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ANALYTIC SOLUTION OF AN INITIAL-VALUE PROBLEM
FROM STOKES FLOW WITH FREE BOUNDARY

XUMING XIE

ABSTRACT. We study an initial-value problem arising from Stokes flow with
free boundary. If the initial data is analytic in disk R, containing the unit
disk, it is proved that unique solution, which is analytic in Rs for s € (1,7),
exists locally in time.

1. INTRODUCTION

The study of the deformation and breakup of bubbles in a slow viscous flow is
of importance in many practical applications such as the rheology and mixing in
multiphase viscous system. There has been a lot of research on this subject, the
review article by Stone [I0] summarizes the state of affair in the early nineties. This
problem has been recently studied by some investigators. Tanveer and Vasconcelos
[T, 12] obtained polynomial exact solutions; Cummings et al [5] also obtained ex-
plicit solutions and some conserved quantities. Crowdy and Siegel [2] obtained new
conserved quantities and exact solution based on Cauchy transform approach. Nie
et al [6] numerically studied the singularity formation of the Stokes flow. Prokert
[9] obtained existence result of solutions in Sobolev space for a similar problem.

In this paper, we are going to establish a local existence result for an initial-value
problem arising from free evolving bubble in Stokes flow. We first derive the initial-
value problem using complex variables theory [I], then obtain the local existence
result based on a Nirenberg theorem [7, 8] on abstract Cauchy-Kowalewski problem
in properly chosen Banach spaces. The same techniques have been used for other
problems [13] 14].

2. STOKES FLOW WITH FREE BOUNDARY

We consider the quasi-steady evolution of a bubble in an ambient Stokes flow
[T, 12]. The fluid inside the bubble has a negligible viscosity and is at a constant
pressure, which is set to be zero. The fluid outside the bubble has a viscosity
and is incompressible. Under the assumption of no inertial effects, gravitational
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or other body forces, the fluid motion is governed by Stokes equation and the
incompressibility condition
nAu = Vp, (2.1)
V-u=0

The above equations hold in the fluid region outside of the bubble.
On the bubble boundary, we have stress condition

—pn; + 2pepng = TRN; (2.3)

where n = (n1,n2) is a unit normal vector pointing outward from the bubble, 7 is
the surface tension coefficient, x is the curvature and

1 auj 8uk
oo (22, TTR 2.4
LI (&Ek Ox; ) (2:4)
is the rate of strain tensor.
The kinematic condition on the free boundary is
u-n="V,, (2.5)

where V, is the normal component of the free surface motion. Introducing streaming
function ¥ (z,y) such that

u=V=,y (2.6)
then v(x,y) satisfies the biharmonic equation
Vi =0. (2.7)

Here 9(x,y) can be expressed as

¥ =1Im[2"f(z,1) + g(2,1)] (2.8)

where z = 2 + iy and * denotes complex conjugate. Here Goursat functions f(z,t)
and g(z,t) are analytic functions in the fluid region.
In terms of Goursat functions, the physical quantities are established

p . /
= —iw=4f"(z1),
. (2,1)

u=ur +iug = —f(2,0) + 2[f ()" + 92", (29)
enn +ierz = z[f"(2)]" + [¢" (2)]".
where % denotes the complex conjugate and w is the vorticity.

Defining s to be the arc-length traversed in a counterclockwise direction around
the bubble boundary, then the stress condition can be written as

Zs

the kinematic equation can be written as
1
Im[(z; + 2f)zl] = —5 (2.11)

Equations (2.10) and ([2.1)) will be supplemented by far field conditions on f and g
at infinity.
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3. AN INITIAL-VALUE PROBLEM

We consider the conformal mapping z(§,t) that maps the interior of the unit
circle || < 1 in the £ plane to the fluid region in z-plane such that the £ = 0 is
mapped to the point z = co. So £z(&,t) is analytic in || < 1. The kinematic
condition can be written as

2zt +2f(2,t) T
Re = . 3.1
[ §2¢ } 2|z (31)
as in Tanveer and Vasconcelos [I1], we use the far field condition
f(z) ~az+b+0(1/z) as|z] = o0 (3.2)

where a and b are functions of ¢ only. In particular, we choose f(z) = az + b where
a and b are constants. From Poisson’s formula, (3.1]) becomes

2zt +2(az +b) = Ezel_(€,1) for €] < 1; (3.3)

where I_(&,t) is defined by
I_(&1) = — wELe 3.4
€0=gm [ Totny (3.4

Let h(&,t) = £z(&,t), then h(&,t) is analytic in |£] < 1. If h(£,t) can be analytically
extended to some region where |£| > 1, then

he — 1/2
h + 2ah + 2b€ = [€he — ]I [R)(€, 1) + (fh:_))m (3.5)
where h(£,t) is defined as
1
h(&,t) = [h (g* )N (3.6)
and d§’ e )
.
LN D) = o /E| el gy k> (3.7)
Making the change of variable,
1

and using (3.5)), we obtain
1 1 1 1
vp = el [v] — 55“[—’+[””§ + §T§m7v§ - 575112175 + §UI+[U] + 7020+ av, (3.9)

where
v dg e
f . .
LiEn = o [ GIET e ey forld>1 (10)
The analytic continuation of (3.9) to [¢] < 1 is
vy = Evel_[v] — %fv[I_ [v]]e + %’UI_ [v] + av, (3.11)
where
T d¢ &'+ ¢ !N (el
I_[v](&,t) = = /| 1 5’ [f’ g]v(g ,Oo(g' ) for €] < 1. (3.12)

We will consider equation ([3.9) with the initial condition
’U(f, 0) = vo (&) (3.13)
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Let us first introduce a scale of Banach spaces which are spaces of bounded analytic
functions in disks.

Definition 3.1. Let R be the disk in complex ¢ plane with radius s; i.e., Ry =
{€, €] < s}; we define function space B consisting of functions f(§) is analytic in
R and continuous on R, with norm || f||s = supg_|f(£)].

Also we define the constant
M = ||vol| - (3.14)
We will obtain the following local existence result.

Theorem 3.2. If vy € B, with r > 1, then there ezists one and only one solution
v e CY[0,T),Bs), 1 < s < vl <2M to (3.9) and v|;—o = vo, where T =
ao(r — ), ag is a suitable positive constant independent of s.

The proof of above theorem will be based on Nirenberg-Nishida theorem [7] [g].
Theorem 3.3 (Nirenberg-Nishida). Let {Bs},,<s<r be a scale of Banach spaces

satisfying that Bs C By, ||'lls < |I|ls for any r1 < s’ < s < r. Consider the
abstract Cauchy-Kowalewski problem

d

di: = L(u(t),t), u(0)=0 (3.15)

Assume the following conditions on L:

(i) For some constants M > 0,6 > 0 and every pair of numbers s,s’ such that
r1<s <s<r, (u,t) = L(u,t) is a continuous mapping of

{u € By : |lulls < M} x {t;|t| < §} into By (3.16)
(ii) For anyrm < <s<r and all u,v € B, with |Ju|s < M, ||v||s < M and
for any t, |t| < §, L satisfies

lu — vl

1L(u,t) — L(v,t)||ls <C (3.17)

s—s'
where C' is some positive constant independent of t,u,v,s,s’.
(iii) £(0,t) s a continuous function of t, |t| < § with values in By for every
r1 < s < r and satisfies, with some positive constant K,

1£00, )]s < (3.18)

K
(r—s)
Under the preceding assumptions there is a positive constant ag such that there
exists a unique function u(t) which, for every ri < s <r and |t| < ag(r — ), is a
continuously differentiable function of t with values in By, ||u|ls < M, and satisfies
B15).

4. PROPERTIES OF BANACH SPACE By

Let 79 and 71 be two fixed numbers so that » > r; > rg > 1, then R,, CR,, C
R, and B, C B,, C B,,.

In this and the following sections, C' > 0 represents a generic constant, it may
vary from line to line. C' may depend on 7y, 7, and r; but it is always independent
of s and ¢'.

Lemma 4.1. If f € B,,r1 < s <, then | fellr, < Killf|ls where Ky is a positive
constant independent of s and f.
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Proof. For £ € Ry, and t € {|t| = r1}, we have [t — &| > |r1 — ro|. From Cauchy
Integral Formula, we have

_ 1 f®)
ff(g) - 27Ti/t—r1 (t—€)2dt

L) il
OS50 [ g < s T

which completes the lemma. (I

SO

Definition 4.2. We define the function
F&) =1
where * denotes complex conjugate.

Remark 4.3. For s > 0, if f € By, then f is analytic in [¢| > L and |f] < [|f]s
for |¢] > L.

Lemma 4.4. If f € By, 71 < s <, then |fe(&)| < Kal|fl|s forr > |¢| > %, where
K5 is a positive constant independent of s and f.

Proof. Due to Remark f is analytic in |¢] > %, by Cauchy Integral Formula,
we have for 1 < |£] < s
: 1 fEt) 01 [t .
e ==  DEMag [ D8 g
e&t) 210 Jyer|=ar (§ = €)? 2mi Jjgr =1 (€ =€)
For % < |l < g e {|g = %} U {|¢’| = 2r}, we have | — &| > C, where C

depends only on 7o, 71 and r; hence each integral in the above equation can be
bounded by C||f]|s. This completes the proof. O

1

57)}* (4.1)

The following lemma is essential for applying the Nirenberg-Nishida Theorem.
Lemma 4.5. If f € B;, 11 < s’ < s <r; then fe € By and

K3
s’ < Sy 4.2
Ifelle < =211 (12)
where K3 > 0 is independent of s,s" and f.

Proof. Since dist(0By,0B) = s — ¢/, for £ € By, we are able to find a disk D(&)
centered at & with radius s — s’ such that D(€) is contained in Rs. Using Cauchy
integral formula, we have

1 oy
fe(©) /u :

B Tm —&|=s—¢5' (t - §)2

SO

1 |f ()
27 [t—&|=s—s' |t_§|2
1 [ + s — §'|e?
L[l e,
KS”st

s—s" "’

|fe(§)] < |dt|

IN

IN

which proves the lemma. (I
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Definition 4.6. We define the function

Ga[v](&,t) = v(&,1)(E, 1) (4.3)
Remark 4.7. If v € B, s > 1, then G1[v] are analytic in 1 < [¢] <'s.

Lemma 4.8. Ifv € B, and 1 < s <r, then |G1[v](§,t)] < |Jv]|? for L < ¢ < s.
The above lemma follows from equation (4.3]).

Lemma 4.9. Ifv € B; and rq < s <r, then I.[v](§,t) < C|jv||? for |¢| > 1, where
C > 0 is a constant independent of s,g and h.

Proof. Due to Remark the integrands of I are analytic in % < g <1
changing the contour of integration in the definitions of I from [£] =1 to |{] = %
gives
1 g’ £+ ¢
(3 / Ga[v](¢,t 44
LI 0 = g7 [, Elgmgl Ol (14)
For |¢] > 1 and |¢'| = %, from simple geometry, we have
§+¢
| = |<C (4.5)

where C depends on only 7. The lemma now follows from and Lemma g
Similarly we have

Lemma 4.10. Ifv € B and 1 < s <7, then (IT[v])e(&,t) < C|jv||* for |€] > 1.

Proof. Taking derivative in 7

1 ¢’ §+¢ /
ubee = 5 [ s Tl RO (46)
For |¢] > 1 and |¢'| = -=, from simple geometry, we have
£+¢
‘(5’ —&)? 7l o

where C' depends on only 9. The lemma now follows from (4.7)) and Lemma (I
Lemma 4.11. Ifv € B; and 1 < s <r, then I_[v](&,t) < Clv||? for |¢] < 1.

Proof. Due to Remark [4.7] the integrands of I_ is analytic in 79 > |£| > 1, changing
the contour of integration in the definitions of I_ from || =1 to || = ro gives

1 d¢' £ +¢ /
IREn =g [ Gl (19)
For |¢] < 1 and |¢'| = 79, from simple geometry, we have
Gl<c (49)

where C depends on only 9. The lemma now follows from(4.8)), (4.9) and Lemma
48] (I

Lemma 4.12. Ifv € B, and 1 < s <7, then (I_)¢[v](&,t) < C|lv||? for €] < 1.
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Proof. Taking derivatives in (4.8)),

1 g’ §+¢
e =gz [ Gl eploiblen (410)
For |¢] < 1 and [¢'| = 7o, from simple geometry, we have
{+¢
T—gp! SC (4.11)

where C' depends on only rg. The lemma now follows from (4.10), (4.11) and
Lemma [£8 O

5. PROOF OF THE MAIN THEOREM

In this section, to prove the main theorem, we apply Nirenberg’s theorem to
initial problem (3.9)), (3.11)) and (3.13)). To this end, we need more estimates of the

type as in (3.17]).

Lemma 5.1. Ifu € B,,v € Bg,rl <s <s<r, then ||lug — vel|s <
where C > 0 is independent of s,s" and u and v.

< 55 llu = lls,

The above lemma follows from applying Lemma [£.5] with f = u — v.

Lemma 5.2. Ifu € B;,v € B, 71 < s <, then |tg —U¢| < Cllu—vl|s for % < ¢,
where C' > 0 is independent of s, u and v.

The above lemma follows from applying Lemma [{.4] with f = u — v.

Lemma 5.3. If u € Bs,v € By, |Julls < M,|jv|ls < M, r1 < s < r, then for
> 2,
G1[l(§, 1) = Ga[u] (&, )] < Cllv = ul]s.
Proof. From (4.3)), we have
Gi[v] — Gi[u] = (v —u)v + u(v — @)
which proves the lemma by using Remark [£.3] O
Lemma 5.4. Ifu € B;,v € By, |Julls < M, ||v]|s < M, 1 < s <r, then for [§] <1,

[L-[0](&; 1) = I-[u](§, 1) < Cllv — ulls;
(- [v])e (&, 8) = (I-[u])e (&, )] < Cllo —ulls.

Proof. From , we have
L [)(€ 1) — I_[u](61) = — /5| W) Galul(€, 1) — Calul(€'1))

4ri g ¢ —-¢
Now the lemma can be proved in the same fashion as Lemma and Lemma
in light of Lemma O

Lemma 5.5. If u € B;,v € By, |lulls < M,||v|ls < M, then for |£] > 1,

Ly [v](€,8) = L [u] (6, 8)] < Cllo —ulls,
(L [0D)e (€, 1) = (L [u])e (€, 8)] < Cllv = ulls.
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The above lemma can be proved in the same fashion as Lemma [£.9] and Lemma
in light of Lemma [5.3
Let v € B;. We define the following operator; for |£] > 1, L[v] is defined by

Lv](¢,t) = §v5[+[v]—%ﬁv[l}[u]k—i—%ﬁ“v@zq—%T§v265+%vf+[v]+7v2@+av7 (5.1)
The analytic continuation of L[v] to [€] < 1 is
LI)(€.8) = €vel_[t] — SEoll_Plle + Sol_[] +av. (5.2)

Lemma 5.6. If u € B;, v € By, |lulls < M, ||v||ls < M, then for |{| > 1 and
r1 <8 <s<r, we have

I1L[u] = L{v]|[s <

——llv = ul.,

where C > 0 is independent of s and '
Proof. By (52), for [¢] < 1,
LIu](6: 1) = LIul(€,0) = Elve — ue)T_[o] + EuelI[e] = I_[u]} +a(v — w)
~ 5E0 = W[~ el (Il — (I-[u)e}.
and for |¢| > 1,
LI0)(6£) = LEul(E, 1) = &(oe — ue) 4 [o] + Eue{ L+ o] — 4 ul)
+a(o =) — 5€( — (T4l — gl (T lol)e — (s ful)e}

+ %7‘5{(1} — w)0vg + u(0 — Qe + ut(ve —ue)}

- %75{@ — u)(v+ u)v + u? (v + tig) (v — ig) }

+7(v —u)(v + u)v + Tu* (0 — ),
(5.4)
By Lemmas and each term in equations (5.3) and (5.4) can
O

bounded by |lv — ul|s; hence the proof is complete.

Let p = v — vy, then v is a solution of initial problem (3.9)), (3.11) and (3.13)) if

and only if p solves the following initial problem
pt = L[p], pli=o = 0. (5.5)
where the operator £ is defined by
Llp] = Llp + vo (5.6)

Lemma 5.7. Ifp € Bs,u € B, ||plls < M and ||ulls < M,r < s <s<r, then

s—s’

C
I - Ll < ——llp =l
The proof of the above lemma follows from Lemma and (5.6]).

Lemma 5.8. Ifry < s’ <r, then | L[0]]]s <

— r—s’’
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Proof. From (5.6), we have L[0] = L[vg]) = Llvg] — L[0], for any s such that
s’ < s < r, using Lemma with v = vg,u = 0, we obtain

I£[0]]ls < l[volls,

s—s
Letting s — r in the above equation, we complete the proof. O
Proof of Theorem[3.4 We first apply Nirenberg theorem to system (5.5). For p €

B, by Lemma with p = p,u = 0, we have L[p] € By . Since the system (5.5)
is autonomous, the continuity of the operator £ is implied by Lemma hence

(3:16) holds. (3.17) and (B.18)) are given by Lemma[5.7]and Lemmal[5.§|respectively.

Therefore, there exists unique solution p € Bs, ||p||s < M, so v = p4vy is the unique

solution of the problem (3.9)), (3.11)) and (3.13). O
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