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BOUNDEDNESS AND EXPONENTIAL STABILITY OF HIGHLY
NONLINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

RUIHUA LIU, YOUSSEF RAFFOUL

ABSTRACT. In this article we consider nonlinear stochastic differential systems
and use Lyapunov functions to study the boundedness and exponential asymp-
totic stability of solutions. We provide several examples in which we consider
stochastic systems with unbounded terms.

1. INTRODUCTION

The method of Lyapunov functions has been an important tool in the devel-
opment of stability theory for nonlinear deterministic dynamical systems. There
is also large body of literature on the boundedness and stability using Lyapunov
functions or functionals, see for example [I[-[5] and [7]. Erhart [II] used Lya-
punov functions to obtained sufficient conditions for the existence of solution of a
dynamical system on time scales. Since It6 introduced the stochastic integral, Lya-
punov functions have been employed to study various qualitative and quantitative
properties including stochastic stability and stochastic boundedness of stochastic
differential equations (SDE). See for example, Kushner [§], Mao [9] [10], Hasminskii
[6] and the references therein. The report in [I3] presents an interesting survey of
Lyapunov functions techniques in stochastic differential equations.

In a recent work Raffoul [I2] considered the deterministic nonlinear system

&= f(t,x), t>0,
.’Iﬁ(to) =z, 1o>0, 29 € R™

where © € R?, f : Rt x R® — R" is a given nonlinear continuous function in
t and x, where ¢ € R*. There non-negative Lyapunov functions are used for
establishing sufficient conditions for the boundedness and exponential asymptotic
stability of deterministic nonlinear differential dynamic systems with unbounded
forcing terms. It makes sense to ask that if the solutions of the deterministic
systems are bounded or exponentially stable then whether or not the same would
hold for the solutions of the stochastic system, created from the deterministic one
by adding a nonlinear stochastic term to it. To answer this question we will have
to generalize the definitions and results in [I2] to a class of nonlinear stochastic
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differential equations and prove several theorems that can be used to verify the
stochastic boundedness and exponential asymptotic stability. As an application to
results obtained, we furnish several examples.

As a motivational example, consider the one-dimensional stochastic differential
equation

dz(t) = —a(t)x(t)dt + g(x(t),t)dB(t), t >ty >0, (1.1)

with initial condition z(tg) = xo € R, where B(t) is a one-dimensional standard
Brownian motion. We assume that the function a(t) and g(x,t) satisfy g%(z,t) <
A2(t)x? + h2(t) and 2a(t) > N%(t) for some function A(t) and h(t). Let a(t) =
2a(t) — A%(t) and choose the Lyapunov function V(z,t) = x?. Then along the
solutions z := z(t) of (L.I)), we have

dV (z,t) < —a(t)V (z,t)dt + h*(t)dt + 2xg(x, t)dB(t). (1.2)

t
Multiply both sides of ij with the integrating factor elio @95 and then integrate
from t¢ to ¢ to obtain

t t t
V(z,t) <e Jio a(s)dSV(xo,to) +/ e~ Ju s p2 () duy,

to

. (1.3)
+ 2/ e ()ds p(u)g(z(u), u)dB(u).

to
We note that inequality was readily available due to the form . However,
in general to find a Lyapunov function that satisfies (|1.2)) is extremely difficult and
may requires strong conditions on the known coefficients. This brings us to the

following question: What can be said about the boundedness of solutions when
along the solutions of (1.1), V satisfies

dV(x) < —a(t)W (z)dt + h*(t)dt +22g(z,t)dB(t), W (x) # V(z) for x # 0?7 (1.4)
Here « : [0,00) — [0, 00) is continuous and W : [0,00) — [0, 00) is continuous with
W(0) = 0, W(x) is strictly increasing, and W(x) — oo as x — oco. Such a function
is called a wedge.

In the next section we present our main results and in Section 3 we give examples
as application of the theory.

2. MAIN RESULTS

Let B(t) = (Bi(t), Bo(t),..., Bn(t))T be an m-dimensional standard Brownian
motion defined on a complete probability space (€2, F,P). We consider the n-
dimensional stochastic differential equation

dz(t) = f(z(t), t)dt + g(z(t),)dB(t), t>0, (2.1)

with initial condition x(ty) = x¢ € R". Here z(t) = (x1(t), z2(t),...,z,(t))T € R",
to >0, f:R*xRT — R" and g : R® x RT — R™X™ are given nonlinear continuous
functions such that has a solution on some small interval. In what follows we
use z(t, to, zo) or simply z(t) for a solution of (2.1)). We also use [z to denote the
Euclidean norm for vector x € R™.

Definition 2.1. A solution x(t, tg, z¢) to (2.1)) is said to be stochastically bounded,
or bounded in probability, if it satisfies

E®|z(t, to, zo)|| < C(|lzoll, to), for all ¢ > o, (2.2)
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where E* denotes the expectation operator with respect to the probability law
associated with zg, C : Rt x RT — R7T is a constant depending on tg and zy. We
say that solutions of (2.1]) are uniformly stochastically bounded if C' is independent
of to.

Let C%!(R™ x RT;R") denote the family of non-negative functions V (z,t) de-
fined on R™ x R that are twice continuously differentiable in 2 and continuously
differentiable in ¢. Define an operator £ on functions in C%1(R" x R*;R*) by

n

LV (z,t) = Vi(z,t) + ZVz(x t)fi(z,t) ZZZVI o; (@, ) gir (2, 1) g (2, 1),
i=1 i=1j=1k=1
(2.3)
where f; is the ith component of vector f and g;; is the ij-entry of matrix g. Let
C(RT;R*") denote the family of continuous functions with non-negative domain
and non-negative range.
In this article we assume that the function V(z,t) chosen from C%!(R" x RT; RT)
satisfies the following assumption.

Assumption 2.2. We assume that for any solution z(¢) of (2.1) and for any fixed
0 <ty <T < 0, the following conditions hold:

EIO{/ V2 (z(t), t) g5 (x(t), t)dt} <oo, 1<i<n, 1<k<m. (2.4)

Remark 2.3. A special case of the general condition (2.4)) is the following condi-
tion. Assume that there exists a function o(¢) such that

|Vi, (2, 8)gix(x,t)]| < o(t), zeR" 1<i<n, 1<k<m, (2.5)
and for any fixed 0 <ty < T < oo,

T
/ o?(t) dt < oo. (2.6)

to

We will present examples in which conditions (2.5)) and (2.6)) are satisfied.

Theorem 2.4. Assume there exists a function V(z,t) in C*1(R™ x R*;RY) sat-
isfying Assumption such that for all (z,t) € R™ x R,

W(llzl]) < V() < o(llz]]), (2.7)
LV (x,t) < —a(t)yp(||x[]) + B(2), (2.8)
V(z,t) = (o~ (V(z, 1)) <, (2.9)

where W, ¢,1, ., 3 € C(RT;RT), W, ¢, are strictly increasing, W is convex, and
v is a non-negative constant. Then all solutions of (2.1) satisfy

. t
B fa(t,to, )| < WV (ao,to)e™ 50O 4 [ (au)+ pw)e o0 du},

to
(2.10)
for all t > tg.

Proof. Let x(t) := x(t, to, zo) be any solution of (2.1). For notational brevity, let

dB(t Z Ve, Z gir(x(t),t)dBy(t).
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Applying Ito’s formula to efio “® ¥V (2(1), 1) give

d(effo sy (4), t))

= o O () ((t), 1) + LV (a(t), 1) ) dt + o O Fape (r)
< o O (O (a(t),1) — ab(la(®)]) + 50 dt + o “O* a (e
by 28)
< effo a(s)ds (a . 1/J(¢_1(V($(t)7t)))] + ﬂ(t))dt + eftto a(s) dsdBw(t)

by 2.7
< effto o (va(t) £ B(0))dt + e BT (1) by @9).
Integrating both sides from ¢y to ¢, we have

elio “O Iy 21, 1)
< Vao.to)+ [ el 0 (ya(u) + B(w) du+ / el o8 e )
0 0
Dividing both sides by eftto o(s) ds,
V(z(t),t) <e” Jig () BV (20, to) + /t e~ Juals)ds (va(u) + ﬂ(u)) du

. fo (2.11)
+/ e~ Juals)dsqpe ().

to

Taking expectation of both sides and noting that EIO{ f e~ Juals) dsdB“”( )} =0,
we have in view of . that

E"V(z(t),t)] <e” Ji @) BV (20, t0) + /t e~ Juols)ds (’ya(u) + ﬁ(u)) du. (2.12)

to

Finally, since W is convex, by Jensen’s Inequality for expectation, we have,
W(E™|lz(@)]) < E=[W([la(t )II)] < ETV(x(t),1)],
which, when combined with (2.12), yields (2.10). O

Theorem 2.5. Assume there exists a function V(z,t) in C*1(R" x RT;RYT) sat-
1sfying Assumption such that for all (z,t) € R™ x RT,

z]|P < V(x,t) < [lz]|?, (2.13)
LV (z,t) < —a(t)||z||" + B(t), (2.14)
V(x,t)— VT, t) <, (2.15)

where a, 3 € C(RT;RT), p, q, r are positive constants, p > 1, and v is a non-
negative constant. Then all solutions of (2.1)) satisfy

t t t
E%Hx(t,to,xo)H < {V(xoﬂfo)ei fto a(s)ds +/ ('ya(u) —|—,6’(u))e_ JEa(s)ds du}l/p,

to
(2.16)
for all t > ty.
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Proof. If we chose W(x) = zP, ¢(x) = 27 and ¢¥(x) = 2", then the conditions

(z) (
(2.7)-(2.9) reduce to (2.13)-(2.15)). Also note that zP is convex for p > 1. It then
follows from Theorem [2.4] that (2.16)) holds. O

The proof of the next theorem is similar to that of Theorem and hence
omitted.

Theorem 2.6. Assume there exists a function V(x,t) in C*1(R™ x RT;R*) sat-
isfying Assumptz'on such that for all (z,t) € R™ x RT,

[z[|P < V(x,t), (2.17)
LV (z,t) < —a(t)Vi(z,t) + B(1), (2.18)
V(z,t) = Vi(z,t) <7, (2.19)

where a, 3 € C(RT;RT), p, q are positive constants, p > 1, and v is a non-negative
constant. Then all solutions of (2.1)) satisfy

t t t
E””Hm(t,to,xo)H < {V(l’o,to)eiftﬂ a(s)ds +/ (fya<u)+ﬁ(u))e—fua(s)ds du}l/iﬂ7

to
(2.20)
for all t > ty.

Definition 2.7. Suppose f(0,t) =0 and g(0,t) = 0. We say that the zero solution
of is a-exponentially asymptotically stable in probability, if there exists a
positive continuous function «(t) such that f:o a(s)ds — oo ast — oo and constants
d, C € R such that for any solution x(¢,tg, zg) of ,

t d
E™ ||z (t, to, o) < C(||x0||,t0)<e_ Jio a“)f“) . for all £ > to, (2.21)

where the constant C' may depend on ¢y and xg. The zero solution of (2.1) is
said to be a-uniformly exponentially asymptotically stable in probability if C is
independent of tg.

Corollary 2.8. (1) Assume either of the hypothesis Theorem or Theorem
hold. In addition,

t
/ (ya(u) + B(u)) e™ Jool)ds gy < M, Yt >t >0, (2.22)

to

for some positive constant M, then all solutions of are uniformly stochastically
bounded.

(2) Assume the hypothesis of Theorem hold. If condition 18 satisfied,
then all solutions of are stochastically bounded.

Proof. If the hypothesis of Theorem hold, then by (2.10)) and (2.22)), we have
— t als S —_
E™[la(t)] < WH{V(@o,t)e” 0 * % £ My < WH{g([lzo])) + M} := C(Jlao)),
by (2.7). If the hypothesis of Theoremhold, then by (2.16) and (2.22]), we have
E*|z(t)| < {V(mo,to)ef I a(s)ds +M}1/p < {|zo]|? —i—M}l/” = C(||zo|]),

by (2.13). By Definition all solutions of (2.1)) are uniformly stochastically
bounded in either case.
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If the hypothesis of Theorem [2.6] hold, then by (2.20) and (2.22), we have
To — [y, o(s)ds 1/p /p._
E™[lz(t)|] < {V(zo,to)e” 1o + M} < A{V(wo,to) + MPVP = C(||zol], to),

which implies that all solutions of (2.1)) are stochastically bounded. (]

Corollary 2.9. Assume f(0,t) =0 and g(0,t) = 0. Assume

t
/ (vo(w) + Bu))elio D% gy < M, Ve >ty > 0, (2.23)

to

for some positive constant M, and

¢
/ a(s)ds — oo, ast— oo. (2.24)

to

(1) If the hypothesis of Theorem hold, then the zero solution of 18
a-uniformly exponentially asymptotically stable in probability with d = 1/p.

(2) If the hypothesis of Theorem hold, then the zero solution of 18
a-exponentially asymptotically stable in probability with d = 1/p.

Proof. From we have
t t
B[V (x(t),t)] < {V(20,to) + / eJio X8 (s (u) + B(u)) dule™ o @,
to

Then by ,
B2V (2(t),£)] < {V (20, to) + Me™ Hio *% (2.25)

Note that a? is convex for p > 1. By Jensen’s Inequality, we have (E®°||z(t)]|)? <
Exo(|lz(t)|P) < E*o[V(x(t),t)]. It follows that
t 1 t 1
B la(t)| < {V(wo,to) + M}'/7 (7 Ji *) ) " Cllzoll, to) (e Fuo ) "
(2.26)
which implies that the zero solution of is a-exponentially asymptotically stable
in probability with d = 1/p.

If the hypothesis of Theorem [2.5/hold, then using (2.13) in (2.26), we can further
obtain

Z It als)as\ /P Ot als) ds\ 1P
B a(t)] < {laoll + 237 (e o ") oz Ol (7o)

In this case, the zero solution of (2.1) is a-uniformly exponentially asymptotically
stable in probability with d = %. O

3. EXAMPLES

In this section we provide three examples to illustrate the application of the
results we obtained in the previous section.
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Example 1. For a(t),b(t), h(t) > 0, consider the scalar stochastic differential equa-
tion
da(t) = [ (a(t)+%)x(t)er(t)x%(t)+h(t)}dt+g(z(t),t)dB(t), t>tg >0, (3.1)

with initial condition z(tg) = xq, where B(t) is a one-dimensional standard Brow-
nian motion.

Let V(z,t) = 22. Then along any solution x := z(t) of , we have
LV (z,t) =V,f + %VMQQ(x,t)
= —2(a(t) + %)mQ +20(t) Y3 + 22h(t) + ¢ (x,t)
< “2(a(t) + %)xQ + 2B + 2 + h2(E) + g2 (, ).

To further simplify LV (z,t), we make use of Young’s inequality, which says for any
two nonnegative real numbers w and z, we have

<w"‘+zf 'thl—i—l 1
B ith — 4+ - =1.
wz < - 7 W e 7
Thus, for e = 3/2 and f = 3, we obtain
1 ($4/3)3/2 4 )
2|b(t 4/3<27b153 7}272 Z1b(t)]3.

As a result, we have

LV (z,t) < —2a(t)z® + %b?’(t) + h2(t) + g*(z, t). (3.2)

Let g(z,t) = t'/22 /(2% 4+ 1). Then

2
_ o412 % 1/2 ._

Hence conditions (2.5)) and (2.6)) are satisfied. We also have ¢*(z,t) = ta?/(2? +

1)2 < t/4. It follows that

LV (x,t) < —a(t)z? + B(t), (3.3)

where a(t) = 2a(t), B(t) = 2b3(t) + h?(t) + L. We can easily check that conditions
— of Theorem 2 are satisfied with p = ¢ = r = 2 and 7 = 0. Specifically,
let a(t) = &, b(t) = t3, and h(t) = t/2. Then, a(t) = t, B(t) = 2t and
becomes

23
LV (x,t) < —ta® + ot

We note that

t . ) . . )
/ (’)/OZ(U) —|—ﬂ(u))67 [ a(s)ds du = %/ ue™ [ sds du < 17:237

to to

for all t > tq > 0. Thus condition ([2.22)) holds. By Corollary all solutions of

_ t 7 11 t1/22(t)
do(t) = [ - (5 + g)x(t) + 323 (t) + tY/2]dt + WdB(t),

x(ty) = o, t > 9 >0,

(3.4)
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are uniformly stochastically bounded and satisfy
23,1/2
12 ’

Next, if we take a(t) = t/2, b(t) = e"“t/3 h(t) =0, and g(z,t) = e 2T/ 2z /(2> +
1), k1, k2 > 1, then conditions ) and 1-) are satisfied. We have «(t) =t and
B(t) = Ze “rat + 1e7"2! for 1nequahty smg them in , we have

t
1 u
/ (vou(u) + B(u))e Jig o) ds gy, / (767”” + fefﬁﬁ)ef‘o “ qu
to to 3 4
< .
- 3(/&1 — 1) 4(%2 — 1)7

for all ¢ > ¢ty > 0. Hence condition ([2.23) is satisfied. We can easily see that
condition ([2.24)) is also satisfied. By Corollary we know that the zero solution

of
da(t) = [ - (% + %)x(t) + e_%tx%(tﬂdt + e_?t%dlg(t% (3.5)

E™||2(t, to, z0)|| < {2f + = Vit > to > 0.

x(ty) = x0, t > 19 >0,

is a-uniformly exponentially asymptotically stable in probability with d = 1/2.
We note that in Example 1 the condition did not come into play due to

the fact that r = ¢ = 2. In the next example, we consider a non-linear stochastic

differential equation in which the condition naturally comes into play.

Example 2. Consider the stochastic differential equation
da(t) = [ — a(t)a®(t) + b(t)z 3 (t) + h(t)]dt + g(x(t), )dB(t), t>to >0, (3.6)

with initial condition z(ty) = o, where function a(t), b(t), h(t) and g(z,t) will be
specified later. Use the same function V(z,t) = 22 as in Example 1. Then along
any solution z := z(t) of (3.6), we have

LV (z,t) = —2a(t)z* + 2b(t)z*/? + 2zh(t) + 2(x t).
Using Young’s inequality for term b(t)z*/? with e = 3 and f = 2, we have

a3t 2 3/2
|b(t) || S§+§|b(t)\ :

Using Young’s inequality for term xh(t) with e = 4 and f = 4/3, we have

z* 3
h(t)] < = + S|h(t)[*/3.
#lIh)] < =+ 2Iho)
It follows that

LV (z,t) < (—2a(t) + %)x‘* + 2

SO +

SO+ ). (37)

Let g(z,t) = t'/22/(z% + 1). Then

LV (x,t) < —a(t)z* + B(t), (3.8)

where a(t) = 2a(t)— I, B(t) = 3|b(t)|*/2+ 2|h(t)[*/® + Lt. Hence we have p = ¢ = 2
and r = 4.
Note that

Ve, t) — VT (z,t) = 22(1 — 2?) < for z € R.

|
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Hence condition is satisfied with constant v = 1. To ensure that a(t) > 0
2
t3,

we need a(t) > Spec1ﬁcally, let a(t) =L + L, b(t) = and h(t) = ti. Then

we have a(t) = t, ﬁ = 37t and ( . ) becomes
LV (z,t) < —tat + ?—;t.
Consequently, implies
E™||z(t, to, z0)|| < {afe” Jigods 4 /tt (iu + i’—;u)e Jisds du}l/Q, (3.9)
which yields 0

1/2

E™||z(t,to, o) < {x0+ } Vt>ty>0 (3.10)
Therefore, all solutions of
t 7 > t1/22(t)
de(t) = [ — (= + =)z3(t) + t3 t1]dt 7dBt
w(t) = [~ (5 + 1)o@ + 1k (1) + ¢4t + 2410 gy

x(to) = o, t > t9 >0,

are uniformly stochastically bounded.
As an application of Theorem [2.6] we consider a two-dimensional system in the
next example.

Example 3. Let x(t) = (z1(t), z2(t))” € R2. For a( ) > 0, consider:

dzi(t) = [22(t) — a(t)z1 (t)|21(2)] + 2 ]dt
11(x(t),1 dB; 12 o (t
+ g11(x(t), 1)dB1(t) + g (() )() ((t)) (3.12)
dwo(t) = [ — 1 (t) — a(t)z2(t)|z2(1)] + 1422 (t>] dt

+ g21(x(t),1)dB1 (t) 4 ga2(x(t), t)dBa(t),
with initial condition z(tg) = zo € R?. Let V(z,t) = 22 + x3. We assume that the
functions g;;, ¢,j = 1, 2 satisfy the conditions and , and

9° (@, 1) = giy (2, 1) + gla (. 1) + 631 (2, 1) + g3a (. 1) < M(1).
Along the solution (z1, z2) := (21(t), z2(t)) of ([3.12), we have
223h1(t)  2x3ha(t)
1+ a3 1+ a3

LV (z,t) = —2a(t)(|z1]? + |z2®) + + g%(x,t)

3
X X
§—4a(t)(| ;| +| ;l

Using the inequality

) + 2|1 (E)] + |ha(t)]) + M(2).

a+byg _d b
< — 4 — 1
(2)_2+2, a,b>0,1>1,

we have
22 4 22)3/2
2 ()] + Iha)]) + M)

< —V2a(®)V32 (2, 1) + 2(|hy (8)| + |ha(t)]) + M(2).

LV (z,t) < —4a(t)
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Thus p = 2, ¢ = 3. Condition (2.18) is satisfied with a(t) = v/2a(t) and B(t) =

2(|h1 ()| +|ha(t)])+M(t). To check condition (2.19)), we note that for (z1,xs) € R?,

4
Vix,t) — V3/2(x,t) =22 a3 — (22 —|—x§)3/2 < 77

Thus 1D is satisfied with v = %. From Theorem we conclude that all

solutions of (3.12)) satisfy (2.20)). Specifically,

— t als S t 4\/§
B fa(t,to, o) < {lanlPe™> o 1 [* (S2au) + 2 (w)] + [hafw))
to

1/2
+ M(u))e“ﬁfJ a(s) ds du} )
for all t > tg > 0.
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