
provided that |h|px: gxy < 1.
Proof. For 0 < M < 1 small enough, by and , we have
/RN Pz, u)| da < e lul @5 for flu < M.
Now, consider 0 < p < M be such that czp™(@+1.8+1) < 5, Then, we obtain

B(| F(z,u)dx) < Cl(/ F(z,u) dz)™ < Oy (cgpmflethithya
RN RN (3.2)

S 4 palinf(oc+17ﬁ+l).

On the other hand, if we assume that % < 80, for ||u|| = p, we have

ully N aoN
T e

N Noo*
Using (3.2) and ({3.3)), we obtain

J(u) > csp™ — C4Palinf(a+1’ﬁ+1) - |h|LN’(]RN)p7 for [[uf = p.

(3.3)

Now, since agN < a7 inf(a + 1,3 + 1), then we can choose p small enough such
that n = ¢5 p*oN—1 —¢, por infla+LB+1)—1 45 hositive. Hence, Lemma 3.1/ holds with
= p(n— bl @y)- =

Proof of Theorem 1.4 completed. Let ¢ € C§°(RY) be a radial function such that
©>0,0#0and [pn hodr>0. For 0 <t <1, we have

J(tp) = A(%) —B(/RN F(:mtcp)dm) —t/RN he dx.
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Then

d N—1 N/tNH‘PHN
- _ A
ZI(tg) =tV VA (— )

- B’(/RN F(z,ty) d:z:) /RN Fla, to)pdr — /RN he da.

Obviously, we have

lim / flz, tp)pdx = 0.
RN

t—0+
Since N — 1 > 0, then one can easily find § > 0 small enough such that
d
@J(t¢)<0 VOo<t<o.
Having in mind that J(0) = 0, then there exists 0 < ¢, < inf(J, H—Z”) such that
J(top) < 0. Set

d, = inf {J(u)7u € B(O,p)} )

where B(0,p) = {u € WHN(RY), |[ul| < p}. By Ekeland’s variational principle (see
[15]), there exists a sequence (u,) C B(0, p) such that J'(u,) — 0 and J(u,) — d,
as n — +oo. Since (u,) is bounded in WV (R¥), then there exists u € W}V (RY)
such that u, — u weakly in W1 (RY). We claim that, up to a subsequence, (u,,)
is strongly convergent to u. We start by proving that

sup(/ |f(x,un)|% dz) < +oo.
neN JRN

By (H3), there exists ¢g > 0 such that

/ 1@y un)| 75 da
RN

o OON N
§06/ |un|N7§1dx+06/ |un|%<exp<7 |un\N1!1) (3.4)
RN ]RN N— 1
N
- SN*Q(%[ — 17un))d:v.
Since J\O;—J_Vl > N, we have

sup (/ |un\137ivl dgc) < +o0.
neN RN

On the other hand, notice that we can assume p defined in Lemma[3.1]is such that
N

%pNﬂ < an. Consequently, by (2.2]), it follows that there exists a positive

constant ¢; such that

0N 0N
/ \un\feivl(exp (Jr\y/, 1\un|N]i1) _SN_2(XT 1,un))dx§(:7, Vne N
RN - -

By (3.4), we immediately deduce that

sup(/ |f(m,un)|% dz) < +o0.
neN JRN

Let R > 0 and consider Br = {z € RY,|z| < R}. By Hélder’s inequality, we have

/BR If (2, un) (un, — )| dz < (/RN |f(x,un)|% dm)NN_l(/BR |u”_u‘Ndx)1/N-
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Taking into account that the embedding W1V (RY) into LY (Bg) is compact, it
follows

lim fzyun)(uy —u)de = 0. (3.5)

n——+oo Br

By the radial lemma (see [6]), there exists a positive constant Cy > 0 depending
only on N such that

C
un ()] < ﬁmnm(m, Va £ 0.

We have

BN Yoo N N ) <'yooN ))
n - n - - — y Un d
/I|2R|u |~v l(exp( _1|u |¥-T Sn—2 U x

Yoo N J .
— )
<N'|1) / fun| T
|z|>R

j=N-1 J
+oo (7\}”]\1[)j +oo .N-1
<cs Z 5 / G ar (3.6)
jeN—1 I R pr N1
+o0 Yoo IV \j
- (Nfl)] +oo dr
= Cg 0 BN
jeN—1 I R rN-1
C10
o Rz\éivl

Let € > 0. By (3.6, there exists Ry(e) > 1 large enough such that, for all n € N,

P (e (gl ) — Sv-s (2 )
n| o n| - — s Un d S . .
/w|>R1(E)|u |~ l(exp(N_1|u |v-T SN_2 N1 x<e (3.7

Next, we have

+oo d
aN T C12
|u’rl|N_1 dr < Cll/ aN < aN .
/z|>R r pN-1 NHL T RSN

Since 22~ > N, then one can find Ry(e) > 1 large enough such that

/ lun|# dz <€, VneN. (3.8)
|22|> Rz (e)
Put R(e) = sup(Ri(€), Ra(e)). By (3.7) and (3.8)), it yields
/ | F (2, 1) [P da < 26, W € N. (3.9)
|| >R(e)
By Holder’s inequality and ([3.9)), we obtain

/ |f(x?un)(un—u)|dl‘
|z|>R(e)

N 1
= (/ [f (2, up)| ¥ =3 dx) " un — u|pN(rN) (3.10)
|z|>R(e)

N-—1
<ciz3¢e ¥, VneN.
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Now, (3.10) together with (3.5]) imply

lim f(zyun)(up —u)dz = 0. (3.11)

n—-+oo RN

Next, arguing as in the establishment of the boundedness of the sequence

([, )i do).

sup (/ |F(x,un)|dx> < 4o00.
neN RN

That fact together with (3.11)) leads to

we can show that

B'(| F(z,uy)dz) f(x,up)(uy —u)dxr — 0 asn — 4o0.
RN RN

Using the weak convergence of (uy,) to u in WHY(RY), it immediately follows
/ h(up, —u)dx — 0 asn — +oo.
RN

Taking these results into account and having in mind that J'(uy,)(u, — u) — 0, we
deduce that

[ 1™

A/
(N

)(/ |Vun|N_2VunV(un —u)dx +/ \un|N_2un(un —u)dz) — 0,
RN RN

as n — +oo. If |u,|| — 0, then u,, — 0 strongly in W (R") and there is nothing

N
to prove. Otherwise, |lu,| — t > 0 and A’(%) — A’(%) > 0. In that case, we
obtain

lim (/ |V |V 2V u, V (u, — u) de —|—/ |t | N 2wy, (1 — 1) dx) =0,
n—+00 RN RN

which implies that (u,) is strongly convergent to u in WLV (RM). Finally, we
conclude that J(u) = d, < J(top) < 0 and that J'(u) = 0. Hence, u is a non-
trivial weak solution of with negative energy. Set u~ = min(u,0). We have
(J'(u),u”) = 0. Thus,

N
Ay gy - B’(/ Flz,u)dr) [ flz,w)u do = / hu™ dz < 0.
N RN RN RN
Having in mind that f(z,u)u” = 0, we deduce that ||u~|| = 0 and therefore u >
0. ]

4. PROOF OF THEOREM [L.3|

A first solution with negative energy is given by Theorem[I.2} The existence of a
second weak solution will be proved using the well known Mountain Pass Theorem.
We start by the following lemma.

Lemma 4.1. Assume that the hypotheses of Theorem [1.3 hold. Then, the func-
tional J satisfies the Palais-Smale condition.
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Proof. Let (u,) € WHY(RY) be such that (J(u,)) is bounded and J’'(u,) — 0.
We claim that, up to a subsequence, (u,) is strongly convergent. By (H4), we have

u N u N
)\ONA(”A‘; ) > A’(%)HunHN — ¢, VneN. (4.1)

On the other hand, by (H6), we have
0<46 F(z,up)dx < f(zyup)uy, do + c5.
RN RN
Let 0 < e <inf(0, 52). If

/ F(z,u,)dz > 01—57
RN €

then we obtain

0<(0—¢) F(z,up)de < flx, up)u, dx.
RN RN
This inequality together with (H5) imply

B’(/RN Pz, u,) dz) | T @ n)un do =2 (0 = 6)3(/R

> B’(/RN F(z,uy) da:) - [z, up)uy, de

F(x,up) da:)

N

— (60— e)B’( F(x,u) dx) F(x,u,)dx > 0.

RN RN

If fRN F(z,un)dx < c15/€, it is clear that there exists a positive constant ¢, > 0
such that

B’ (/ F(z,up) dm) fz,up)uy de — A (0 — e)B(/
RN RN R
Hence, we deduce that

B/(/RN F(z,uy,) dr) /RN (@ up)uy de — X (0 — €) B( - F(z,uy) dz) (4.2)

F(x,up) dx) > —Ce.

N

> —c., VneN.

Now, choose 0 < € < inf(f, ¢15/M;) small enough such that A;(8 —¢) > AgN. Since
(uyn) is a (PS) sequence of J, then there exists a positive constant c16 > 0 such that

A (0 — )T (un) — (J (upn), un) < c16(1+ |lunl]), Vn €N.
Thus,

(r-aa(158) - (5

+B’( . f(x,un)da:) /RN f(m,un)undx—)\l(G—e)B(/

RN

F(z,uy) dx)
<ec7(1+ |lunll), YneN.

By (4.2), we have

Up N Unp, N
(6 — e)A(%) - A'(%) [l < ce+err(l + |lunll), Vn e N.
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By (4.1)), we have
[
MﬂG—Q—AMWACTV—)§Q+QA+qﬂLHMMm Vn € N.
Finally, using again (H4), we obtain

cgllun]|®Y < cro(1 4+ [Junl)), Vn€N.

Taking into account that agN > 1, we conclude that (u,) is bounded in WV (RY).
Denote by u the weak limit of (u,) in W1 (RY). Here, in order to prove that (u,)
is strongly convergent to u in W2V (R™), we can follow the arguments used to es-
tablish the same result in the proof of Theorem [I.2] with some suitable modification.
In fact, the arguments used in the proof of Theorem to establish that

sup </1RN |f(x,un)|% dz) < 400

neN

are no longer valid. It is clear, that always we have

sup (/ |un\137]—Vl da:) < +o0.
neN RN

On the other hand, by (H7) we have

5 (o0 (21001 7) = a2 )
=/ \un|£§1 (exp ('7(337)N\un\1v111) — SN_2 (M un))dx

Using ({3.6)), we obtain

sup(/RN |Un|% (exp <W(x)N|un|NAll> - SNfz(W(x_)N,un)>dx) < +o00.

S N_1 N_—1
Consequently,
sup (/ |f(x,un)|% dm) < 400.
neN RN
This completes the proof of Lemma [4.1] O

Proof of Theorem [I.3 completed. Let w € C§°(RY) be a radial function such that
w > 0 and inf,cq w(z) > 0. By (Hg), there exists t; > 0 large enough and a positive
constant cog such that

F(x,tw(z)) > e t7,Vt > t1, z € Q.

Thus,
N F(z,tw)dx > / F(z,tw)de > et Vit > 1. (4.3)
On the other haan, by (H4) and (Hf"')l)7 one can easily find ¢2 > 0 large enough such

that
B(t) > coot™, Vit >to,

4.4
A(t) < cost™, Yt > to. 44
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Combining (4.3]) and (4.4)), for ¢ large enough it follows

NV
J(tw) = A(M> - B(/ F(z,tw) d:v) - t/ hw dx < cogt™N — co5t™19.
N RN RN

Since A10 > AN, we deduce that J(tw) — —oo ast — +oco. Finally, taking Lemma
and Lemma|4.1|into account and according to the Mountain Pass Theorem, the
functional J has a critical point with positive energy. Therefore, we conclude that
the problem admits at least two nontrivial weak solutions. This completes
the proof of Theorem O
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