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SOLUTIONS TO KIRCHHOFF EQUATIONS WITH COMBINED
NONLINEARITIES

LING DING, LIN LI, JING-LING ZHANG

ABSTRACT. We prove the existence of multiple positive solutions for the Kirch-
hoff equation

—(a + b/ |Vu\2d:c>Au = h(z)u? + f(z,u), x€Q,
Q
u=0, x€OaR,

Here Q is an open bounded domain in RN (N = 1,2,3), h(z) € L>®(Q),
f(z,s) is a continuous function which is asymptotically linear at zero and is
asymptotically 3-linear at infinity. Our main tools are the Ekeland’s variational
principle and the mountain pass lemma.

1. INTRODUCTION AND MAIN RESULTS

In this article, we study the existence of positive solutions for the Kirchhoff
equation

—(a+b/ \Vu\Qd;v)Au:h(x)uq+f(a:,u), x €,
Q
u=0, x€adf,

(1.1)

where Q is a bounded smooth domain in R (N =1,2,3),a>0,b>0,0<q < 1.
To state the assumptions, we recall some results about the following two eigen-
value problems:
—Au=Xuin 2, w=0on{, (1.2)
and

— (/ |Vu\2d:n)Au =uu®inQ, wu=0onqQ. (1.3)
Q

Let A1 be the principal eigenvalue of (1.2) and let ¢; > 0 be its associated eigen-
function. It is known that A; can be characterized by

A1 = inf Vul?dz . ue HH (), ullde =14,
0
Q Q
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where H{ () is the usual Sobolev space defined as the completion of C§°(Q) with

respect to the norm [ul| = ( [, |Vu|2dx)1/2. Moreover, define

= inf {Jlull*: w e HY(9), / ufide =1},
Q

As shown in [I3], there exists u1 > 0 which is the principle eigenvalue of (1.3]) and
there is a corresponding eigenfunction of @7 > 0 in €.
In this article, we assume that h, f satisfy the following conditions:
(H1) h e L>*() and h(x) # 0;
(F1) f e C(2xR), f(z,0)=0forall z € Q, f(x,s) >0 forall z € Q and s > 0;
(F2)
f(z,s)

. : fz,s)
IS he0,1), 1
Pt ais + by s3 o €[0,1) e

————=p¢c(l
s—+00 aN1S + b/J,183 g ( ’ +OO)
uniformly for a.e. x € ).

It is obvious that the values of f(z,s) for s < 0 are irrelevant for us to seek for
positive solutions of (1.1)), and we may define

flz,8)=0 forze, s<O0.
The problem
—(a+ b/ |Vul?dz)Au = g(x,u), x€Q,
Q
u=0, x¢€0d,
is related to the stationary analogue of the Kirchhoff equation which was proposed

by Kirchhoff in 1883 [J] as an generalization of the well-known d’Alembert’s equa-
tion

(1.4)

0%u Py E [F Ou,, \0%u
PoiE ~ (7 57 ; \%| dx)@ =g(z,u)

for free vibrations of elastic strings. Kirchhoffs model takes into account the changes
in length of the string produced by transverse vibrations. Here, L is the length of
the string, h is the area of the cross section, E is the Young modulus of the material,
p is the mass density and Py is the initial tension. In [I], it was pointed out that
the problem models several physical systems, where u describes a process
which depends on the average of itself. Nonlocal effect also finds its applications in
biological systems. After [2] and [I4], there are abundant results about Kirchhoff’s
equations.

Some interesting studies by variational methods can be found in [4} 12 13} 19, 18
17, 3, [16}, [15] references therein and for Kirchhoff-type problem , they consider
it in a bounded domain . For example, Perera and Zhang [13] obtain nontrivial
solutions of with asymptotically 4-linear terms by using Yang index. In [19],
they revisit problem and establish the existence of a positive, a negative and
a sign-changing solution by means of invariant sets of descent flow. Similar results
can also be found in Mao and Zhang [I2] and in Yang and Zhang [18]. Yang and
Zhang in [I7] obtain the existence of nontrivial solutions for by using the local
linking theory. Sun and Tang [I6] prove the existence of a mountain pass type
positive solution for problem with the nonlinearity which is asymptotically
linear near zero and superlinear at infinity. Sun and Liu [I5] obtain a nontrivial
solution via Morse theory by computing the relevant critical groups for problem
(1.4f) with the nonlinearity which is superlinear near zero but asymptotically 4-linear
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at infinity and asymptotically near zero but 4-linear at infinity. In [I1], the authors
obtain the existence of positive solutions for with h =0 and f(z,t) = vh(z,t)
by using the topological degree argument and variational method, where h is a
continuous function which is asymptotically linear at zero and is asymptotically 3-
linear at infinity. Inspired by [I1], we shall study the existence of positive solutions
for problem with A # 0 and f which is asymptotically linear at zero and
asymptotically 3-linear infinity by using the Ekeland’s variational principle and
Mountain Pass Lemma different from [I1]. In [II], when N = 1,2, 3, the authors
studied equation with A = 0 and obtain the existence results of positive
solution for equation under the conditions: a,b > 0, and f satisfies (F1) and
(F2) witha >1and 8 <1;a>0,b>0, and f satisfies (F1) and (F2) with o < 1
and § > 1, respectively. But equation with h Z 0 has not been studied. We
shall obtain the existence of two positive solution for equation because of the
nonlinearity term h(x)t?(0 < ¢ < 1). By the way, recently, Cheng, Wu and Liu [5]
apply variant mountain pass theorem and Ekeland variational principle to study
the existence of multiple nontrivial solutions for a class of Kirchhoff type problems
with concave nonlinearity similar to our problem. But in their article, the nonlinear
term is superlinear at infinity.

In this article, we denote by || - ||, the LP(2)-normal (1 < p < oco). We say
that u € H(Q) is a positive (nonnegative) weak solution to problem ifu>0
(u > 0) a.e. 2 and satisfies

(a+b/ |Vu|2dx)/Vu~Vvdm:/h(x)uqua:+/f(amu)vdx
Q Q Q Q

for all v € H(£2). By assumption (F1), we know that to seek a nonnegative weak
solution of ([1.1]) is equivalent to finding a nonzero critical point of the following
functional on H}(€):

I(u) = 1/ |Vu|2dx+9(/ |Vu\2da:)2—i/ h(x)(u+)q+1da:—/ F(z,u")dz,
2 Ja 4\ Ja q+1Ja Q
where u™ = max{0,u}, F(z,s) = [J f(z,0)do. By (F1) and (F2), I is a C*
functional. By the strong maximum principle, the nonzero critical points of I are
positive solutions to problem if h(z) > 0.
Our results are as follows.

Theorem 1.1. Suppose that N =1,2,3,a>0,b>0,0<¢q <1, h and f satisfy
(H1), (F1), (F2). Assume further that exists v € Hg(Q) such that

(H2) [, h(x)(v*)"dz > 0,
Then there exists a constant m > 0 such that if ||h||ec < m, problem (L.1) has a

solution uy € H}(Q), up >0 and I(uy) < 0. Moreover, if h(z) > 0, then u; > 0 a.
e. in Q.

Theorem 1.2. Suppose that N =1,2,3,a>0,b>0,0<q <1, h and f satisfy
(H1), (F1), (F2). Assume further Buy is not an eigenvalue of (1.3)). Then there
exists a constant m > 0 such that if ||h|lcc < m, problem has a nonnegative
solution ug € HY(Q) with ua > 0 and I(uz) > 0 if h(z) > 0.

Remark 1.3. Theorem 1.1 for problem (1.1) with a, b > 0 generalizes [10, Theorem
1.1) where (1.1) with a =1 and b = 0.
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Corollary 1.4. Suppose that N = 1,2,3, a >0, b > 0,0 < g < 1, h and f
satisfy (H1), (F1), (F2). Assume further that Suy is not an eigenvalue of and
h(x) > (#)0. Then there ezists a constant m > 0 such that for all h € L*>(Q) with
[hlloc < m, problem has at least two positive solutions ui,us € Hg(Q) such
that I(u1) < 0 < I(ug).

Remark 1.5. If h(z) > ()0, it is easy to see that (H2) is always satisfied. There-
fore, Corollary 1.1 is a straightforward conclusion of Theorems 1.1 and 1.2 by
applying the strong maximum principle [g].

This paper is organized as follows. In Section 1, we obtain the existence of a local
minimum solution by the Ekeland’s variational principle. In Section 2, by using the
Mountain Pass Lemma, we obtain the existence of a mountain pass solution. In the
following discussion, we denote various positive constants as C or C;, i =1,2,3,....

2. EXISTENCE OF A LOCAL MINIMUM

In this section, we prove Theorem 1.1 by Ekeland’s variational principle. We
need the following Lemmas.

Lemma 2.1. Suppose that N =1,2,3, a >0,b>0,0<q <1, h and f satisfy
(H1), (F1), (F2). Then there ezists a constant m > 0 such that if |h|lec < m, we
have

(a) There exist p,y > 0 such that I(w)|u|=, > 7 > 0.
(b) There exists an e € R\ B,(0) such that I(e) < 0.

Proof. (a) By (F2), 8 € (1,+00) and noticing that f(z,s)/sP~* — 0 as s — +00

uniformly in z € € for any fixed p € (4,6) if N =3; p € (4,400) if N =1,2. Given
e € (0,1), there exist 0, M. > 0 satisfying 0 < 6 < +oo such that

flz,s) < (a + 8)(@)\18 +buis®), 0<s<d,
and
fz,s) < M.sP™1, §<s,

p € (4,400) if N = 1,2. Together with (F1) and
we obtain

where p € (4,6) if N = 3
flz,s)=0forz e, s<0
a

f(z,5) < ali(a+e)|s| +bui(a+e)|s]® + M.sP~™!, seR.
This yields

)
)

A b
F(z,s) < %(a Fe)lsl? + %(a +e)s|*+ Als]P, s €R, (2.1)

where A = M. /p. Furthermore, by (F2), for the above ¢, we have
f(z,8) > (B—¢)(aris + buis®), s> 6.
Thus, we obtain

a/\1 2

F(x,s)>(ﬁ—5)( 5 5 —i—%s‘l), 5> 0oo-

Together with (F1) and f(x,s) =0 for x € Q, s <0, there exists a constant B > 0
such that

(575))\1|5|2+9(/6’76)u1|s|4—B, s € R. (2.2)

F >
(2,5) 2 :

e
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Since a < 1, we can choose ¢ > 0 such that e < 1 —«. By (H1), (2 , Apul)? <

llull?, pallullf < |lul|?, the Sobolev’s embedding theorem: ||u||q_~_1 < Klul|9t,
||u||§ﬁ < M|u|[P*! and the Young inequality, we have
I(u)

= /\Vu\dx—&— </|Vu|dx —7/h q+1dx—/qu)dm

PR L1 - ;
Sl + el = Sttt - S ot a3

b
= Jla+eymllu™i - Afutp

4
a b m@ b
> Sl + Zllel* - H i - (a +e)lull® = 7@ +e)lull® - Aflully
a[l —(a+¢)] [ (a+ )] [l o
2= |lu ||2 1 [l * = [uf| 7 — AM |[ul|?
q+1

Y

lull*(C1 = Cal|Alloolull =" = C]lulP~2),

where C; = %, Cy = q% and C3 = AM. Let

g(t) = Co||hl|t?™ + C3tP~2  for t > 0.

Clearly,
g'(t) = Co(g = D|hlloct™ + (p — 2)Cat? >,
From ¢'(ty) = 0, we have

to= (Callhllo) ™7, 0<q<l<4<p,

where Cy = (Cz?g)_c‘l). Then

g(to) = Czllhlloo(szllhlloo)P T 4 Ca(Callhll) T = ol ET

-2
wherng,:Cng @ 1+CC” =t and 2=
Thus, for any p > 4, there exists m > 0 such that g(tp) < Cy if ||h|lcc < m. Then,

if ||h]jco < m and taking p = #o, from (2.3), (a) is proved.
(b) For t > 0 large enough, by (2.2) and 0 < ¢ < 1, taking € > 0 such that
e <min{f — 1,1 — a}, we have

tq-i-l
I(ter) = / |V |? d:v—l—— (/ [Vl dcc) — /h(x)cp‘f“dx
qg+1 /g

—/F(:c,tgol)dx
Q

< Z ol + wm e — “C (5 - o\l
= 2 +1 2 2
bt 4
- T(ﬂ — &)1z + Bl
at? , bt .ttt 1 bt
< — - — h(z)e ™ de — — (8 — ‘4 B|Q
< Gl + el = o5 [ @t de = -3 = <)l + BieY
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tq+1
q+1

bt

at?
= el - (B - e - Dl -

[ hayetas + Blo)
Q
— —00
as t — 0o. So we can choose tV > 0 large enough and e = ty; so that I(e) < 0 and
lell > p. D
Proof of Theorem 1.1. Set p as in Lemma 2.1(a), define
B, ={ue Hy(Q):|lull <p}, 9B, ={uec Hy(Q): |ull = p}
and Ep is a complete metric space with the distance
dist(u,v) = |Ju —v| for u, v € B,,.
By Lemma 2.1,
I(u)|op, > v > 0. (2.4)
Clearly, I € C' I(EP, R), hence I is lower semicontinuous and bounded from below
on Ep. Let
c1 =inf{I(u): u € B,}. (2.5)
We claim that
c1 < 0. (2.6)
Indeed, let v € Hg(Q) be given by (H2), that is, [, h(z)(v")?" dz > 0, then for

t > 0 small enough such that for any £ > 0, we have |tv| < . Therefore, together
(F2) and o > 1 imply

2 4 2 q+1
I(tv) = ﬂ/ |vu|2dx+bi(/ Voldz) /h(x)(v+)‘1+ldx
2 Q 4 Q Q

qg+1
— [ F(z,tv")dx
Q
at> o bt o et
< 7 il _ h +yat+lg
< ol + ol = 2 [ h@)ehye
at? , bt 4
— 5 (@t el = —=(a+e)mllvlly <0,

if £ > 0 small enough, because 0 < ¢ < 1. So (2.6)) is proved. o
By the Ekeland’s variational principle [6, Theorem 1.1] in B, and (2.5), there is
a minimizing sequence {u,} C B, such that
(i) e1 <I(up) <c1+ =,
(i) I(w) > I(up) — Lllw — uy| for all w € B,.
So, I'(up) — 0 in Hy () as n — oo. Moreover, by (i) and (ii), we obtain
I(up) —c1 < 0asn— oo.
From the above discussion, we know that {u,} is a bounded (PS) sequence,
there exist a subsequence (still denoted by {u,}) and u; € H(Q) such that

U, —uy weakly in H}(5),
Up — U a.e. in Q) (2.7)
Up — up  strongly in L"(Q)

as n — oo, where r € [1,6] if N =3 and r € (1,+00) if N = 1,2. Thus, we have
limy, o0 (I' (un ), v) = (I'(u1),v) = 0 for all v € H}(Q) and lim,, . I(u,) = ¢1 < 0.
Moreover, it follows from (I'(u1),u]) = (a + bljuq||?)|juy ||* = 0 that uy = uj >
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0, where u; = max{—uq,0}. Therefore, u; is a nonnegative critical point of I.
Furthermore, if h(z) > 0, the strong maximum principle [§] implies that u; is a
positive solution of problem (1.1). O

3. EXISTENCE OF A MOUNTAIN PASS SOLUTION

In this section, we use a variant version of mountain pass theorem to obtain a
nonzero critical point of functional I; this theorem is used also in [I0] and its proof
can be found in [7], let us recall first this theorem.

Lemma 3.1 (Mountain Pass Theorem). Let E be a real Banach space with its dual
space E* and suppose that I € C1(E, R) satisfy the condition

max{I(0),I(e)} <k <y < ”iﬂlip{l(u)}

for some k <, p>0 and e € E with ||e|| > p. Let ¢ >~ be characterized by

= inf I(h(t
¢ = Inf max (h(t)),

where I' = {h € ([0,1], E)|h(0) = 0, h(1) = e} is the set of continuous paths joining
0 and e. Then, there exists a sequence {u,} C E such that

I(un) = ¢z and (14 |lun|DIT"(un)llg=+ — 0
as n — oQ.

Proof of Theorem 1.2. Let p, v and e be given in Lemma 2.1, applying Lemma 3.1
with k = 0, E = H}(Q), and for ¢ defined as in Lemma 3.1, then there exists a
sequence {u,} C H}(Q) such that

I{un) = c =7y and  (L+|[lua|)[[I"(tn)]| g2 — 0

as n — oo. This implies that

a b 2 1
— | |Vu,|?dx + - /vnz’d ——/h yatlg
| vuin 3 ( [ 19ufar) = = [ o

— | F(z,u})dr = c+ o(1),
Q

(3.1)

1
a/ Vu,, - Vodr + b/ |Vun|2dx/ Vu, - Vodr — —— [ h(z)(uw,!)%p
0 Q Q q+1Jg (3.2)

- [ feuieds = o), tor g € HY(@),

a/Q|Vun|2dx+b(/Q|Vun|2dx) /Qh(x)(uz)ﬁldx/Qf(r,ui)uzdx(();1;;

By the compactness of Sobolev embedding and the standard procedures, we know
that, if {u,} is bounded in H}(Q), there exists uy € Hg(2) such that I'(uz) = 0
and I(ug) = ¢ > 0 and uy is a nonnegative weak solution of problem (1.I)), which
is positive if h(z) > 0 by the strong maximum principle. Moreover, us is different
from the solution u; obtained in Theorem 1.1 since I(u1) = ¢; < 0. So, to prove
Theorem 1.2, we only need to prove that {u,} given by — is bounded in
HL(Q).

Next, we shall show that {u,} is bounded in Hg(£2). By contradiction, we
suppose that ||u,| — co as n — oo, and set w,, = Tty Clearly, {wy} is bounded
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in H}(Q). Thus, there exist a subsequence, still denoted by {w, }, and w € H}(Q),
such that

w, —w weakly in Hj(Q),
w, — w a.e. in £,
wy, — w  strongly in L"(Q)
as n — oo, where r € [1,6] if N =3 and r € (1,+00) ift N =1,2.

u

Ten ]

F

also satisfies

Similarly, w; =

wi = wh  weakly in H}(Q),
wl —wt ae. inQ,

w — wT  strongly in L"(9)

as n — oo. We first claim that w # 0. Indeed, if w = 0, then by (H1), we have

lim [ h(x)(w])dr = 0. (3.4)

n—oo Q
Moreover, by (F1)-(F2), for any € > 0, if s > 0 large enough, we obtain
(B —e)aris + (B — e)burs® < f(x,8) < (B4 e)aris + (B + )buis>.
Therefore, we deduce

(B —e)aris — ebuys® < f(x,5) — Bburs® < (B +e)aris + ebuys>.

It implies that
M/w godx—ebul/(w:{)?’gpda:
Q

/f z,ub) — b (u))?

[[unl?

< M/ w:godx—ab,ul/(wj;):agodx
Q Q

[un?

pdx

for any p € H}(Q). By the arbitrariness of €, we obtain

. f z,uf) = bByun (uh)?
lim
n—+o0 [[wnl®

Multiplying (3.2) by W7 we have

7/ Vuw, - Vpdx + b/ Vuw, - Vpdx — |||13_q/ h(z)(w])pdz
Up, Q

—bﬂm/ <pda:—/ S ) — by () wdx = o(1).

[[un|?

Letting n — oo in , according to ||u,| — oo as n — oo, (3.4)), (3.5) and b # 0,

we have

pdx = 0. (3.5)

(3.6)

/ Vw - Vodr = Buy / (wh)3pdx
Q Q

and w # 0. Hence, fu; is an eigenvalue of (1.3)), which contradicts with the
assumption. The proof is complete. (I
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