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OSCILLATION AND NONOSCILLATION FOR SECOND-ORDER
NONLINEAR NEUTRAL FUNCTIONAL DYNAMIC EQUATIONS
ON TIME SCALES

XUN-HUAN DENG, QI-RU WANG

ABSTRACT. In this article, we investigate the oscillation and nonoscillation of
second order nonlinear neutral dynamic equations with retarded and advanced
arguments by means of the theory of upper and lower solutions for related
dynamic equations along with some additional estimates on positive solutions.
We also apply the Kranoselskii’s fixed point theorem to obtain nonoscillation
results. Some interesting examples are given to illustrate the versatility of our
results.

1. INTRODUCTION

Following Hilger’s pioneering work [I1], a rapidly expanding body of literature
has sought to unify, extend and generalize ideas from continuous and discrete cal-
culus to arbitrary time-scale calculus, where a time scale is simply an arbitrary
nonempty closed subset of the real numbers R with the topology and ordering in-
herited form R. For some basic facts on time scale calculus and dynamic equations
on time scales, one may consult the excellent texts [0} [7] by Bohner and Peterson.

In recent years, there has been an increasing interest in studying the oscillation
and nonoscillation of solutions of dynamic equations on time scales. We refer the
readers to the monographs [4], [14], the papers [1-3,5,8-10,12-13,15-16] and the ref-
erences therein. Particularly, in 2010 Higgins [9] discussed the oscillation of the
second-order delay dynamic equation

[Ptz (D) + f(t,27 (1), 2(11(8)), - .., &(7a(t))) = 0.
In this article, we shall consider the second-order nonlinear neutral functional
dynamic equation with retarded and advanced arguments

[p(t)zA(t)]A + [t 27 @), 2(T1(8), .- 2(ma (), 2(&0(F)), -, 2(€m(t)) =0 (1.1)
on a time scale T, where n,m € N, z(t) = z(t)+r(t)z(g9(t)), f € C(Tx R*™+1 R),
and p € Crq([to, 00)t, (0,00)) satisfies

oo 1
——As = o0.
/to p(s)
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We shall also need the following hypothesis:
(A1) There exists constant 0 < ro < 1 such that r € C,4(T, [0, r¢]).

(A2) g € Crg(T,T), g(t) < t, limy_,o g(t) = c0.

(A3) 11,72,...,Tn € Crg(T,T), 7:(t) < t,limy0o 7(t) = 00,4 =1,2,...,n.

(Ad) €1 6ar-r m € CralTT), &5(8) = 0(8), § = 1,2,....m.

(A5) x;f(t,xo, 21, .., Tpgm) > 0 if 5z, > 0,0 < 4,5 <n+m,i# j, and for

each t € T, f(t,z0,21,...,Zntm) is nondecreasing in x;, 0 < i < n+m.

Since we are interested in the oscillatory behavior of , we assume throughout
that the time scale T under consideration satisfies inf T = ¢3 and sup T = co. We
define the time scale interval [tg, 0o)T := [tg, 00) NT. A solution z(t) of is said
to be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. The equation itself is called oscillatory if all its solutions are
oscillatory.

2. PRELIMINARIES

To prove our main results in a straightforward manner, we establish some fun-
damental results in this section. Now we introduce the auxiliary functions

t
As P(7i(t), a) P(¢(t), a)
Pt’a :/ n(e)’ i(t,a :7’7 v;(t,a :#7 2.1
( ) " p(s) n ( ) P(a(t),a) ]( ) P(a(t),a) ( )
where 1 < i <n, 1 <j <m,a € [ty,00)r. First of all, we give the following
lemma.

Lemma 2.1. If 2(t) is an eventually positive solution of , then there exists
some T > to such that
(i) for allt > T, z(t) > 0,22(t) > 0,2(t) > (1 — r(t))2(t);
(ii) for each 1 <1i<mn and fort > 1;(t) > T, we have
2(7i(t)) = ni(t, T)27 (b);
(iii) if p(t) is nondecreasing, then for each 1 <1i <n and for o(t) >t > 7;(t) >
T, we have
2nt) | n(t) — (1)
27(t) ~ o(t) = 7(T)
Proof. (i) Suppose that x(¢) is an eventually positive solution of (1.1). In view
of the conditions (A1)—(A4), there exists T" € T such that z(t) > 0, xz(g(t)) > 0,
z(r(t) > 0,1 <i<n, z(§(t) >0,1<j<m,te [T oo)r Itfollows that
2(t) = x(t) + r(t)z(g(t)) > 0 and from (L.I) that [p(t)z>(¢)]* < 0 on [T, 00)rT,
which means that p(t)z2(t) is strictly decreasing on [T, o0)r.

Next, we claim that 22 (¢) is eventually positive. Otherwise, if there exists ¢; € T
with ¢; > T such that z2(t;) < 0, then

pt1)z2(t1)
p(t)
Integrating (2.2)) from ¢; to ¢t (¢ > t1), we obtain that lim;_, o 2(t) = —oo, which

contradicts z(t) > 0. Hence, 22(¢) > 0 on [T, 00)r.
Since z(t) is a solution of (I.1)) satisfying x(t) > 0 and z2(¢) > 0, we see that

z(t) = 2(t) — r(t)z(g(t)) = 2(t) — r(t)2(g(t)) = 2(t) —r(t)z(t) = (1 —r(t))z(t).

2B () < <0, t€[ty,00)r. (2.2)
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(ii) For t > 7;(t) > T > tp and 1 < i < n, we have

27(t) — 2(ri(t)) = L (5)2%(s)As < (T'(t))ZA(T‘(t))/U(t) A
ST e v =P S Jnw pls)
Dividing both sides of the above inequality by z(7;(t)), we obtain
w0 L ) )
0 R 0 R %)
Likewise, we also have
73 (t) 7i ()
An(0) = =T) = [ —p(e)z @A = ) m0) [ s
and hence
p(7i(1)22 (mi(t)) 1
(m0) PEO.T) 24
Therefore, and imply
S Lm0 o Plel).T)
o) = ammy OO S sy

This gives the desired result
2(1i(t) =2 mi(t, T)2%(t), 1<i<n.
(iii) It is based on similar arguments developed in [5] and the corresponding

proof can be found in [I, Lemma 2.4]. The proof is complete. |

In addition to the above lemma, we need a method for studying separated bound-
ary value problems (SBVP) to prove our main results. Namely, we will define
functions called upper and lower solutions that, not only imply the existence of
a solution of a SBVP, but also provide bounds on the location of the solution.
Consider the SBVP

where functions h € C([a,b]*" x R,R), p,q € C(Ja,b]"") with p(t) > 0 and ¢(t) > 0
2
on [a,b]® . We define the set

D; := {z € X : 22 is continuous and (pz®)* is rd-continuous on [a, b]“2},
where the Banach space X = C([a, b]t) is equipped with the norm || - || defined by

Iz]l == max |z(t)| for all z € X.
t€la,b]r

A function z is called a solution of the equation —(p(t)z®(t))® + ¢(t)z” = 0 on
[a,b]"" if z € Dy and solves this equation for all ¢ € [a,b]"". Next, we define for any
u,v € Dy the sector [u, v]; by

[u,v]1 :={w e Dy | u<w < v}
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Definition 2.2 ([7, Definition 6.1]). We call o € Dy a lower solution of the SBVP
(2.5)-(2.6) on [a,b]r provided
—(p(t)a™ ()™ + q(t)a’ () < h(t,a’(t)) for all ¢ € [a,b]"
ala) <A, «alb) <B.
Similarly, 8 € Dy is called an upper solution of the SBVP (2.5)-(2.6) on [a,d]
provided
—(PH)B ()™ + ()87 (t) > h(t, 57(t)) for all ¢ € [a,b]",
pla)> A, pb) = B.

The following theorem is an extension of [7, Theorem 6.5] to [a, 00)T.

Theorem 2.3 ([10, Theorem 1.5]). Assume that there exists a lower solution a
and an upper solution B of (2.5) with a(t) < B(t) for allt € [a,00)r. Then

— (p(t)22 () + a(t)2" = h(t,2") (2.7)
has a solution z with z(a) = A and z € |, B8]1 on [a, 00)T.

Our next preliminary result is a generalization of [9, Theorem 2.4]. When r(t) =
0, [9l Theorem 2.4] is still a special case of the following Theorem.

Theorem 2.4. Let h(t,x) be a continuous function of the variables t > ty and
|z| < co. Assume that for allt > 0 and x # 0, zh(t,x) > 0, and for each fized t,
h(t,x) is nondecreasing in x for x > 0. Then a necessary condition for equation

()22 ()2 + h(t,27(t) =0, t >ty >0 (2.8)

to have a bounded nonoscillatory solution is that
/ P(t,a)h(t,c)At < o

for any fized a € [tg, 00)T and for some constant ¢ > 0.

Proof. Suppose z(t) is a bounded eventually positive solution of (2.8)). Then, there
exists T € [tp,00)r such that x(t) > 0 for t > T. As h(t,z) > 0 for all x > 0,
(p(t)z2(t))? is eventually negative. Hence, p(t)z>(t) is decreasing and according
to Lemma lim; o p(t)z2(t) = L with 0 < L < co. Integrating from s to
T, we obtain

T
p(Ty) 22 (Ty) — p(s)z2(s) + h(6,2°(0))A0 = 0.

S

It follows that

1 (o)
—_ h(6,x7(0))A0.
), o)

d

Integrating again for T' < ¢; < t and by change of integration order [12, Lemma 1]

t tfl(n,é)Aﬁ An = e fi(n, §)An| A,
s n s s
we obtain

A(t) — 2(t) > /tl/:o 10,27 (0)) AOAS > /tt /:WAHAS

t p(s)

22 (s) >
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/ a(0) h 9 €T (9))A Ad > /t P(97t1)h(9’$0(6))A9

t1 ) ty

Consequently, for ¢ > t; > T, we obtain

¢

z(t) > / P(0,t1)f(6,27(6))A0.
ty

Since z(t) < M for some M > 0 and fttl P(6,t1)f(0,2°(0)) A0 is increasing function

of t, for r € [0,1), we have

/toc P(0,t1)f(0, (1 —7r(a(0)))27(0)) A0 < /oo P(0,11)f(0,27(0))A0

ty
< lim z(t) < 2M < co.

t—oo

By the monotonicity of f, we have

| P0.0110.0 = r(o ()= (1))00 < o
Letting ¢ = (1 — r(o(T)))2°(T"), we obtain the desired result. O

We end this section with time scale version of Arzerel-Ascoli theorem (see [16]
Lemma 4]) and Kranoselskii’s fixed point theorem (see [16]). These will be used in
the proof of Theorem

For Ty, Ty € T, let [T, 00)r:={t € T:t > To} and [T, Thlr :={t € T: Top < ¢ <
Ty }. Further, let C([Tp, 00)1, R) denote all continuous functions mapping [T, 00)
into R,

BCTy,00)r := {x € C([Tp,00)r,R) :  sup |z(t)| < oo}. (2.9)
tG[Tg,OO)'ﬂ'
which endowed with the norm |[z|| = sup,ep ), [2(t)], (BC[To,00)r, || ) is a

Banach space. Let X C BC[Ty, o0)T, we say X is uniformly Cauchy if for any given
g > 0, there exists a T} € [Ty, 00)t such that for any =z € X,

|1‘(t1 — I(t2)| <é€ for all t1,ta € [T1, OO)'[[‘.

The set X is said to be equi-continuous on [a,b]r if for any given € > 0, there
exists a & > 0 such that for any z € X and t¢,ts € [a,b]r with [t; — ta] < 4,
|z(t1) — z(t2)] < e.

Lemma 2.5 ([I6l Lemma 4]). Suppose that X C BC[Ty,00)r is bounded and
uniformly Cauchy. Further, suppose that X is equi-continuous on [Ty, Th]r for any
Ty € [Ty, 00)r. Then X is relatively compact.

Lemma 2.6 (Kranoselskii’s fixed point theorem). Suppose that X is a Banach
space and €2 is a bounded, convex and closed subset of X . Suppose further that there
exist two operators U, S : Q0 — X such that
(i) Uz + Sy € Q for all z,y € Q;
(ii)) U is a contraction mapping;
(iii) S is completely continuous.

Then U 4+ S has a fized point in Q.
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3. MAIN RESULTS
Theorem 3.1. Assume that conditions (A1)—(Ab) hold, then any bounded solution
z(t) of (L.1) is oscillatory when
| / P(t,a) f(t,aw’ (t),cw™ny (t, a),...,cw™n,(t,a),aws, ..., awg’”)At| =00
(3.1)

or

| / P(t,a)f(t,a,ami(t,a),...,an,(t,a), a,...,a)At] = co (3.2)
for all a # 0, where w(t) =1 —r(t), w" = w(r(t)), 1 <i<n, w5 =w((t)),
1<j<m,nta),l<i<mn, is given in (2.1)).

Proof. First we point out that . ) is equivalent to (3.2). In fact, by assumptions
(A1), (A5), and the monotonicity of f, we have

|/ ft,amy, amini(t,a),. .., amin,(t,a),amy, .. .,aml)At|
<| / £t (8), aw(r (D) (t,) .. 2w (7 ()t ), awt,
., awtm At|
’ / ft,ama, amon; (t,a),...,aman,(t,a),ams, ... 7ozmQ)At|,

where w(t) =1 —r(t), 0 < mq = infic(q,00), w(t) and 0 < M2 = SUPse(y 00), W(H)-
Assume not and let u(¢) be a bounded nonoscillatory solution of (|1.1)) which we
may assume satisfies

u(t) >0, w(rm(t) >0, wlt)>0 t>T>t, 1<i<n, 1<j<m.
For convenience, let z1(t) = u(t) + r(t)u(g(t)). Consequently,
[p(t) (u(t) +r(t)u(g(1)) ]2 = [p(t)21 (1))
= —f(t,u? (), u(m (D), . ulm(t)), u(§2(t)), - ., u(Em (L)) <O

for all t+ > T and so p(t)z2(t) is decreasing for t > T.
By Lemma [2.1] we have

u(t) = (L=r(®)za(t), z(n() =n(t,T)27 (), t=7(t)=>T.
Define the function

F(t,01) := f(t,w’ ()01, w™mb,..., w500, w0y, . .., w6,),
where w(t) = 1 —7r(t), w™ = w(r;(t)), i = ni(t,T) 1 < i < n, wS5 = w(&;(t)),
1 < j <m. Then by the monotonicity of f, for ¢t > T, we have

0= [p(t)z1" (D)2 + F(t,u” (1), w(ra (1)), ..., u(mu (D), u(€r(?)), - ., ulEm (1))
> [p(t)=1* (8)]> + F(t, 29 (1))

Applying Theorem [2.3] with a(t) = 21(T) < 21(t) = (t), we obtain the existence

of a solution y(t) of

(P> () + F(t.y” (1) =0, y(T) = 21(T)

)
)
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with z1(T) < y(t) < z1(t) on [T, 00)r. However, by Theorem it follows that
/ P(t,a)F(t,c)At < 00

for any fixed a € [to, 00)r and some ¢ > 0, which contradicts (3.2)). O

Theorem 3.2. Assume that conditions (A1) — (A5) hold and for eachi, 1 <i <n,
there exists p; > 0 such that

litrgg)lf ni(t,a) > p; foraeT. (3.3)
If 2(t) is a bounded nonoscillatory solution of , then for some a # 0, we have
/00 P(o(t),a)f(t, o, ..., a)At < co. (3.4)
Proof. By and , we have
> P(o(t),a) < P(o(t),a) 1 < 1

= P(ta) T P(ri(t),a)  mi(t.a) T pi
for sufficiently large ¢t € T. So we conclude that P(o(t),a)/P(t,a) is bounded on
T. Then for any 8 # 0,

| Plo®.asw.s.p.. . par < oo
if and only if
/ P(t,a)f(t7ﬂ’/8’...7ﬂ)At<OO~

Furthermore, observe that by (3.3]), given any € > 0 with ¢ < %min{pi 11 <i<n},
there exists T; > to such that 1 > n;(t,a) > p;—e =: p; > 0fort > T, and 1 < i < n.

Assume (1.1) has a bounded nonoscillatory solution. Then by Theorem [3.1} we
have

|/ P(t,a)f(t7a,a171(t7a),...7ann(t,a)7a,...7a)At| < o0

for all @ # 0. Let p := min{p; : 1 < i < n}. Consequently, ap < an;(t,a) < a for
all 1 <7 < n, and so by the monotonicity of f, we obtain

| / P(t,a) (¢, o, o ... op) At| < oo,
We obtain (3.4)) as desired with v = ap. O

Note that in Theorem we do not assume that P(o(t),a)/P(t, a) is bounded
on T; thus we improve [0, Theorem 3.2]. The previous result says the condition
is sufficient in order to replace the auxiliary functions 7;(t,a), 1 < i < n with
upper bounds. Our next result gives a sufficient condition for to have bounded
nonoscillatory solutions.

Theorem 3.3. Assume that conditions (A1)-(A5) hold. If for some o # 0,

/00 P(o(t),a)f(t, o, a, ..., a)At < oo, (3.5)

then (L.1) has a bounded nonoscillatory solution.
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Proof. Assume that (3.5) holds. According to (A5), without loss of generality, we
may assume that o > 0. Since p(t) > 0 and f(t,o,,...,a) > 0 on T, by the
change of integration order [12], Lemma 1], we obtain

//fto‘o‘ o) \yn
ZuEwa//ftaa Y Atas
— lim / /U(lt tO‘O‘ fltov0n ) \ony (3.6)

UuU——+00

:/:O [/:(t)p(ls)As}f(uma,...,a)At

= / P(o(t),a)f(t, o, ..., a)At < co.
By (Al) and (3.6), we can choose T € T large enough such that

/T/ fto‘a Mmm%. (3.7)

According to (A2) and (A3), we see that there exists T3 € T with 77 > Tj such
that g(t) > Tp and 7;(t) > Ty, 1 < i < n, for t € [Ty, 00).
Define the Banach space BC|[tg, c0)r as in (2.9), and let

Q = {x = x(t) € BClty,00)r : (1_%)0[ < z(t) < a}. (3.8)

It is easy to verify that 2 is a bounded, convex and closed subset of BC|tg, c0)T.
For the sake of convenience, set

F(t) = f(t27(8),2(m1 (1), .., 2(a(£)), 2(E1 (D), ., 36 (1))).
By (A5), for any « € Q and ¢ € [Ty, 00)T, we have
Fit) < fit,q,aq... ).
Now we define two operators U and S : Q@ — BC[tg, o)t as follows
_ 7T(t)x(g(t))a te [Th oo)Ta
T2)(®) = {(Um)(Tl), t € [To, Ti]r,

and

S

= f’;f f:o %AUA& t € [Ty, Th]r.

Next, we will show that U and S satisfy the conditions in Lemma,
(i) We first prove that Uz + Sy € Q for any =,y € 2. Note that for any z,y € Q,
a/2<xy<aby. For any z,y € Q and t € [T}, 00 T,by.,wehave

(Uz)(t) + (Sy)(t) = a —r(t / /

> (1—-ro)a _a _;0 > a _2T0) ;

— [ [ EWAyAs, te T
(Sx)(t):{a f Je o duds telTioom,
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and

(U)(t) + (Sy)(t) = a — r(t)x(g(t)) - / h / h i ((:)) Auds < a.

Similarly, we can show that «/2 < Uz + Sy < « for any x,y € Q and t € [Ty, T1]r.

(ii) It is not difficult to check that U is a contraction mapping.

(iii) We will prove that S is a completely continuous mapping. It is easy to check
that .S maps Q into €.

Again, for the sake of convenience, let

EFy(t) = f(t, 27 (t), 2u(m1 (1)), -, 2u(ma (@), w1 (&0 (), - - -, 21(&m(t)))-

Next, we show that the continuity of S. Let z; € Q and ||a; — x| — 0 as | — oo,
then z € Q and z; — = as | — co. By the monotonicity and continuity of f, we
have

|Fi(t) — F(t)| — 0, asl— oo,
(1) — F()] < 2f (L.,
For t € [T}, 00)T, we have

(5)(0) - (a0 < [ e WAUAS,

and for t € [Ty, Th]r,
Fi(u
|(Sz1)(t) — (Sz)(t)] </ / £ ”AuAs
T1

Employing Lebegues’s dominated convergence theorem [7, Chapter 5], we obtain
[(Sz;) — (Sx)|| = 0 asl— co.

Thus S is continuous.

Third, we show that SQ is relatively compact. According to Lemma it
suffices to show that S is bounded, uniformly Cauchy and equi-continuous. The
boundedness is obvious. For any = € €2, by , we have

o 5

Then for any given £ > 0, there exists T € [Tl, oo)r large enough such that

A S

Hence, for any x € Q and t1,ty € [Tz, 00)T, we have

I(Sz)(t1) — (Sz)( t2_|//F(S)AA // SAAS\

<2/T / ((;AuAsq

So S is uniformly Cauchy.
Finally, we will prove that S is equi-continuous. For 77 <t; <ty <Thr +1, we
have

()0 = (s))) = | [ [ T auas [T [T T auay
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: / [

For Ty <t1 < Ty <ty <Tp+1, we have

|(S$)(t1)(5x)(t2)|§/Tz/oo l;((U))A A

For t1,t9 € [To,Tl]'[r, \(S:v)(tl) — (Sl’)(tz)| =0.

Then there exists 0 < § < 1 such that [(Sz)(t1) — (Sz)(t2)] < € if t1,t2 €
[To, T2 + 1) and |t2 — t;| < 0. This means that SQ is equi-continuous. It follows
from Lemmal[2.5that S is relatively compact, and then S is completely continuous.

By Lemmal2.6] there exists = € Q such that (U + S)a = z, which indicates that

z(t) is a solution of (L.1)). In particular, for ¢ € [T3,00)r, we have
F
z(t) =a—r(t / / (w) ——=AuAs.
p(s)
Let t — 00, we obtain the desired result. ([l

To extend Theorems 3.1 and [3:2] to unbounded solutions, we introduce the class ®
of functions ¢ such that ¢(u) is a nondecreasing continuous function of u satisfying

up(u) >0 (u # 0) with
+oo du
Ll o) =

Definition 3.4. We say that f(¢,u,v1,...,v,) satisfies condition (C) provided for
some ¢ € ® there exists ¢ # 0 such that for all t > T, n; = n;(¢t,T), 1 <i <n,

inf f(t7U7U1U,---,nnu,u,...,u)
Jul—c0 (u/my)

2 k|f(t)c7nlc7'"7T]TLC7C’""C)|’

for some positive constant k& and m; = infie(p, o0), {1 — (1)}
We continue with a generalization of [0, Theorem 3.4].

Theorem 3.5. Suppose ¢ € . Let h(t,x) be a continuous function of the variables
t > to and |x| < oo such that for all t > 0 xh(t,z) > 0, x # 0 and satisfies with
respect to ¢(x) the following conditions: there is a ¢ # 0 such that
h(t
inf Nut,z)

for some positive constant k, my = infie[p, o), {1 — 7(t)} and for all t > T, and

that
> 1
lim ——du| < co. 3.10
|m|~oo|/ P(u) | (3.10)

> klh(t,c)| forr(t) €0,1), (3.9)

If
/OO P(t,a)h(t,c)At = 00 (3.11)

holds for all ¢ # 0, then (2.8]) is oscillatory.
In addition, if P(o(t),a)/P(t,a) is bounded on T, then (3.11) is also a necessary
condition for (2.8) to be oscillatory.
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Proof. Assume (3.11)) holds and let (¢) be an eventually positive solution of (2.8)).
It follows from Theorem that z(¢t) cannot be bounded. By Lemma we see
that lim; o x(t) = co. Also, as in the proof of Theorem

/ CA(As > / " P(6.TYh(8.27 (6)) A8 (3.12)
T

T
for sufficiently large T'.
Next we define the continuously differentiable real-valued function
“ ds
w (8)
Observe that G'(u) = 1/¢(u). For r(t) € [0,1), by the Pétzsche Chain Rule [0}
Theorem 1.90],

G(u) :==

dh A Podh N A
(@ / )02 ([, o) =0
_ 22 ZA(t)
</5( 7(t) ~ ¢l (t)/ma)’
where 2, (t) 1= z(t) + hu(t)z2(t) < 2°(t). Now multiplying (3.12) by [¢(27(s))] 1,

we obtain
b 28(s) h(0,z°(6)) '
7A5>/ PGTiAQZ/ kP60, T)h(0,c)Al
ey S @ fm) 0 7 Jp HPOTNO)
for sufficiently large T' by (3.9), where ¢ := z(T) > 0. Since lim;_,o z(t) = oo, we
have

. . M dy * du
Aim G(2(0) = Jim | m:/T o) <

Therefore,

/T(G(z(s)))AAsz/T gﬁfzg(()))As>/TkP(9,T)h(9,c)A9.

However, letting ¢t — oo in above inequality, the left side is bounded whereas the
right side is unbounded by assumption (3.11)). This contradiction shows that
is sufficient condition for all solutions of (2.8)) to be oscillatory.

Conversely, suppose that is oscillatory and |f°° P(t,a)h(t,c)At’ < oo for

P;f((ttzl’)a) is bounded on T, we see that for all ¢ # 0,

some ¢ # 0. Since

f/ P(t,a)h(t,c)At| < co if and only if |/ P(o(t),a)h(t,c)At| < cc.

It follows from Theorem |3.3[that (| . ) has a bounded nonoscillatory solution. This
contradiction shows that (3.11)) is necessary. d

Now we give our last result.
Theorem 3.6. Assume that conditions (A1)—(A5) hold and f satisfies condition
(C). Then (L.1) is oscillatory when
‘ / P(t,a)f(t, a,an(t,a), ..., an,(t,a), . .. ,oz)At‘ =00 (3.13)

holds for all o # 0. In addition, if inequality (3.3)) holds, then (3.13) is also
necessary.
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Proof. Assume that (3.13) holds for all & # 0 and let u(t) be a nonoscillatory
solution of (1.1)) which we may assume satisfies

u(t), u(ri(t)), 2 (8) = (u(t) + r(t)ulg()))> >0, [p(t)z (1) <0,
for t > T >, 1 < i <mn. For r(t) € [0,1), according to Lemma [2.1] we have
u(t) = (L=r®)za(t), z(n) =n(t,T)27 (), t=7(t)=>T.
By the monotonicity of f, for t > T, we have

0= [p()z1 ()] + F(t,u” (), u(a (1)), -, ul(ma (D), ul€a(8)), - 7U(§m(t)))

> [p(t)22 (0] + f(t, w2, w™ ] (1), w ] (8, w2 (2), ..., ws 27 (1))
> [p(t)21 ()% + f(t,maz,mam] (1), . manaz] (8, mazf (b), ... maz] (1)),
where w(t) = 1 —r(t), w™ = w(r(t),n = ni(t,T) 1 < i < n, w = w(&(2)),

1<j<m.
As in the proof of Theorem we obtain the existence of a solution y(t) of

(P> ()2 + F(t.y? (1) =0, y(T) = 2(T)
with 2z (T) < y(t) < 21(t) on [T, 00)r. By Theorem it immediately follows that

|/ [t e em(t,a), ... enn(t,a),c,. .., c)At] < oo

for some ¢ # 0, which contradicts ([3.13]).
Conversely, assume that (3.3]) holds and (3.13)) does not hold for some « # 0;

ie.,
‘ /00 P(t,a)f(t,a,ani(t,a),...,an.(t,a),q,. .., a)At‘ < 0. (3.14)
Noting that implies that P(o(t),a)/P(t,a) is bounded on T, holds if
and only if
‘/ flt,a,ami(t,a),. .., an,(t, a),a,...,a)At‘ < 0.

It follows that for any € > 0 with e < % min{p; | 1 <14 < n}, there exists T; > to such
that n;(t,a) > p;—e=:p; for t >T; and 1 < i <mn. Let p:=min{p; | 1 <i < n}.
It follows that an;(t,a) > ap for t > T;. Then by the monotonicity of f and the
fact that n;(t,a) <1 for t > T;, we have

‘/ P(o tap,ap,...,aﬁ)At’<oo,

which gives (3.5). Therefore, by Theorem Equation (|1.1) has a bounded
nonoscillatory solution. This contradiction shows that (3.13) is necessary. g

4. EXAMPLES

We would like to illustrate our main results by three examples. We begin with
the following example that extends some results of Higgins [9] and [10, Example
3.2].
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Example 4.1. Let ®,(u) = |u|**u and P(o(t),a)/P(t,a) is bounded on T. Con-
sider the dynamic equation

[zo(lt)zA(t)]A + qo(t) @ (27 (1))
+ Zqz i) + 8(8) Py ((£()) + |24 (27 (1)) = 0,

where z(t) = x( )—1—7"( )z(g(t)). We assume that go(t) > 1, ¢1(t), g2(f) and s(t) are
rd-continuous and eventually positive on [t,00)T, v > 1,7;, i = 1,2, 3, are positive
real numbers and p(t), g(t), r(t), 71(t), 72(t), £(t) satisfy conditions (A1)—(A4). It is
not difficult to check that f(t,zo0,21,22,23) = qo(t)P(z0) + 2?21 qi (1) Py, (x;) +
5(t) P,y (x3) + |<I>7(x"(t))\ satisfies condition (A5). By Theorem all bounded
solution of are oscillatory in case

y/°°p<t,a> +qu @, (0m(t. ) + (1), (0) + |, () DAt = o0

for all @ # 0. Now suppose ; > 1,4 = 1,2,3 and let ¢(u) = u?°, where 1 < vy <
min{~vy,v1,v2,v3}. It is easy to show that f(t, zo,x1,z2,23) satisfies condition (C).
Moreover, if one of 7,v1,7v2,v2 is larger than 1, f(¢,zo, 21,22, 23) still satisfies
condition (C). Therefore, according to Theorem we conclude that all solution
of are oscillatory in case

|/ P(t,a)(qo(t +qu (am;(t a))+s(t)<I>73(a)+a2n1(t,a))At‘ =00

(4.2)
for all @ # 0. Furthermore, if n;(t,a) > p; > 0, i = 1,2, (4.2) becomes a sufficient
and necessary condition.

In [9, 0], it is assumed that f(¢,xo,z1, T2, 23) = —f(t, —xo, —21, —T2, —x3) if
x; >0, 1=0,1,2,3. However, we only need f satisfies condition (A5) which relaxes
the hypothesis in [9] [10].

Example 4.2. Assume P(o(t),a)/P(t,a) is bounded on T. Consider the dynamic
equation
[p(t) (2 () + r(D)(g(1))2]> + go (D)2 (1) + g1 () z (71 (1)) + g2 (£)z (&1 (F)) = 0. (4.3)
We assume that p®(t) > 0 and qo(t),q1(t), g2(t) are rd-continuous and eventually
positive on [tg, 00)T, and g(t),r(t) > 0, 71(t),&1(¢) satisfy conditions (A1)—(A4). If
we set
Qt) = qo(t) + m(t, a)qu(t) + ga2(t)

for t > T > tg, where 11 (t,a) = %&(B ~ ;1((5)), then (4.3)) is oscillatory in case

[p(t)z(1)2]> +AQ(t)= (1) = 0 (4.4)
is oscillatory for some 0 < A < 1, where z(t) = z(¢)+r(t)z(g(t)). If not, we suppose

that w is a nonoscillatory solution of (4.3) with w > 0,¢ > T. By Lemma we
have

2(t) >0, z(m(t) >0, z(&(@1) >0, 22>0, [pt)z(t)*]> <0, t>T,
and then
[p(t)z1(£)2]% + (qo(t) + m (8, @)qu (t) + ga(t))z1 (0 (£)) <0, ¢ >T, (4.5)
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where 21 (t) = u(t) + r(t)u(g(t)). Let y(¢) := pz(?(i)f, using (4.5) we see that z(t)

satisfies the Riccati dynamic inequality

z1(t)°

202+ Q)+ ——— L <
AR ST RO P

This implies that the equation

[p(t)=(t)2] +Q(1)=7 (1) = 0
is nonoscillatory and so by the Sturm comparison theorem [3, Theorem 6.1], (4.4)
is also nonoscillatory. This contradiction shows that (4.3)) is oscillatory.

We can apply a variety of oscillatory criteria, such as an extension of the well-
know Leighton-Wintner criteria [3, Theorem 8.1], a generalization of the Hinton-
Lewis criteria [3, Theorems 8.2-8.3] and Hille-Nehari criteria [I3] Theorem 3.1], to
obtain oscillatory results of . In particular, when r(t) = 0, [10, Example 3.1]
is a special case of Example

Example 4.3. Let ®,(u) = |u|*~tu. Consider the dynamic equation

[2(t) + (D)2 (9())]22 + qo(£) @~ (27 (1)) + Z qi (1)@, (x(7:(t)) =0, (4.6)
where qo(t), q1(¢), ..., gn(t) are continuous and eventually positive on [tg, o), ¥ >

Ly >y > > 9m >0 > Yme1 > -0 > Y > 0 and g(b),r(t), 7(t),. .., mn(t)
satisfy conditions (A1)-(A3).

We need the following two lemmas to prove Corollary [1.6]
Lemma 4.4 ([I, Lemma 2.2)). For any given n-tuple {v1,...,vn} satisfying

MV > Ym > Y > Yl > > Y > 0,
there corresponds an n-tuple {&1,...,&,} such that

n n
Z’Yzfi:% Zfizla O<£1a"'7£n<1' (47)
i=1 i=1
When n = 2, it turns out that
L = Y2 = 7=
M- M=

Next we have the Arithmetic-Geometric Mean Inequality, see [1].

Lemma 4.5. If &,...,&, > 0 satisfy > 1 & =1, and uq, ..., u, >0, then

iuifi > ﬁuf (4.8)
i=1 i=1

By the property of the convex function ¢(t) = —1Int, it is easy to get (4.8).

Corollary 4.6. Assume that p(t)/t is bounded, then all solutions of (4.6)) are
oscillatory provided

/OO [tqo(t) + i qi(t)(f,»(t))’“tl—’“] At = o0, (4.9)
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n

[l It )] > 3 (o), (o), (4.10)
i=1 i=1

for some ¢ # 0, where & = [[\— (51) Sy G =1,0<&,....8 <1, asin
Lemmal[{.3}

Proof. Assume (4.9)-(4.10) hold. Define ¢(u) = @, (u) = |u[?"'u. Then it is easy
to check that
Foo du
up(u) > 0, /il o) < oo, forwu#0.

Let f(t,u,v1,... vn) = qo(t)®~(w) + > 1, ¢i(t) P, (v;) and ¢ # 0 to be determined.
By (A5) and u¢(u) > 0, without loss of generality, We may assume u > 0. Note
that 0 < n;(t,a) < 1,1 <4 < n, and ®.(u) = |u[*"lu is an increasing function.
Then according to Lemmas [£.4] and we have

f(tv U, M (t)ua <. ann(t)u) _ q0 (t)q)’Y (u) + Z?:l 4di (t)q)“/i (777,' (t, a’)u)
d(u) P (u)

=qo(t) + Z qi ()P, (i (t; @) Dy (1)

)gi (@i(1))* (mi(t, @) @y, e, (w)
H ]%EZ
> /fQO |+quZ |(I)'y1

> kqo ()| (c) + k Z 4i (1) @+, (mi(t)c)|

> k|f(t,e, m(t,a)e, ..., nu(t,a)c)]
for k®,(c) <1, 0 <k <1andallt>t, Thus f(t,u,v1,...,v,) satisfies condition
(C)According to Lemma[2.1] and that p(t)/t is bounded, we have
7t - mla)  wl) w)
o(t) —mi(a)  o(t) t’
For any « # 0, we have

[f(t, aami(t; ), .. ana(t, a))|

ni(t,a) = ast — oo, 1 <i<n.

= |qo(?) +ZqZ @, (ani(t,a))|

—QO |a| +Z(h Vi

+qu 771 t a))] = 07

(lalmi(t,a))
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where 6 = min{®, (|a|), @+, (|a]), ..., @, (Jo|)}. It immediately follows that

|/ tf(t, o, omi(t), - . ., amn(t) At

> [ [dttaot + thz (it a))]| At = oo,
Hence, by Theorem Equation is oscillatory. (I

In particular, for T =R, T = Z, p;(t) = ¢; is constant and 7;(¢t) = a;t +b;,a; > 0,
1 <4 < n. Itiseasy to check that (4.10) holds as ¢ = 1. By (4.9)), (4.6) is oscillatory
in case

/OO tqo(t) At = co.

Remark 4.7. If go(t) > ¢;(t),i = 1,2,...,n, it is easy to check that Condition (C)
holds and (4.10]) can be removed.
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