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SCATTERING FOR WAVE EQUATIONS WITH DISSIPATIVE
TERMS IN LAYERED MEDIA

MITSUTERU KADOWAKI, HIDEO NAKAZAWA, KAZUO WATANABE

ABSTRACT. In this article, we show the existence of scattering solutions to
wave equations with dissipative terms in layered media. To analyze the wave
propagation in layered media, it is necessary to handle singular points called
thresholds in the spectrum. Our main tools are Kato’s smooth perturbation
theory and some approximate operators.

1. INTRODUCTION

In this article, we study the wave propagation in Q (layered media), expressed
as
Q={(z,y): € R, 0 <y <7},

where N € N is a fixed number.
We consider wave equations with dissipative terms:

Oful,y, 1) + bz, y)0u(,y,t) — Mu(z,y,t) =0, (2,9,1) € 2 x [0,00),
w(x,0,t) = u(z,m,t) =0, (z,t) € RV x[0,00),
where 9, = 9/0t, A = 9%/02% + 0% /023 + - - - + 9% /02%, + 02 /0y?, and b(z,y) is a

measurable non-negative function that decays as |z| — oo.
We consider (1.1) as a perturbed system for

OPu(z,y,t) — Au(z,y,t) =0, (x,y,t) € Q x (=00, 00),
u(z,0,t) = u(x,m,t) =0, (x,t)€RY x (—o0,00).

(1.1)

(1.2)

The primary purpose of the present paper is to show the existence of scattering
solutions for b(z,y) under the following conditions (cf. Mochizuki-Nakazawa [10]):
For bg > 0, 6 € (0,1], and m € NU {0},

0 < b(z,y) < bo( ﬁ log™ (e, + r))il(log[m] (em + r))_é, (1.3)
k=0
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where r = |z| and
co=1, em=c1 log®s=s logl™s=1loglog™ s (m>1).
For instance, if m = 0, then is expressed as
0 < b(a,y) < bo(1+ )17, (1.4)

Moreover, it can be easily observed that

/ (H log") (e, + 1 ) 1(10g[m](6m +r))_5dr < .

Hence, (|1.3) represents the short-range condition.
To explain the thresholds, we define a self-adjoint operator, Lo, in L?(Q2) by

Lou = —Au, D(Lo)={uc H}(Q): Au € L*(Q)}.
For z ¢ R, we put R(z) = (Lo — 22)~!. Then we have

(RE ) = 2> sinny [ Csinny (ra(2)) @)y, (15)

for ¢ € C§°(Q2), where r,(z) = (—A, — (z2 —n?))"land A, = Zjvzl 0 /023
Therefore, o(Lg) = 04c(Lo) = U, [n? ) [12,00). The operator 7,(z) (and
accordingly R(z)) has singularity at 22 =n2. {n?},en are called the thresholds of
Lo.
The solution of (|1.2)) is represented by the superposition of several modes; that
is, the solution u of (1.2)) is represented as

u(z,y,t) Zun x,t) sinny,

where u,(x,t) is the solution of
O2up(2,t) — Agtiy (2, 1) + n2up(z,t) =0, (z,t) € RY x (—oo oo).

To explain the main results, we put f(¢) = {(u(t), Oyu(t)). Then and (1.2)
can be expressed as

O f(t) = —iAf(t) and O, f(t) = —iAof (),

(0 1 0 0
wi(§ D) = (0,0 »
and A = Ay — iB.

Let V = (0/0z1,0/0x2,0/0x3, . ..,0/0zN,d/dy) and HE () be the completion
of C§°(€2) with respect to ||V f|lr2(q). Let H = Hg(€2) x L?(£2) be the Hilbert space
with the inner product

1.0) = [ (Vi) Fonlann) + fato)ale ) do s

where f =% f1, f2) and g = (g1, g2). The norm of H is denoted by || - ||.
We define the domains of A and Ag as

D(A) = ={f="f.f2) eH: Afi € LX), fo € Hy(Q)}.

where
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Ay is self-adjoint, and hence, U(t) = e~"40 (t € R) is unitary. Moreover, —iA
generates a contraction semi-group V(¢), t > 0; see Reed-Simon [I4], Theorem X-
50].

We have o(Ag) = dac(Ao) = UL (—00,—n] U [n,00) = (—o0, —1] U [1,00) (cf.
Proposition . {£n}nen are called the thresholds of Ag.

The main result of this paper can be stated as follows.

Theorem 1.1. Let us assume (1.3). Then for the above defined Ag and A, it holds
that

(1) A has no real eigenvalues.
(2) The wave operator
W=s-— tlim U(—-t)V(t)

exists. Moreover, W is not zero as an operator in 'H.

Corollary 1.2. There exist non-trivial initial data f € D(A) and f+ € D(Ap)
such that

Jim [V()f — U(t)f ] = 0. (L.7)

If V(¢t)f satisfies (1.7), then V (¢)f is called the scattering solution to df(t) =
—iAf(t), f(0) € D(A). The proof of Corollary [[.2]is obtained in the same manner
as in Kadowaki [5, Corollary 2]; hence, it is omitted here.

Remark 1.3. When we assume the Neumann conditions instead of the Dirichlet
conditions, we can obtain the same results as in Theorem [T.1]

Spectral analysis near the thresholds on layered media has been performed by
several authors (e.g., Sveshnikov [19], [20], Werner [2I], and Ramm-Werner [I13]).
In [20], it has been proved that the limiting absorption principle does not hold at
the thresholds in the case of N = 1. In [I3], it has been shown that the limiting
amplitude principle does not hold at the thresholds for N = 1,2 but holds N > 3.

In the cases of other media, the existence of the thresholds is known. For ex-
ample, Ben-Artzi [3] and Weder [22], [23] have derived the limiting absorption
principle at the thresholds on inhomogeneous layered media in R? and stratified
media, respectively.

Wave equations with dissipative terms have been studied by Mochizuki [§] and
Kadowaki [B]. In []], the existence of scattering solutions has been shown for wave
equations in RN, N # 2 (for N = 2, see Nakazawa [I1]). The above proof was based
on Kato’s smooth perturbation theory (Kato [6]). In [5], the same problem was dealt
with for stratified media. In that proof, in addition to the concept employed in [§],
an approximate operator employed by Simon [I8] and the well-known properties of
compact operators have been used.

In [I8], (H — i)~2H has been used as an approximate operator, where H is the
Schrodinger operator with absorption (non-self-adjoint operator). Concretely, in
that study, the set

{(H—1i)"2Hv:v e D(H)N (LA RV){}

was proven to be dense in (L?(R™));, where (L2(RY)), is the space generated by
the eigenvector of H with real eigenvalues. The reason for using the approximate
operator is as follows. For the spectral analysis of non-self-adjoint operators, it is
difficult to use localized method for the spectrum because the spectral resolution
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theory for non-self-adjoint operators has not been established yet. Even if W(\)
belongs to C§°(R), it is difficult to define W(H). Hence, an approximate operator
was used instead of W(H).

We will prove Theorem using the concept employed in [8] and [5]. The
existence of the thresholds makes the proof difficult. To eliminate the difficulty, we
use vV B(A% — n?)(Ag —i)~2. This operator plays an important role in the proof
(see section 2 (A3) and section 3 ). In addition, we use approximate operators of
Simon’s type: [[h_, (A% — k?)(A —i)~!, where [ = 1,2 (see Lemma and the
proofs for Lemma and Theorem [2.3)).

There are several other results on scattering problems for dissipative wave (hy-
perbolic) equations (e.g., Mochizuki-Nakazawa [10], Petkov [12], etc.). However,
there are no results for dissipative wave equations in layered media.

Before concluding this section, we will briefly explain the contents of the present
paper. In section 2, we will describe an abstract result (Theorem and provide
its proof. In section 3, we will prove Theorem by applying Theorem In
section 4, we will provide a resolvent estimate. In section 5, we will consider the
case where b(xz,y) satisfies (5.1). Hence, we will be able to show that the total
energy of all solutions of ecays (i.e., has only dissipative solutions).

2. ABSTRACT RESULT

To prove Theorem we prepare an abstract theorem (Theorem [2.3)).

Let H be a separable Hilbert space with the inner product (-, ) and the norm
|| - ||. Let A be a linear operator in H, and let H,; be the space generated by the
eigenvector of A with real eigenvalues. We assume that —i A generates a contraction
semi-group V(t) (¢t > 0).

In order to conduct a density argument, we prepare subspaces of Simon’s type.

Lemma 2.1. Let l,p € N. Let aj,09,a3,...,a, € R be a finite sequence. Then
the set

o= {[JA-an{a-0™)r:fen)
k=1

is dense in H,f‘.
Proof. Let o € R. Using the same approach as that used by Petkov [12] Lemma
1.1.6], we can prove that the set

0o = {(A—a){(A~i)"}'f: f e D(A)NHy}
is dense in Hﬁ-. We use

Qo= {(A—a){(A-)7}f: fenry}

Then since &, C D, Dy is also dense in Hbl. Thus, repeating the density argument
for ®g, we observe that ® is also dense in 'HbL. O

Remark 2.2. If A is a self-adjoint operator, then the same assertion as that used
in Lemma 2.1 remains true when (A —i)~! is replaced by (A + i)~

Let Ag and B be self-adjoint operators in H. Let E()\) be the spectral family
of Ay and {U(t)}ser be the unitary group {e~"40},cr. We assume the following
three conditions:

(A1) o(Ap) = 04c(Ag) = (—00, —m] U [m, 00) for some m > 0;
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(A2) B is nonnegative and Ag-compact;
(A3) There exists a sequence: m = a3 < ag < ag < --- < a, < ... such that
lim,, .o a, = 00, and

\/EFn(AO)Ean,anH(AO)
is Ag-smooth, where E, 3(A) = E((—f, —a) U (o, ) for 0 < a < § and
Fo) ={(A = an) A=) THA + an) A =) 7 = (W —ap)(A =) 72

In this article, we define a bounded operator K to be Ag-smooth (Kato [6]) if
there exists a positive constant C' such that

[ Ixvysii < el
for any f € H (cf. Reed -Simon [I5, p. 144, Lemma 2]). By (A2), —i(4g — iB)
generates a contraction semigroup (see [I4, Theorem X-50]).

Theorem 2.3. Assume (Al), (A2), (A3). Let A = Ay — iB. Then the assertion
is in Theorem [I1] holds.

To prove the above theorem, we first find the following relations.

t
VOSE+2 [ VBV P = 7P (2.1)
for f € D(A). Next, implies
| WBV@ R < S (22)
for f € D(A). We use
W(t)=U(=t)V(t), Fn(Ag) = H {(A0),  En(Ao) =Y Fa,.ay,, (Ao).
j=1 j=1

Next, we prepare the following two lemmas.

Lemma 2.4. Let f € H. Then for every n € N,

lim | E (Ao) En (Ao) (W (1) — W(s))fI| = 0.

s,t—o00

Proof. Put My, = supycg |Fi(A\)|. For any € > 0, there exists h € D(A) such that

9
If = Al <

T (2.3)

Since

[F(Ao) En(Ag) (W (t) — W (s))h||
<> | T MilFu(Ao) Eay arr (A0) (W (E) = W (s))h],
it is sufficient to show that

Hm |[Fy.(Ao) Eayarp: (Ao) (W (E) = W(s))h] = 0 (2.4)

s,t—00
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for k =1,2,3...,n. Indeed, it follows from (2.3) and (2.4) that
lim sup [ (Ao) En(Ao) (W (1) = W(s)) fI| < 2e.

Thus, we obtain the desired result.

Now, we prove . This is proven using the same approach as that used in
Mochizuki []]. Hence, we provide a brief overview of the proof. Let g € H. Using
the equality

(F(Ao) Eup s (Ao) (W () — W(s))hsg)
— / (VBV ()b, VBU(7) Fi( Ay) Eay o, (Ao)g) dr

together with (A3) and (2.2)), we obtain (2.4)). O
Lemma 2.5. Let f € H. Then w —lim;_,o V() f = 0.
Proof. Let g € H. For any € > 0, there exists h € H such that

lg — F1(Ao)(Ao +8) || < m

by Lemma [2.1] (and Remark for | =2 and a3 = a1 and @y = —ay. For € and
h, there exists n € N such that

(2.5)

3

sup |F1( NN +140)7? < . (2.6)
\)\|>an+1 Hf””hH
Moreover, for €, h, and n, there exists ¢ € H such that
L €
[h— || Fr(Ao)ell < (2.7)
11 M| £

k=2

by Lemma (and Remark for l =1 and a1 = ag, g = —aq, a3 = ag,
ag = —ag ..., My =supyeg |Fi()\)|.

Let f € H and 7 > 0. Using the values of h, ¢, and n, we decompose (W (t) —
W(s))f,U(—7)g) into four parts:

(W)= W) U(-7)g) = > Ii(s,1),

where

Li(s,t) = (W(t) = W(s)) £, U(=7)(g — F1(Ao) (Ao +1)"*h)),

Iy(s,t) = (W(t) = W(s))J, U(=7)(Ia — Bu(A0))F1(Ao) (Ao + ) 2h)),
Iy(s,8) = (Ao — )2 Eu(A0) L (A0) (W(t) — W(s)) £, U(=7)(h — [ Fu(Ao)e)).
k=2

Li(s,1) = (Ao — 0) > En(Ao) Fu (Ao) (W () = W(s) £, U (=7)¢).
By , , and , we have
(1 (s, 8) + [I2(s, t)] + [I3(s, )] < Ge.
Hence, we have

{(W(t) = W (s)) [, U(=7)g9)| < 66 + [|(EnFr) (A0) (W (t) = W(s))fllllell - (2:8)
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uniformly for 7 > 0. Put 7 = 0 in (2.8). Then Lemma 2.4 implies that
limsup [((W(t) — W(s))f, )| < Ge.

Since g € H is arbitrary, there exists f; € H such that
w— tlim W) f=fs.
Now, we return to (2.8). It is noted that fJ(rn) = 5 — limy_ oo (EnF) (Ag)W (s) f
exists by Lemma Thus, we have
(W) = fr,U(=7)g)| < 62 + [[(EnFn) (Ao)W (1) f — £l
in (2.8)) as s — oc.
Substituting 7 = ¢, we have
(V) = U frr9)] < 62+ [[(BnF) ()W () f = 1l l1o]l-

Further, as t — oo, we have

limsup [(V (1) f = U(t) f+,9)| < Ge.

t—o0

Since w — limy_, oo U(t) f+ = 0 by (A1), we have
limsup [(V/(£) f, g)| < Ge.

t—o0
Thus, the proof is complete. ([
As an immediate consequence of Lemma we see that
op(A)NR =0, (2.9)

whose proof can be found in Kadowaki [5].

Proof of Theorem[2.3 By Lemma and , the set
{(A-—a){(A-9)"}Yf: feH}
is dense in H. We use
Fi(A) = {(A = ax)(A =) H(A+ ar)(A - )71}
Let f € H. Then for any € > 0, there exists g € H such that
If = Fr(A{(A =)~ FPgl < e (2.10)

by Lemma [2:1] for [ = 2 and oy = a1 and as = —a;.
For € and g, there exists n € N such that

sup  [FL ()N =) 7% <¢/lgll- (2.11)

[AI>an41

Moreover, for €, g and n, there exists ¢ € H such that

" €
— Fi.(A — 2.12
llg ;Bz i ( )80||<M1 (212)
by Lemma 2.1} for I = 1 and oy = ag, as = —ag, a3 = a3z, a4 = —as, ...,

My = supyeg [F1(A)]-
Using g, ¢ and n, we decompose (W (t) — W (s))f into eight parts:
8
(W(t) = W(s)f =D Jjls.t),

Jj=1
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where
Ji(s,t) = (W(t) = W(s))(f = Fr(A){(A - i)~ '}g),
Jo(s,1) = U(=t) [FL(A){(A =)'} = Fi(Ao)(Ag — 1) 2] V(¢
J3(s,t) = =U(—s) [ L(A){(A—i)71? — Fi(Ao) (Ao — i) %] V( )g,
Ja(s,t) = (I — En(Ao)) Fi(Ag) (Ao — i) 2 (W (t) — W(s))g,
Jo(s,1) = (Ao = ) 2 Ea(A) Fu(A)(W (1) = W () (9 = [T Fe(4)e),
k=2
Jo(5,8) = (Ag — 0)"2En(Ag) Fy (Ag)U (H R4 - I Fk(AO))V(W
k=2
Jr(s,8) = —(Ag — 0)"2En(Ao) Fy (Ag)U (H R4 -] Fk(A0)>V s
k=2

Ts(s,1) = (Ao = 1) 2 En(A0) Fn(Ao) (W (1) = W(s))g.
Then (2.10)), (2.11)) and (2.12) imply
[J1(s; )|+ [[Ja(s, Ol + [ J5 (s, )| < Be.

From (A2), we find that Fy(A){(A—i)"'}? — F1(Ao)(Ao —i) 2 and [[,_, Fi(A) —
15—, Fr(Ap) are compact operators. Thus, using Lemma we have

i (1756500 =0,

where j = 2,3,6,7. Lemma [2.4] implies that
tim_ (5.8 = .

Therefore, we have
limsup [[(W(t) — W (s)) f]| < 6e.

s,t—o00
This indicates the existence of .
Finally, we show that W # 0 using the same argument as that used in [§], section
2. We assume that W = 0; i.e.,

Jim [[V(5)f]) =0

for any f € H. Then using the same argument as that used in [5], section 3, it
follows that

1 [ 1/2

G < IAINE) - G+ 171(5 [ IVBU@G U fFar)

(2.13)
where G(\) = (A —i)~L.

Let n € N. For any «,d’,3, and 3 satisfying a, < a < o < ' < 8 <
(nt1, we consider ¢, g(A) € Cg°(R), 0 < ¢, < 1 such that ¢, g has support in
(=8, —a) U (o, B) and that ¢4 3 =1 on [-3', —a/|U [«/, 5]

We put f = U(s)a,s(Ao)g for any g € H. Hence, it follows from that

G (AN s(Ao)gl” < IFING(A) — G A0))U (5} Ao)e]
(3 [ IVBUOGA0 b s(A0glPr)
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Next, (A1) and (A2) imply
Tim [[(G(A) — G(A)U(s)a,5(A0)g]| = 0.

Since G(Ag)Fn(Ao) ™ a,5(Ao) is bounded, vVBG(Ag)ta,5(Ag) is Ag-smooth by
(A3). This implies

lim [ |[VBU(t)G(Ao)va,s(Ao)gl*dt = 0.

§—00

Therefore, we obtain ¥, 3(Ag)g = 0. Using E({+xa,}) = E({£an+1}) = 0 and the
decomposition of the identity on (—an+1, —an) U (apn, ant1), we have g = 0. This
is a contradiction. (]

3. PrROOF OF THEOREM [I.1]

In this section, we will show that Ay and B defined in section 1 satisfy (Al),
(A2), and (A3) in section 2. (A2) is obtained from Rellich’s theorem. (Al) is
discussed as follows.

Proposition 3.1. For Ay defined in section 1, (A1) is satisfied for m = 1:
U(AO) = Jac(AO) = (_OO, _1] U []., OO)

w5 (% )

Hence, Tj is a unitary operator from H = Hy(Q) x L*(R2) onto L*(Q2) x L*(Q). Put
_ VLo 0
BozTvoTolz(O VL)

Ap and By are unitary equivalent. As mentioned in section 1, since o(Lg) =
0ac(Lo) = [12,00), we have

o(By) = Uac(BO) = (_OO> _1] U [17 OO)

Proof. We put

Thus the proof is complete. O

To discuss (A3), we first give the following definitions. We define weighted L?-
spaces in the form

T, (BY) = (o) [ | Wouf(@)Pde < o0},

BB = (7@ [ W )P < o)
where
Vi = (T8 en + 1)~ og™ ey, + b))~
k=0

for the same m as in .

For the Hilbert space £, we denote the inner product, the norm, and the operator
norm from & to € by (-,-)e, || - [le, and || - [|5(¢), respectively. If &€ = H defined in
section 1, then we omit the suffix H.
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Lemma 3.2. Let n € N. Then for every A € (—oo, —n) U (n,00), there exist limits
rn(A £1i0) € B(Lf,_l(RN),LQYm (RM)) such that

(rn (A £1i0)You, Yo v) p2myy = Eg(rn(z)Ymu, Ymv) L2 @ny, (3.1)

for any u,v € L2(RN), where z = X\ ik with k > 0. Moreover, there ezxists a
positive constant C' such that

Yo7 (A £00) Yo || 5p2@ny) < CIA? — 0?12 (3.2)
where C' is independent of .

The above lemma will be proved in section 4. Using this lemma, we demonstrate
the following proposition.

Proposition 3.3. Letn € N and ¢ € (0,1); further, let f € H. Then the following
is observed:

(1) For any A € (—n —e,—n) U (n,n +¢€), there exists a positive constant C1,
independent of \, such that

LIBOWBII? < ¥ — )2 1|2

(2) Forany A € (—n—1,—n—e)U(n+¢e,n+1), there exists a positive constant
Cy, independent of A, such that

LIBQWVESI? < ol
Proof. Put p(z) = R(z) — R(Z) with z = A+ ik, k > 0, and
(p(N)p % Z sin ky /7T sin ky' ((ri (A +40) — rg(X — i0))p) (z, y')dy/,
for ¢ € C§°(Q2). Therefore, by Lemma [3.2]
lim{(p(2) = p(A)Ymtt, Yimv) 2wy = 0
holds for any u,v € L2(RN). Let f € H. Using
LNEOWBSI? = 5=({(A0 — (A +i0) ™" — (A9 — (A —i0)) " }B/,VEY)
and
({(40 = (A +1i0)) ™" = (Ao — (A = i0)) ' }VBS, VBS) = Mp(A)Vbf2, Vbfa) 120,
we have
LNEOWBSI? = s MVEp Wb, fo)ree. (33)

To show (1) and (2), we estimate ||\fp( )\[HB(LQ(Q . Applying Parseval’s identity
to the Fourier series, the Schwarz inequality, and (1.3), we have

IVop M VBI[B L2y < C D 1Yo (ri(A +0) = r(X = i0)) Yo | B 2
=1
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for some positive constant C'. Hence, we only have to estimate the right-hand side
of the above inequality. By (3.2)), there exists a positive constant C, independent
of A, such that

Z 1Yo (rie (A +30) — 7 (A — io))Ym”?s(m(RN))
k=1
1

[ Yo (e (X +40) = 71 (A = 0)) Yo |12
1

+ [V (rn (A +40) = 7 (X = i0)) Yo B2 mvy)
1(1 + ‘)\2 — n2|_1).
for any A € (—n —¢&,—n) U (n,n +¢).
For any A € (—n —1,—n —¢) U (n+¢&,n + 1), there exists a positive constant
Cs, independent of A, such that

S
|

b
I

Z HYm(rk()\ + ZO) — Tk()\ — ZO))YMH%(L?(RN)) < 62.

k=1
Thus,
CiIN2 —n?|712 ifn < |A <n+e
Vp(A\) Vb < Z ’
IVopX) Vbliszz ) Cy ifn+e<|A<n+1
This together with (3.3]) prove (1) and (2). O

Proof of (A3). From Proposition we may put a, = n. We take ¢ € (0,1).
Substitute z = p + ix for K > 0 and K.(n) = VBF,(A¢)Epnie(A). Tt follows
from the well-known formula

(e )" )
() [ G- 00— A BB i

Thus, using Proposition (1) and the well-known identity
> K
—————d\ =
e

sup  [Im((Ao — 2) T K (n)"f, K=(n)" )] < C| f”
Im z#£0,feH
for some C > 0. This implies that K.(n) = \/EFR(AO)Emn_,_E(AO) is Ag-smooth
(cf. Kato [6] or Reed-Simon [15]).

By Proposition (2), we can show that v/BE, . nt1(Ap) is Ag—smooth in
the same manner as that mentioned above. Since F),(Ay) is bounded, the operator
VBF,(A0)Enieni1(Ap) is also Ag—smooth. Thus vVBF,(Ag)E,.nyi1(Ag) is Ao-
smooth because of E({£(n+¢)}) =0 (0,(A4g) = 0). O

we have

Remark 3.4. From [5, Proposition 3.5] and [I7, Lemma 5], the following state-
ments are obtained.
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(1) Let N > 3 and s > 1. Then for any A € (—n — 1,—n) U (n,n + 1), there
exists a positive constant C, independent of A, such that

| Zsrn (A £140) Zs | g(r2@ry) < C,

where Z, = (1 + |z|?)~*/2.
(2) Let s > 1. Then for any A € (—n—1, —n)U(n,n+1), there exists a positive
constant C, independent of A, such that

| Zs{rn(A+1i0) — rp (A — io)}Zs||B(L2(R2)) < C.

Thus, assuming (1.4) with § > 1 (if N > 3) and § > 1 (if N = 2), we need not
insert F,,(Ap) in assumption (A3).

Proof. We omit the proof of (1), refer to [5], and provide a brief sketch of the proof
of (2). Put

Bo(V22 )&/, 2) = LH (VN2 =Pl — ') = SHy (VN2 =z — ') = &

where H are the Hankel functions of order zero with Hy = Higr. Let g € C5°(R?).
By [17, Lemma 5], for any ¢ > 0, there exists a C' > 0 such that

|Eo(VA2 — k2) (2, )| < C(A2 — k?)*/2|2’ — z)°.
In addition, using

(3 +10) == 10))@) = [ (5 + B(/R =)' Jgla' )

we obtain the desired estimate. O

Remark 3.5. In the case of N = 1, for n € N, we provide a concrete example
of BE((n,n + 1)), which is not Ag-smooth. We put b(z,y) = Xx(0,r)(z) and f =
0, X(0,r) () sinny). Then we have

sup |Tm((Ag — (n — ir)) "' E((n,n + 1))VBf, E((n,n + 1))VBf)| = 00

Indeed, since Green’s function of r,(z) is

¢ otVZZ—nZlz|
b)
2v/22 —n?

where Im /22 — n? > 0. By (3.3)), we have

/N2 —n2

(D) V¥ =2

sin

BOWEBSE =
SNBEOWESP =T
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Therefore, we can obtain the estimate
2Im((Ag — (n —ix)) " E((n,n + 1))VBf, E((n,n + 1))VBf)|
— |(B((mn + D)V,
{(Ao = (n +ir)) ™" = (Ao = (n = ir)) "} E((n,n + 1))VBS)|
ntl 2K sin? ‘/ﬂﬁ A
/n (A =n)2 + K2 (@W)z V2 _ 2

n+1
K 1
>
200 [ G v

for some C > 0. Integrating by parts and using Fatou’s lemma, we have

dX

d\ = 00

lim inf

n+1 K 1
d\ > "
K—0 /n (A=n)2+r2/X2—n2 —2m / _n2)%
Therefore, vVVBE((n,n + 1)) is not Ag-smooth.

4. PROOF OF LEMMA

Without loss of generality, we may assume n = 0. Hence, we only have to prove
the following lemma.

Lemma 4.1. For every A € R\{0}, there exist limits
ro(A£1i0) € B(L, . (RY), L} (RM))

such that
<’I“0 ()\ + iO)Ymu, Ym’U>L2(RN) = liiIOl<TQ(Z)Ymu, YmU>L2(]RN),
for any u,v € L?*(RY), where z = X\ + ik with k > 0. Moreover, there eists a
positive constant C' such that
||Ym7°0()\ + iO)YmHB(Lz(RN)) < C|)\|_1,
where C' is independent of \.

To prove Lemma we define a Besov space (introduced by Agmon-Hormander
21)

Ba(®) = {10 WLy = SR 1@y < o0}
7j>1
where Ry = 0, R; = 2771 (j = 1,2,3...) and D; = {# € RY : Rj_5 <
|z] < Rj—1}. The dual space of By o(RY) with respect to L*(RY) is denoted
by Bl/Q(RN).
The following result is well known (cf. Agmon [I, Theorems 3.1 and 3.2]).

Lemma 4.2. For every A € R\{0}, there exist limits
ro(A£i0) € B(By2(RY), By ;5(RY))

such that
(ro(A £ i0)u, v) 2(ryy = léfr&(ro(z)u, V) L2(RN)
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for any u,v € Bl/Q(RN), where z = X\ £ ik with kK > 0. Moreover, there exists a
positive constant C' such that

lro(A £ i0) (B, )2 (®Y),B;,®Y)) < CIAI™ g
where C is independent of .

Remark 4.3. The proof of (2) for N =1 was not mentioned in [I]. However, it is
not difficult. The proof of (2), according to Isozaki [4, section 5.3], we can done as
follows.

|<(% —2%) 7w, v) ey | = ‘//W %eiz‘z_ylu(y)dy@dx‘
1
< W / fu(y)\dy / fo(a)\da

= 30 Z/ lds) Z/ o)lda)

1
< m ||u||Bl/2 ||U||Bl/2'

Now Lemma follows from Lemma, and the relation between L%, =
Ly (RN) and By, = Byjs(RY) (cf. Roach-Zhang [16] (m = 1) and Nakazawa
[T (m > 1)):

LQYOA CLifl c--- cLzml CBiyCL?CBf)yClLy, C---CLy, CLy,

(4.1)

Proof. Since (4.1)) follows from the duality and

L2 1 C LYmil C Bi)s, (4.2)

we only have to prove only (4.2). First, for any k¥ € NU {0} satisfying k <m — 1
and an arbitrarily fixed positive number 4, we have:

logh (e + 1) < = 10 (e, 1 + 1), (4.3)
6m—k—l
log!™ (e + 1)1+ < 22 flog™ ey + )] (4.4)

Indeed, substituting

Cm—
£ = ~logH e,y 47) —logl (e, +7)

and

9(r) = —5 log" ™ (em—1 +7))° = log"™ (e + )]+,

we can easily verify that f'(r),¢'(r) > 0 and f(0) = 0,¢(0) = 1/§ > 0. Therefore,
(4.3) and (4.4) hold. Hence, there exists a positive number M,, > {e,,(1 +0)}/d
such that

H log[k] ] [log[ ]( em + r)]1+6

<M (1+T)1+6 lf'l’rL:l7
= 2 108™ (e + )] [log™ V(em—1 + )]+ if m > 2.
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Thus, we obtain

Ly C L . (4.5)

Put o(r) = {I1i, log™ (e, + r)}/2{log™ (e, + r)}%/2. From the Schwarz
inequality, for any f € C§°(RY), we have

ey =82 ( [ ol et s@pPas)
= P _o\11/2 , . 9 N 1/2
<AL my(get (L [, insopas)
= M(Ifl

where

M(p) = { Z Rj(r%;?x cp(r)*2)}1/2.

jz1
Hence, we have
Ly 1 C By (4.6)
because
M(p)* = Rjp(R;—1)~*
jz1
=p(0)72+22) 2 (R )72
Jj>2
(oo}
< (0)72 + 22/ o(r)"2dr < cc.
0
Thus, from (4.5) and (4.6) we obtain (4.2]). |

5. TOTAL ENERGY DECAY
In this section, we assume that the function b(x,y) satisfies
m -1
bo( H log™ (e, + r)) <b(x,y) < b (5.1)
k=0

for some by, by > 0 and m € NU {0}.
Under assumption (5.1]), the operator —iA defined in section 1 generates a con-
traction semi-group V (¢)(t > 0). Hence, we obtain the following theorem.

Theorem 5.1. For any f € H, lim;_. |V (¢)f] = 0.

The above theorem is an immediate consequence of the usual density argument
and the following proposition.

Proposition 5.2. Let ¢ satisfy 0 < ¢ < min{l,by/2}. Assume the initial data
f=1f1, f2) € C(Q) x C°(Q). Then

IV ()1l < Coflog"™ (e + )} /2
for a positive constant Cy = Co(f1, fa2,bo,b1,€) > 0.
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This result is proved using the same arguments as those used in [I0, section 2].
Here, we provide a brief summary of the proof.

Let u be the unique solution of (1.1)) with initial data f = {f1, f2) € C5°(Q) x
Cs°(Q) € D(A). Let ¢ be a function defined by ¢(s) = {logl™ (e, + )} (0 < e <
1). Multiplying both sides of (1.1)) with 9;{¢(r + t)u}, we obtain

X (z,y,t) +V - -Y(z,y,t) + Z(z,y,t) =0, (5.2)

where
h— o
X(a.y.t) = (10l + |Vul?) + =5

Y(amy, t) = —{pRe(Vudsu) + ¢’ Re(Vuu)},

|u|? + ¢’ Re(dpu),

Z(x,y,t) = (‘Pb - 7) |Opul® + §|VU|2 + ¢’ Re(d,udyu) + ¢" Re(0ruw)

" 1
—¢"b
¥ 5 14 |u|2
To prove Proposition we state the following four lemmas.

+

Lemma 5.3. Let € satisfy 0 < ¢ < min{1,by/2}. Then
am 2
Z(LL" Y, t) Z _at(%)
Proof. Tt holds that

2 7,12
¢" ©'u
Z(w,y,t) > (bp — 2¢')|Ouf? + (w"'—bw"—w)luﬁ—at('zl)-

From the assumption of b(z,y) and the definition of ¢, we can easily verify that
"o

b — 2¢" and 2y
the conclusion. O

//
—, are non-negative if ¢ is chosen as %0 > ¢. This provides

Lemma 5.4. Let € satisfy 0 < ¢ < min{1,by/2}. Then

/Q (X - WII|2U|2 |t:7-) drdy < /Q (X - 90”|u|2 ’t 0) dz dy.

Proof. From (.2)) and Lemma [5.3] we obtain

" 2
o (X(eyt) - FI0) 4V Y@t <0 (53)

Since V() f = (u(t), dpu(t)) € D(A), we have u(x,0,t) = dyu(z,0,t) = u(z, 7, t) =
Opu(z, m,t) = 0 in the trace sense. Thus, integration of (5.3) by parts over  x [0, 7]
provides the conclusion. O

Lemma 5.5. Let € satisfy 0 < ¢ < min{l,by/2} and p satisfy 1/2 < u < 1. Then

//u2
| (x = 255 dedy = C5H ogen, + IV (AP

2
Proof. Using (5.1]) and the definition of <p(r + 1), we find
@"ul® (1—pe
X - l,_. > T(\atu\QJr\VuF).

For more details, refer the reader to [10, Lemmas 2.1 and 2.2]. This provides the
conclusion. (]



EJDE-2011/65 SCATTERING FOR WAVE EQUATIONS 17

The proof of the following lemma is obvious and is omitted.

Lemma 5.6. There exists a positive constant Cy = C1(by,¢€) such that

" 2
/(XJ” [ |_)dacdy
0 9 lt=0

< 1 [ A1oB e+ YAV alo ) + )P o dy+ 11y

Then Proposition [5.2] follows from Lemmas and

(1]

2]
(3]

(10]

(11]

(12]
(13]
(14]
(15]
(16]
(17)
(18]

[19]
20]

21]
(22]

23]
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