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EXISTENCE AND UNIQUENESS OF SOLUTIONS TO
FRACTIONAL SEMILINEAR MIXED VOLTERRA-FREDHOLM
INTEGRODIFFERENTIAL EQUATIONS WITH NONLOCAL
CONDITIONS

MOHAMMED M. MATAR

ABSTRACT. In this article we study the fractional semilinear mixed Volterra-
Fredholm integrodifferential equation

g t T
d (t):Am(t)+f<t,m(t), k(t,s,m(s))ds,/ h(t, s, 2(s))ds),

dt™ to to

where t € [to,T], to > 0, 0 < a < 1, and f is a given function. We prove
the existence and uniqueness of solutions to this equation, with a nonlocal
condition.

1. INTRODUCTION

The problem of existence and uniqueness of solution of fractional differential
equations have been considered by many authors; see for example [ 2 [3, [7, 8]
9, 10, T1)). In particular, fractional differential equations with nonlocal conditions
have been studied by N’Guerckata [3], Balachandran, and Park [7], Furati and
Tatar [8], and by many others. In [10], the authors investigated the existence for a
semilinear fractional differential equation with kernels in the nonlinear function by
using the Banach fixed point theorem. The nonlocal Cauchy problem is discussed
by authors in [7] using the fixed point concepts. Tidke [4] studied the non-fractional
mixed Volterra-Fredholm integrodifferential equations with nonlocal conditions us-
ing Leray-Schauder theorem. Motivated by these works, we study the existence of
solutions for nonlocal fractional semilinear integrodifferential equations in Banach
spaces by using fractional calculus and a Banach fixed point theorem.

Consider the fractional semilinear integrodifferential equation

g t T
ddtit) = Ax(t) -|-f(t,:10(t),/tO k(t,s,x(s))ds,/to h(t,s,x(s))ds), (L.1)
m(to) =x9 € X.

where t € J = [tg,T], to > 0,0 < a< 1,z €Y = C(J,X) is a continuous function
on J with values in the Banach space X and ||z|ly = maxies||z(t)|x, and the
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nonlinear functions f: J X X XX XX - X, k:DxX —- X, andh: Dgx X — X
are continuous. Here D = {(t,s) € R? : t; < s <t < T}, and Dy = J x J. The

operator :tit% denotes the Caputo fractional derivative of order «. For brevity let
t T
Ka(t) = / k(t,s,x(s))ds, Huz(t) = / h(t, s, z(s))ds.
to tU

and we use the common norm || - ||.

The paper is organized as follows. In section 2, some definitions, lemmas, and
assumptions are introduced to be used in the sequel. Section 3 will involve the main
results and proofs of existence problem of , together with a nonlocal condition.

2. PRELIMINARIES

In this section, present some definitions and lemmas to be used later.

Definition 2.1. A real function f(x), x > 0, is said to be in the space C,,, € R if
there exists a real number p(> ), such that f(x) = 2P f1(z), where f1(z) € C[0, 00),
and it is said to be in the space C; if fm e CuyneN

Definition 2.2. A function f € C,, p > —1 is said to be fractional integrable of
order a > 0 if

1 t
IA0) = g [ (=9 (5)ds < o,
I'(a) Jy,
where tg > 0; and if a = 0, then I°f(t) = f(¢).
Next, we introduce the Caputo fractional derivative.

Definition 2.3. The fractional derivative in the Caputo sense is defined as
d*f@t) _ o (df®) 1 /t -
(B0 < it [
dte dt T(1_a) to( 8) 70 (s)ds
for0<a<1,tg>0, f' e C_1.

The properties of the above operators can be found in [6] and the general theory
of fractional differential equations can be found in [5].

Next we introduce the so-called “Mild Solution” for fractional integrodifferential
equation (see [10}, Definition 1.3]).

Definition 2.4. A continuous solution z(t) of the integral equation

m(t):T(t—to)mo+ﬁ/t (t— )27t — 8) (s, 2(s), Ka(s), Ha(s))ds (2.1)

is called a mild solution of (1.1)).

To proceed, we need the following assumptions:

(A1) T(-) is a Cy—semigroup generated by the operator A on X which satisfies
M = maxiey ||T(t)]-

(A2) f is a continuous function and there exist positive constants Ly, Lo, and L
such that

| f(t, x1,y1,21) — f(t, 22,92, 22) || < La(J|er — 22l + |l — y2l| + [|21 — 22])

for all T1,Y1,21,22,Y2, 22 S Yy L2 = MmaXicg Hf(taoaovo)”? and
L= max{Ll,Lg}.
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(A3) k is a continuous function and there exist positive constants Ni, N, and
N such that

|k(t, s, x1) — k(t, s, 22)|| < Nil|z1 — 22|

for all 1,20 €Y, Ny = max sep ||k(t,5,0)[|, and N = max{Ny, Na}.
(A4) his a continuous function and there exist positive constants Cy, Cs, and C
such that

[h(t, s,21) = h(t, s, z2)[| < Cif|z1 — 2|
for all 1,20 € Y, Cy = max( s)ep, ||h(t,s,0)], and C = max{Cy, Cs}.

3. EXISTENCE OF SOLUTIONS

In this section, we prove the main results on the existence of solutions to (|1.1]).
Firstly, we obtain the following estimates.

Lemma 3.1. If (A3), (A4) are satisfied, then the estimates
[Kz(t)|| < (¢t —to)(Nal|z]| + N2)
[Kzi(t) — Koo (t)[| < Ni(t —to)|lzr — a2
and
[Hz(t)|| < (T —to)(Chl|z|| + C2)
[Hz1(t) — Ha2(t)|| < C1(T — to)||x1 — 22|
are satisfied for any t € J, and r,r1,20 €Y.
Proof. By (A3), we have

[Kz()] < t [E(t, 5, 2(s)) | ds

= [ ||k(t,s,2(s)) — k(t,s,0) + k(t, s,0)||ds

to
t t
s/Www&x@»—kwamww+/Wwa»mww
to to

< Ni(t —to)||z]| + No(t — to) < (T — to)(N1l|z| + Na2).
On the other hand,

[Kay(t) = Kao() < [ [kt s,21(5)) = k(t, 5, 22(5))|ds

to
t
<N [ fa(s) - aa(o)lds
to
< Ni(t—to) [lor — 22
Similarly, for the other estimates, we use assumption (A4), to get
T
[Ha(t)|| < / [h(t, s,z(s))llds < (T — to)(Chlz| + C2)
to

and
[Ka1(t) = Kaz(t)|| < C1(T — to)lzy — 22|
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The existence result for (|1.1)) and its proof is as follows.

Theorem 3.2. If (A1)-(A4) are satisfied, and

qgl'(a+1) > ML(l +C(T —to) + QLH(T_ to))(T —tg)®, 0<g<l,
then the fractional integrodifferential equation has a unique solution.
Proof. We use the Banach contraction principle to prove the existence and unique-

ness of the mild solution to (L.1)). Let B, = {z € Y : ||z|| < r} C Y, where
r > (1—q) " (M|zo|l + ¢), and define the operator ¥ on the Banach space Y by

Wa(t) = T( — to)zo + ﬁft (t— )27t — 8) (s, 2(s), Ka(s), Ha(s))ds.

Firstly, we show that the operator ¥ maps B, into itself. For this, by using (A1),
and triangle inequality, we have

W (t)]]
1 ! a—1
< Mol + @II /t (t—s)*T(t = 5)f(s,2(s), Kz(s), Hx(s))ds||

< Mlzoll + % / (t — )2 | f(s,2(s), Ka(s), He(s)) | ds

M ! a—1
§M|$o+r(a)/to(t—8) 1f (s, 2(s), Ka(s), Hz(s))
- f(S,0,0,0) + f(S,0,0,0)HdS

< Mlzoll + % / (t = )2 £(s, 2(s), Ka(s), Ha(s)) — £(5,0,0,0)[|ds
M

t
it [ =91 (60,0.0)ds.
F(a) to
Now, if (A2) is satisfied, then
ML

W ()| < M||zoll + F(a)/t (t =) (la(s)]| + [Ka(s)ll + | Ha(s)]) ds

ML, /t .
+ t—s)* ds
) J,

ML, ML,

IN{))] I'(«)
ML,

MLl ! a—1 et ! _Safl s
F(a)/to(t—s) I H(s)ds + £ /to(t Jo=1s.

Using Lemma [3.I] we have
[W(t)]l

< M||zol| +

/t (t - )% ()|l ds + / (t - )2 1| Ka(s) | ds

_|_

MLy
< o _ «
< Mllaoll + gy ¢ — )l
ML, ¢ .
+ ——(MNV1||z +N2/t—s" s —tp)ds
o) Mallell+82) | (¢ =) (s = to)
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; %(T—toxanﬂ OOt~ to)* + F(Aj’fl)a—ma

< Mol + Ffj_ﬁ)@ — o) 2] + %(t — o) LNy ]| + Na)
" F(ffl)@toxclnm OOt~ to)* + F(Ajfl)ama

= Mllsoll + g (0= 1)+ (2 (T = )t = t0)* + e 2o = o)°
+ %(t — to)a(1 n aj\f:l (t —to) + Cy(T — to)) ],

if z € B,., we have

w2 ()]| < Mo + F(ffl) (1 + N i)+ - to)) (T — to)°

MLr N
— (1 4+ ——(T —t C(T -t T —ty)®
+ s (14 ST -+ O - 0)) (T - o)
< Mlzoll + g+ qr
<(1—-qr+qgr=r.

a—+1

Thus ¥B,, C B,. Next, we prove that ¥ is a contraction mapping. For this, let
x1,22 € Y. Applying (A1) and (A2), we have

Wy (2) — Vs ()]

= HL/ (t =) T(t = 5) f(5,21(s), Ka1(s), Hr1(s))ds

() Jy,
1 t . ) n i o
_F(a)/to(t_S) T(t —5)f(s,w2(s), Kaa(s), Hra(s))ds||
M ' a—1
< F(O‘)/t(, (ti S) ||f(saI1(5)7K$1($)7H1'1(5))

— f(s,22(s), Kxa(s), Hro(s))[|ds

ML ¢ a1 -
< F(a; (/ (t—s)*z1(s) — z2(s)||ds + /to (t —8)* Y| K21 (s) — Kzo(s)|ds

+ [ B )~ Haalo)las)

to

then using (A3), (A4) and Lemma one gets
[ Wy () — W (1)
t

ML, K 1 1
< — t—38)*""ds+ N t—s)” —t9)d
< Pyl ol ([ @ s 4 0 [ =02 o = s

to

e /tt(t )T~ to)ds)

ML1 (t—to)a Nll—‘(a)(t—to)a+1 Cl(T_tO)(t_to)a _
( @ Ia+2) ! >||x1 &l

= T(a)
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o MLl Nl N
_W(I‘FCI(T—tO)"’m(t—to))(t—to) Hxl_IQH

ML N )
_W(I‘FC(T*tO)+m(T*to)>(T*t0) ||I171'2||
< qllwy — w2

Therefore ¥ has a unique fixed point © = ¥(z) € B,, which is a solution of (2.1)),
and hence is a mild solution of (1.1)). O

The last result in this article is to prove the existence and uniqueness of solutions
to (|1.1), but with nonlocal condition of the form
z(to) + g(x) = o, (3.1)
where g : Y — X is a given function that satisfies the condition

(A5) g is a continuous function and there exists a positive constant G such that
lg(z) =9l < Gllz —yl, forzyeY.
Theorem 3.3. If (A1)-(Ab) are satisfied, and

qZM(GJr (1+C(T—to)+ai+1(Tfto)>(T—to)“), 0<q<1,

L
I(a+1)
then the fractional integrodifferential equation (1.1) with nonlocal condition (3.1))
has a unique solution.

Proof. We want to prove that the operator ® : Y — Y defined by
Pa(t) = T'(t — to) (w0 — g(2))
1 t
+ —/ (t— )Tt — 5)f(s,2(s), Kz(s), Hz(s))ds
(a) Ji,
has a fixed point. This fixed point is then a solution of (1.1)) and (3.1f). For this,
choose r > (1 — )~ (M (||lzo|| + [lg(0)||) + ¢). The proof is similar to the proof of
Theorem [3:2] and hence we write it briefly. Let z € B,, then by assumptions, we
have

[(8)]]

< M Jleoll + lg(O)1]) +

(3.2)

ML (1+ N
(a+1) a+1

(T —to) + C(T = 10) ) (T ~ t0)°

+m(a+ ﬁ@ +O(T —to) + QLH(T—tO))(T—tO)O‘>r

< M ([Jzoll + lg(0)]]) + ¢ + gr
<(l—-gq)r+qgr=r.

Thus ®B,. C B,.. Next, we prove that ® is a contraction. For this, let 1,22 € Y,
one can show that
[@z1(t) — Pxa(t)||
ML, t
< MG||z1 — x2f| + = |lz1 — 2| [ (t— s)aflds
['(a) to
ML, N- t
Uy — @ [ (8= 8)* V(s — to)ds

" T i
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ML,Cy g o1
+W”x1 —SL'QH to(t—s) (T—to)ds
ML1 (t - to)a NlF(a)(t - to)a+1

S MGllay — a2l + ') ( e I'a+2)

LI )

«
L N .

<M(G+ m@ F O~ to) + = (T = 10) ) (T~ 10)° ) [les — s

< qllzy — 22|

Therefore ® has a unique fixed point x = ®(x) € B,, which is a solution of (3.2,
and hence is a mild solution of (1.1]) with condition ([3.1)). O

Acknowledgements. The author wishes to express his sincere gratitude to the
anonymous referees for their help with this paper.

REFERENCES

[1] D. Delbosco, L. Rodino; Existence and uniqueness for a nonlinear fractional differential equa-

tion, J. Math. Anal. Appl.. 204 (1996), 609-625.

[2] C. Yu, G. Gao; Existence of fractional differential equations, J. Math. Anal. Appl.. 30 (2005),

26-29.

[3] G.M. N’guerekata; A Cauchy problem for some fractional abstract differential equation with

nonlocal condition, Nonlinear Analysis. 70 (2009), 1873 1876.

[4] H. L. Tidke; Existence of global solutions to nonlinear mixed Volterra-Fredholm integrod-

ifferential equations with nonlocal conditions, Electronic Journal of Differential Equations.
2009 (2009), no. 55, 1-7.

| 1. Podlubny; Fractional Differential Equations, Academic Press, New York, 1999.
] K. S. Miller, B. Ross; An Introduction to the Fractional Calculus and Fractional Differential

Equations, John Wiley and Sons Inc., New York, 1993.

] K. Balachandran, J. Y. Park; Nonlocal Cauchy problem for abstract fractional semilinear

evolution equations, Nonlinear Analysis. 71 (2009), 4471-4475.

[8] K. M. Furati, N. Tatar; An existence result for a nonlocal fractional differential problem,

Journal of Fractional Calculus. 26 (2004), 43-51.

[9] M. Matar; On existence and uniqueness of the mild solution for fractional semilinear integro-

differential equations, J. Integral Equations € Applications. To appear.

[10] O. K. Jaradat, A. Al-Omari, S. Momani; Existence of the mild solution for fractional semi-

linear initial value problems, Nonlinear Analysis. 69 (2008), 3153-3159.

[11] V. Lakshmikantham; Theory of fractional functional differential equations, Nonlinear Anal-

ysis. 69 (2008), 3337-3343.

MOHAMMED M. MATAR

DEPARTMENT OF MATHEMATICS, AL-AZHAR UNIVERSITY OF GAZA, P. O. Box 1277, GAZA, PALES-
TINE

E-mail address: mohammed mattar@hotmail.com



	1. Introduction
	2. Preliminaries
	3. Existence of solutions
	Acknowledgements

	References

