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ASYMPTOTICALLY LINEAR FOURTH-ORDER ELLIPTIC
PROBLEMS WHOSE NONLINEARITY CROSSES SEVERAL
EIGENVALUES

EVANDRO MONTEIRO

ABSTRACT. In this article we prove the existence of multiple solutions for the
fourth-order elliptic problem

A%y + cAu = g(z,u) in Q
u=Au=0 on 99,
where Q@ C RY is a bounded domain, g : © x R — R is a function of class
C'! such that g(z,0) = 0 and it is asymptotically linear at infinity. We study
the cases when the parameter c is less than the first eigenvalue, and between

two consecutive eigenvalues of the Laplacian. To obtain solutions we use the
Saddle Point Theorem, the Linking Theorem, and Critical Groups Theory.

1. INTRODUCTION

Let us consider the problem
A?u+ cAu = g(z,u) in

(1.1)
u=Au=0 on 99,

where Q C R¥ is a bounded domain with smooth boundary 9, and g : Q xR — R
is a function of class C! such that g(z,0) = 0. Assume that

t
go = thn(l) @, uniformly in €, (1.2)
t
Goo = | l‘im g(i’ ), uniformly in), (1.3)
t|—oo

where gg and g. are constants.

Denote by 0 < A; < A2 < --- < A; < ... the eigenvalues of (—A, H}) and
pr(c) = M(Ag — ¢) the eigenvalues of (A2 + cA, H} N H?). We also denote by ¢;
the eigenfunction associated with A; and consequently with p;.

This fourth-order problem with g asymptotically linear has been studied by Qian
and Li [6], where the authors considered the case ¢ < A1 and go < p1 < pi < goo <
tk+1 and they obtained three nontrivial solutions. Tarantelo [8] found a negative
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solution of with the nonlinearity of the form g(x,u) = b[(u+1)* —1], where b
is a constant. With the same type of nonlinearity Micheletti and Pistoia [4] showed
that there exist two solutions when b > A;(A; — ¢) and three solutions when b is
close to A\; (A —¢). Micheletti and Pistoia [5] showed the existence of two solutions
for problem with linear growth at infinity by the classical Mountain Pass
Theorem and a variation of the Linking Theorem. In [7] the authors considered the
superlinear case and showed the existence of two nontrivial solutions. Zhang [9]
and Zhang and Li [I0] proved the existence of solutions when f(x,u) is sublinear
at oo.

In our work we suppose that ¢ < A\; and pr—1 < go < i < ftm < Goo < Mhn+1,
and we prove the existence of two nontrivial solutions of . We also obtain
results for the case when A\, < ¢ < Apy1. The case pip—1 < goo < ke < fhm < go <
m+1 is also considered.

The classical solutions of problem correspond to critical points of the func-
tional F defined on V = H{(Q) N H%(Q), by

F(u) = %/Q(|Au|2 — C|Vu|2)dx — /Q G(z,u)dz, wev, (1.4)

where G(z,t) = fg g(x, s)ds. Notice that V is a Hilbert space with the usual inner
product [,(|Av|? 4+ |[Vo|*)dz. Let || - || be norm induced by this inner product.
Under the above assumptions F is a functional of class C2.

For the convenience of the reader, we recall some notation of Morse Theory. Let
H be a Hilbert space and F : H — R be a functional of class C''. We assume that
the set of critical points of F', denoted by K, is finite. Let y € H be a critical point
of F with ¢ = F(y). The group

Cp(Fvy) = HP(FC7FC\{y})7p = 071727“’7
is called the p'" critical group of F at y, where F¢ = {x € H : F(z) < c} and
H,(-,) is the singular relative homology group with integer coefficients.
2. CASEc< )\
We denote %g(:c, t) by ¢'(x,t). We start with following result.

Theorem 2.1. Assume that ¢'(z,t) > g(x,t)/t for all x € Q and t € R. Suppose
that there exists k > 2, m >k + 1 such that pur—1 < go < pig, pe—1 < g(z,t)/t and
tim < oo < pima1- Then problem (L.1)) has at least two nontrivial solutions.

First we will prove that the associated functional satisfies the Palais-Smale con-
dition. We remind that V is a Hilbert space with the inner product

(1, v)o :/Q(\Au|2—c|vu|2)dx.

Indeed, ||u|lo = v/ (u,u)o is equivalent to norm |||, provided ¢ < A;.

Lemma 2.2. If there exists m > 1 such that py, < goo < pim+1 then the functional
F defined in (L.4) satisfies the Palais-Smale condition.

Proof. Let (u,) C V be a Palais-Smale sequence; that is, a sequence such that
F(up) — C and F'(u,) — 0. Since g is a sublinear function, it is sufficient to prove
that (||un|lo)nen is bounded. By contradiction we suppose that lim,, —,« ||un|lo = 0.
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Up to a subsequence we can assume that v, = u,/||unllo converge to v weakly in
V, strongly in L?() and pointwise in 2.
Let ¢ € V. Then

F'(up)p = /Q(AunAngf cVu,Vo)dr — /Qg(x,un)cbd:c,

thus ()
F'(u
n) = [ (Av, Ad — ¢V, -
HunH0¢ /Q( U AP — Vv, Vo)dx /Q

Taking the limit in the last expression and using the above convergence, we obtain

A0+ cAv = goov. (2.1)

g(w, un)

n

Vp@dx.

in the weak sense.

In fact, define Ay = {x € Q;v(z) >0a. e. and A_ ={z € Qv(z)<0a. e }
then u,(z) — oo a.e. if x € A4 and u,(r) — —oc0 ae. if z € A_. Using (goo) and
the fact that over Ag = {x € Q;v(z) =0 a.e. }, we obtain W is bounded.

Now we will prove that v # 0. Note that "

F(up,) 1 G(;E,un)dx: 1 _/ G(x,Qun)U
2 Q Un,

2
= dx.
||un||g 2 Q HunH%

n

Taking the limit in this expression and using the fact F(u,) — C as n — oo, we

obtain
1
2
d = —

which proves that v # 0. Thus, we conclude that g., is an eigenvalue of (A2 +
c¢A, V), contradiction. Therefore, (||us|lo)nen is bounded. The proof is complete.
([

For the next lemma, we split the space V in the following way: V = H & Hs,
where H = span{(y,...,on,} and Hy = H .
Lemma 2.3. Suppose there exists m > 1 such that py, < goo < pim+y1- LThen:
(1) F(u) — —o0 as ||luljo = oo foru € H.
(2) There ezists C1 > 0 such that F(u) > —Cy for all u € Hs.

Proof. Because pi,, < ¢, there exist €, C > 0 such that

G(x,t) > %(um +¢€) - C. (2.2)

Thus

1

F(u) = 5/9(\Au\2—c|Vu|2)dm—/QG(m,u)dx

IA

1,y [l

5”“”0_ ?(/im-f—G)dx—f—C luldx
Q Q

Hm + €

IN

1
Fllulls 1 - ) +Cle,

which proves (1).
Using the fact goo < pm+1 and a similar argument as in the proof of (1), we
obtain (2). O
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Now, we split the space H as follows
H=H, ¢ H,,

where Hy; = span{p; ..., pr_1} and Hy = span{gg, ..., om}. ThusV = H1 G Ho ®
Hs.

Lemma 2.4. Suppose that there are a,§ > 0 such that pr—1 < g(z,t)/t < a < pg,
for|t| <6, k> 2, and g'(x,t) > pr—1. Moreover, assume that there exists m > k+1
such that iy, < goo < thm+1- The following statements hold:
(1) There are r > 0 and A > 0 such that F(u) > A for all w € Hy & Hs with
[uflo = 7.
(2) F(u) — —o0, as ||ullo — oo for allu € Hy ® Ha.
(3) F(u) <0 for allu € Hy.

Proof. Let H™t1 = ker(A? + ¢A — jiy411). Then Hy @ Hz = U & W, where
U=Hy®H™. ForveVputv=u+w,u €U and we W. Since dimU < +oo
then U is generated by eigenfunctions which are L>°(2), then there exists r > 0
such that

sup [u(z)] < T—FE5 it ufly < 1,

€N T
where v > pi, and [, (|Aw]? — ¢|Vw|?)dz > v [, |w|?dz, for all w € W.

Suppose that [Jullo < 7. If ju(x) +w(x)| < J, then

1 1
§N2|U|2 + 17|w|2 =Gz, u+w)
1 1 1
> §M2|U|2 + 17|w|2 - 504(“ +w)?
1 2 1 2 1 2
==zl + (v = a)fwl” + 5 (p2 — Ju” — auw

1
> ——pa|w|?* + 5(”2 —a)u? — auw

1 1
|G(z,u+w)| < illzk(’LL"- w)? — 5(;% —a)é?.
Thus,
1 2, 1 2
Fhalul” + 2y |wl” = Gz, u +w)
1 1
> Shalul® + 7wl = Spe(u+w)* + 5 (i — )8

1 1 1
= —zﬂk|w|2 + 5(#2 —a)|ul’ — auw + 1(7 — )| w]* + (o — p Juw

1 1
+ 5(06 — ) |ul® + §(Mk s

1 1
> —fwl + 5 (i — @)luf? - auw,

where the last inequality follows from the fact that the quadrat form below is
positive (see [3, p. 235]).

1 1 1
1O = el + (o = p)uw + 2 = ) [uf* + 5 (e = @)0”.
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Therefore,

F(o) = gl wllf = [ Glavut wydo

> il - 4uk/|w\ do+ 2 —a /M »

> min {~ (1—%) 2 }|| 12,

which proves assertion (1).

The proof of (2) follows by the same argument as in the proof of (1) of Lemma
For (3), observe that ¢'(z,s) > pr—1 and so G(z,t) > ug_1t?/2. Thus, if
u € Hy then u = Zf;ll m;p; for some constant m € R. Hence

-1 k—1

k
1
F(u)gz /(\A(pz\Q—c\Vgpl dx—zuk 1/ 2 dx
= Q

=1
k—1 m2
<3 l(nm%w/gso%) ~0.
=1

which proves (3). The proof of lemma is complete. O
Conclusion of de proof Theorem [2.1] By Lemmas [2.2] and [2.3] we have that

the functional F' satisfies the (PS) condltlon and has the geometry of Saddle Point
Theorem. Therefore there exists uy, a critical point of F', such that

Con(F,u1) 2 0. (2.3)

Moreover, by conditions pgr—1 < go < px and ¢'(x,t) > g(x,t)/t for all x € Q and
t € R, we verifies the hypotheses of Lemma It follows that the functional F
satisfies the geometry of Linking Theorem. Thus, there is a critical point us of F
satisfying

Cy(F, u2) £ 0.

Since pr—1 < go < pk, then m(0) + n(0) < k — 1, and by a corollary of Shifting
Theorem [2, Corollary 5.1, Chapter 1], we have C,(F,0) = 0 for all p > k — 1.
Therefore u; and uy are nontrivial critical points of F. The theorem follows from
the next claim.

Claim: C,(F,u2) = 6,1 G.

From (2.3)) and the Shifting Theorem we have that m(uz) < k. We will show
that m(ug) = k. Indeed, by g(z,t)/t > ux—1 we have that 3;(g(z,u2)/u2) <
Bi(ur—1) <1 for all i <k — 1. Now, we have that

A?us + cAug = MUQ.
U2
This implies that Og(g(x,us)/us) < 1. Then, it follows from ¢'(z,t) > g(z,t)/t,
that Ok(¢'(x,uz)) < 1. This implies that m(uz) > k, then m(ug) = k. Again, the
Shifting Theorem and ) imply the Claim.

Theorem 2.5. Assume that pr_1 < ¢'(2,t) < pma1 for allx € Q and t € R.
Suppose that there exists k > 2, m > k 4+ 1 such that pp—1 < go < pr and py, <
oo < fim+1- Then problem (1.1)) has at least two nontrivial solutions.
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Proof. By hypotheses pugp—1 < go < pr and pgp—1 < ¢'(2,t) < pme1 for all z € Q
and t € R, we verifies the Lemma[2.4] Thus, as in the proof of the previous theorem
there exists critical points u; and ug such that

Co(Fyu1) 20 and  Cy(F,ug) # 0,

moreover, we can conclude that u; and us are nontrivial solutions, provided pg_1 <

Jgo < k-
We will show that uy # us. Since ¢'(z,t) < pm41 we obtain

Fr(un)(w) = [ (A0 = lVo)is = [ o o.)iido

> /(|Av|2 — ¢|Vo|?)dx — Mm+1/ lv|>dx > 0,
Q Q

for all v € span{Ym+1,...}. Hence m(u1) + n(u1) < m. On the other hand,
Cr(F,u1) # 0. Thus, by a corollary of Shifting Theorem Cp(F,u1) = 6pmZ.
Therefore u; # uy, which completes the proof. O

Theorem 2.6. Assume that g1 < goo < pe and there exists m > 2 such that
tm < go < thme1- Then (1.1)) has at least two nontrivial solutions.

Proof. By Lemmas and we can apply the Saddle Point Theorem to obtain
a solution u; # 0 such that C1(F,uq) # 0.
Claim: C,(F,u1) = 6p1Z.
Actually, we have that m(uy) < 1. If m(u;) = 1 the claim is proved. If m(u;) =
0, then we have that the first eigenvalue ; of the problem
A% 4 cAv = B¢ (z,ur)v  in Q

(2.4)
v=Av=0 on 99,

satisfies 81 = 1 and is simple. It follows that n(u;) = 1, and so the claim follows
by Shifting Theorem.

We also have that Cy,(F,0) = 6y Z, provided pim, < go < fm+1. NOw, suppose
by contradiction that u; and 0 are the unique critical points of F. Thus the Morse
Inequality reads as

(- =(n+ (D™
This is a contradiction. So there is at least one more nontrivial solution. O
3. THE CASE A\ < c < Mg

Since \; < ¢ < Ag the first eigenvalue of the problem

A%+ cAu=pu in Q

u=Au=0 on 99, (3.1)

is negative. Thus, [,(|Av|*> —¢|Vo|?)dz is not an inner product in V. In this case,
consider the following norm: for all ¢ € V

617 =at [ (81 + [FeaPyde+ [ (A5 - |VGP)do
Q Q

— 02N+ / (IAG? — | Vo) da

= oi (AT + A1) + 1413



EJDE-2011/145 ASYMPTOTICALLY LINEAR PROBLEMS 7

where ¢ = a1y, + ¢ with ¢ € span{p;}* and || - ||o was defined in the previous
section. Notice that || - ||o is a norm in span{¢; }=+.

Clearly, the norm || - ||; is equivalent to usual norm || - ||.

Next lemma will prove that the functional with the above conditions sat-
isfies the Palais-Smale Condition, (PS)-Condition.

Lemma 3.1. Suppose that goo is not eigenvalue from (3.1)). Then the functional
(1.4) satisfies the (PS)-Condition.

Proof. Let (u,) C V be a Palais-Smale sequence, that is, a sequence such that
F(u,) — C and F'(u,) — 0. This lemma is proved with the same arguments
used in Lemma By contradiction, suppose that lim, .. |Jun|l1 = co. Up to a
subsequence we can assume that v, = u, /||uy,||1 converge to v weakly in V' strongly
in L2(Q) and pointwise in Q. Therefore

A% + cAv = goov.
As in the proof of Lemmawe have to show that v # 0. In fact, let u,, = t7p+a,,,

1
Flu,) = f/(|Aun|2 —c|Vun|2)dx—/G(x,un)dm
2 Jo o
) 1 (3.2)
= —Jlun|lF = (M2 (A1 +cAy) — / G(z,up)dz.
2 2 o
Since v, — v in L?(2) as n — oo then [v,p1 — [vp1 =t as n — oo. Taking
limit in the expression

Flup) 1 1 (1) G(un) ,
—-_z A+ — / v d, (3.3)
fual? =2 20w FN TN TS T
we obtain
1 1, .5 9
0= Lironten) — [ gurdn, (3.4)
22 0
this implies v # 0. Thus, Lemma [3.1} is proved. (I

In the next result we obtain the functional geometry to establish existence of
two nontrivial solutions from ({1.1))).
Lemma 3.2. Suppose that p1 < goo < po. Then
(i) F(ty1) — —o0, ast — oo.
(ii) There exists C1 > 0 such that F(u) > —Cy for all u € span{¢; }*.

Proof. (i). Hence puy < goo < o there exists € > 0 and B > 0 such that
G(z,s) > MTH52 - B.
So,

w1 +e€
2

1 1
F(tpr) < 5tQ(AZ{ —c\p) — t2/ pidr + BIQ| = —§t2e+B|Q|.
Q

this implies F(tp;) — —o0 as t — 0.
The proof of (ii) is analogous of (ii) of Lemma O

The next lemma is analogous to Lemma 2.4
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Lemma 3.3. Suppose that there are a,§ > 0 such that pr—1 < g(z,t)/t < a < ug,
for|t| <4,k >2, and g'(x,t) > prp—1. Moreover, assume that there exists m > k+1
such that i, < goo < fhm+1. The following statements hold:
(i) There exists r > 0 and A > 0 such that F(u) > A for all w € Hy ® H3 with
Jull = 7.
(il) F(u) — —o0, as |Jully — oo for all w € Hy & Ho.
(iii) F(u) <0 for allw € Hy.

Proof. The proof of (i) is analogous to proof of (i), Lemma [2.4]
Proof of (ii). Let u € H; ® Hy. Then u = tp; + w, where w € span{y; }*. By
tm < goo there exists €, C > 0 such that G(x,s) > ((pm + €)/2)s?> — C. Thus,

1
Fu) = / (|Au|? — c|Vul|?)dz — | G(z,u)dx
2 Ja Q

1 1 + €
< gllull+ 5En 00— o) = 25 [ (2t ut)aa + cl

fn + €

1
< Slhwl(1 -

1 Hom €
)+ 51&%\% —ch\p) — 2 5

+ C|Q|

this implies F'(u) — —o0 as [Ju||; — oc.
Proof of (iii). Since ¢(x,s) > py we obtain G(z,s) > uit?/2 and

1
Pt = 57 [ (e = ciVe)e - [ Glavtordo

t2
< 5(#1 - / pipida) = 0.
Q

The proof is complete. O

From Lemmas[3.2land [3.3] we find analogous geometries as in Lemmas[2.3]and
for functional . Furthermore, we have the Palais-Smale Condition by Lemma
Thus, with the same proofs of Theorems and we obtain the
following results.

Theorem 3.4. Assume that ¢'(z,t) > g(x,t)/t for all x € Q and t € R. Suppose
that there exists k > 2, m > k41 such that pr—1 < go < pg and iy < Goo < MUm—+1
and pr—1 < g(x,t)/t. Then (L.1) has at least two nontrivial solutions.

Theorem 3.5. Assume that pr—1 < ¢'(2,t) < pme1 for allx € Q and t € R.
Suppose that there exists k > 2, m > k + 1 such that ux—1 < go < pr and py, <
Joo < fm+1- Then (1.1) has at least two nontrivial solutions.

Theorem 3.6. Assume that (11 < goo < f2. Suppose there exists m > 2 such that
tm < go < thms1- Then (1.1)) has at least two nontrivial solutions.

4. THE CASE Ay <c < Apq1, V> 2
In this section we consider A\, < ¢ < Ap41. Thus, the problem

A%u+ cAu=pu in Q

(4.1)
u=Au=0 on 0f,
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has v first negative eigenvalues. Therefore, we will define the following norm in V:

23 o2 Apil® + [Veil*)d A? = c|Ve|*)d
162 ;az/ﬂu il + | so|>:c+/ﬂ<| 917 — VBP)da
=Y @2+ 0+ / (IAB? - |Vg?)da
i=1 Q

=> af(\+ ) +@l§, forall g€V,

=1

where ¢ = a1 + -+ + a, @, + ¢ with ¢ € span{py, ..., 0, }*.

In this section, results will be obtained with the same arguments used in previous
section. The Palais-Smale Condition is proved as Lemma with equation
changed by

F(up) = %/Q(|Aun|2—C|Vun\2)dx—/QG(x7un)dm

_1 2 1 n\2 . . _/
= 5 llunlly 22(ti) (Xi +ci) QG(%un)dfﬂ

i=1
and the equation (3.4)) changed by

— 1 1 - 2 2
0= 5~ 3 ;(tz) (A +cXi) /ngov dzx.

Suppose V' as before and py, < goo < fm+1- We can split V.= H & W where
H = span{p1,...,¢om} and W = H+.
Next lemma is analogous to Lemma 3.2

Lemma 4.1. Assume that fim, < goo < m+1 and v < m. Then
(i) F(u) — —o0, as |lul|, — oo, foru e H.
(ii) There exists C; > 0 such that F(w) > —C4 for allw € W.

Proof. The proof of (ii) is similar to the proof of Lemma (ii).

The proof of (i) follows from g > . In fact, let uw € H. Since v < m, we
have u = Z;’Zl tip; +w. Thus, we have two cases to consider:

Case 1: v < m. Then there exists ¢, B > 0 such that

F(u) = %/Q(|Au|2fc|Vu|2)d:c7/QG(x,u)dx

I ST fim + € [ N 2 )

< gl + 5 o008 - ed) - B (3oek o+ | ) + B0
1 fm + €. 1L

< Sl = B2 4+ 5 3707 — eXi — (o +€)) + B9,

i=1
Case 2: v = m. Then

F(u) = %/Q(\AU\Q—c|Vu|2)dx—/QG(x,u)dm

1 - 2712
< 5 2 R0F = e = (s + ) + BIR)
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In both cases F(u) — —o0 as ||ul|, — oo, which completes the proof. O

From the Palais-Smale Condition and Lemma[4.I] we obtain the following result.

Theorem 4.2. Assume that pi, < goo < pm+1 ond v < m. Suppose, there exists
s > m+1 such that ps < go < pst1- Then (L1.1)) has at least one nontrivial solution.

To study multiplicity of solutions we have an analogous lemma to Lemma [3.3

Lemma 4.3. Assume that v < k. Suppose that there are a,d > 0 such that
pr—1 < gz, t)/t < o < g, for|t| < 6, k > 2, and ¢'(x,t) > pr—1. Moreover,
assume that there exists m > k + 1 such that py < goo < fme1- The following
statements hold:

(i) There exists > 0 and A > 0 such that F(u) > A for all u € Hy ® Hs with
ull, = 7.
(ii) F(u) — —o0, as ||ull, — oo for u € Hy & Hs.
(iii) F(u) <0 for all u € Hy.

Thus we obtain the main theorem of this section.

Theorem 4.4. Suppose there exist k € N, m > k + 1 such that px—1 < go < p,
tm < oo < tmi1 and v < m. Assume that prp—1 < ¢'(x,t) < pimy1, for all x € Q
and t € R. If v < k problem[I.]] has at least two nontrivial solutions; If k+1 < v
problem has at least one nontrivial solution.

Proof. Since v < k + 1 then, by Lemma and the Palais-Smale Condition, we
conclude that functional F' has the geometry of Saddle Point Theorem. Then there
exists uq, a critical point of F', such that

C'm(F‘7 ul) 75 0. (42)
On the other hand, from Lemma there exists us a critical point of F', such that
Cr(F,uq) # 0. (4.3)

The proof is completed with the same arguments as Theorem
If k¥ < v is immediate from Lemma and pur—1 < go < pg that there exists
nontrivial solution wu;. O

To finish, with the same arguments as in Theorem we obtain the following
result.

Theorem 4.5. Suppose there exist k € N, m > k + 1 such that px—1 < go < px,
Um < Joo < Pmt1 and v < m. Assume that ¢'(x,t) > g(z,t)/t for all z € Q
and t € R; and pp—1 < ¢'(x,t). Then: if v < k+ 1 problem [1.1] has at least two
nontrivial solutions; if k < v problem[I_1] has at least one nontrivial solution.
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