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OSCILLATION OF SOLUTIONS FOR FORCED NONLINEAR
NEUTRAL HYPERBOLIC EQUATIONS WITH FUNCTIONAL
ARGUMENTS

YUTAKA SHOUKAKU

ABSTRACT. This article studies the forced oscillatory behavior of solutions to
nonlinear hyperbolic equations with functional arguments. Our main tools are
the integral averaging method and a generalized Riccati technique.

1. INTRODUCTION

In this work we consider the oscillatory behavior of solution to the hyperbolic
equation

%(r(t)% (u(a@ t) + i ha(t)u(z, pl-(t)))> — a(t)Au(, t)

—Zb VAu(x, 7 (t +Zqzxts01 (z,04(t)))

:f(:mt), (7)€Q:GX(7 )7

where A is the Laplacian in R™ and G is a bounded domain of R™ with piecewise
smooth boundary 0G. We consider the boundary conditions

u=1 ondG x [0,00), (1.2)

(1.1)

@—i-uu:z/; on 9G x [0, 00), (1.3)
ov
where v denotes the unit exterior normal vector to dG and 1, ) € C(0Gx(0,00);R),
€ C(OG x (0,00); [0, 00)).
We use the following assumptions in this article:
(H1) r(t) € C'([0,00); (0,00)), -
hi(t) € C([0, 00); [0, 00)) (z
a(t), bi(t) € C([0,00); [0, 00
gi(z,t) € C(Q;[0,00)) (i =

)
1

17 ""7l)7
(i=1,2,...k),
2,...,m), f(z,t) € C(R);
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(H2) pi(t) € C([0,00);R), limy_oo pi(t) =00 (1 =1,2,...,1),
7i(t) € C([0,00); R), limy oo 74(t) =00 (1 =1,2,...,k),
oi(t) € C([0,00); R), limy_,00 05 (t) = 00 (i = 1,2,...,m);

(H3) ¢i(s) € CYR;R) (i = 1,2,...,m) are convex on [0,00) and ¢;(—s) =
—pi(s) for s > 0.

By a solution of (T.1]) we mean a function u € C?(G'x [t_1,00))NC(G % [t_1,0))
which satisfies (1.1]), where

t—1 = min{0, min {inf p;(t)}, min {inf7i(t)}},

t_1 = min{0, 121§nm{t11_>1£ oi(t)}}.

A solution u of (1.1)) is said to be oscillatory in € if u has a zero in G x (¢, 00) for
any ¢t > 0.

Definition 1.1. We say that the pair of functions (H;, Hz) belongs to the class H,
if Hy, Hy € C(D;[0,00)) and satisfy

H;(t,t) =0, H;(t,s)>0 fort>sandi=1,2,

where D = {(¢,5) : 0 < s <t < co}. Moreover, the partial derivatives 0H; /0t and
0H3/0s exist on D and satisfy
8H1 8H2

W(s,t) = hy(s,t)Hy(s,1), g(t,s) = —ho(t,s)Hy(t, s),

where hi, ho € Cioc(D;R).

There are many articles devoted to the study of interval oscillation criteria for
nonlinear hyperbolic equations with functional arguments by dealing with Riccati
techniques; see for example [T1, 21 [3] 4] Bl [6] [7), [0, 1T 12, 14, 15]. There are also
some papers which deal with neutral hyperbolic or second order neutral differential
equations, [4 Bl T2, 15]. However, it seems that very little is known about interval
forced oscillations of the neutral hyperbolic equation .

On the other hand, oscillation criteria of second order neutral differential equa-
tions have been studied by many authors. We make reference to result by Tanaka
[8], and extend them.

The aim of this paper is to establish sufficient conditions for every solution of
to be oscillatory by using Riccati techniques. Equation is naturally

classified into two classes according to whether
(C1) ftzo ﬁdt = 00; or

(S) i i dt < oo

2. REDUCTION TO ONE-DIMENSIONAL PROBLEMS

In this section we reduce the multi-dimensional oscillation problems for (1.1]) to
one-dimensional oscillation problems. It is known that the first eigenvalue A; of the
eigenvalue problem

—Aw =X w in G,
w=0 ondG
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is positive, and the corresponding eigenfunction ®(z) can be chosen so that ®(z) >
0 in G. The following notation will be used in this article.

U(t):Kq>/Gu(x,t)<I>(ac)dx, 0(t) = é/ w(z, t)dz

:K¢/Gf(a:,t)¢>(as)dx, |G|/fxt

0d
U(t)=Kg acwa (x)dS, U(t) = @ BGwdS

zelG

where K¢ = ([, ®(2)dz)~! and |G| = [ dz.

Theorem 2.1. If the functional differential inequality

57:( ( +Zh i(0))) + Z% piy(oi(1)) < +£G(1)  (2.1)

has no eventually positive solution, then every solution of (1.1)), (1.2) is oscillatory
in Q, where
k
G(t) = F(t) — a(t)¥(t) = > bi(7i(£)) U (7i(t))-

i=1

Proof. Suppose to the contrary that there is a non-oscillatory solution u of ,
(T:2). Without loss of generality we may assume that u(z,t) > 0 in G x [tg, 00)
for some tg > 0 because the case u(z,t) < 0 can be treated similarly. Since (H2)
holds, we see that u(x, p;(t)) >0 (i = 1,2,...,1), u(z,n(t)) >0 (i =1,2,...,k)
and u(x,0;(t)) >0 (i =1,2,...,m) in G X [t;,00) for some t; > to. Multiplying
by Kg®(z) and integrating over G, we obtain

d d :
= (r(t)i (U(t) i Z h,»(t)U(pi(t)))) —a(t)Ke /G Au(z, t)®(x)dz

k
- Zbi(t)ch Au(z, 7;(t dx—l—ZK@/ qi(z, t)pi(u(z, o4(t)))@(z)dx

i=1 G
=F), t>t
(2.2)
Using Green’s formula, it is obvious that
Kq>/ Au(z, t)®(z)de < —U(t), t>ty, (2.3)
G
K¢/ Au(z, 7;(4)P(z)dx < —U(r(t)), t> 1. (2.4)
G

An application of Jensen’s inequality shows that

m

> Ke [ e to o) 2 S a0nUe0) 29
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for t > t;. Combining (2.2)—(2.5)) yields

l m
S5 ([0 + X ROUE0)) + Y an U ©) < Go)

for t > t;. Therefore, U(t) is an eventually positive solution of (2.1)). This contra-
dicts the hypothesis and completes the proof. (I

Theorem 2.2. If the functional differential inequality

;t ( ( + Z hi( )>)) + Emj % (t)pi(y(oi(t)) < £G(t)  (2.6)
=1

has no eventually positive solution, then every solution of (1.1]), (1.3) is oscillatory
in ), where
k
G(t) = F(t)+a®)¥(t) + Y _ bi(ri()U(7i(t)).

=1

Proof. Suppose to the contrary that there is a non-oscillatory solution u of ,
(1.3). Without loss of generality we may assume that u(z,t) > 0 in G x [tg,00)
for some to > 0. Since (H2) holds, we see that u(z,p;(t)) > 0 (i = 1,2,...,1),
u(z,7(t)) >0 (i =1,2,...,k) and u(z,0;(t)) >0 (i =1,2,...,m) in G X [t1,00)
for some t; > ty. Dividing by |G| and integrating over G, we obtain

d d /- ! _
2 (-2 () +;h (DT (i |G‘ / Au(z, t)d
kb, m (2.7)
- Z b|zC(¥t|) /GAu(x, 7:(t))dx + ﬁ Z/G qi(z,t)p;(u(z, o4(t)))dx
i=1 i=1
=F(t), t>t.
It follows from Green’s formula that
|—(1;|/ Au(z,t)dz < U(t), t>t, (2.8)
@l / Au(z, 75(t))dz < U(ri(t), t>t. (2.9)

Applying Jensen’s inequality, we observe that
é f;/cQi(x’t)%(u(z,ai(t)))dz > iqi(t)%([}(gi(t)))y t>t.  (2.10)
This togelt_her with (2.7) (2-10) yield B
% (r(t)% (U(t) + Z; hi(t)f](pi(t))>) + i_n; %:(t)ei(U(o4(t))) < G(t)

for t > t;. Hence U(t) is an eventually positive solution of (2.6). This contradicts
the hypothesis and completes the proof. (I
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3. SECOND-ORDER FUNCTIONAL DIFFERENTIAL INEQUALITIES

We look for sufficient conditions so that the functional differential inequality

l m
(05 (10 + S m@e))) + S a@eitule) < S0 @)

has no eventually positive solution, where f(t) € C(]0,00);R).

3.1. Case: (C1) is satisfied. We assume the following hypotheses:

(H4) For some j € {1,2,...,m}, there exists a positive constant o such that
ai(t) > o, t > 0;(t), ¢(s) > 0 and ¢’(s) is nondecreasing for s > 0;

(H6) Zizl hi(t) < h <1 for some h > 0;

(HT) there exists T > 0 such that T < a < b and f(t) <0 for all ¢ € [a, b].

Theorem 3.1. Assume that (C1), (H4)—(H7) hold. If the Riccati inequality

) 1 1
Z(t)+§PK(t)

2(t) < —q;(1) (3.2)

has no solution on [T,c0) for all large T, then (3.1) has no eventually positive
solution, where

__r(o;(t))
Pre(t) = 2K (1 —h)o’

Proof. Suppose that y(t) is a positive solution of (3.1)) on [tg, c0) for some ¢y > 0.
From (3.1) there exist j € {1,2,...,m} and a,b > t¢ such that f(¢) < 0 on the
interval I € [a, b], and so,

l
%(T(t)% (vtt) + Zhi(f>y(f0i<t)))) +q;(t)ps(y(o;(t) <0, tel

for t > tg. If we set the function

then we see that

(r(®)2' (1) < —q; (V)i (y(o;(1) <0, t =to. (3-3)

Then we conclude that 2/(t) > 0 or 2/(t) < 0, t > t; for some t; > ty. From the
well known argument (cf. Yoshida [I3]), we see that z/(t) > 0, z(t) > 0 and

y(o;(t) = (1 = h)z(o;(t)), t > ta

for some ty > t1. Setting

w(t) =
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we show that

o (r(t)2'(t)) (1 () @5 (L= h)z(0;(t)))2"(05(t))o (t)
Y= - me ey O O e )
e ele®) (A= Reg - REe®)
= 00— 00, 0)) (o5 0, r=te
(3.4)
It follows from (H4) that

@}((1 o) = (- R =K, t> 1t (35)

Combining (3.5 and ., we have
w'(t) + %ﬁw%) < —q;(t), t>t. (3.6)
That is, w(t) is a solution of (3.1] . on [ta,00). This is a contradiction and the proof
is complete. ([l

(H8) There exists an oscillatory function 6(t) such that
(r(t)0'(t)) = f(t) and Jim 6(t) =0,
where z
=Y hi(®)0(pi(t))
i=1
Theorem 3.2. Assume that (C1), (H4)-(H6), (H8) hold. If the Riccati inequality

(3-2) has no solution on [T, 00) for all large T, then (3.1)) has no eventually positive
solutions.

Proof. Suppose that y(t) is a positive solution of (3.1)) on [tg, c0) for some ¢y > 0.
From ) there exists j € {1,2,...,m} such that

jt( )5 (v +Zh () + a0 o3 () < 1), 1> 10

Define the function Z(t ) by

then it obvious that

(r(®)Z(1) < =q; (1) (y(o;(1)) <0, ¢ > to, (3.7)

so that Z/(t) > 0 or 2'(t) < 0, t > t; for some t; > tg. By standard arguments (cf.
Yoshida [13]), we see that 2’(t) > 0, Z(t) > 0 and

y(t) > (L=h)E(t) +0(t), >ty
for some ty > 1. Since (H8) holds, there exists a number t3 > t5 such that

< 1—
)< LR sy,
In view of Z(t) > k, we observe that
1-h)k 1-hk -
y(t)z(lfh)é(t)f( ) 2( ) =k>0, t>t3 (3.8)

2 2
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Setting

s (= W0y ) — )
- eily(oy®) (A= Wog((1=ho;®) — k)
=00 = W0 = F) r(o5(t)) "
(3.9)
It follow from and (H4) that
& (1= W)~ k) = (k) = K, t>ts. (3.10)
Combining with yields
_, 11
w'(t) + §mw (t) < —q;(t), t>ts. (3.11)

Therefore, w(t) is a solution of (3.2). This contradicts the hypothesis and completes
the proof. O

Theorem 3.3. Assume that (C1) (H4)—(H7) (or that (H4)—(H6), (H8)) hold. If for
each T > 0 and some K > 0, there exist (Hy, Hs) € H, ¢(t) € C*((0,00);(0,00))
and a,b,c € R such that T < a <c<b and

1 ¢ 1 )
ML Hl(sva){%’<5> - §PK(S))\1(S,Q)}¢(s)d5

L 1 (3.12)
+ m/c Hj (b, s){q;(s) — §PK(S)/\§(b, s)}o(s)ds > 0,
where
(s, 1) = g;’((:’)) Fhi(s,t), Aaltys) = fl;((;)) ~ hatt.s).

Then (3.1) has no eventually positive solutions.

Proof. Suppose that y(t) is a positive solution of (3.1]) on [tg, o) for some ¢y > 0.

Proceeding as in the proof of Theorem multiplying (3.6) or (3.11)) by Ha(t, s)
and integrating over [c,t] for ¢ € [c,b), we have

/ Hy(t, 5)q;(5)6(s)ds

1
Pr(s)

< Ha(t, c)w(c)p(c) + %/ Hy(t, 8) P (s)\3(t, 8)¢(s)ds

~ 5 [ Hat s (o) Vi) = ) /Pre(o) o),

w?(s)¢(s)ds

< /: Hy(t, s)w'(s)o(s)ds — ;/t Hy(t,s)
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and so

Letting t — b~ in the last inequality, we obtain

1/bH<b }as(s) — 2 Pic(5)X3 (b, 5)}o(s)ds < w(e)o(c) (3.13)
HQ(b7C) c 200, §)1q5\$ 9 K\S)A\2(0, S S)as s wlc c). .

On the other hand, multiplying (3.6 by Hi(s,t), integrating over [t, ] for t € (a, (]
and letting t — a™, we obtain

% [ (. 015(6) - PR o) < —u(@ofd. (319
Adding (2.1]) and ( , we obtain
o / (s, ){a5(5) — 5 Pre(5)N3 (s, ) o (s)ds

- W/c Hy(b, s){q;(s) — §PK(S))\§(57 s)}o(s)ds <0,

which is contrary to (3.12). Pick up a sequence {T;} C [to,00) such that T; — oo
as i — oo. By the assumptions, for each i € N, there exists a;, b;, ¢; € [0,00)
such that T; < a; < ¢; < b;, and holds with a, b, c replaced by a;, b;, ¢;,
respectively. Therefore, every solution y(t) of has at least one zero t; € (a;,b;).
The case when follows by a similar arguments. This is a contradiction and
the proof is complete. O

Theorem 3.4. Assume (C1), (H4)—-(HT7) (or (H4)-(H6), (HS)). Iffor each T >0
and some K > 0, there exist functions (Hy, Hy) € H, ¢(t) € C*((0,00);(0,00)),
such that

li?is;ip/T Hi(s,T){q;(s) — %PK(S))\%(S,T)}(b(S)dS >0 (3.15)
and

. ! 1 )

lmsup /T Hat,5){05(5) — 5 P (5)X3(6,9)}6(s)ds >0, (3.16)

then (3.1]) has no eventually positive solutions.

Proof. For any T > tg, let a = T and choose T' = a in (3.12)). Then there exists
¢ > a such that

¢ 1
[ Hisaay(s) - 3Pl s a)lo(s)ds >0, (317)
Next, choose T'= ¢ in (3.16). Then there exists b > ¢ such that
/ Hy (b, 5){qj(s) — = Pr(s)A\3(b, s)}o(s)ds > 0. (3.18)
Combining (3.17) and -7 we obtain . By Theorem the proof is

complete. O
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3.2. Case: (C2) is satisfied. We use the following notation:

pult) = min pit), (t) = / LI

1<i<l r(s)
1

A = 1= Yo hule) —tog ™2 0 = max{0, £3(0).
i=1

Theorem 3.5. Assume that(C2), (H4)—(HT) hold. If the Riccati inequality

() + %%@)zm <-Qut) (i=1,2) (3.19)

has no solution on [T,00) for all large T, then (3.1) has no eventually positive
solutions, where

Pi(t) = Px(t), Pa(t) = M
Q1(t) = q;(t), Qa(t) = q;(t) w([clA(aj(t));(p*(aj(t)))] +)'

Proof. Suppose that y(t) is a positive solution of on [tg, c0) for some tg > 0.
Proceeding as in the proof of Theorem we obtain the inequality . Thus we
see that 2/(t) > 0, z(t) > 0 or 2'(t) <0, z(t) > 0, t > ¢, for some t; > t.

Case 1. Z/(t) > 0, z(t) > 0 for t > t;. The proof of this case is similar as Theorem
[3-1] and so we omit it.

Case 2. Z/(t) <0, z(t) > 0 for ¢ > t;. Then there exists a constant k; > 0 such
that z(t) < ki1, t > to for some t3 > t;. Consequently we have

0;(2(t) < @ilk) =K, t>ty (3.20)
If we define e
w0 =2 Gy
then
Wl (£) — (r(t)2'(t)) Y @ (2(1))2' ()
=0em YO aem) o)
o @ilulei ) PG |
=TT G T T A e
Using [8, Lemma 5.2], we see that z(t) > ci7(t), t > t3 for some t3 > to, and that

©5(2(t) > i(an(t), t>ts. (3.22)
By [8, Theorem 3.2], we show that
y(t) 2 cl A()m(p«(t)), t = ts,
and that
0i(y(o;(t)) = @i([erAlo; () m(ps(a; ()] 4),  t=ts. (3.23)
Combining 7, we can derive the inequality

W)+ 2L w2 ) < —Qult), t > s,

2 Py(t)
Therefore, wo(t) is a solution of (3.19). This contradicts the hypothesis and com-
pletes the proof. O
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Theorem 3.6. Assume that (C2), (H4)—-(H6), (H8) hold. If the Riccati inequality

1 1
Z —Q; i =1,2 3.24
)+ 3 0 < -G (i=12) (3.21)
has no solution on [T,00) for all large T, then (3.1) has no eventually positive
solutions, where

i i @i (ler Ao () (p(o5(6)) + (s (D))

Q1(t) = q;(t), Qa(t) = g;(1) %

Proof. Suppose that y(t) is a positive solution of ( . on [tg,00) for some ¢y > 0.

Proceedlng as in the proof of Theorem [3.2] . we see that Z/(t) > 0, Z(t) > 0 or
Z'(t) <0, 2(t) > 0, t > t; for some t; > to.

Case 1. Z'(t) > 0, Z > 0. Then it can be treated similarly as in the proof of

Theorem

Case 2. Z/(t) <0, 2(t) > 0. By Tanaka [8, Theorem 3.2], we obtain

y(05(1)) = [er Al ()7 (ps (o () + (o (D)), t = o
Setting W (t) = wa(t), it obvious that
< o @) FED)
O IO
Substituting and into this inequality yields

t

), t>to.

- 11 ©i(y(o;(t)))
/ 2 J J
= t) < —q;(t ~ .
It is clear that wo(t) is a solution of (3.24). This contradicts the hypothesis and
completes the proof. ([

Theorem 3.7. Assume that (C2), (H4)-(H7) hold. If for each T > 0 and some
K >0, K > 0 there exist (Hy, Hy) € H, ¢(t) € C1((0,00);(0,00)) and a,b,c € R
such that T < a < ¢ <b and (3.12) and

ﬁ /C Hi(s,a){Q2(s) — EPZ(S))‘?(& a)}p(s)ds
(3.25)

Vi H2 & [ 0.9 - L0 o(s)is >0

hold, then ) has no eventually positive solutions.

Theorean 3.8. Assume that (C2), (H4)-(H7) hold. If for each T > 0 and some
K >0, K >0, there exist functions (Hy, Hs) € H, ¢(t) € C1((0,00); (0, 00)), such

that , and

i sup /T Hi(s, T){Qa(s) — %PQ(S)Af(s,T)}fb(s)ds >0 (3.26)
and
. ! 1 )
i sup /T Ha(t,5){@Qa(s) — 5 Pa(s)A3 (1, 5)}o(s)ds > 0, (3.27)

then (3.1]) has no eventually positive solutions.
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Theorem 3.9. Assume that (C2), (H4)-(H6), (H8) hold. If for each T'> 0 and
some K > 0, K > 0, there exist (Hy, Hy) € H, ¢(t) € C((0,00);(0,00)) and
a,b,c € R such that T <a <c<b and (3.12)) and

1 ¢ - 1
Hl(ca)/ Hl(s,a){Qz(S)f§P2(s))\§(5,a)}¢(s)ds
| o (3.28)
* }12(11)0)/0 Hy (b, 5){Qa(s) - %Pz(s)Ag(b, s)}o(s)ds >0
hold, then has no eventually positive solutions.

Theorem 3.10. Assume that (C2), (H4)-(H6), (H8) hold. If for each T > 0 and
some K >0, K > 0, there exist functions (Hy, Ha) € H, ¢(t) € C1((0, 00); (0,00)),
such that (3.15)), (3.16|) and

lmsup /T Hy(s, T)@a(s) — 3 Po(s)N (s, T}o(s)ds >0 (3.29)
and .
liirisogp/T Hy(t, 5){Qa(s) — %Pg(s))\%(t7 s)}e(s)ds > 0, (3.30)

then (3.1) has no eventually positive solutions.

4. OSCILLATION CRITERIA FOR (|1.1)

In this section, by combining the results of Sections 2 and 3, we establish sufficient
conditions for oscillation of solutions to (1.1)).

(H9) Thereexists T <a<b<a< b such that
<0, tE€la,
>0, te€]la,

I,

b
b]

G(t) [resp. G(t)] = {
for each T > 0;
(H10) there exists an oscillatory function ©(¢) such that
! ~ ~
(re'®) = G(t) resp.G(r),  lim 6(1) =0,

where

o) =0() - Zhi(t)@(/)i(t))'
i=1
Using the Riccati inequality, we derive sufficient conditions for every solution
of hyperbolic equation (1.1)) to be oscillatory. We are going to use the following
lemma which is due to Usami [9].

Lemma 4.1. If there exists a function ¢(t) € C1([Tp, 00); (0,00)) such that

= AOOP\OD .
/Tl( o) < /T P OIC0) e

" satyt = o

T
for some T > Ty, then the Riccati inequality
11 _
S==la O < —q(t)

T+ B p(t)
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has no solution on [T, 00) for all large T, where 8 > 1, p(t) € C([Tp, 0); (0,00))
and (j(t) € C([T()v 00)7 R);

4.1. Oscillation results by Riccati inequality for case (C1). Combining The-
orems and Lemma [4.I] we obtain the following theorem.

Theorem 4.2. Assume that (C1l), (H1)—-(H6), (H9) (or (H1)—(H6), (H10)) and
that if

<Py [T [T
/Tl( )< /T Peo = J,, i)t = oo,

then every solution u(x,t) of (1.1), (1.2) (or (1.1)), (1.3)) is oscillatory in Q.

Example 4.3. Consider the equation

0 (e_%g (u(x, t) + 1u(:v, t— 7r)) — e 3 Au(x, t)

ot ot 2
1 3
— 56_%Au(x,t —27) — (e_t + e_Qt) Au(w,t - §7r) + e_tu(x7t — g) (4.1)
= e 3sinxsint, (0,7) x (0,00),
u(0,t) = u(m,t) =0, ¢>0. (4.2)

Here l=m =1,k =2,7(t) =e 2, h(t) = 1/2, p1(t) =t — 7, q1(x,t) = e,
o1(t) =t —7/2 and f(x,t) = e 3sinxsint. It is easy to see that ®(x) = sinx and
~ 1
G(t)=F(t) = %e_& sint, O(t) = 116(1 + 56”)6_%05 t.

Then [ e~ tdt < oo; hence, [8, Corollary 2.1] is not applicable to this problem.
Taking ¢(t) = e, we find

> /()2 =2t 2t
/ (PK(;)(Q:)(t))dt - / (T)dt < 00,
| )= ()=

[ svawa= [~ @ty a=c

It follows from Theorem that every solution u of (4.1]), (4.2)) is oscillatory in
(0,7) x (0,00). For example, u = sinz sint is such a solution.

4.2. Interval oscillation results for case (C1). Combining Theorems
[3-3] and [3:4] we have the following theorems.

Theorem 4.4. Assume that (C1), (H1)-(H6), (H9) hold. If for each T > 0 and
some K > 0, there exist functions (Hy,H») € H, ¢(t) € C1((0,00); (0,00)) and
a,b,c,a,b,6 ER such that T <a<c<b<a<é<b, (3.12) and

ﬁ / (5, ){a5(5) — 5 Prc(5) N3 (s, 8) o (s)ds
1 b 1 -
+ W/c H (b, 8){%‘(5) — §PK(S)’\2(6’ $)}o(s)ds > 0

hold, then every solution u(x,t) of (1.1), (1.2) (or (1.1), (1.3)) is oscillatory in Q.
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Theorem 4.5. Assume that (C1), (H1), (H6), (H10) hold. If for each T > 0 and
some K > 0, there exist functions (Hy, Hs) € H, ¢(t) € C1((0,00);(0,00)) and
a,b,c € R such that T < a <c<b and hold, then every solution of ,
(or (1)), (1.3)) is oscillatory in Q.

Theorem 4.6. Assume that (C1), (H1)-(H6), (H9) (or (H1)-(H6), (H10)) hold.
If for some functions (Hy,Hs) € H, each T > 0 and some K > 0, the condi-

tions (3.15)) and (3.16]) hold, then every solution of (1.1)), (1.2) (or (1.1), (1.3))) is

oscillatory in €.

Example 4.7. Consider the problem

2
% (u(:r, t)+ %u(%t — 7r)) — Au(z,t) — 5t 2 Au(w, t — 27) + 5t 2u(w,t — )

1
= isinxsint, (0,7) x (0, 00),

u(0,t) = u(m,t) =0, t>0.

Here | = k =m =1, 7(t) = 1, hy(t) = 1/2, p1(t) = t — 7, q1(z,t) = 5t72,
o1(t) =t —mand f(z,t) = Lsinasint.

It is easy to verify that ®(z) = sinx and
T ~ 3.
G(t)=F(t) = 3 sint and O(t) = 16" sin t.

Since

*° 1
/ 5t72[§ + %ﬂ' sint]dt < oo,

Then [8, Theorem 2.1] does not apply; however, by choosing ¢(t) = t* and H; (s, t) =
HQ(t, 5) = (t - 5)27

t 2
11 4T
. 2 —2 2
and

t 2
. L, 114(t—2s)
2 2 2

hold. Therefore, Theorem implies that every solution u of the problem (4.3)),
(4.4) is oscillatory in (0,7) x (0,00). In fact, one such solution is u = sin z sin t.

4.3. Oscillation results by Riccati inequality for case (C2). Combining The-
orems 2.1} 2:2] and [3.5] we have the following theorem.

Theorem 4.8. Assume that (C2), (H1)-(H6), (H9) hold. If fori=1,2,

S OPOSWRN [T
/Tl( 50 )< | mpamd=oe J, d0@d "

then every solution of (1.1), (1.2) (or (1.1), (1.3)) is oscillatory in Q.
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Example 4.9. Consider the equation

%(61/8% (u(a:, t) + %u(x,t - 71')))

1 1
— iel/SAu(x,t) - 1—661/8Au(3:,t — g) + e*tu(x, t — 2) (4.6)
=eMsinasint, (0,7) x (0,00),
u(0,t) = u(m,t) =0, t>0. (4.7)

Here l = k= m = 1, r(t) = /8, hy(t) = 1/2, p1(t) = t — 7, q1(z,t) = €%,
o1(t) =t —2m and f(z,t) = e?! sinxsint. It is easy to see that ®(x) = sinz and

0o 1(4)2 00 eg(t—%) Le—2t
/ (P1(’;)(¢;)(t) )dt _ / ( — )dt < 00,
o0 1(4\2 0o logt, =2t
/ (P2(2$)<t) )dt = / (72 — )dt < o0,
e 1 e 1
/ Wdt = / mdt = 00,

/wmdt:/w(e;tl.e—t)dt:w’
[ o= [t =,
/OO P(t)Q2(t)dt = /Oo e et [c(% - g) ~86*%(t*3”)]+dt oo,

where ¢(t) = e~*. Therefore it follows from Theorem that every solution u of
problem , is oscillatory in (0,7) x (0,00). For example u = sinxsint is
such a solution.

Combining Theorems and we have the following result.

Theorem 4.10. Assume (C1), (H1)-(H6), (H10). If and

T o@D =00 (i=1,2)

Ty

hold, then every solution u(z,t) of (1.1), (L.2) (or (1.1, (L.3)) is oscillatory in €,

where
Qa(t) = Qj(t)%%([clfl(o’j () (ps(a;(t))) + é(aj(t))]+)~

4.4. Interval oscillation results for case (C2). Combining Theorems
and we have the following result.

Theorem 4.11. Assume that (C2), (H1)-(H6), (H9) hold. If for each T > 0 and
some K >0, K >0, there exist functions (H1, H>) € H, ¢(t) € C((0,00); (0, 00))
and a,b,c,a,b,¢ €R such that T <a<c<b<a<é<b, and (3.12), (3.25)),

1 _ 1 o -
e [, M) - 3Pr(s)A 5. @)} (s)ds
b

1 ~ 1 -
i H(b)/ Ha (b, 5){a;(s) — 5 Prc(5)3(b, 5)}o(s)ds > 0
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and

/ Hy (s, 8){Qa(s) — 5 Pa(s)X3 (s, @)} 6(s)ds

+1/bH<b 1{Qa(s) — 2 Pa(s)A2(b, 5)}b(s)ds > 0
HQ(E,&)& 20,8 2(s 2232,3 s)as

hold, then every solution of (1.1)), (1.2) (or (1.1), (1.3)) is oscillatory in .

Theorem 4.12. Assume (C2), (H1)-(H4), (H9). Also assume that for some func-
tions (Hy, Hy) € H, each T > 0 and some K > 0 K > 0. If (3. 15, (3.16)), (3.26)),

and | - ) hold, then every solution of (L.1] , 1.2) (or ., (11.3)) is osczllatory

in Q.
Combining Theorems and we have the following result.

Theorem 4.13. Assume that (C2), (H1)-(H6), (H10) hold. If for each T >0 and
some K >0, K > 0, there exist functions (Hy, Hs) € H, ¢(t) € C*((0,00); (0,00))

such that (3.12) and (3.28) hold, then every solution of (1.1)), (1.2) (or (1.1)), (1.3)))

is oscillatory in ).

Theorem 4.14. Assume (C2), (H1)-(H4), (H10). Also assume that some functions
(Hy1, H2) € H for each T > 0 and some K > 0, K > 0. If (3.15), (3.16]), (3.29),

hold, then every solution of (L.1)), (or (L), (L.3)) is oscillatory in .
Example 4.15. Consider the equation
gt(tggt( (x,t) + %u(m,t — W)))
- 5Au(m,t) (t—|— t ) Au(z, t — 2) + u(x,t — 2m)
= (sint—tcost)sinx, (0,7) x (Tp, 00),
w(0,t) = u(m,t) =0, t>Typ=mn/(1—e /4. (4.9)
Here | = k = m = 1, r(t) = 3, hi(t) = 1/2, p1(t) = t — 7, qi(z,t) = 1,
o1(t) =t — 27 and f(x,t) = (sint — tcost)sinz. An easy computation shows that
®(x) = sinz and
1

m(t) = §t—2, O(t) =

(4.8)

Tl 1 9 1 t—m
Z(t +§(t—77) )cost7 A(t)=§+2log(T)>0.

Since
/ (%t*) [cA(t — 2m)m(t — 3m) £ O(t — 2m)] L dt < oo,

Note that [8, Theorem 3.2] is not applicable to this problem. However, we see from
o(t) = t3 and Hi(s,t) = Ha(t,s) = (t — s)® that

k 1 9T2

limsup/t(st)B{ll( —27 )3H} 3ds > 0,

t—oo JT 2 s%(s — 1)
t 2
oT
I AN L P ¥ P
ﬁil.fp/T( A 225( Tyt ds >0,
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t . 3 9(t — 25)2
h?isolipA (t — 8)*{[cA(t — 2m)7(t — 37) £ O(t — 27)] . — ;2M}s3d5 > 0.

Therefore, Theorem implies that every solution u of the problem (4.8]), (4.9)
is oscillatory in (0, 7) x (Tp, 00). In fact, one such solution is u = sin x sin¢.
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