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MULTIPLICITY OF SOLUTIONS FOR GRADIENT SYSTEMS

EDCARLOS D. DA SILVA

ABSTRACT. We establish the existence of nontrivial solutions for an elliptic
system which is resonant both at the origin and at infinity. The resonance is
given by an eigenvalue problem with indefinite weight, and the nonlinear term
is permitted to be unbounded. Also, we consider the case where the resonance
at infinity and at the origin can occur with different weights. Our main tool
is the computation of critical groups.

1. INTRODUCTION

In this article, we present results on the existence and multiplicity of solutions
for the system
—Au = f(z,u,v) in Q
—Av = g(x,u,v) inQ (1.1)
u=v=0 on 0f,

where 2 C R¥ is bounded smooth domain in RV, N > 3 and f,g € C'(Q x R? R).
We assume that there is a function F' € C?(Q2 x R% R) such that VF = (f,g). In
this paper, VF denotes the gradient in the variables u and v. In this case, has
a variational structure. More precisely, we have a system of gradient type studied
by many authors; see [T}, [, 1] and references therein.

The main goal of this paper is to find nontrivial solutions for under reso-
nance conditions at infinity and at the origin using Morse theory. More specifically,
we assume resonance conditions at infinity and the origin using an eigenvalue prob-
lem with weights. Resonant problems have been the subject of a vast amount of
research since the appearance of the pioneering paper by Landesman and Lazer
[14]. For gradient system with weights see [, B, Bl I1], and for problems with a
single equation where there is resonance at infinity and the origin see [2] [I8], 26} 27].

From a variational stand point, finding weak solutions of in H=H}Q) x
HZ () is equivalent to finding critical points of the C? functional

1
J(z) = 5 /Q |Vul? + |Vo|?de — /Q F(z,u,v)dz,z = (u,v) in H. (1.2)

Throughout this paper we assume that
VF(z,0,0) =0, ze€.
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Then admits the trivial solution (u,v) = 0. In this case, the key point is to
ensure the existence of nontrivial solutions for . The existence of nontrivial
solutions for depends on the behavior of F' near the origin and at infinity.

There is an extensive bibliography on the study of variational elliptic systems,
both of the gradient type and the Hamiltonian, see [Il [3] [6l [T, 22 29 B0] and
references therein. In two recent articles [29][30] the problem has been studied
under resonant conditions at infinity and at the origin. We complement the results
in [30] by considering resonant conditions using an eigenvalue problem for some
continuous functions. Furthermore, these functions are not necessary positive, see
Section 21

We also recall that elliptic problems for a single semilinear equation at resonance
have been studied in the recent years. We refer the reader to [I5] [16] 24] 25| 26]
where several problems were studied under different conditions on the nonlinear
term. More specifically, those works used the well known angle conditions at zero
and infinity. introduced by Bartsch-Li [2]. In this paper we will find an extension
for these angle conditions for our gradient systems .

We note that represents a steady state case of reaction-diffusion systems
of interest in biology, chemistry, physics and ecology. Mathematically, reaction-
diffusion systems take the form of nonlinear parabolic partial differential equations
which have been intensively studied during recent years; see [23] [21] where many
references can be found.

On the other hand, resonant problems have a great interest due to the additional
difficulty coming from the fact that the associated functional may not satisfy the
classical Palais-Smale condition. In order to obtain nontrivial solutions of ,
overcoming this difficulty, we will impose some conditions in the behavior of F' at
infinity and at the origin.

Let us denote by Ms(Q) the set of all continuous, cooperative and symmetric
functions A € C(Q, Max2(R)). More precisely, if A € My(2) then it has the form

where the functions a,b,c € C(Q,R) satisfy the hypotheses:

(M1) A is cooperative; that is, b(z) > 0 for all x € Q.
(M2) maxgeq max{a,c} > 0.

Here, Mayx2(R) denotes the set of all real matrices of order 2. In this case, given
A € M3(R2), we consider the weighted eigenvalue problem

_A <Z> — \(z) (Z) in Q, (1.3)

u=v=0 on ofN.

Using conditions (M1) and (M2) above, we apply the spectral theory for compact
operators [9] and some results in [3]. We obtain a sequence of distinct eigenvalues

0<A(A) < X(A) < A3(A) <...

such that A\y(A) — 400 as k — oo; see [3, [II] for more details. To state the
behavior of F' at infinity and at the origin we introduce the following hypotheses:
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(MI) There exist Ao € M2(£2) and a function G such that

Goo(x,2) = F(x,2) — %(Aoo(x)z, z) V(z,2) € Q x R? (1.4)
(MO) There is Ay € M3(2) and a function Gy such that
1 —
Go(l',Z) :F(ZIJ,Z)— §<A0(.T,)Z,Z>, V(l',Z) GQXR27 (15)

where VG, and VG satisfy the following growth conditions:
(BI) There exist o € (0,1) such that

|VGoo(z,2)| < C(1+|2]*) forae. z€Q,VzeR?%
(B0) There exist 8 € (1,2* — 1) and § > 0 such that
|VGo(z,2)| < Cl|z|?  for a.e. € Q,V|z| < 4.

Under these hypotheses, system (1.1)) is called asymptotically quadratic both at
infinity and at the origin. Moreover, when A\;(As) = Am(A4p) = 1 with k,m > 2,
problem (|1.1) becomes resonant at infinity and at the origin. In addition, the
resonance phenomena occurs at higher eigenvalues.

To avoid the resonance, we make the following assumptions on the behavior of
V(G and VGy near infinity and near the origin, respectively:

(CI) There exist Fy, Fy € C(Q,R) such that

.. . VGx(z,2)-2 _ . VGoo(x,2) 2
Fi(z) <liminf ——————2— <limsup ——————— < Fy(z 1.6
o) STl e S ne s RE 19
with fFj = 0 for j=1,2.
(CO) There exist f1, fo € C(Q,R) such that
. . VGo(z,z)- 2z _ . VGo(z,2) -z
<1 f——2 7 — <1 — < 1.
fl(m) = 1|1,3|l—1»% ‘Z|1+6 = msup |Z|1+ﬂ = fQ(x) ( 7)

|z|]—0
with [ f; # 0 for j=1,2.

In what follows we assume Ag(Aso) = Am(Ag) = 1 where k,m > 1. In this way, we
shall prove the following results.

Theorem 1.1. Assume (MI), (MO0), (BI), (B0), (CI), (C0). In addition, suppose
that either one of the following two conditions holds:

(a) Fo(x) <0, fi(z) >0in Q and m # k — 1.

(b) Fi(z) >0, fa(x) <0 in Q and k #m — 1.
Then has at least one nontrivial solution z, # 0.

Theorem 1.2. Assume (MI), (MO0), (BI), (B0), (CI), (C0). In addition, suppose
that either one of the following two conditions holds:

(a) Fi(xz) >0, fi(z) >0 in Q and k # m.

(b) Fa(z) <0, fa(x) <0 in Q and k # m.
Then has at least one nontrivial solution z, # 0.

Remark 1.3. In Theorems [1.1] and we have resonance both at infinity and
at the origin given by the weights A, Ag € M2(Q) respectively. Moreover, these
functions can be different; i. e., we allow the resonance with two distinct weights. In
addition when A, = Ay, Theorem [I.1]is similar to first result in [30] with constant
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functions in M5 (Q). But, the conditions in Theorem [I.2}a and Theorem [1.2}b are

new.

Again, under the hypotheses of Theorem or Theorem problem has
one nontrivial solution. Now, an interesting question is: Are there more nontrivial
solutions?

For the next result, we will add further hypotheses on F' and we find another
nontrivial solution. Firstly, we have the following definition.

Definition 1.4. Let A, B € M3(f2). We define A < B if (A(x)z, z) < (B(x)z, z),

for all z € R?, and 2111 z € Q. Morleover7 we define A < Bif A< Band B— A is
positive definite on © C  where |2| > 0. Here | - | denotes the Lebesgue measure.

Remark 1.5. Let F € C? and A, B € M3(f). Then the inequalities A < F” < B
mean (A(z)z, z) < (F"(x)z,2) < (B(x)z,z) for all (z,2) € QxR2 Here F” denotes

the Hessian matrix of F' in the variables u and v.
The second and third result of this paper can be stated as follows.

Theorem 1.6. Assume (MI), (MO0), (BI), (B0), (CI), (C0O). In addition, suppose
that either one of the following two cases holds:
(a) Fa(z) <0 and fi(x) >0 in Q, with F" > 3 = M—140 and m >k — 1,
(b) Fi(z) >0 and fa(x) <0 in Q, with F”" < 2 Agy14e and k> m — 1,
where (3 is a function in Ma(Q). Then (1.1)) has at least two nontrivial solutions.

Theorem 1.7. Assume (MI), (MO0), (BI), (B0), (CI), (C0). In addition, suppose
that either one of the following two cases holds:
(a) Fi(x) >0 and fi(x) >0 in Q, with F"” < 8 < Ap1140 and m <k,
(b) Fo(z) <0 and fao(z) <0 in Q, with F"" > 8 = A_140 and m > k, where
B is a function in M2 ().
Then problem (1.1)) has at least two nontrivial solutions.

Remark 1.8. Theorems and improve the second result in [30]. Again,
we allow the resonance at infinity and the origin with distinct functions A, Ag €

Mo ().

Ours main results are compared to those of [30] when A, Ag € M3(2) are the
same and constant. However, in Theorem [[.I}a and Theorem [I.I}b we have a new
result where the resonance in the same matrix with distinct or same eigenvalues
was allowed.

On the other hand, in Theorem and Theorem we have new multiplicity
results without restriction in the nullity at the origin. More specifically, these
theorems given us multiplicity of solutions for controlling the second derivative
of F. Hence, our approach permits to extend of [30] for elliptic systems using the
eigenvalue problem for any functions in Mz ().

We point out that the main idea for finding the second nontrivial solution in
Theorems and was first used in Li-Willem [I7] on elliptic problems for a
single equation.

In the proof of ours results, we study using some results related to the
critical groups at an isolated critical point, see [2 4, [I8 20]. So, we compute the
critical groups at infinity and the origin.
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This paper is organized as follows: In Section 2, we recall the abstract framework
of Problem and highlight the properties for the eigenvalue problem . In
Section 3 we determine the critical groups at infinity and the origin. Section 4 is
devoted to the proofs of Theorems [I.6] and

2. ABSTRACT FRAMEWORK AND EIGENVALUE PROBLEM FOR (1.1))

Firstly, we denote by H = H{(Q) x H}(Q) the Hilbert space endowed with the
norm

1212 :/ Vul + |Vol2de, == (u,v) € H.
Q

We denote by (-, -) the scalar product in H.
Now, we recall the properties of the eigenvalue problem

_A (Z) — \(z) <z> in Q (2.1)

u=v=0 on oN.

Let A € M5(Q), then there is a compact self-adjoint linear operator T4 : H — H
such that

(Taz,w)y = /Q(A(m)z,w>dm, Vz,w e H.

This operator has the propriety that X is eigenvalue of (2.1)) if and only if Thz = %z,
for some z € H. Thus, for each A € M2(Q) there exist a sequence of eigenvalues
for system (2.1) and a Hilbertian basis for H formed by eigenfunctions of (2.1).
Moreover, denoting by A;(A) the eigenvalues of (2.1)) and ®;(A) the associated
eigenfunctions, then 0 < A;(A) < A2(A) < ... A\ (A) — 00 as k — oo, and we have
1
—— =sup{(T’ =1 Vit
)\k(A) bup{< szz>7 ||Z|| y 2 € k—l}:
where Vi | = span{®;(A),...,P,_1(A4)}. Thus, we get H = V;, & V- for k > 1,
and the following variational inequalities hold
2|1 < M(ANTaz,2), Vz€ Vi, k>2, (2.2)
12017 > M1 (A)(Taz, 2), Vze Vi k>1. (2.3)

The variational inequalities will be used in the next section, for more properties to
the problem (2.1)) see [3], 5], @} [1].

3. THE COMPUTATIONS OF CRITICAL GROUPS

In this section we present some lemmas for the computations of critical groups
at infinity and at the origin. As stated in the Introduction, we will look for the
critical points of the C? functional J : H — R given by equation (L.2).

We divide this section into two parts. The first part is devoted to find the critical
groups at the origin. To do that, we will use a result proved in [30]. Namely, we
will consider the following lemma.

Lemma 3.1 ([30]). Suppose (MO0), (B0), (CO) hold. Let H = Vy & Wy where
Vo = ker(I —Ta,),Wo = Vi-. Let (2p)nen € H, 2, = 22 +w,,, 22 € Vo, w, € Wy
such that ||zn]| — O, me2r — 0 asn — oo. Then we have the following two
alternatives:
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(a) If fi(x) > 0 a.e. x € Q then
VGo(z, zn) - 2zn

lim inf >0
n—so Jo oo lznlltHP
(b) If fa(x) <0 a.e. x € then
lim sup VGo(@, 2n) - 20 <0.

n—oo Jo o |znll'*7

Using the previous result we have the following characterization for critical
groups at the origin.

Lemma 3.2. Suppose (MO0), (B0), (CO) hold. Then we have

(a) If fi(xz) > 0, then Cy(J,0) = 0q,10+1,9, ¢ € N.
(b) If fa(z) <0, then Cq(J,0) = 64,4,G, ¢ € N.

Here, G is an Abelian group and po and vg denote the index of Morse and the nullity
at the origin, respectively.

Proof. Case (a). We will divide the proof of this case into two steps.
Step 1. We claim that there are p > 0 and € € (0,1) such that

(J'(2),2° +27) <0, VzeCO(pe), (3.1)

where
Clpe)={z=2"+2"+27 e H=VoaW;|jz| <pand ||z + 27| <¢lz|}
with W = W™ @ W, . More precisely, we chose the sets
Vo =ker(I —Ta,), Wi =32, ker(IX; ' (Ag) — Ta,),

Wy = @7 ker(IA; 1 (Ag) — Ta,)-
In this way, if statement is false, we have for each p = ¢ = % a point z, €
H;z, = 20 + 2t + 2 satisfying the inequalities

1 _ 1 _
lenll < = llzd + 20l < ~llzall, (T'(20), 20+ 2,) > 0.

Therefore, ||z,| — 0, HTWH — 0 as n — 0.

On the other hand, there is a linear operator T4, : H — H which is self-adjoint
and compact. Thus, using the variational inequality (2.2)) for T4,, we obtain

0< (J'(20),2° + 2,)

:(([—TAO)zn,zg—i—z;)—/VGO(x,zn)(zg—i—z;)dx

Q
(I = Tag)emr )+ (1= Ta)28 o) = [ V() (2 + 2o
= (T~ Tag)zgo2) — /Q VGol, 20) (20 + 27 )da

—/ VGo(z,2,) (20 + 2, )dx.
Q

It follows that
VGo(z,2,)(28 + 2,,)

limsup o5

n—oo

dz < 0. (3.2)
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Now, using the Holder’s inequality and Sobolev Embedding Theorem we have

VGo(,2n)2 / |2n]° |2 [ER R E [
" ————dr| < C =C =C-—"1= —0,
| a lzll**? < IIZnHHB e [ [EA
as n — 0o. Therefore,
G n) " <n G n n
lim sup M dz = lim sup VGo(#, 2n) (20 + Z")daz <0. (3.3)

e R e

n—oo JQ

By Lemma we have

n— oo

it [ T 2
n=oe Jo o [l

which contradicts the preceding estimate (3.3]). Therefore, there are § > 0,¢ € (0,1)
satisfying (3.1). So we finish the proof of this claim.
Step 2. Let t € [0, 1]. We consider the following homotopy J; : H — R given by

1
Ji(z) = J(z) — §t||z0||2, ze H

where z = 20+ 27 + 27 € H = Vy @ W, @ W,. Clearly, J; possesses z = 0 as a
nondegenerate critical point with the Morse index o + vg.
We claim that there exists a p > 0 small enough such that

Ji(z) #0, Vze B,\{0}, t€[0,1],

where B, is the open ball in H centered at the origin with radius p. Using this
fact, by the characterization of critical groups of a nondegenerate critical point see
[], the homotopy J; is admissible. So, we obtain

Cq(J, O) = Cq(J(),O) = Cq(Jl,O) = 6qym+y0g7 Vq e N.

Now we prove the claim just above. By Step 1 for each z € C(p,€)\{0} we obtain
20 40,2+ 27 # 0 and

(J}(2),2° 4 27) = (J'(2),2° + 27) — (2", 2%) < —t]|2°)* < 0.
On the other hand, if z € B,\C(p, €) with p small, we have the following inequalities
<J£(Z)a Z+ - Z_>
={(I —Ta,)z,2") = ((I = Ta,)z, 2~ VGO (x,2) z7)dx

> ||27F 17 = (Tagz™, 27) = (l27I1° = (Tap2™,27))
—/QVGO(:E,,Z)(ZJr—z*)dm
1 1 _ _
S Cbere )Ll G e L A
> 5|zt 4 27| —/ VGo(z,2)(z" —27)dz
>zt + 27 || T HQ/VGO z, z) )dx}

> |zt 42~ ||

|zt — 2 |dx]
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> |zt + 2720 -

C _
E 217z —=~]] >0

Iz

for all ||z|| < p and uniformly on ¢ € [0,1]. Where we used the hypothesis (B0) and
the variational inequalities ([2.2]) and (2.3]). Clearly, we take § > 0 such that

# 14+ #}
)\m+1(AO)7 )\mfl(AO) .

Therefore, there exists a neighborhood B, C H = Hj()? of 0 such that

5§min{1—

Ji(z) #0, Vze B, withte][0,1].

So the claim above follows and the proof of this lemma for the case (a) is now
complete.
Case (b) In this case we consider the homotopy

1
Ji(2) :J(z)+§t||zo||2, reH=VooW§ oW, z€ H, tec[0,1].

Again, the homotopy J; is admissible; i.e, there exists an open ball B, C H =
HZ(2)? such that

Ji(z) #0, Vze B, foreacht e [0,1].
Actually, is sufficient to prove that there exist p > 0 and € € (0,1) small such that
(J}(2),2° —27) >0, Vze&C(pe) for each t € [0,1].

The proof of this inequality follows the same ideas discussed in case (a). So, we
will omit it. O

In the second part we will show that the functional J satisfies the Cerami con-
dition at any level ¢ € R. So, using a result given by [2], we compute the critical
groups at infinity. In order to do that, we have the following lemmas.

Lemma 3.3 ([30]). Assume (MI), (BI), (CI). Let H = Voo ® Wy, where Voo =
ker(I —Ta_. ), Weo = V. Suppose also that there is a sequence z, = 20 +w, € H
with 20 € Vi, w, € Wa where ||2,|| — 00 and 22 — 0 as n — oo. So we have
the following alternatives:

llznll
(a) If Fi(x) >0 a.e. 2 € Q then liminf, . [, % >0,
(b) If Fa(x) <0 a.e. x € Q then limsup, . [, % <0.
Lemma 3.4. Assume (MI), (BI), (CI). Let R > 0, € € (0,1) and consider the set
CRye)={2=2"+2"+t e H=ViaW_ oW, |z >R, |z"+27|| < €|z}

Then we have the following alternatives:
(a) Fi(x) > 0 implies that there exist R > 0, e € (0,1), and § > 0 such that

(J'(2),2%) < —=0; Vze€CO(Re).
(b) Fa(z) <0 implies that there exist R >0, € € (0,1), and 6 > 0 such that
(J'(2),2%) > 6; Vze€CO(Re).
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Proof. Case (a). Let us assume, by contradiction, that for e = § = %, there is a
sequence 2z, = 20 + 2, + 2z € H =V, ® W ® W1 satisfying the inequalities
1
lzall 2 m,  lzn + 27 || < *||Zn|\ (J(zn), 20) > ——.

Here we put Voo =ker(I — Ta_ ), Woo = WL & WL where
W1 =052y ker(IA; (Aoe) — Ta, ), W, = @51 ker(IA; M (As) — Ta ).

Therefore, we have the following estimates

<{(J'(zn), 20) = (I = Ta)zn, 2) /VG T, 2p)20dx

—/ VGoo(, 2n)20 d.
Q

This implies

0
lim sup Mizn)zndx <0. (3.4)
n—oo Jo  |lzn'te

On the other hand, using the Holder’s inequality and Sobolev embedding, we obtain

VGoo(m,2p)(2F + 27) VGoo(m,2n)(2F + 27)
) aa| < n) g
IR < [ P
(At [zl + 75
/C |z ||1+a dx
Vil + 2zl et + 2]
SO R PO e T

as n — 0o. Therefore,

0
lim inf / VGoo(t,2n)2n j o / VGoo(,2n)2n 5
Q Q

n—00 [z |1 n—o0 [z |1

This is a contradiction with the estimate (a) of Lemma Thus, there are R > 0
large enough and € € (0,1) such that (J'(z), z0) < —6 for all z € C(R,¢) for some
d > 0. So we completed the proof of case (a). The proof of case (b) is similar to
the previous case, therefore we omit it. ([

Now we prove the compactness condition required for the proof of Theorem
First, we recall that J : H — R is said to satisfy Palais-Smale condition at the level
¢ € R ((PS). in short), if any sequence (z,) C H such that

J(zp) = ¢ and J'(z,) — 0

as n — 0o, possesses a convergent subsequence in H.
Moreover, we say that J : H — R satisfies the Cerami condition at the level
¢ € R ((Ce), in short), if any sequence (z,) C H such that

J(zn) = ¢ and (1 +[lza|)J"(z0)] — O
as m — 0o, possesses a convergent subsequence in H.

Lemma 3.5. Assume (MI), (BI), (CI). If Fa(z) <0 or Fi(z) > 0 for a.e. z € Q
then the functional J : H — R satisfies the compactness condition (Ce). for all
ceR.
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Proof. First, we suppose Fi(z) > 0 a.e. x € Q, we shall show that all Cerami
sequences (zp)neny € H are bounded. Assume, by contraction, that (z,)nen in
H is unbounded. Therefore, up to a subsequence, we have ||z,|| — oco. Letting
=2tz +20, 20 e VE 2o eV, and 20 € V2. Let Ty, : H — H be a
linear operator given by eigenvalue problem , see Section 2. Then we have the
following estimates

(J'(zn)s 20 = 2)

={((I - TAm)zn,zi — z;) 7/ VGoo(x,zn)(zI — z;)dx
Q
(= Tal)et ) — (= Ta)em 2 / VGoo(, 20) (5F — 27 )da
Q

e c/ (L4 o) — 2 |da
Q

> )zt — 2P = Cllst — 2]l = Cllzal®ll2F — 23]
_ _ _ C
> bllzt — 2 = Ol — 2l = Ol — = | — Sl
> et — | = Cllzt -zl — S feal®
= Yell*n n n n 62 n .

where we used Holder’s inequality, Sobolev embedding and Young’s inequality with
€ > 0. For small € > 0, we have §. > 0 which shows that

+_ 2 + _ - + _ - 2a
[z Izl Iz Izl (3.5)
O Gl ol =2l ozl
[lznl 212 “lznll®

From the above inequality, it follows that
+

[N
Moreover, by Lemma and for n large, we conclude that z, € C(R,¢) and
(J'(2n),20) <—d<0.

However, by Cerami condition, we recall that

— 0 asn — oo.

[ (za) |1+ [|2nl]) = 0 asn — oo,

which is a contradiction. Consequently, all (Ce). sequences (z)nen are bounded.
Using standard arguments, we can conclude that z,, — 2z € H up to a subsequence.
Also, the proof of the case where Fy(z) < 0 is similar. Thus we will omit it. O

Now we will find all critical groups at infinity using a result given in [2].

Proposition 3.6 ([2]). Let J: H — R be a functional given by J(z) = £(Az,z) +
G(z), where A: H — H is a bounded self-adjoint linear operator, such that 0 is an
isolated point in the spectrum of A. Assume also that J € C1(H,R) and G is of
class C? in a neighborhood of infinity such that

1G" )

" =0 aslz]| — oo
121
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In addition, suppose that the all critical values of J are bounded below and it satisfies
(PS).. condition or (Ce). condition for c < 0. Setting Vo, = ker A, V¥ = W_oWL
with W and WZ invariant under A, A |W;g is positive definite, A|W, negative
definite. Let jioo = dim W and vo, = dim Vi, the Morse index and the nullity of
J at infinity, respectively. Then, we have the following alternatives:

(a) (AC)L If there exist R > 0 and € € (0,1) such that (J'(2),2°) > 0 for
2=+ 27+t e Voo @ WE @ Wy with ||z]| > R and ||z + 27 || < €|z
then

Cq(J,00) = 04,,..G,Vq € N.

(b) (AC)%, If there exist R > 0 and € € (0,1) such that (J'(z),2") < 0 for
z2=2+2" 2T eV @WE S WL with ||z]| > R and ||z + 27 || < €| z||
then

Cq(J,00) =g,y +1..G,Yg € N.

The conditions (AC)%, and (AC)Z, are well known as the angle conditions at
infinity. We will use the previous result in order to compute the critical groups
Cy(J, 00) under hypotheses (MI), (BI), and (CI).

Remark 3.7. In [2 Proposition 3.10], Bartsch-Li supposed the condition
G"(z) =0, as|z|| — cc. (3.6)

However, we mention that there is a modified condition which was considered by
Jiabao Su [25]. More precisely, in this work was used the assumption

IG" A
121l

which is sufficient for the proof of [2, Proposition 3.10]. This modified condition
was recently used in [27]. In this case, the proof could be done by using a result of
Wang [28].

Evidently, the later assumption is slight weaker than the preceding hypothesis.
Moreover, it is not a slightly modification, since the condition can be not
verified in many applications. But the condition where the function G belongs
to C! is easily verified and it is enough in applications.

—0 as|z]| — o0 (3.7)

Lemma 3.8. Assume (MI), (BI), (CI)). Then we have the following alternatives:

(a) If Fi(z) > 0 a.e. in Q then Cy(J,00) = 8¢y +0..G, for all g € N.
(b) If Fa(xz) <0 a.e. in Q then Cy(J,00) = 04,...G, for all ¢ € N.

Here we define po = dim @?;11 kel"(l/\j_l —Ta) and veo = dimker(I —Ty_ ) where
Ta,, : H— H is a compact self-adjoint linear operator, see Section 2.

Proof. We recall that

() = %((1 CTa)e ) +G(2), G(z) = —/ G, 2)da.
Q
In this case (BI) implies G’'(2)/||z|| — 0 as ||z|| — oo. Thus, for the proof of
case (a), we have the (AC), condition, which was provided by Lemma a and
Proposition [3.6}b.
Moreover, for the proof of case (b), we have the (AC)} condition, which was
showed by Lemma[3.4}b and Proposition [3.6a. This completes the proof. [



12 E. D. DA SILVA EJDE-2010/64

In the next result we will use an interesting result proved by [8] for a single
equation. This result has a similar version adapted for gradient systems. However,
to the best our knowledge, this result is not well known for gradient systems. In
the proof of this result we use the Strong Unique Continuation Property, in short
(SUCP), for the eigenfunctions of problem . For the proof of this property we
refer the reader to [10} I3} [19]. So we can prove the following result

Proposition 3.9. Let 8,a € M3(2). Then we have
(a) If F"" < () = Mpt1400(), a.e. x € Q then there exist § > 0 such that

2% - /Q(ﬂ(x)z,z)dx >6)z)?, Ve Wt = B72 k11 ker (I)\j_l(AOO) —Ta.).

(b) If Mim1Aso () < ax) < F”, a.e. x € Q, then there exist 6 > 0 such that

I211* — / (a(@)z, 2)dr < =0]12[?, Ywe Wy = @) ker (IA]'(Ax) = Ta,) -
Q

The proof of the above proposition is similar to the proof of [8, Proposition 2].
Thus, we omit it.

4. PROOF OF OUR MAIN RESULTS

4.1. Proof of Theorem Firstly, suppose the case (a), i.e, when Fy(z) < 0
a.e. ¢ € Qand fi(z) > 0 a.e. z € Q holds. Then by Lemmas and we
conclude that

Cq(J,0) = 0g,uG,  Cq(J,0) = 0k o419, Vg EN.

Thus, we get C,,__(J,00) # C,,__(J,0) for m # k — 1. This information ensures the
existence of a critical point z, € H such that C,__(J,2.) # 0. Therefore, z, is a
nontrivial solution for the system (1.1)).

For the proof of case (b); i.e., Fi(z) > 0 a.e. z € Q and fo(z) < 0 a.e. in Q we
use Lemmas and [3.8] which imply

Cq(J,0) = bgpatva G, Cq(J,0) =0qu,G, VgeN.

In this case we obtain Cy,__ 4, (J,00) # Cu._4v.. (J,0) where k # m — 1. Therefore,
we have at least one critical point z, € H such that C,__(J,2.) # 0. Thus z, is
a nontrivial solution for problem the (L.1) and the proof of this theorem is now
complete.

4.2. Proof of Theorem In this case, the proof of the cases (a) and (b) are
analogues to the previous cases. Thus we omit it.

4.3. Proof of Theorem Firstly, we will prove the case (b). In this case
Theorem [L1] ensures that
CQ(‘L OO) = 6q,uoo+l/oog’ Cq(J, O) = éqyuoga VgeN,
Cuoo+voo (J7 Z*) 7é 0,
where z, is a nontrivial solution. In addition, by Growoll-Meyer’s Lemma [12], we
get floo + Voo € [M(24), m(2x) + n(2)] where m(z,) is the index Morse for J at z,

and n(z4) is the nullity in the same point.
On the other hand, we have

J" (z)(w,w) = |Jw||* - /QF”(I‘7Z*)(’LU,’LU)CZ£C
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> ol = [ (3w w)da
> dllwl* >0, YweWI\{0},
where we used Proposition Therefore, we conclude that
m(zy) + n(z4) < dim 69?:1 ker (IA;l(AOO) —Ta.)
=dim(W_aV)
= Moo T Voo-
The previous inequality provides the identity
m(z2) +1(22) = oo + fioe-

In that case, by [20], we obtain Cy(J, 24) = g, +0..G, for all ¢ € N.
Finally, if 0, z, are the unique critical points for J the Morse’s identity implies
that

(1P + (L = (1t

which is a contradiction. Therefore, the problem (1.1)) has at least two nontrivial
solutions, which completes the proof of case (b).
In the proof of case (a) we have the following critical groups

Cq(JvOO) = 5q,uoog, Cq(Ja 0) = 5q,uo+uoga VgeN,
Cu..(J z) #0.

Again, we have o, € [m(24), m(2y) + n(z)]. In addition, we obtain

T (22) (w, w) = ||w|\2—/QF”(x,z*)(w,w)dx

IN

ol - /Q (B(@yw, w)da
—(5||w||2 <0, Ywe W \{0},

IN

where we used Proposition [3.9] This inequality yields
Loo = M(2y) > dim W = pioo.
Hence oo = m(z*). As a consequence, by [20], we conclude that
Cq(J,24) =0gppoc 40,9, YgeN.
In conclusion, if 0, z, are the unique critical points of J the Morse’s identity implies
(—1)ot0 4 (<L) = (—1),

Clearly, we have a contradiction and problem (1.1) admits at least two nontrivial
solutions in the case (a). So we completed the proof.

4.4. Proof of Theorem The proof of the cases (a) and (b) are similar to the
proof of Theorem therefore, we omit them.
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