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MONOTONE ITERATIVE METHOD FOR SEMILINEAR
IMPULSIVE EVOLUTION EQUATIONS OF MIXED TYPE IN
BANACH SPACES

PENGYU CHEN, JIA MU

ABSTRACT. We use a monotone iterative method in the presence of lower and
upper solutions to discuss the existence and uniqueness of mild solutions for
the initial value problem

u'(t) + Au(t) = f(t,u(t), Tu(t), tE€J, t#t,
Au|t:tk =Ik(u(tk)), k=1,2,...,m,
u(0) = zo,
where A : D(A) C E — E is a closed linear operator and —A generates a
strongly continuous semigroup T'(¢t)(t > 0) in E. Under wide monotonicity
conditions and the non-compactness measure condition of the nonlinearity f,
we obtain the existence of extremal mild solutions and a unique mild solution

between lower and upper solutions requiring only that — A generate a strongly
continuous semigroup.

1. INTRODUCTION

The theory of impulsive differential equations is a new and important branch of
differential equation theory, which has an extensive physical, chemical, biological,
and engineering background; hence it has emerged as an important area of research
in the previous decades, see for example [6]. Consequently, some basic results on
impulsive differential equations have been obtained and applications to different
areas have been considered by many authors; see [I} [, [7, [T0] and their references.

In this article, we use a monotone iterative method in the presence of lower and
upper solutions to discuss the existence of mild solutions to the initial value problem
(IVP) of first order semilinear impulsive integro-differential evolution equations of
Volterra type in an ordered Banach space E

w'(t) + Au(t) = f(t,u(t), Tu(t)), teJ, t£ty,
Auliet, = I(u(ty)), k=1,2,...,m, (1.1)
U(O) = X,
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where A : D(A) C E — E be a closed linear operator and —A generates a strongly
continuous semigroup (Cp-semigroup, in short) T'(¢)(t > 0) in E; f € C(J x E x
E E), J=10,a],a > 0is a constant, 0 < t1 <tg < -+ <ty <a; I € C(E,E) is
an impulsive function, k =1,2,...,m; xg € F; and

Tu(t):/o K(t,s)u(s)ds (1.2)

is a Volterra integral operator with integral kernel K € C(A,RT), A = {(¢,s) :
0 < s <t < a}; Auli=t, denotes the jump of u(t) at t = tg; ie., Auli=y, =
u(ty) — u(ty ), where u(t}) and u(t; ) represent the right and left limits of u(t) at
t =ty respectively. Let PC(J,E) = {u: J — E,u(t) is continuous at t # t;, and
left continuous at ¢ = t;, and u(tZ) exists, k = 1,2,...,m}. Evidently, PC(J,E)
is a Banach space with the norm ||u| pc = sup,c; ||u(t)|. Denote E; by the norm
|- =1-1l+4- ] LetJ = J\{t1,t2,...,tm}. An abstract function u €
PC(J,E)NCYJ',E)NC(J', Ey) is called a solution of IVP (1.1)) if u(t) satisfies
all the equalities in .

The monotone iterative technique in the presence of lower and upper solutions
is an important method for seeking solutions of differential equations in abstract
spaces. Recently, Du and Lakshmikantham [3], Sun and Zhao [12] investigated
the existence of minimal and maximal solutions to initial value problem of ordi-
nary differential equation without impulse by using the method of upper and lower
solutions and the monotone iterative technique. Guo and Liu [4] developed the
monotone iterative method for impulsive integro-differential equations, and built a
monotone iterative method for impulsive ordinary integro-differential equation for
the IVP in £

u'(t) = f(t,u(t), Tu(t)), teJ, t#t,
Au|t:tk :Ik(u(tk)), k= 1,2,...,m, (13)
u(0) = xo.

They proved that if (1.3) has a lower solution vy and an upper solution wg with
v9 < wp, and the nonlinear term f satisfies the monotonicity condition

f(ta $2,y2) - f(taxlayl) > _M(mZ - 1'1) - Ml(y2 - y1)7

14
vo(t) a1 <@ Swo(t), Too(t) <yr S yo < Two(t), VEe (14

They also required that the nonlinear term f and the impulsive function [} satisfy
the noncompactness measure condition

a(f(t,U,V)) < Lia(U) + Laa(V), (1.5)
a(Iy(D)) < Mya(D), k=1,2,...,m, (1.6)

where U,V, D C E are arbitrarily bounded sets, L1, Ly and M} are positive con-
stants and satisfy

m
20(M + Ly + aKoLy) + Y _ M, < 1, (1.7)

k=1
where Ko = max(; gea K(t,5), a(-) denotes the Kuratowski measure of noncom-
pactness in E. Then IVP has minimal and maximal solutions between vy and
wp, which can be obtained by a monotone iterative procedure starting from vy and
wq respectively. Latter, Li and Liu [7] expanded the results in [4], they obtained
the existence of the extremal solutions to the initial value problem for impulsive
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ordinary integro-differential equation (L.3), but did not require the noncompact-
ness measure condition for impulsive function I and the restriction condition
(7).

On the other hand, some authors consider the initial value problem of evolution
equations, see [I} 8, [0] [0, 13| [T4] and the reference therein. But they all require the
semigroup T'(¢t)(t > 0) generated by —A be equicontinuous semigroup, this is a very
strong assumption. In this paper, we will study the initial value problem of impul-
sive integro-differential evolution equation not requiring the equicontinuity of
the semigroup T'(¢)(t > 0) generated by —A. We obtain the existence of extremal
mild solutions and a unique mild solution between lower and upper solutions only
requiring the semigroup T'(¢)(t > 0) generated by —A is a Cp-semigroup in E.

2. PRELIMINARIES

Let E be an ordered Banach space with the norm || - || and partial order <,
whose positive cone P = {z € E : x > 0} is normal with normal constant N. Let
C(J, E) denote the Banach space of all continuous E-value functions on interval
J with the norm |ju|lc = maxey ||Ju(t)||. Evidently, C(J, E) is also an ordered
Banach space reduced by the convex cone P’ = {u € Y|u(t) > 0,t € J}, and P’ is
also a normal cone. Let «(-) denote the Kuratowski measure of noncompactness of
the bounded set. For the details of the definition and properties of the measure of
noncompactness, see [2]. For any B C C(J,E) and t € J, set B(t) = {u(t) : v €
B} C E. If B is bounded in C(J, E), then B(t) is bounded in E, and a(B(t)) <
a(B).

We first give the following lemmas to be used in proving our main results.

Lemma 2.1 ([5]). Let B = {u,} C PC(J,E) be a bounded and countable set.
Then a(B(t)) is Lebesgue integral on J, and

a({/Jun(t)dt:neN}) < Q/Ja(B(t))dt.

Let A: D(A) C E — E be a closed linear operator and —A generates a Cp-
semigroup T'(t)(t > 0) in E. Then there exist constants C > 0 and § € R such
that

IT(t)|| < Ce’, t>0.

Let I = [to,T)(to > 0), T > to be a constant. It is well-known [II, Chapter 4,
Theorem 2.9] that for any xg € D(A) and h € C'(I, E), the initial value problem
of the linear evolution equation

u'(t) + Au(t) = h(t), tel,

2.1
u(to) = X, ( )
has a unique classical solution u € C1(I, E) N C(I, E;) given by
¢
u(t) =T(t —to)xo + / T(t— s)h(s)ds, tel. (2.2)
to

If zo € F and h € C(I, E), the function u given by (2.2) belongs to C(I, E), we
call it a mild solution [II] of IVP(2.1]).
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To prove our main results, for any h € PC(J, E), we consider the initial value
problem (IVP) of linear impulsive evolution equation in F
u'(t) + Au(t) = h(t), teJ,
Auli—y, =yx, k=1,2,...,m, (2.3)
u(0) = xo,
where y, € £, k=1,2,...,m, x9 € E.
Lemma 2.2. Let T(t)(t > 0) be a Cy-semigroup in E generated by —A, for any

h e PC(J,E), zo € E and yx, € E, k =1,2,...,m, then the linear IVP (2.3)) has
a unique mild solution u € PC(J, E) given by

t

u(t) = T(t)xo + / T(t—s)h(s)ds+ > T(t—tp)ye, teJ. (2.4)

0 0<tp<t
Proof. Let yo =0, Jx = [tk—1,tk], K =1,2,...,m + 1, where t; = 0 and ¢,,11 = a.
If w e PC(J,E) is a mild solution of IVP(2.3]), then the restriction of u on Jj
satisfies the initial value problem of linear evolution equation without impulse
W (t) + Au(t) = h(t), tp_1 <t <tg,
U(t:—ﬂ =u(tp—1) + Yr—1-

Hence, on (t;—1,tx], u(t) can be expressed by

u(t) =Tt = tur)(ulti) + yor) + | Tl sh(s)ds.

th—1
Iterating successively in the above equality with u(t;), j =k — 1,k —2,...,1, we

see that u satisfies (2.4)).
Inversely, we can verify directly that the function u € PC(J, E) defined by

(2.4) is a mild solution of IVP(2.3). Hence IVP(2.3) has a unique mild solution
u € PC(J, E) given by (2.4). O

Definition 2.3. If a function vg € PC(J, E)NCY(J',E) N C(J', Ey) satisfies
vo(t) + Avo(t) < f(t,vo(t), Two(t)) teJ,
Avole=t, < Ip(vo(te)), k=1,2,...,m, (2.5)
v9(0) < o,

we call it a lower solution of IVP(|1.1)); if all the inequalities in (2.5)) are reversed,
we call it an upper solution of IVP(L.1).

Definition 2.4. A Cy-semigroup T'(¢)(t > 0) in E is called to be positive, if order
inequality T'(t)z > 6 holds for each > 0,2 € E and ¢t > 0.

It is easy to see that for any M > 0, —(A 4+ M) also generates a Cp-semigroup
S(t) = e MT(t)(t > 0) in E. And S(t)(t > 0) is a positive Cyp-semigroup if
T(t)(t > 0) is a positive Cy-semigroup (about the positive Cy-semigroup, see [§]).

Evidently, PC(J, E) is also an ordered Banach space with the partial order <
induced by the positive cone Kpc = {u € PC(J, E) : u(t) > 0,t € J}. Kpc is also
normal with the same normal constant N. For v,w € PC(J, E) with v < w, we use
[v,w] to denote the order interval {u € PC(J,E) : v < u < w} in PC(J, E), and
[v(t), w(t)] to denote the order interval {u € E : v(t) < u(t) <w(t),t € J} in E.
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3. MAIN RESULTS

Theorem 3.1. Let E be an ordered Banach space, whose positive cone P is normal,
A:D(A) C E — E be a closed linear operator, the positive Cy-semigroup T'(t)(t >
0) generated by —A is compact in E,f € C(J x E x E,E) and I, € C(E,E),
k=1,2,...,m. Assume that IVP has a lower solution vog € PC(J, E) N
CL(J',E)NC(J', E1) and an upper solution wy € PC(J,EYNCY(J',EYNC(J', E1)
with vy < wg. Suppose also that the following conditions are satisfied:

(H1) There exist a constant M > 0 such that
f(t,U/Q,’UQ) - f(t7u17v1) Z _M(U/Q - ’1,61),

foranyt € J, and vo(t) < uy <wug < wo(t), Tve(t) < v1 < wve < Twp(t).
(H2) Iy(u) is increasing on order interval [vo(t), wo(t)] fort € J,k=1,2,...,m

Then the IVP(L.1) has minimal and mazimal mild solutions u and T between vgy
and wg.

Proof. Let M = sup,; ||S(t)||, we define the mapping @ : [vo, wo] — PC(J,E) b

Qu(t) = S(t)xo —i—/o S(t—s)(f(s,u(s), Tu(s)) + Mu(s))ds
+ D St —te) Ie(u(ty).

0<tp<t

(3.1)

Clearly, Q : [vg,wg] — PC(J, E) is continuous. By Lemma the mild solution
of IVP is equivalent to the fixed point of the operator Q). Since S(t)(t > 0) is
a positive Cp-semigroup, combine this with the assumptions (H1) and (H2), Q is
increasing in [vg, wo].

We first show vy < Quo, Qo < wo. Let h(t) = v{(t) + Avo(t) + Muvo(t), by
[2.5), h € PC(J,E) and h(t) < f(t,vo(t), Two(t)) + Muvo(t),t € J'. By Lemma 2.2
we have

w0 (t) = S(t)wo(0) + /0 S(t— s)h(s)ds + > S(t — tr) Avoli—s,

O<trp<t
< S(t)xo + /0 S(t—s)(f(s,v0(s), Tvo(s)) + Muvo(s))ds

+ > S(t—ti)Ie(vo(ts))

0<trp<t
= QUQ (t), te J,
namely, vg < Qug. Similarly, it can be show that Quwy < wgy. So @ : [vg, wy] —

[vo, wo] is a continuously increasing operator.
Next, we show that Q : [vg, wo] — [vo, wp] is completely continuous. Let

(Wu)(t / S(t— 8)(f(s,uls), Tu(s)) + Mu(s))ds,

Z S(t —ti) e (u(ty)), u € [vg,wp).

o<ty <t

(3.2)
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On the one hand, we prove that for any 0 < t < a, Y (¢) = {(Wu)(t) : u € [vg, wo]}
is precompact in E. For 0 < € < t and u € [vg, wp),

(Weu)(t) = /0 - St —s)(f(s,u(s), Tu(s)) + Mu(s))ds

= S(e) S(t—s—e€)(f(s,u(s), Tu(s)) + Mu(s))ds.

0
For any u € [vg, wp], by Assumption (H1), we have

Ft,v0(t), Tvo(t)) + Mug(t) < f(t,u(t), Tu(t)) + Mu(t)
< f(two(t), Two(t)) + Mwo(t).
By the normality of the cone P, there exists M; > 0 such that
Ilf(t,u(t), Tu(t)) + Mu(t)|| < My, u € [vo,wo).

By the compactness of S(e), Y(t) = {(Weu)(t) : u € [vg, wp]} is precompact in E.
Since

[(Wau)(t) — (Weu)(t)] < /ti [S(t = s)|| - 1f(s,u(s), Tu(s)) + Mu(s)||ds
< M Me,

(3.3)

the set Y'(¢) is totally bounded in E. Furthermore, Y (¢) is precompact in E.
On the other hand, for any 0 < t; <ty < a, we have

[(Wu)(ta) — (Wu)(t)]]
_ H/ (S(ts — 8) — S(t1 — 8))(F(s, us), Tu(s)) + Mu(s))ds
[t = (9, T+ Mt )
< Ml/t1 |S(ta — s) — S(t1 — s)||ds + M My (t2 —t1)
0

< E/ S(ta —t1 + ) — S(s)||ds + M My (t2 — t1).
0

The right side of depends on ts — t1, but is independen of u. As T(:) is
compact, S(-) is also compact and therefore S(t) is continuous in the uniform
operator topology for ¢ > 0. So, the right side of tends to zero as to —t; — 0.
Hence W ([vg, wo]) is equicontinuous function of cluster in C(J, E).

The same idea can be used to prove the compactness of V.

For 0 < ¢ < a, since {Qu(t) : u € [vg,wo]} = {S(t)xo + (Wu)(t) + (Vu)(t) : u €
[vo, wo]}, and Qu(0) = xq is precompact in E. Hence, Q([vg,wp]) is precompact
in C(J, E) by the Arzela-Ascoli theorem. So Q : [vg,wo] — [vo,wp] is completely
continuous. Hence, () has minimal and maximal fixed points u and @ in [vg, wol,
and therefore, they are the minimal and maximal mild solutions of the IVP in
[vo, wo], respectively. O

Theorem 3.2. Let E be an ordered Banach space, whose positive cone P is normal,
A: D(A) C E — E be a closed linear operator and —A generates a positive Cy-
semigroup T(t)(t > 0) in E, f € C(JXEXE,E) and I, € C(E,E), k=1,2,...,m
If the IVP(L1) has a lower solution vy € PC(J,E)NCY(J',E)NC(J',Ey) and
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an upper solution wy € PC(J, E)NCY(J',E)YNC(J', Ey) with vog < wy, conditions
(H1) and (H2) hold, and satisfy

(H3) There exist a constant L > 0 such that for all t € J,

a({f(t,un,vn)}) < Lla({un}) + a({vn})),

and increasing or decreasing sequences {un,} C [vo(t), wo(t)] and {v,} C
[vo(t), wo(t)].
Then the IVP(L.1) has minimal and maximal mild solutions between vy and wo,

which can be obtained by a monotone iterative procedure starting from vy and wq
respectively.

Proof. From Theorem we know that Q : [vg, wo] — [vo,wo] is a continuously
increasing operator. Now, we define two sequences {v,} and {w,} in [vg,wg] by
the iterative scheme

Up = QUp_1, wp=Qw,_1, n=12.... (3.5)
Then from the monotonicity of @), it follows that
v < << <o < Swp <0 < < wyp < wg. (3.6)

We prove that {v,} and {w,} are convergent in J. For convenience, letB = {v,, :
n € N} and By = {v,—1 : n € N}. Then B = Q(By). Let J| = [0,t1], J, =
(tk—1,tk], k = 2,3,...m+1. From By = B |J{vo} it follows that a(By(t)) = a(B(t))
for t € J. Let ¢(t) := a(B(t)),t € J, Going from J{ to J}, , interval by interval we
show that ¢(¢t) =0 in J.

For t € J, there exists a J;, such that ¢t € J;. By and Lemma we have
that

cﬂT@%XQ)a({/iK@ﬁﬁm_ﬂ$dsnzeN})

<Sa({[

3:1 tj—1

—|—a({/ K(t, s)vn_l(s)ds:nEN})

Q%Z/ @H%[a%@m

ti—1 th—1

t
= 2K, Z/ s)ds + 2Ky / p(s)ds
tr—1

ko

K(t,s)vp_1(s )ds:neN})

= QKO/ o(s)ds,
0
and therefore,

/ a(T(Bo)(s))ds < 2aK0/ ©(s)ds. (3.7
0 0
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For t € Ji, from (3.1)), using Lemma assumption (H3) and (3.7]), we have
o(t) = a(B(t)) = (Q(Bo)(1))

_ ({S(t)x0+/ S(t—s)(f(s,on,l(s),:rvn,l(s))+Mvn,1(s))ds})
§2M/ ({£(5,vn1(5), Ton—1(5)) + Muv,_1(s)})ds
<201 / + a(Q(Bo)(s))) + Ma(Bo(s)))ds

t
<2M(L+ M + 2aLK0)/ o(s)ds.
0

Hence by the Bellman inequality, ¢(t) = 0 in Ji. In particular, a(B(t1)) =
a(Bo(t1)) = ¢(t1) = 0, this implies that B(t;) and By(t;) are precompact in
E. Thus I (By(t1)) is precompact in F, and a(I1(By(t1))) = 0.

Now, for ¢t € J}, by and the above argument for ¢ € J|, we have

p(t) = a(B(t) = a(Q(Bo)(t))
= a({S(t)xo + /0 S(t—s)(f(s,vn—1(s), Tvp_1(5)) + Mv,_1(s))ds
+ 8t = )T (a1 (1)) })

t
<2M(L+ M + 2aLKO)/ ©(s)ds
0

t
=2M(L+ M + 2aLK0)/ o(s)ds.
t1
Again by Bellman inequality, ¢(t) = 0 in Jj, from which we obtain that a(Bg(t2)) =
0 and Oé(IQ(BQ(tQ))) = 0.

Continuing such a process interval by interval up to J;,,;, we can prove that
@(t) =0inevery Ji,k=1,2,...,m+1. Hence, for any t € J, {v,(t)} is precompact,
and {v,(t)} has a convergent subsequence. Combing this with the monotonicity
([36), we easily prove that {v,(t)} itself is convergent, i.e., limy o0 vn(t) = u(t),
t € J. Similarly, lim,, o w, (t) = u(t), t € J.

Evidently {v,(t)} € PC(J,E), so u(t) is bounded integrable in every Ji, k =
1,2,...,m+ 1. Since for any t € Ji,

vn(t) = Qunp_1(t)
=S5(t xo—i—/ St —8)(f(s,0n-1(8), Tvn_1(8)) + Mv,_1(s))ds

+ Y St —t)i(vao(t)),

0<t; <t

letting n — oo, by the Lebesgue dominated convergence theorem, for all ¢ € Jy,
k=1,2,...,m+ 1, we have

u(t) = S(t x0+/ S(t—5)(f(s,u(s), Tu(s)) + Mu(s))ds + Y S(t—t:)L(ult,)),

0<t; <t
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and u(t) € C(Jy, E), k=1,2,...,m+ 1. So, for t € J, we have

t
u(t) = S(t)zo+ / S(t=5)(f(s,u(s), Tu(s)) + Mu(s))ds+ Y S(t—te) Iu(ultr)-
0 0<ty<t
Therefore, u(t) € PC(J, E), and v = Qu. Similarly, u(t) € PC(J, E), and @ = Qu.
Combing this with monotonicity (3.6), we see that vy < u < uw < wg. By the
monotonicity of @, it is easy to see that u and @ are the minimal and maximal

fixed points of @ in [vg, wg]. Therefore, u and @ are the minimal and maximal mild
solutions of the IVP(L.1)) in [vg, wo], respectively. O

Corollary 3.3. Let E be an ordered Banach space, whose positive cone P is reqular,
A : D(A) C E — E be a closed linear operator and —A generates a positive
Co-semigroup T(t)(t > 0) in E, f € C(J x Ex E,E) and I}, € C(E,E), k =
1,2,...,m. If the IVP(LI)) has a lower solution vy € PC(J,E)N C*(J',E) N
C(J', E1) and an upper solution wy € PC(J,E)NCY(J',E)NC(J', E1) with vy <
wo, and conditions (H1) and (H2) are satisfied, then the IVP(1.1)) has minimal and
mazimal mild solutions between vy and wy, which can be obtained by a monotone
iterative procedure starting from vy and wg respectively.

Now we discuss the uniqueness of the mild solution to IVP(1.1)) in [vg, wg]. If we
replace the assumption (H3) by the assumption:
(H4) There exist positive constants C' and L such that

f(t7u27v2) - f(tu Ul,’Ul) S 6(’&2 - U1) +Z(U2 - vl)v

for any ¢t € J, and vg(t) < uy < ug < wp(t), Tvg(t) < v1 < ve < Twp(t),

We have the following unique existence result.

Theorem 3.4. Let E be an ordered Banach space, whose positive cone P is normal,
A: D(A) C E — E be a closed linear operator and —A generates a positive Cp-
semigroup T(t)(t > 0) in E, f € C(JXEXE,E) and I, € C(E,E), k=1,2,...,m.
If the IVP(L.1) has a lower solution vo € PC(J,E)NC*J',E)NC(J', Ey) and
an upper solution wy € PC(J,E) N CY(J',E)N C(J', E1) with vg < wy, such that
conditions (H1), (H2), (H4) hold, then the IVP(L.1) has a unique mild solution

between vy and wq, which can be obtained by a monotone iterative procedure starting
from vy or wq.

Proof. We firstly prove that (H1) and (H4) imply (H3). For ¢t € J, let {u,} C
[vo(t), wo(t)] and {vy,} C [Twvo(t), Two(t)] be two increasing sequences. For m,n € N
with m > n, by (H1) and (H4),

0 < f(tytum,vm) — f(t, U, vn) + Mt — uy)
< (M + C)(tm — un) + L(vy, — vpm)-
By this and the normality of cone P, we have
1f (8 o, vin) = F(E; i, vn) |
< N|[(M + C)(tm — un) + L(vy — vm)|| + M|Jtm — wn|
< (N(M + C) + M) ||t — unl|| + NL||vy — v |-
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From this inequality and the definition of the measure of noncompactness, it follows
that

a({f(t,un, vn)}) < (N(M +C) + M)a({un}) + NLa({v})
< Li(a({un}) + al{vn})),

where L; = max{(N(M + C) + M), NL}. If {u,} and {v,} are two decreasing
sequences, the above inequality is also valid. Hence (H3) holds. Therefore, by
Theorem the IVP has minimal and maximal mild solutions u andz between
vo and wy. By the proof of Theorem and are valid. Going from Jj
to J),, interval by interval we show that u(t) = u(t) in every J;.

For t € Ji, by and assumption (H4), we have

0 <u(t) —u(t) = Qu(t) — Qu(t)
= /0 S(t = s)[f(s,u(s), Ta(s)) — f(s,u(s), Tu(s)) + M(u(s) — u(s))]ds

< M(M + C + aLKy) /Ot(u(s) — u(s))ds.

From this and the normality of cone P it follows that
t
[(t) = u(t)|| < NM(M + C + aLKo) / [a(s) — u(s)||ds.
0

By this and Bellman inequality, we obtained that u(t) = u(t) in Jj.
For t € Jj, since I(u(t1)) = I1(u(t1)), using (3.1)) and completely the same
argument as above for t € J{, we can prove that

[a(t) — ()] < NW(M+5+GZK0)/O [[a(s) — u(s)l|ds

:NH(M+5+afKO)/t () — u(s) | ds.

Again, by the Bellman inequality, we obtain that u(t) = wu(t) in Jj.

Continuing such a process interval by interval up to J), |, we see that u(t) = u(t)
over the whole of J. Hence, @ := u = u is the unique mild solution of the IVP(L.1]
in [vg, wp], which can be obtained by the monotone iterative procedure starting
from vg or wy. O

If lower solution and upper solutions for the IVP(1.1]) do not exist, then we have
the following result.

Theorem 3.5. Let E be an ordered Banach space, whose positive cone P is normal,
A: D(A) C E — E be a closed linear operator and —A generates a positive Cy-
semigroup T(t)(t > 0) in E, f € C(JXEXE,E) and I, € C(E,E), k=1,2,...,m.
If there exist a > 0, zg € D(A), g > 6, yr € D(A), yp > 0, k = 1,2,...,m,
h e PC(J,E)YNCY(J',E) and h(t) > 0, such that

ft,x,Tx) < ax+ h(t), Ip(z)<yg,z>0;

flt,x,Tx) > ax — h(t), Ixp(z)> —yr,x <0.

Then we have:
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(i) If the Cy-semigroup T(t)(t > 0) generated by —A is compact in E, and
conditions (H1) and (H2) are satisfied, then the IVP (1) has minimal and
mazimal mild solutions.

(ii) If conditions (H1), (H2), (H3) are satisfied, then the IVP(L1)) has minimal
and mazimal mild solutions.

(iii) If the positive cone P is reqular, and conditions (H1) and (H2) are satisfied,
then the IVP has minimal and mazimal mild solutions.

(iv) If conditions (H1), (H2), (H4) are satisfied, then the IVP(L.1]) has a unique
mald solution.

Proof. Firstly, we consider the IVP of linear impulsive evolution equation in F
o' (t) + Au(t) — au(t) = h(t), teJ,
Aulpmy, =y, k=1,2,...,m, (3.8)
u(0) = xo.

Since —A+al generates a positive Cy-semigroup S(t) = e®T'(t)(t > 0) in E. So, by
[I1, Chapter 4, Theorem 2.9] and Lemma we know that IVP(3.8]) has a unique
positive classical solution u € PC(J, E) N CY(J',E) N C(J',Ey). Let vg = —,
wp = u, it is easy to see that vy and wqy are lower solution and upper solution of

the IVP([1.1)) respectively. So, our conclusions (i), (ii), (iii) and (iv) follow from the
Theorem Theorem Corollary [3.3] and Theorem [3.4] respectively. O

4. APPLICATIONS

Consider the IVP of impulsive parabolic partial differential equation

— + A(z, D)u(t) = f(z,t,u(t), Tu(t)), xeQ,teJt#t,
Aulzy, = I(u(z,tr)), =€ QWk=1,2,...,m, (4.1)
Bu=0, (z,t)€ 0 xJ,
u(z,0) = p(z), z€Q,

where J = [0,a], 0 < t; <ty < --- <t, <a,integer N >1, Q C R" is a bounded
domain with a sufficiently smooth boundary 952,

N N 52 N o
Al D) = =323 aij(@) g+ 3 @) g+ aol)
7 i1 2

i=1 j=1

is a strongly elliptic operator of second order, coefficient functions a;;(x), a;(x)
and ag(z) are Holder continuous in Q, Bu = by(z)u + 6% is a regular boundary
operator on 09, f : Ox JxRxR — R is continuous, I : R — R are also continuous,
k=1,2,....,m.

Let E = LP(Q) with p > N+2, P = {u € LP(Q) : u(z) > 0,a.e. z € 0}, and
define the operator A as follows:

D(A) = {u € W*P(Q): Bu=0}, Au= A(x,D)u.
Then E is a Banach space, P is a regular cone of E, and —A generates a positive
and analytic Cy-semi-group T'(¢)(t > 0) in E (see [8, O, [II]). So, the problem

(4.1) can be transformed into the IVP (1.1). To solve the IVP(4.1)), we also need
following assumptions:
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(a) Let f(z,t,0,0) >0, I;(0) > 0, p(z) > 0, x € Q, and there exists a function
w=w(x,t) € PC(J,E)NC?%(Q x J), such that
0y A, D> flatw,Tw), (20) € Qx St # 1,
Awli—y, > I(w(x,ty)), €, k=1,2,...,m,

Bw =0, (z,t)€dQxJ,
w(x,0) > ¢(x), =z €.
(b) There exists a constant M > 0 such that

f(xatvl.Zva) - f(x7t7x17y1) 2 —M($2 - xl)a

forany t € J, and 0 < 21 < 25 < w(x,t),0 <y < yo < Tw(z,t).
(c) For any uq,us € [0, w(z,t)] with u; < ug, we have

Ip(uy(x, tg)) < I(uz(x,ty)), =€, k=1,2,...,m.

Assumption (a) implies that vg = 0 and wy = w(x,t) are lower and upper
solutions of the IVP respectively, and from (b) and (c), it is easy to verify
that conditions (H1) and (H2) are satisfied. So, from Corollary we have the
following result.

Theorem 4.1. If the assumptions (a), (b) and (c) are satisfied, then the IVP(4.1)
has minimal and mazimal mild solutions between 0 and w(x,t), which can be ob-
tained by a monotone iterative procedure starting from 0 and w(zx,t) respectively.
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