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EXISTENCE OF POSITIVE SOLUTIONS TO SOME IMPULSIVE
SECOND-ORDER INTEGRODIFFERENTIAL EQUATIONS

RAHIMA ATMANIA

ABSTRACT. In this article, we consider an initial-value problem for second-
order nonlinear integrodifferential equations with impulses in a Banach space.
By using the monotone iterative technique in a cone together with Arzela-
Ascoli theorem and the dominated convergence theorem, we establish the ex-
istence of positive solutions of such a problem.

1. INTRODUCTION

It is well known that the theory of impulsive differential equations is an important
area of research which has been investigated in the last few years by many authors
in several directions. So, a great deal of techniques and methods have been used
in the study of the second order impulsive differential equations to obtain some
quantitative or qualitative results regarding the solutions of such new problems, see
for instance [2, B, 5] . We recall that the impulsive differential equations can model
natural phenomena and evolving processes which are subject to abrupt changes
such as shocks, food shortenings, natural disasters and so on. Thus, we may treat
these short-term perturbations as impulses that affect later on the behavior of the
solutions. To learn more about the recent developments of the theory of impulsive
equations we refer the reader to the works of Benchohra et al [I] without forgetting
to quote the book by Lakshmikantam et al. [4], we recall that the latter is considered
as one of the basic references in this domain.

Our contribution in this paper is the investigation of positive solutions to the
following second order nonlinear integrodifferential equation

2'(t) = F(t,z(61(t)), 2" (62(1)), Tx(t), Sz(t)), te J\{ty; k=1,2...} (1.1)
subject to the impulsive conditions

Ar=z(tT) —2(t”) = L(t,z,2"), t=ti; k=1,2...,

Ax' =2’ (7)) —2'(t7) = I(t,z, 2), t=ty; k=1,2...,

and the initial conditions

(1.2)

z(0) =z, 2'(0) =z, (1.3)
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where for x € X, a given Banach space, and ¢ € J = [0,400), the functionals T
and S are defined as follows:

Ta(t) :/0 g(t,s,x(ag(s)),/osk(s,T,x(54(T))>dT)ds,
+oo
Sx(t) :/ h(t,s,z(05(s)))ds.

0

So, inspired by the results in [2] devoted to the existence of positive solutions to
the corresponding problem for Sxz(t) = 0, Tx(t) = fg K(t,s)z(s)ds and 0;(t) = t,
i = 1,...4, we have established the existence of positive solutions for problem
— by using the monotone iterative technique in a cone of a Banach space
X together with Ascoli-Arzela theorem and the dominated convergence theorem on
an infinite time interval with the presence of an infinite number of impulses.

2. PRELIMINARIES

We first set the following assumptions:

(H1) 0 <ty <tg-+- <tp... and limg_ o tg = +00;

(H2) ¢ and zfj are given values in a cone P of a Banach space (X, ||.||) which
defines a partial ordering in X as follows: x < y if and only if y — z € P.
We assume that x is different from the null vector 6 of P.

(H3) Fe C(JxPxPxPxP,P),ge C(JxJxPxP,P), ke C(JxJxP,P),
heC(JxJxP,P), I I, e C(J x Px P,P) and §; € C(J,J) are given
functions such that 6;(t) <, t € J, such that tlirglo Ji(t) =occfori=1,...5.

In the sequel we shall use the following spaces:
PC(J,X) ={x:J — X : x(t) is continuous at ¢ # t, left continuous at ¢t = t,
and z(t]) exists for k =1,2... };
PC(J,P)={x e PC(J,X):0<z(t); teJ}
PCH(J,X) = {x € PC(J,X) : '(t) is continuous at t # t, left continuous at t = t,
and ' (t]) exists for k =1,2...}.

Moreover, we introduce the Banach spaces

()]l

SPC(J,X) ={x e PC(J,X) : sup —— < o0},
tes t+1
: _ o Ll
with the norm [|z|s = sup “555+, and
teJ
1 _ 1 e M@l /
SPCH(J,X)={x € PC (J,X) :sup < oo and sup ||z’ (t)] < oo}
teg t+1 teJ

with the norm ||z|p = max(||z|s, ||2’|lc), where ||z'||c = sup||z’(¢)]]. We note
teJ
that
SPC(J,P)={x € SPC(J,X) :0 <x(t); te J}
is a cone in SPC(J, X), and
SPCY(J,P) = {x € SPC'(J,X):0 < x(t) and 0 < 2'(t); t € J}
is a cone in SPC*(J, X).
We recall that a cone is said to be normal if there exists a constant N > 0 such

that § < z <y implies ||z|| < NJy||, and a cone is said to be reqular (resp. fully
reqular) if 7 < - <z, <--- <y for some y € X (resp. ||z1|| < -+ < jzn| <
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- < sup,, ||zn|| < oo0) implies that there is z,, € X, such that ||z, — x| — 0 as
n — 0o.
Of course, the full regularity of a cone implies its regularity which in turn implies
its normality.
By a positive solution to the problem -, we mean a function
z € C*J\ {tx}r>1,X) NSPC'(J, P)

satisfying (L.1)-(1.3) and x(t) € P\{60}, for every ¢ € J. We need the following
lemma whose proof can be handled without any difficulty.

Lemma 2.1. A function © € C*(J \ {t;}x>1,X) N SPC'(J, P) is a solution to
the problem (1.1)-(1.3)) if and only if x € PC(J, P) satisfies the impulsive integral
equation

x(t) = xo + tag + /0 (t — 8)F(s,2(61(3)), 2" (82(s)), Tx(s), Sz(s))ds

+ Z [Tk (t, 2(tr), @' (b)) + (t — te) I (e, 2 (te), 2 (t))]

0<trp <t

(2.1)

Now we are in position to state and prove our main results.

3. MAIN RESULTS

Besides the mentioned hypotheses (H1) to (H3), we add the following:

(H4) [lg(t, s, z,9) < ma(t,s)llz] + mals)llyll; [k, s,2)l] < ms(t,s)|z]| and
|h(t, s, )| < ma(t,s)||x|, for every t,s € J and x,y € P, where the func-
tions mq, ms, m4 and my satisfy

t —+o0
sup/ mq(t, s)ds = mj < oo, sup/ my(t, s)ds = mj < oo,
teJ teJ

t s
sup/ mg(s)/ ms(s,T)dT ds =mj < 0.
0 0

teJ

H5) [[F(t z,y, z,w)| < pr@)l|z] + p2@)llyll + ps(O)]I2]| + pa(®)lw]] + q(t), for
every t € J and z,y, z,w € P. The functions p;, « = 1,...,4, and ¢ satisfy

+oo +oo
/ (s + Dp(s)ds =p* < oo,/ q(s)ds = q¢" < >
0 0

with p(t) = , max 4pi(t).

Ig)

(HO) [|7x(t,z, )| < akllzll + billyll + s [k(t 2, 9)|| < dillzll + exllyll + fx, for
every t € J and z,y € P; ay, bg, ¢k, di, ek, fx; k=1,2,..., being positive
constants such that

i(tk+l)ak=a<oo; Zbk—b<oo ch—c<oo

k=1
Ztk+1dk—d<oo Zek—e<oo ka—f<oo
k=1 k=1 k=1

(HT) For each t € J and z1, 29, y1, Y2, 21, 22, w1 and wy € P such that

8\|

21 <22, Y1 <y, 21 <2z and wy <wy
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we have Ik(tyxlayl) < Ik(t7532792)§ fk(t7x17yl) < fk(t7$2792)§ k= 1727' <.
and F(tvxhylazhwl) S F(ta x23y2722,'€U2).

Now define the operator B as follows

Bu(t) = xo + txg + /0 (t — 8)F(s,2(61(5)), 2" (02(s)), Tx(s), Sz(s))ds
. (3.1)
+ Y et o(te), 2 (b)) + (t — ti) In(tr, 2(tr), &' (t))], € .

0<ty<t
Lemma 3.1. Assume that (H1)-(H4) hold. Then T and S are bounded operators

from SPC(J, X) into SPC(J,X) and ||T| <T*;|S|| < S*, where T* = m] + m}
and S* = mj. Furthermore, T and S map SPC(J, P) into itself.

Proof. First, we note that if € SPC(J, X), then Tz € C(J, X) and Sz € C(J, X).
On the other hand, from (H4), we have the estimates

[Tz ()|l ! 1+ d3(s) [lz(33(s))l
1+t <A mat,s) 1+3t 1+::53(s) ds

1+t —
¢ s 14 04(7) |z (da(m)l
+/O mz(S)/O ma(s, 7)1y 1+ d4(7) drds

t t s
< s [ miteyds+ [ mas) [ mats,r)dras],
0 0 0
so that
ITalls < T*|zlls. ¢ e,

and

ISz (7, 1oL 5() laOs(s)

[ oo
@gmm/ ma(t, s)ds,
0

yielding
[Sz(|s < S*[|lz|s.

Hence Tz and Sz € SPC(J, X) from which we get [|T'|| < T* and ||S|| < S*. Finally,
it is clear that T': SPC(J, P) — SPC(J, P) and S : SPC(J, P) — SPC(J, P), and

so, the lemma is proved. (Il

Lemma 3.2. If the hypotheses (H1)-(H6) are satisfied, then the operator B maps
SPC'(J, P) into itself and

|Bzllp < allzllp + 8, = € SPC'(J, P), (3.2)

where
o= (2 + T+ 8 tatb+de),8=2max(feoll o) + 4" + e+ .
Proof. From (H5), (H6) we have, for each x € S’PCl(J7 P,

+oo
/0 1F (s, 2(01(5)), 2"(92(5)), T (s), Sa(s)) | ds < p*(2+T"+5") |z p+¢" (3.3)
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and
S I (tr, (), 2’ (t)]| < (a+b)[llp + ¢, (3.4)
k=1
S Mkt z(te), 2’ (t:))]| < (d+ e) ]|z o + f- (3.5)
k=1

Next, for each 2 € SPC'(J, P), we have by virtue of (3.1]), lemma and (3.3))-
(3-5).
[Bz(®)]
1+¢ 1 +1

*
gl +

. / L (s, (00 (5)) / ((o)), T(s), ()
+ Z 7ka tr, T (tk) ( ))”

0<tp<t

D

(te, z(t), 2’ (tr))
0<tp<t

<@ R+T+S5)+a+b+d+e)|z|p
+ (max([lzoll, [z5]) + ¢* + ¢+ f).

Thus,
|Bz|s < alzllp + 3, x€SPC'(J,P). (3.6)
On the other hand, differentiating (3.1)) we get for each t € J,

(Bz)'(t) = 2 + /O F(s,2(01(s)), 2’ (02(5)), T (s), Sx(s))ds
+ > Ilte, x(te), @ ().

O<trp<t

Thanks to —, we have
I(Bx)' ()] < ol +p7(2+ T + S|zl + " + (d +e)|zl|lp + .
It follows that
I(Bx)'llc < (p*(2+T* + 8) + d+e)|lz|p + [|zoll +¢" + f
<alzllp +5, = eSPC'(J,P),
Hence, and give (3:2); therefore Bx € SPC'(J, P). O

Theorem 3.3. Assume that P is a fully reqular cone and hypotheses (H1)-(HT)
are satisfied. If a < 1, then problem (1.1)-(1.3)) has at least one positive solution x.
In addition, it satisfies

(3.7)

zllp < (3.8)

1-a

Proof. First, we need to prove that the impulsive integral equation has at least one
positive solution. Define the sequence (2, (t)),>1 as follows

zo(t) =g, xn(t) =Brn_1(t); n=12,... (3.9)
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where B is defined by (3.1)) and satisfies ([3.2). Then z,, € SPC'(J, P) and
lzollp < B, lznllp < allznallp+8; n=12,....
We obtain by induction

On the other hand, the sequence (z/,(t)),>1 defined by

|zallp < a"B+a™ '8+ +aB+ 6=

@, (1) = g +/0 F(s, 2 (01(5)), 2, (02(8)), Tn(s), Swn(s))ds

+ > Itk n(tn), 2, (t)).

0<ty <t
satisfies the estimate 5
Il < 2 (3.11)
We infer from (H7) that (z,(t))n>1 and (z,(¢))n>1, for ¢t € J, satisfy
0 <z,(t) <zpt1(t); n=12,...,
0 <a,(t)<a, (t); n=12...,
As P is a fully regular cone, it follows from and that
nhﬁrr;o xn(t) =x(t); t€J, nILrI;O x,(t) =y(t); ted (3.12)

Now, since x,(t) is an equicontinuous function on each closed interval Jy; k =
1,2,... such that Jy = [0,¢1], Jx =]tk,tk+1]; K = 1,2,..., then by using Ascoli-
Arzela theorem we deduce the existence of a subsequence (x,,(t)) C (z,(¢)) such
that x,,(t) converges uniformly to z(t) on each Jx; k = 1,2,..., and so, as the
cone is normal, the sequence (z,(t)) converges uniformly to x(¢) on each Ji; k =
1,2,.... Therefore, € PC(J, P), and taking into account (3.10), = € SPC(J, P)
and [|lz]ls < B/(1—a).

Next, by a double differentiation of z,(t); n = 1,2,..., we obtain

len @O < pOA+ 2 +T" + S |znallp +qt);t # e, k=1,2,...,

Jé; (3.13)
SpA+)2+T7 + 53— +a(t) = ().

We note that the function f(¢) is bounded on any finite interval. We observe
from that x/,(t), n > 1 are equicontinuous functions on each Jy; k= 1,2,....
We conclude that the sequence (z/,(t)) converges uniformly on each Ji; k =1,2,.. .,
to y(t). Hence, 2'(t) exists and 2/(t) = y(¢) on each Jy; k=1,2,..., 2" € PC(J,P)
and ||2'||c < 8/(1 — ). Consequently, z € SPC'(J, P) and |z||p < 8/(1 —a). On
the other hand, since

[E(s, 7, 2n-1(4(7))) = k(s, 7, 2(04(7))[| < 2ms(t, s)

1—a’
by applying the dominated convergence theorem we obtain
S

Tim [ k(s (04(7))dr = /Sk(s,T,x(§4(T)))d7', se .
0 0

By the same reasoning for g and h we obtain

lim Tz,_1(t) =Tz(t), lm Sz,_1(t)=Sz(t), teJ
n—oo n—oo
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and once again, for F,
t

lim F(s,2p-1(01(8)),2,_1(02(s)), Txp—1(8), STrn—1(5))

n—oo

. (3.14)
= [ Plo.a(61(9). (Ga(5). Ta(s). Sa(s). ¢ € 7

Likewise, I, and fk , k=1,2,... satisfy the inequalities

[ Tk (thes e (th), 7, (tk)) — T (ths (tn), 2 (tr))[] < 2(ak + br)

2
1fa+ k

[Tk (tiey @ (), @ (81) — T (tes 2 (tr), @ (8) || < 2(di + ex)

2f,
1-C¥+ fk,

which give at once the limits
Jim Ty (b, @ (tr), 2 (t)) = Ti(th, (), 7' ()
Tim Tyt 2o (te), 27, (t0)) = Tty 2(th), 2 (t))-

Now, since the series > I and > Iy converge, we obtain
0<tp<t 0<tp<t

dim Y [Tt @a(te), @ (1) + (8= i) Ik (b, 2a(te), 27, (t)]
0<trp<t

= Z [T (tg, o(tr), =’ (tr)) + (t — tk)fk(tk, z(ty), 2’ (tr)))-
0<t<t
Taking the limit of x,,(¢) = Bx,—1(t), when n — oo, we get from (3.14)) and (3.15
that x(t) is a solution of (2.1). Consequently, x(¢) is a solution of ([1.1J)-(1.3).
Finally, as g € P\{6}, then z(t) is positive, which completes the proof. O

(3.15)

Example 3.4. Let us consider the initial-value problem

et + 1)1 o) + z(t) + Tx(t) + Sx(t)), t#k k>1,

.TN(L‘) _ 5

@

1
= 1000 (zls(k)—l—\/ﬂc’(k)—i—cosk:)7 k=1,2...,

- 1
Az’ = Iy(k,z,2") = ( x(k:)—i—;c’(k)—i—cosk), k=1,2...,
1

(3.16)
where

Tz(t) = /o (mx(s) + % /OS WdT)ds,
Sz(t) = /0+0° ;;ie_s\/J@ds.

It is easy to check that all the hypotheses cited in the preliminaries and lemmas are
satisfied. Hence Theorem [3.3| ensures the existence of at least one positive solution

to (3.16|) whenever
a={pPR2+T"+5")+a+b+d+e) <1




8 R. ATMANIA EJDE-2010/39

This solution satisfies the impulsive integral equation (2.1)) with ||z|p < %; where

08 =14¢*+c+ f. According to the above notations a straightforward computation
gives the following:

T (s41) 1 Foo
P /0 (s +1)02% " 100" ¢ /0 €@

T* =m] +m3, mj=sup ds < 2,

t 1
teJ/O (t+1+3)3/2

tes/s 1
ms = su — ——drds =2(vV/2 - 1),
= [ | e V2=

S* =mt =5 /+oot5 “sds =1
=mj = su e ®ds =1,
4 te? 0 t+1
> 1 1 1
—d =S4 )— <« — 4+ ——
“ > (k+ ) T000% < 999 T 1000

k=1

=1 1
b = = = = _—
e=c=/f kZ:l 1000F 999

Therefore, o = 155(2V2 +mj +2) + g5 +2a <1 and 3 =2(1 + 555).
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