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MULTIPLICITY OF HOMOCLINIC SOLUTIONS FOR
SECOND-ORDER HAMILTONIAN SYSTEMS

GUI BAO, ZHIQING HAN, MINGHAI YANG

ABSTRACT. By using a modified function technique and variational methods,
we establish the existence of infinitely many homoclinic solutions for a second-
order Hamiltonian system 4 — L(t)u + Fy(¢,u) = 0, for all t € R, where no
coercive condition for F'(¢,u) at infinity is imposed.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This article concerns the existence of homoclinic solutions for the following
second-order Hamiltonian system

i — L(t)u + F,(t,u) =0, VteR, (1.1)

where u = (u1,...,uy) € RN, L € C(R, RNQ) is a symmetric matrix-valued func-
tion and F € C*(R x RY R). Here, as usual, we say that a solution u of system
is a homoclinic solution (to 0) if u € C2(R,RY), u(t) # 0, u(t) — 0 and
u(t) — 0 as [t| — oo.

There have been many papers devoted to the homoclinic solutions of second
order Hamiltonian systems via variational methods; see, e.g., [11 2, 3, 4} [5] [6] [9] 10,
12| T3], 15} 16l 17, A8, 19] and the references therein. If L and F are T-periodic in
t, Rabinowitz [10] obtains the existence of one homoclinic solution to system
as a limit of 2kT-periodic solutions. The methods and the results are extended
by many further works; e.g. see [3] for a significant paper. If L and F are not
periodic in ¢, the problem of existence of homoclinic solutions to system is
quite different. We now recall some papers. In [4], the author considers the case
where L(t) is not periodic and the corresponding linear part is not necessarily
positive definite and proves that system possesses homoclinic solutions by
extending the compact imbedding theorems in [9]. The case is also considered in
[16] but F'(¢,w) is subquadratic satisfying a variant of the Ahmad-Lazer-Paul type
condition. By using variant fountain theorem, the authors in [I7] also investigate
the case when F(t,u) is subquadratic or superquadratic. We should point out
that either in the superquadratic or the subquadratic case for F(t,u), which is
considered in the above mentioned papers, some kind of coercive conditions at
infinity are needed.
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In this paper, by using variational methods, we obtain infinitely many homo-
clinic solutions of system without requiring any coercive condition or even
any growth restriction for F'(¢,u) at infinity when F(t,u) is subquadratic. We
introduce the following hypotheses.

(L1) There exist a > 0 and r > 0 such that one of the following two conditions

is true,
(i) L € CYHR,RY) and |L'(t)| < a|L(t)| for all |t| > r,
(ii) L € C*R,RY) and L"(t) < aL(t) for all |t| > r, where L'(t) =
(d/dt)L(t) and L"(t) = (d?/dt?)L(t).
(L2) There exists o < 1 such that

1(t)[t|*? — ocas |t| — oo,
where [(t) is the smallest eigenvalue of L(t); i.e.,

I(t):= inf (L(LEE).

|€]=1, EERN

(F1) F(t,u) > 0 for all (t,u) € R x RY and there exists a constant 1 < u < 2
such that

(Fu(t,u),u) < pF(t,u), VY(t,u) € R xRV,
(F2) F(t,0) = 0 and there exist constants ¢; > 0, Ry > 0 and § < v < 1 such
that
|Fu(t,uw)| < ealul’, VteR, jul < R;.

(F3) There exist constants Lo > 0,L; > 0,dg > 0, where L; is sufficiently large
(fixed below), such that

F(t,u) > d0|u| >0, VieR, Ly < |’LL‘ < L.

(F4) 0 <b=infiep ju=1 F(t,u) < supep, jy=1 F(t,u) = b < o0.

Here and in the sequel, (-,-) and | - | denote the standard inner product and the
associated norm in RV respectively.

Remark 1.1. In fact, if we set
1

2 3%
M =7y (4 + (at + 243) (Lo + ) + 8 1Y + SCQT[:) 2

8
do(2 — )
then the constant L; in (F3) can be any constant bigger than M, where s =

max{l+ v, u}, Ti4v, 7, and T are defined in Lemma a1, as are defined in the
proof of Theorem co is defined in (3.1)).

Our main results are the following theorems.

Theorem 1.2. Suppose that (L1)—(L2), (F1)—(F4) are satisfied, and F(t,u) is even
in u. Then system (L.1)) has infinitely many homoclinic solutions.

Theorem 1.3. Suppose that L(t) is positive for all t, and satisfies (L1)—(L2).
Assume that F(t,u) is even in u and

(F5) limyy,—o Flw) — o uniformly fort € R.

Jul

Then system (1.1) has infinitely many homoclinic solutions which converge to zero.
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Remark 1.4. We point out that there are natural functions F(¢,u) satisfying the
conditions of Theorem [1.2] For example,

F(t,u) = ub/Pe=eu’

It is easy to see that, for € > 0 small, F'(¢,u) does not satisfy any of the coercive
conditions for the problem (1.1]) in the above-mentioned papers (c.f. [4, 17, [16]).

2. VARIATIONAL SETTINGS AND PRELIMINARIES

We first recall the variational settings for system .

Denote by A the self-adjoint extension of the operator —(d?/dt?) + L(t) with the
domain D(A) C L? := L*(R,RY). Let E := D(|A|'/?), the domain of |A|'/?, and
define in F the inner product and norm by

(u,0)o = (LA, JA20)3 + (u,0)2, lullo = (u,u)g%,

where, as usual, (-, )y denotes the inner product of L?. Then FE is a Hilbert space.
The following lemma is proved in [4].

Lemma 2.1. If L(t) satisfies condition (L2), then E is compactly embedded in
LP = LP(R,RY) for 1 < p < oo, which implies that there exists a constant 1, > 0
such that

lulp < Tpllullo, Yu € E.

By Lemma the spectrum o(A) consists of only eigenvalues numbered in
A1 < Ay < -+- — oo(counted in their multiplicities) and a corresponding system of
eigenfunctions {e,}, Ae, = Ane,, which forms an orthogonal basis of L?. Assume
that A1,..., s <0, Ay-41 = -+ = Az = 0, and let E~ := span{e,...,e,-},
EY :=span{e,-41,...,en} and ET := span{eni1,...}. Then E=E~ & E°® ET.

We introduce in E the inner product

(u,0) = (|A]"2u, JA[Y?0) + (0, 0%)s

and the norm

lull® = (u, w) = (LA 2ull + 113,
where u = u~ +u’ +ut and v =0v" + 0" + v € E- ® E°® E*. Then || - | and
I |lo are equivalent. From now on, the norm || - || in F will be used. Hereafter, (-,-)

denotes the inner product in E or the pairing between E* and E.

Let X be a Banach space with the norm ||-|| and X = &,cnX; with dim X; < oo,
for any j € N. Set Y, = @leXj and Zp = @52, X;. Consider the following C*-
functional @) : X — R defined by

D (u) := A(u) — AB(u), X €[1,2].
The following variant of the fountain theorem is established in [I9].

Proposition 2.2. Assume that the functional ®) defined above satisfies the fol-
lowing conditions.
(T1) @ maps bounded sets to bounded sets uniformly for X € [1,2], ®(—u) =
Dy (u) for all (M u) €[1,2] x X.
(T2) B(u) >0 for allu € X; B(u) — oo as |u]| — oo in any finite dimensional
subspace of X.
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(T3) There exist px, > 11, > 0 such that

ap(A) = inf ®y(u) >0> Fr(N):=  max  Dy(u), VAe[l,2],
UEZ,||ull=pk u€Y,|Jull=rk
and
(M) = inf Dy (u) — 0, ask — oo uniformly for X € [1,2].

UE Zy,||ul|<pk

Then there exist A, — 1, uy, €Y, such that

@) v, (ur,) =0, @, (ux,) = ne € [€(2), Br(1)],  asn — oo
Particularly, if {ux,} has a convergent subsequence for every k, then ®1 has in-
finitely many nontrivial critical points {ur} C X\{0} satisfying ®1(uy) — 0~ as
k — oo.

We shall use a result from [7]. For this purpose, we first recall the definition of
genus.

Definition 2.3. Let X be a real Banach space and A a subset of X. The set A is
said to be symmetric if u € A implies —u € A. For a closed symmetric set A which
does not contain the origin, we define a genus y(A) of A as the smallest integer k
such that there exists an odd continuous mapping from A to R¥\ {#}. If there does
not exist such a k, we define v(A) = co. Moreover, we set v(f)) = 0. Let I'y denote
the family of closed symmetric subsets A of X such that 0 ¢ A and v(A) > k.

Remark 2.4 ([8,[11]). 1. For any bounded symmetric neighborhood € of the origin
in R™ it holds that v(9€2) = m.

2. Let A, B be closed symmetric subsets of X which do not contain the origin.
If there is an odd continuous mapping from A to B, then y(A4) < v(B).

The following proposition is established in [7].

Proposition 2.5. Let X be an infinite dimensional Banach space and let I €
CY(X,R) satisfy the following two conditions:

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-
Smale condition (PS)
(A2) For each k € N, there exists an Ay, € I'y such that sup,¢ 4, I(u) < 0.

Then I(u) admits a sequence of critical points uy, such that I(ux) <0, up # 60 and

3. PROOFS OF THE MAIN RESULTS
3.1. Proof of Theorem 1.2, By (F1), (F2) and (F4), we obtain
|F(t,u)| < co(lul* + [ul*), V(t,u) € R xRY, (3.1)
for some ¢ > 0. By (F3), there exists a constant dy > 0 such that
d
F(t,u) > 5°|u| >0, VteR, Ly < |ul < Ly + . (3.2)

Let x € C*°(R,R) such that x(y) = 1, if y < L1, x(y) =0, if y > L1 + p and
X'(y) <0,if y € (L1, Ly + dp). Set

G(t,u) = x([u) F(t,u) + %(1 = x([u])|ul.
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Then G € C1(R x RV, R) and G(t,u) > 0 for all (t,u) € R x RY. It is easily seen

that
(Gult,u),w) = x([ul)(Fu(t,w), w) + X (Ju])[ul (F(t,u) - %\UI) + %(1 = x([ul)[ul-

Hence,by (F1), (3.2) and the definition of x, we have
(Gu(t,u),u) < pG(t,u), Y(t,u) € RxRY. (3.3)

Without loss of generality, we assume that dy < 1. Combining (3.1) and (3.2), we
obtain

G(t,u) < 2co(Jul'T + |ul*), Y(t,u) € R x RY, (3.4)
and

d
G(t,u) > 50\14 >0, VteR, |ul> L. (3.5)
Let

p(u) = %/R(\UF + (L(t)u,u))dt — /RG(t,u) dt

= L= e -
= gl =gl = [ Gty
= o1(w) + p2(v)

where ¢1(u) = §|lut|| = 3[u”[?, @2(u) = [z G(t,u)dt for u=u" +u’+u" € E.

By [], we have the following lemma.

Lemma 3.1. Suppose that (L1)-(L2), (F1)-(F4) are satisfied. Then py € C1(E,R)
and 4 : E — E* is compact. Moreover,

(h(u),v) = / (Gt ), v) dt,
(¢ (w),v) = (w0 — (w07 - / (Gult,u),v) dt

R
forallu,v e E=E"@E'®Et withu=u"4+u’+ut andv=v" +0° +o7.
Correspondingly, the nontrivial critical points of ¢ in E are the homoclinic solutions
of the system

i — L(tyu+ Gu(t,u) =0, VteR. (3.6)
To prove Theorem [1.2] using Proposition we define the functionals
1 1. _
A = 3117, B = S P+ [ Gt dr .7)
L2 Lo 2
@a(w) = Alw) = AB(w) = 5l P = A(Glum P+ [ Gl dt)  (38)

foralu=u"4+u+ut € E=E-®E°® E* and X € [1,2].
By the similar arguments as in [I7], we obtain the following two Lemmas. For
the completeness of this paper we will give their proofs.

Lemma 3.2. Suppose that (F1)—(F3) are satisfied. Then B(u) > 0 for allu € E
and B(u) — o0 as ||u]| — oo in any finite-dimensional subspace of E.
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Proof. By G(t,u) > 0 and (3.7)), we have B(u) > 0. For any finite-dimensional
subspace Ey C E, there exists a constant € > 0 such that

m({t € R: |u(t)| = ellull}) =&, Vue Eo\{0}, (3.9)

where m(-) denotes the Lebesgue measure in R. The proof of the claim is stan-
dard(e.g. see [I7, [I5]). Let

Au={tER:u(®)] > elul}, Vue B\ {6},
where ¢ is given in . Then

m(A,) > ¢, Yu € Egp \ {6} (3.10)
Combining with and (3.10), for any u € Ey with [|u|| > Lo /e, we have

Blu) = %||u_||2+/RG(t,u) dt

> / G(t,u) dt
Ay

d
2/ Oyl at
A 2

u

> doelul| - m(Aw)/2
> doe®||ull/2.

This implies that B(u) — oo as ||u|| — oo in any finite-dimensional subspace of
FEy C E. The proof is completed. [l

Lemma 3.3. Suppose that (L2), (F1)-(F4) are satisfied. Then there exist a positive
integer k1 and two sequences 0 < 1y, < p, — 0 as k — oo such that

Ozk()\) = inf <I>)\(u) > 0, Vk > kl,
UE Zs [lull=px
(M) = inf ®y\(u) = 0 as k — oo uniformly for A € [1,2],

u€Zp,|lull <p
Brk(A) == max P,(u) <0, VkeN,
u€Yy,||lull=r
where Yy, = @?:1 X; = spanfeq,...,ex} and Z), = @j2, X; = span{es, ...} for
all k € N.

Proof. Let ly = supy,cz, ju|=1 lulifv,Vk € N. Then I, — 0 as k — oo (cf.[I4
Lemma 3.8]). Choose k large enough such that Z, C E*. Noticing (F2) and
F(t,u) = G(t,u) as |u| < Ry, we have G(t,u) < c1|u['™ for |u| < R;. Therefore,
for any u € Zj, with ||u|] < Ry /7o, we have

1 1
Ba(w) 2 50l ~ 2 [ Gltu) dt = g Jull - 2ealul.
R

Set pj, = (SCllk)ﬁ. There exists a positive k1 > 7o + 1 such that py < Ry /7o for
all k > ky. Thus, for any k > k;, we have

ag(A) = inf ®y(u) > p2/4> 0.
u€Zy,||lull=px

Noticing that ®,(0) = 0, we have
0>

inf ) > 201 1kpV Y, Yk > k.
UGZkl,ﬁ“HSPk A(U)_ ALl =M
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Thus,

(M) = inf ®y(u) — 0 as k — oo uniformly for A € [1,2].
UEZp,|lull<pr
Since dim Y}, < oo, there exists a constant Cj, > 0 such that |u|, > Ci|u||, Yu €
Y. By (F1) and (F4), for any k¥ € N and |u| < 1, we have G(t,u) > blu|*. For any
k € N and for all u € Y}, with |jul| < 7., we have

1
By () < 7Hu+||2—/G(t,u) dt
2 R

< 5 llull® = blul,

]

2
1

< slull® = 0C ull#, v € [1,2).

Hence, for 0 < rj, < min{pg, 7}, (QQCg)ﬁ}, we have
Br(A) ;= max  P,(u) <0, VkeN.

UEYk, || ul|=rk

The proof is complete. O

Proof of Theorem[I.3. By F(t,u) = F(t,—u) and the definition of G(¢,u), we ob-
tain that ®x(—u) = ®x(u) for all (\,u) € [1,2] x E. By Lemma 2.1 and (3.4),
we know that ®, maps bounded sets to bounded sets uniformly for A € [1,2].
Combining with Lemmas [3:23.3] and Proposition 2.2] for each k > k; there exist
An — 1, u’f\ €Y, such that

@ Iy, (uf,) =0, ®x,(u},) = 1 € [€(2), Bu(1)], asn— co. (3.11)

Next we will prove that {u’f\} is bounded and possesses a strong convergent
subsequence in E. By Proposition we will get infinitely many nontrivial critical
points of ¢ := ®;. That is, we will get infinitely many homoclinic solutions of
system (3.6). By noting that F(t,u) = G(t,u) for |[u| < Ly, our proof will be
finished if we can find an upper bound M (# o) of |u|w independent of L;. For
the notational simplicity, we set u,, = u’f\n forallne N, k> k.

Now we prove that {u,} is bounded in E. By Lemma[3.3] there exists k> > 0 such
that |¢,(A)| < 1 for k > ko. By (3.11), there exists ng € N such that |®y, (u,)| < 2
for n > ng and k > max{ki, ko}. By (F1), (F3) and (3.5), we have

2> 7(1))\71 (un)

1
= §(bl/\n

> An /Q [G(t,un) - %(Gu(t,un),un> dt

v, (un)un — @y, (un)

9 _
ZM/ G(t, un) dt
2 Q,
9 _
ZM/ lup| dt, Vn €N,
4 Q,

where Q,, := {t € R : |u,(t)| > Lo}. Consequently,

8

n
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For any n € N, define w, : R — R by
, teQ,

wn = {0, td Q.

Noticing that dim E~ @ E° < oo and dim E~ < o0, by the equivalence of the norms
in finite-dimensional spaces, there exist two constants a1, as > 0 such that

[y, +unlt < arlug, +ugla, Jup, + uploe < arfuy, +upla, (3.13)
lum +upll < alug +uple, (3.14)
g [1 < azfug f2, [ug oo < azfuy |2, (3.15)
un || < azluy, |2 (3.16)
By Lemma and the Hélder inequality, we have
[t + |3 = (g, + i, )2
= (u, + u?w (1 —wp)un)2 + (u, + Ugawnun)2
< (1 = wn)tn|oo iy, +up |1 + [wnttn]1|uy, +up oo
<a (LO + ﬁ)m; +ully, Vn €N, n>ng.
By , we obtain that
lu,, +ul|| < a? (LO + L), Vn € N. (3.17)
do(2 = p)
Similarly, by Lemma and the Holder inequality, we have
lu, || < a3 (Lo + ﬁ), Yn e N, n > nyg. (3.18)

Without loss of generality, we assume that ||u,| > 1. Then by Lemma (3.4)
(3.17) and (3.18)), for all n € N, n > ng, we obtain

lun* = Nl 7 + llum + unl|?

=20, (un) + Anluy [I” + [y, +u2|l2+2An/G(t,un) dt
R

2
<4+ (af +2a3) (Lo + )+ Bealrltuall 7 o )

do(2 —p

2
< (4+ (at +20) (Lo + )"+ Searity + 8cartt ) lunll”,

8
do(2 — p)
where s = max{1 + v, u}. By noting that 1 < u < 2 and % <wv <1, we have

1
53—

2
lunll < (4 (ot + 2a8) (Lo + t8eority +8ert) T, (319

=
do(2 — p)
where the constant does not depend on L;.
Since F is embedded compactly into LP for 1 < p < oo, by a standard argument,
we obtain that {u,}72; possesses a strong convergent subsequence in E for each
k > max{k1, k2}. Hence, by Proposition system (3.6)) possesses infinitely many
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homoclinic solutions. By Lemma and (3.11)), we know that @, (uf ) is bounded
uniformly for V& > max{ky, k2}. Set

—s

M = 7o (4 + (a} +243) (Lo + + 8cor Y+ 8027u)

=)

By we obtain |[u*| < M, Yk > max{ky, ks }, where u* is the limit of {uf}> ;.
Therefore, there exists a constant M > 0 independent of L; such that |u¥|,, <
M, Yk > max{ky, ka}. Combining this with F(t,u) = G(t,u) for |u| < Ly, we
know that system possesses infinitely many homoclinic solutions if Ly > M.
The proof is complete. O

Proof of Theorem[I.3 Let My > 0, and let x € C*°(R,R) and C' > 0 be such that
x(y) =1, if y < Mo; x(y) =0, if y > Mo+ 1; and [x'(y)| < C, if y € (Mo, Mo +1).
Set
G(t,u) = x(Jul) F(t, u) + [u|(1 = x(|ul]))- (3:20)
Then G € C*(R x RY R) and
|G(t,u)| < as(1+ |u]),

for some a3 > 0. Let
ﬂwzlfmﬁ+@mmww—/awmw
2 R R

Then ¢ € C*(E,R) and the nontrivial critical points of ¢ in E are the homoclinic
solutions of system

i — L(t)u + Gyu(t,u) =0, ¥YteR. (3.21)
Let

wl) = 5 [ (P + 0wt = x(ul) [ Gt.uar
= 5l = (b | Gt

Then, ¢ € C'(E,R). For [Jul| > 75.' (Mo +1), we have 1 (u) = 3 ||ul|?, which implies
that ¥ (u) — oo as |jul]| — oco. Hence ¢ is coercive on E. Then t(u) is bounded
from below and, by noticing Lemma it satisfies the (PS) condition. By ,
it is easy to see that ¢ (u) is even and ¢(6) = 0. This shows that (A;) holds. By
(F4), for any & > 0, there exists § > 0, such that F(¢t,u) > e '|ul?, |u| < J. For
any given k, let Fj, := span{ey,...,er}. Then there exists a constant 7 such that
lula > ng||lu|| for u € Ey. Therefore, for any u € Ej, with

lul| =p < min{To_olMo, 70_0157 25_177k}7

where ¢ is small enough, we have
1
() = 3llul? = x(lu)) | Gt

1
< Sllull® = e gl < 0.

Then A := {u € E; : |Ju]| = p} C {u € X : ¥(u) < 0}. By Remark 2.4] we
have that v(4) = k and y({u € X : ¢¥(u) < 0}) > v(A) = k. Setting A =
{u e X :4p(u) < 0}, then Ay € Ty and sup,cp, ¥(u ) < 0. This shows that (A2)
holds. Hence, by Proposition we obtain that ¥ admits a sequence of nontrivial
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solutions {ug} such that limp_ o, ur = 6. Then there exists k; > 0 such that
lugl| < 7 1Mo for k > ky. Since ¢ = 1 for |u| < My, we know that @ possesses
infinitely many nontrivial nontrivial critical points {u} for k& > k1. Therefore,
possesses infinitely many nontrivial solutions. That is, system has
infinitely many solutions by noting that F(t,u) = G(¢,u) for |u| < My. The proof
is completed. ([
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