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BOUNDS FOR SOLUTIONS OF NONLINEAR SINGULAR
INTERFACE PROBLEMS ON TIME SCALES USING A
MONOTONE ITERATIVE METHOD

D. K. K. VAMSI, PALLAV KUMAR BARUAH

ABSTRACT. In this article, we give bounds for solutions to initial-value prob-
lems associated with nonlinear singular interface problems. The singular in-
terface problem is described using a pair of dynamic equations on a time scale.
The method of upper and lower solutions intertwined with monotone iterative
technique is used.

1. INTRODUCTION

Solving boundary-value problems with different types of singularities has re-
mained a challenge for mathematicians over the ages. While “regular” problems,
those over finite intervals with well-behaved coefficients pose no difficulties, there
are applications wherein either the domain of the problem is not well defined, or
the continuity and/or smoothness of the functions, coefficients involved are not
guaranteed in some parts of the domain, sometimes in the boundary or parts of the
boundary. In all such cases the problem is considered to be a “singular” problem.
The definition of the problem and therefore the description of the solution becomes
a highly difficult task.

In the literature we find a class of interface problems, termed as mixed pair of
equations, discussed in the papers [B], [9]-[13], [T9]-[25] where two different differ-
ential equations are defined on two adjacent intervals and the solutions satisfy a
matching condition at the point of interface. These problems are called as match-
ing interface problems. If the boundary is well defined then we call the problem to
be a regular interface problem. These interface problems with singularities in the
domain are always of great interest.

We see that these interface problems for regular case has been discussed in [19]-
[25] and the problem of having singularity at the boundary is discussed in [5]. In
[5], authors discuss an application of the classical Weyl limit criterion to define the
coefficients with well-known Wronskian boundary conditions to tackle the singular-
ity at the boundary for this class of problems. Though this work is specifically for
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Sturm-Liouville problems, it paves a way to study the problem of singularity at the
end boundary points.

From the above we see that the regular interface problems and interface problems
with singularity at the boundary are dealt in detail. But the problem of having
a singularity at the point of interface seems to be less explored. Study of these
problems using classical analytical tools is tedious. We term these problems as
singular interface problems [6]—[8],[16]—[17].

The singularity at the point of interface in the domain of definition of the mixed
pair of equations could be of the following three types satisfying certain matching
conditions at the singular interface.

I ] ]
i 1 i 1

Interface 1: [a,c] U [o(c),b] a c o(c) b

] ]
i 1 i 1

Interface 2: [a, p(c)] U [c, ] a plc) ¢ b

ple) o(c)

To describe the singularities in the domain of definition we take help of the
terminology used on Time Scale [3]. The new framework of the dynamic equations
on time scale with facilities of the two jump operators with various definitions of
continuity and derivatives make one’s job simple to study the interface problems
with mixed operators along with a singular interface. Recently we have worked on
the linear singular interface problems as seen in [6]—[8],[I6]-[I7]. Here we discuss
the corresponding nonlinear problem.

The method of lower and upper solutions is one of the commonly used methods
for dealing with the second order initial and boundary value problems. It has its
origin as early as 1893 [15]. Also this method of lower and upper solutions clubbed
with the monotone iterative technique is used in the existence theory for nonlinear
problems. A good introduction covering different aspects for the monotone iterative
methods is given by Lakshmikantham and others in [4].

Lower and upper solutions give bounds for solutions which are improved itera-
tively using monotone iterative process. This method of lower and upper solutions
for separated BVPs on time scales was developed recently by Akin in [I].

In this article we give bounds for an IVP associated with nonlinear singular
interface problems. The singular interface problem is described using a pair of
dynamic equations on a time scale. The method of upper and lower solutions
intertwined with monotone iterative technique is used. The solution is proved to
be bounded between the minimal and maximal solutions.

Interface 3: [a, p(c)] U [o(c), b] ;

o~

2. MATHEMATICAL PRELIMINARIES

Definitions can be found in [3]. Let T be a time scale(an arbitrary closed
subset of real numbers).

Definition 2.1. For ¢t € T we define the forward jump operator o : T — T by
o(t) :=inf{s € T:s > t},

while the backward jump operator p : T — T is defined by
p(t) :=sup{s e T:s <t}
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If o(t) > t, we say that ¢ is right-scattered, while p(t) < t we say that t is left-
scattered. Points that are right-scattered and left-scattered at the same time are
called isolated. Also, if t < supT and o(t) = ¢, then ¢ is called right-dense, and
if ¢ > inf T and p(t) = ¢, then ¢ is called left-dense. Points that are right-dense
and left-dense at the same time are called dense. Finally, the graininess function
p: T — [0,00) is defined by

u(t) = o(t) —t
Definition 2.2. T¢ = T—{m} if supT < oo where m is the left scattered
T if supT = oo,

maximum.

Definition 2.3. Let f be a function defined on T. We say that f is delta differ-
entiable at t € T" provided there exists an « such that for all ¢ > 0 there is a
neighborhood N around ¢ with

[f(o®) — f(s) —a(o®t) —s)| <elo(t)—s| forallseN
Definition 2.4.

limg .y ger LU= Sf () = 0

fA(t) — i B t—s .
£( (Z)()t) f() if u(t) >0

Remark 2.5. For a function f : T — R we shall talk about the second derivative
A4 provided f2 is differentiable on T*? = (T*)" with derivative f4* = (fA)A :
T#? — R. Similarly we define the higher order derivatives f2" : T#" — R.

Definition 2.6. For any m,n € C(T,R) we define the sector [m,n] as
[m,n] ={w e C(T,R) :m <w<n}
where C(T,R) denotes the space of continuous functions from T to R.

Definition 2.7. Let Ty, Ty be two time scales. Let (u1,us), (v1,v2) € C(T1,R) x
C(T2,R). By (u1,uz2) < (v1,v2) we mean

up(t) <wvi(t) forteT

uz(t) <wg(t) fort e Ty

3. DEFINITION OF THE INITIAL-VALUE PROBLEM

Let Ty = [0, a]p(a time scale with end points 0 and a), K1 = [o(a), []1(a time scale
with end points o(a) and 1), Ty = K1”2 where a,0(a), I < +o00. Let C(T; x C(T;))
denote the space of continuous functions whose first argument is on the time scale
T; and the second argument is the from the space of continuous functions C(T;), i =
1,2. Also let (f1, f2) be nonlinear function tuple in C(Ty xC(T1)) xC(T2xC(Ty)). In
this paper we consider the following IVP associated with singular interface problem
(IVP-SIP).

v (1) = filt,y), teT (3.1)
yQAA(t) = fQ(ta y2)7 te T2 (32)
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with the initial conditions
y1(0) =0 (33)
i (0)=0 (3.4)
followed by the matching interface conditions
p1y1(a) = payz(o(a)) (3.5)
psyi (@) = pays (0(a)),  pi>0,i=1,234.

4. MONOTONE ITERATIVE METHODS
We now define the Lower and Upper Solutions for the IVP-SIP in accordance
with [2].
Definition 4.1. We call (ag1, ap2) € C(T1,R) x C(T2, R) a lower solution for ([3.1f)-
[B9) it
af® > filt,ao(t), teTy
agy™ > fat,aee(t)), teT,
0401(0) 0
OéolA(O) =0
and (a1, ap2) satisfies the interface conditions (3.5)-(3.6)).
Definition 4.2. We call (o1, So2) € C(T1,R) x C(T2,R) an upper solution for

ED-ED) i
Bei™ < fi(t, Bor (1), teTy
Bos™ < falt, Bos(t), L €Ty
Bo1(0) =0
Bo12(0) =0
and (Bo1, Bo2) satisfies the interface conditions __

Definition 4.3. A pair of functions (v1,72) € C(T1,R) x C(T2,R) is called a
minimal solution of IVP-SIP (3.1)-(3.6) if the following hold:

(i) (y1,72) is a solution of . (3.6)
(ii) for any other solution (l1,13) of (3.1)- we have

’yl(t) < ll( ) for t € Tl,
’YQ(t) < lg(t) for t € Ts.

Definition 4.4. A pair of functions (k1,k2) € C(T1,R) x C(T2,R) is called a
maximal solution of IVP-SIP (3.1)-(3.6) if

(i) (k1,k2) is a solution of (3.1)-(3.6]

(ii) for any other solution (r1,73) of (3.1)-(3.6) we have

ri(t) < ki(t) forte Ty,
ro(t) < ko(t) fort e Ts.
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We extend the mazimum principle in [14] to the present IVP-SIP under consid-
eration. We denote

fir = sup p(t), fiz = sup p(t).

teTy teTy
Lemma 4.5. Let M > 0 be such that if fi1, fi2 > 0,
1 1
M<—, M<—=
25} Ha

and (z1,x2) € C(T1,R) x C(T2,R) be such that
2182 (t) < Mxy(t) forteT,
2B (t) < Mao(t)  fort € To,
(z1,2) satisfy the initial and interface conditions -. Then
z1(t) >0 forteT
x2(t) >0 fort e Ts.

Proof. Case I: Let t € Ty. Let us assume that there exists a point m; € Ty such
that z1(m1) < 0. Clearly m; # 0 as z1(0) = 0.

(i) If my is left dense as shown in [I4] we obtain the contradiction
0< xlAA(ml) < Mxl(ml) < 0.
(ii) If my is left scattered as shown in [14] we obtain the contradiction

1
M > =

Ky
Hence z1(t) > 0 for t € T;.

Case II: t € Ty. As in the previous case, it can be shown that x2(t) > 0 for
teTs. O

Remark 4.6. From [I8] we see that the IVP-SIP is equivalent to the operator
equation

t1 m to m’
)= ([ [ fisssam, [ [ s g Asam
o Jo o(a) Jo(a)
ta a
P3 ’
+ — s,y1)As ) Am
/U(a) P (/0 fi(s,y1) )
& a m/ ,
+p2(/0 /0 fl(sayl)ASAm>)

where t;,m € T and to,m' € Ts.

Definition 4.7. We define

t1 m
Ty (t) = / / f1(s,y1)AsAm, forte Ty
o Jo

to m’ to a
Tya(t) :/ f2(57y2)ASAm,+/ @(/ fl(s,yl)As)Am'
o(a) Jo(a) o(a) P4 0

+ﬂ(// fl(s,yl)AsAm'), for t € Ty
P2 Jo Jo



6 D. K. K. VAMSI, P. K. BARUAH EJDE-2010/109

Definition 4.8. Let (u1,us), (v1,v2) € C(T1,R) x C(T2,R). We call the operator
T to be monotone if (u1,us) < (v1,vy) implies that

Tui(t) <Twi(t) forteT
Tus(t) < Tua(t) fort e Ty
Theorem 4.9. Let (o1, @o2), (Bo1,Bo2) be lower and upper solutions of IVP-SIP
(3.1)-(3.6). Let us assume that for (ui1,u12), (v11,v12) € C(T1,R) x C(T3,R) and
am(t) < ’U,ll(t) < ’Ull(t) < ﬂ(n(lf)
Oéog(t) < Ulg(t) < ’012(t) < ﬂog(t),
we have
filt,v11) — fr(t,uir) < —M(v11 — u11)
fa(t,v12) — fa(t, u12) < —M(vig — u12).
Then the sequences {am1, @ma}, {Bm1, Bma} € C(T1,R) x C(Ty,R) such that
o1 = a1, np1 = Tagi_q,
Qo2 = a12, Opa = Taya_q,
Bor = P11, Bnr =T Pn1-1,
Boz = P12,  Pn2 =T Pn2-1

converge uniformly to the minimal and mazimal solutions of IVP-SIP (3.1))-(3.6)
whenever

ann < ag1, P < P,
aig < gz, P2 < Pio.
Proof. Let (ui1,u12), (v11,v12) € C(T1,R) x C(Ty,R) be such that
o1 (t) < un(t) <win(t) < Boi(t),
apa(t) < ura(t) < vi2(t) < Boz(t).
Let us define
ug1 = Tuq1, U = Tuqo,
vo1 = Twir, wag = Tz
We now see that
(V2122 —u21®?) = M(va1 — u21) = f1(t,v11) — fi(t,uar) — M(va1 — ua1)
—M (v —u11) — M(va1 — u21)
= —M([v11 + v21] — [u11 + u21]) <0.

IN

(09222 — uga™P) — M (vgg — ug2) = f1(t,v12) — fi(t,u12) — M(vaa — ugs)
< —M(vig — ui2) — M(v2a — u22)
= —M([vi2 + va2] — [u12 + uge]) < 0.

’1}21(0) — UQ](O) = T’UH(O) — TUH(O) = 0,
v (0) — u} (0) = (Twi1) > (0) — (Tur1)>(0) = 0
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Let us consider

p1[va1 — u2i](a) = pi[vai(a) — u2i(a)]
= p1[Tv11(a) — Tuq1(a)]
P2 P2
= |T(Sa(o(a)) = T(Zu(o@)) |
= p2[Tv12(0(a)) — Tuiz(o(a))]
= p2[vaz(o(a)) — u22(o(a))]
= p2[vaz — u2al(o(a))

Also we see that
pslvdy (a) — usy(a)] = ps[Toii(a) — Tufi(a)]
= [T (toibo(@) - T(Luisio(@) |

= pa[vdy(o(a)) — uss(o(a))]

Hence from the Lemma [£.5] we have
V21 — U21 2 0 1mphes TUll Z Tull,
Vog — Uge > 0 implies Twio > Tuis.

Since from our assumption (u11,u12) < (v11,v12) from Deﬁnitionwe see that T’
is monotone. From the hypothesis we have

oy < agr,  Bar < P,
a1z < age, P22 < Pio

Hence we have

(w01, a02) = (011, 0102) < (21, 002) < ... < (Qn1, An2)
< (Bn1s Bn2) < ... (B21,B22) < (P11, F12) = (Bo1, Boz)-

So sequences (1, Ap2) and (1, ane) are bounded and monotone. From [I8] we
see that T is completely continuous. This and boundedness of the sequences implies
that there exists some subsequences such that

(nig, n2i) = (11,7%2),  (Buig, Bn2i) — (K1, k2)
which implies
(s an2) = (11,72), (Bn1, Bn2) — (K1, k2).

Taking limits in the definition of {an1, @n2}, {Bn1, Bn2} we see that (v1,72) and
(k1, ko) are solutions of the IVP-SIP (3.1)-(3.6). We are done through the proof if
we can show that (y1,72) and (k1,k2) are the minimal and maximal solutions of
the IVP-SIP respectively. That is we need to show that for any solution of IVP-SIP
(w1, 22) € [ao1, Bo1] X [0z, Boz] satisfies

ozn(t) < ’Yl(t) < (El(t) < kl(t) < /Bll(t) fort e Ty,

Otlg(t) < ’}/Q(t) < l‘g(t) < k‘z(t) < Blg(t) for t € Ts.

We prove by induction that (can1,an2) < (z1,22) < (Bn1, On2)-
For n = 0, we have

(o1, p2) < (21, 22) < (Bor, Poz2)-
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‘We assume the result to hold true for n. Hence

(n1, an2) < (21,72) < (Bn1, Bn2)-

We see that 5,141 (t) —z1(t) and Bpa11(t) —x2(t) satisfy all the conditions of Lemma
45 Hence we have

Bni+1(t) > x1(t) fort € Ty

Bnat1(t) > xo(t) fort € To
Similarly it can be shown that

ap141(t) <zq(t) fort €Ty

Qpay1(t) < ao(t) fort €Ty

By induction we have

(an1, om2) < (21,22) < (B, Bn2)-
So

ao1(=a11) < a1 <21 < Bpa < Bor(= Pi1)s
ap2(= a12) < apa < 22 < B2 < Po2(= Pi2)
implies
an < lm apy <@y < lim Bn1 < P11,
a2 < HILH;o Bnz < w2 < HILH;O Bn2 < P12
which implies
ap; <1 <y <k < B,
ap <92 <y < ko < B
[l

Remark 4.10. The results presented here are generalization for the nonlinear
problems of corresponding linear problems studied in [9]-[13], [I9]-[25]. A pair
of nonlinear ordinary differential equations with matching interface conditions is a
special case of the problem considered here, and our results hold true by considering
p(c) = o(c) = ¢ and the delta derivative becomes the ordinary derivative.
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