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EXISTENCE OF SOLUTIONS FOR A COUPLED QUASILINEAR
SYSTEM ON TIME SCALES

MOULAY RCHID SIDI AMMI, AGNIESZKA B. MALINOWSKA

ABSTRACT. In this work we study a quasilinear system of equations on time
scales. Using the Krasnoselskii fixed-point theorem, sufficient conditions are
given for the existence of positive solutions.

1. INTRODUCTION

In this paper we consider the existence of positive solutions for the system of
dynamic equations

~(wr®)" = Mem). Ve[0Tl

A (1.1)
~(vA®)" = Ag(u(t), vee [0, T,
satisfying the boundary conditions
uB(0) = But(n) =0, u(T) — fu(n) =0, 19

v3(0) = Bv®(n) = 0, o(T) = Bu(n) =0,
where 1 € [0, T)r, 5 € R, such that 0 < 8 < 1. We are seeking for a pair (u,v) of
solutions for the system ([1.1)-(1.2). Our general assumptions are:

(H1) the functions f, g belong to C([0, 00), [0, 0));
(H2) the following limits exist as real numbers:

fo:= lim f(z)/z, go:= lim g(z)/z,
foo = mli)n;cf(x)/ma Joo ‘= mli)n;og(x)/xv fooGoo #O

The theory of dynamic equations on time scales (more generally, on measure
chains) was introduced in 1988 by Stefan Hilger in his PhD thesis (see [10] [IT]).
The theory presents a structure where, once a result is established for a general
time scale, then special cases can be obtained by taking the particular time scale.
If T = R, then we have the result for differential equations. Choosing T = Z we
immediately get the result for difference equations. A great deal of work has been
done since 1988, unifying and extending the theories of differential and difference
equations, and many results are now available in the general setting of time scales,
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see [I1, 2, Bl [4] and references therein. In this paper we prove existence of positive
solutions to the problem — on a general time scale T.

The outline of this paper is as follows. In section [2| we give some preliminary
results with respect to the calculus on time scales. For more details see for example
[7, [8]. Section [3]is devoted to the existence of positive solutions using fixed-point
theory. We are concerned with determining values of A (eigenvalues) for which there
exist positive solutions of 7. In [12)], a Green function plays a fundamental
role to define an appropriate operator on a suitable cone and to prove existence of
solutions for a system of dynamic equations. Differently, here we will use the
well known Guo-Krasnoselskii fixed point theorem without introducing the Green
function.

2. PRELIMINARY RESULTS ON TIME SCALES

Now, we introduce some basic concepts of time scales, preliminaries and lemmas
that will be needed later. For a deep details, the reader can see [I}, 2, B, [, [6, [7] and
references therein. A time scale T is an arbitrary nonempty closed subset of real
numbers R. The operators o and p from T to T which are defined in [I0} IT],

ot)=inf{reT:7>t}eT, pt)=sup{reT:7<t}eT

are called the forward jump operator and the backward jump operator, respectively.

The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =
t, p(t) <t, o(t) =t, o(t) > t, respectively. If T has a right scattered minimum m,
define Ty, = T — {m}; otherwise set T = T. If T has a left scattered maximum M,
define T* = T — {M}; otherwise set T* = T.

Let f: T — R and t € T* (assume ¢ is not left-scattered if ¢ = supT), we
define f2(t) to be the number (provided it exists) such that for all € > 0 there is a
neighborhood U of ¢ such that

If(a(t)) = f(s) — fA(t)(a(t) —s)| < |o(t) —s|, forallsel.

We call f2(t) the delta derivative of f at t. If T = R, then f* coincides with the
usual derivative f/. If T = Z, then f& = Af := f(t +1) — f(t) is the forward
difference.

Similarly, for ¢t € T (assume t is not right-scattered if ¢ = inf T), the nabla
derivative of f at the point ¢ is defined in [5] to be the number fV(¢) (provided it
exists) with the property that for all e > 0 there is a neighborhood U of ¢ such that

F(pt) = £(5) = FY(B)(p(t) = $)] < |p(t) — 5|, forall s € U,

If T =R, then f2(t) = fV(t) = f'(t). If T = Z, then fV(t) = Vf := f(t)— f(t—1)
is the backward difference operator.

We say that a function f is left-dense continuous (i.e., ld-continuous), provided
f is continuous at each left-dense point in T and its right-sided limit exists at
each right-dense point in T. It is well-known that if f is ld-continuous and if
FY(t) = f(t), then we can define the nabla integral by

b
/f@W=F@—Fw

for all a,b € T. A function f : T — R is called rd-continuous if it is continuous
at right-dense points and if its left-sided limit exists at left-dense points. If f is
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rd-continuous and F2(t) = f(t), then we define the delta integral by

b
/ ft)At = F(b) — F(a)
for all a,b € T.

From now on, T is a closed subset of R such that 0 € Ty, T € T*. Let E =
C14([0, T],R) which is a Banach space of ld-continuous functions with the maximum
norm ||ul| = maxp 1) [u(t)].

The main tool in this paper is an application of the Guo-Krasnoselskii fixed point
theorem for operators leaving a Banach space cone invariant.

Theorem 2.1 (Krasnosel’skii [13]). Let B be a Banach space, and let P C B be a
cone in B. Assume that 1 and Qo are open subsets of B with 0 € 0y C Q1 C Qo,
and let

G: P N (62\91) — P
be a completely continuous operator such that either

(1) |Gull < ||ull, w € PNOQ, and ||Gul| > |ull, w € PN IQe; or
(ii) |Gull > JJull, w € PN O, and ||Gu| < |lul, u € PN INs.

Then, G has a fized point in PN (Q2\ Q).

3. MAIN RESULTS

By a positive solution of the eigenvalue problem (1.1)-(1.2)), we understand a
pair of function (u(t),v(t)) which is positive on [0, T]r, and satisfies ([1.1])-(1.2).

Lemma 3.1. Assume that hypotheses (H1)-(H2) are satisfied. Then a pair of

functions (u(t),v(t)) is a solution of (L.I)-(L.2) if and only if u(t),v(t) € E and
(u(t),v(t)) satisfies the system integral equations:

u(t) = u(0) + (A1 - (3.1)

0

|
v(0)+/0t (Ag—)\/osg(u(r))Ar)A& (3.2)

<
—~

~
~—

Il

where

—ho(s) = / Ag(u(r))Ar — Ag,
A8 m

g | ot
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Proof. Necessity. Integrating we have
w6 = ub0) = [ Arr)ar
0
On the other hand, by the boundary condition we have

A0) = Bu®(n) = B(u>(0) — ! v(r
uA(0) = fu () = H(u2(0) /OAf(())A

Then A3
Ay = =1- ﬁ/ f(v
It follows that
= —)\/ flo(r)Ar+ A;.
Integrating the above equation we obtain
u(t) = u(0) +/ A1 / flv Ar As. (3.3)
0

Moreover, by (3.3) and the boundary condition , we have

u(O):u(T)—/O (A1 - /\/f )Ar)As

=ﬂu(n)—/0 A1 /f Ar As

:ﬂ(u(0)+/0 A1 /f Ar As)
—/0 A1 /f Ar As.

u(0) = ﬁ 5/077 Al—/\/sf(v(r))Ar As
—/0 A1 /f Ar As)

Then we have (3.1). Similar arguments need to be done to prove (3.2).
Sufficiency. Simple calculations by taking the delta derivative of u(t) and v(t)
lead to the result. g

Lemma 3.2. Suppose that (H1)~(H2) hold, then a solution (u,v) of (L.I)-(L.2)
satisfies u(t) > 0 and v(t) > 0, fort € [0,T]r.

Then

Proof. Since 0 < 8 < 1, we have
u(0)

zl_ﬁﬂ/o (4 - A/f )Ar)As - iﬁ/OT<A1—)\/OSf(v(r))Ar As
fﬂ/o A1 /f ) Ar As—/OT(Al—)\/osf(v(r))Ar)As}

i

v

(A
S =
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and

As—l_ﬂ/ ha(s As+/OTh1( )As

0 [/
e
25 [ w25 [
Sl

>
> —5 As—/ 1(s )As)
B
Zm , hi(s)As
T
Zlﬁﬂ/n (=hi(s))As > 0.

If t € [0,T)r, then

u(t):u(0)+/o (A1 - /\/f )Ar)As

> u(0) —|—/0 A1 — )\/0 f(v(r))Ar As
=u(T)>0

Arguing exactly as above, we have v(t) > 0. The proof is now complete. O
Lemma 3.3. Suppose that (H1)-(H2) are satisfied, then
T) = inf u(t) > =
u(T) = inf u(t) = pu(0) = pflull,

> 0.

where 1 > p = ﬁTT:B”

Proof. Since u”(0) < 0 we have u®(s) = =\ Jy fo(r))Ar <0, then u® <0,

which implies that w is a non-increasing functlon on [0 T] . Moreover, we have

lull = u(0), infyc(o,7), u(t) = u(T). Hence, from the concavity of u(t) that each

point on chord between (0,4(0)) and (T, u(T")) is below the graph of u(t), we have
T) —

u(T) > u(0) + Tu(jz_:;(n).

On other terms
Tu(n) —nu(T) > (T — n)u(0).
Using the boundary condition (1.2)), it follows
T
(5 —nu(T) = (T — n)u(0).
Then
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For our construction of an operator GG, define a cone K C E by
K={ueE:u(t)>0onTand u(t) > pllul|, for t € T}. (3.4)

Also define the positive numbers

AlzmaX((ﬁ( —nn\/ (foo —€)(goo — € ))71( ﬁﬂ(goo— )77)71),

1—
: 2{ T2 -1 277 -1
%o = min (2555 VT + oo +s>) (a=gpw+a) )
Theorem 3.4. Assume that conditions (h1)—-(H2) are satisfied. Then, for each A
satisfying A\1 < A < g, there exists a pair (u,v) satisfying (1.1))-(1.2) such that
u(t) >0 and v(t) >0 on [0, T]t.

Proof. The main idea of the proof is to use Theorem First observe that we
seek suitable fixed points in the cone K [3.2] of the integral operator

Gu(t) = u(0) + /O (A1~ / Jw(r)Ar)As, (3.5)

where v is a function of u given by (3.2)).

Lemma 3.5. Let G defined by (3.5)), then
() G(K) CK,

(ii) G: K — K is completely continuous.

Notice that by Lemma and Lemma (i) is satisfied. On the other hand
standard arguments show that G is completely continuous.
Since 4 < 1 we have

1 T
Gu(t) < u(0) = 1 —5(-7) " b (s)As + / ha(s )As)
0 (3.6)
< — .
I ﬁ ; |h1(s)|A5
Now, from the definitions of fy and gg, there exists H; > 0 such that
f@) < (fo+e)z, glx) <(go+e€)x, forall zsuch0 <z < Hj. (3.7
Let u € K with ||u|| = H;. We have
lv(r)| = }U(O) —l—/ hg(S)AS’
0
<O+ [ ha()]As (3.8)
0

<o+ | " Iha(s)]As.
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Furthermore,
[ha(s)] = |4 — A / g(u(r)Ar|
0
< |A2\ —l—)\/ lg(u(r))|Ar
< | Aa] + Ago + O)ls| ]
<
< 22 [N latuniar+ Aggn + lsllal
AB
< 25 00+ allul + Ago + sl
AT
< = .
< g0+ olul
Then

T 2
AT
/ |ha(s)|As < (90 + &)full.
0 1-p
Then using (3.10]), we have

B[ e
00 = 1725 [ ()8 = =5 [ ma(e)as
B[ L[
< 2 -
< 1_5/0 Iha(s)|As + 1_5/0 Iha(s)] As
1+6 [T
= 71_5/0 |h2(8)|AS
1+3
< \T? + €)||ul|.
Then from —, we obtain
1+ T2
<MNT?2—(go + o) |lu|| + —— (g0 + €)||u
v(r)| T 5 (90 + €)||ull (1_@(90 )]
< 2o+ olull
—_— €)||u
= (1 5) g0
The choice of \s it yields
2NT? 22772
V|| < ———= + o)|lul] < +e)llull < |lul|l = H
o]l < (1_@2(90 Mull < (1—6)2(‘% Ml < flull
Then by using and we obtain
A3 n
A / ——(fo+e€ v(r)|Ar.
\1|_1ﬁ |f(v 5(f0 )(}\()I
It follows from —- ) that
AB 20T
A §7 +en——— +€)l|u
4 < 725 o+ = oo+ o)l
2X23T%n

= W(fo +€)(go + €)|lul.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Since hq(s) = A J5 f(v(r))Ar, it follows that

(o) < il + 3 [ 17ee)lar
We obtain from and - that

/ Fu(r)|Ar < / (fo + ol Ar < T(fo + o]

2AT3
(1-p)?

(3.16)
<

It follows from - ) that

ha(s)] < (Q(Aﬂ:g)(fwe)(gwe)lull - 2L

< AN2T3
T (1-p)p
Combining inequalities m-m, we have, from (3.6) and the choice of Ao,

5 (fo+€)(go + €)|ull.

(fo+e)go +€)llull)
(3.17)

(fo+€)(go + €)lull.

|Gull < / |hi(s)|As
)\2T4
< 207
T (1-p
8T 4
*(1-p)
So ||Gu|| < |Jul|. If we set Q1 ={u € E: ||u|| < H}, then

|Gul| < |lul| for uw e KN oQy.

7 (fo +€)(g0 + €)|ull

<A 7 (fo+€)(go + e)llull = [Ju]|.

Now, from the definitions of f., and g., there exists Hy > 0 such that
f(@) > (fo —)z, g(x) > (9o —€)z, for x> Hjy > 0. (3.18)
Let Hy = max{2H1, %} Let u € K with ||ul| = Ho, minu(t) > pllul| > Ha,.
On the other hand,

Gu(t) = u(0) —l—/o hi(s)As

ﬂ n T t
=5/ hi(s)As =5 J, hi(s)As + ; hi(s)As
T
> % /77 hi(s)As — % hi(s)As
1-8Jo 1-5Jo (3.19)
T .
> %( 077 hi(s)As — ; hl(s)As)
-5 [T
2 i hl(s)AS
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Furthermore, from (3.2) and as in (3.19) we have

3 T
>0 — A
w0z 775 [ Chalas
Since A < 0, we have from
—ha(s) > )\/ NAr — Ay

> Mg — ©) / pllul Ar
0
> Mgoo — €)pllulls.
Then by the choice of Ay,
6 T
o) 2 50— Oplull [ siss

n
A%( ~ pllulln

B
T 5(900 —e)pn|ull

Y

%

A

> pHUII > Hp.

Since A; < 0, then by (3.20)) we have

(3.20)

(s _A/f Ar—A1>)\/f Ar>)\(foo—)/0nv(r)Ar.

We also have

Cha(s) = A/Osg(u(r))m — A,
> / " glulr)Ar
>\ / ! g(u(r)Ar
> Mg — ©) / u(r)Ar
> Mgoo — prllul
Consequently,
o) 2 AT = (g — Ol
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Then )
“a(9) 2 (T =) P (o = g = )l
Finally, for A > A1, we obtain
T
Gu(t) = 775 [ (hnienas
2,2 _ 2
> 8 (o = O~
202(T _ )2
> T b e = O~ Ol
> |ul) = Hy

Hence, ||Gul| > ||ul|. So, if we set Qy = {u € E: |lul| < Hz}, then
IGu|| > ||u||, forwue Kﬂ@Qg.

Applying Theorem we obtain that G has a fixed point u € K()(Q2/£;). With
v being defined by

v(t) = v(0) + /Ot (A2 - )\/OS g(u(r))Ar)As7

the pair (u,v) is a solution of ([1.1)-(1.2]) for the given A. The proof is now complete.
O

We point out that, under technical calculus, results of this paper can be extended
to the following p-Laplacian case with 2 < p < 4oc:

(@) = M), Ve 0.Tr,

A
~(ep@*®) " = Aglu(t), Ve [0, T,
where ¢,(£) = |¢[P72¢. If p = 2 we obtain problem (L.IJ).
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