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STABILITY AND APPROXIMATIONS OF EIGENVALUES AND
EIGENFUNCTIONS FOR THE NEUMANN LAPLACIAN, PART I

RODRIGO BANUELOS, MICHAEL M. H. PANG

ABSTRACT. We investigate stability and approximation properties of the low-
est nonzero eigenvalue and corresponding eigenfunction of the Neumann Lapla-
cian on domains satisfying a heat kernel bound condition. The results and
proofs in this paper will be used and extended in a sequel paper to obtain
stability results for domains in R? with a snowflake type boundary.

1. INTRODUCTION

The goal of this paper and its sequel [13] is to prove stability results for the
smallest positive Neumann eigenvalue and its associated eigenfunctions of domains
in R? with a snowflake type fractal boundary. In particular, our goal is that our
results should apply to the Koch snowflake domain and its usual sequence of ap-
proximating polygons from inside.

Suppose the Neumann Laplacian —Agq > 0 defined on a domain € in R? has
discrete spectrum. The numerical computation of its eigenvalues and eigenfunctions
often assumes that if €2 is replaced by an approximating domain with polygonal
or piecewise smooth boundary, then the eigenvalues and eigenfunctions will not
change too much. This continuous dependence of the Neumann eigenvalues and
eigenfunctions on the domain, however, is not obvious. Moreover, it is known
that even if Q has smooth boundary, the spectrum of its Neumann Laplacian does
not necessarily remain discrete under “small” perturbations (see [8, [@]). Therefore
the approximating domain, apart from being “close” to €2, must also satisfy some
“regularity conditions”. Burenkov and Davies [3] studied this problem when
and its approximating domain both have a boundary satisfying a uniform Holder
condition, and they obtained explicit estimates for the change in the Neumann
eigenvalues. More recently, Renka [14], Benjai [I], and Neuberger, Sieben and Swift
[10] have numerically computed the Neumann eigenvalues and eigenfunctions of the
Koch snowflake domain. However, the boundary of the Koch snowflake domain does
not satisfy a uniform Holder condition. This motivates us to prove stability results
for the Neumann eigenvalues and eigenfunctions starting from a different set of
assumptions. In this paper we mainly consider the case when the lowest positive
Neumann eigenvalue has multiplicity 1. In [I3] we shall extend these results, and
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their ideas of proof, to the case when the lowest positive Neumann eigenvalue has
multiplicity at least 2, and show that these results apply to the Koch snowflake
domain and its usual sequence of approximating polygons from inside.

Let Q be a bounded domain in R¢ and, for all sufficiently small § > 0, say
0 < d < dg, let Q5 be a subdomain of Q2 satisfying

00Ns C {x € Q: dist(x,00) < §}. (1.1)

Let P{(z,y) and PtQ5 (z,y) be the heat kernels corresponding to the semigroups
generated by —Aq and —Ag,, respectively.

Hypothesis 1.1. Our main assumption on  and s is that there exist ¢y > 1
and N > 0 such that, for all 0 < ¢ <1 and all z,y € Q,

P (x,y) < cot™N? (1.2)
and that, for all 0 < 0 < dp, all 0 < ¢t <1 and all z,y € Qs,
P (x,y) < cot V2. (1.3)

Remark 1.2. (i) Let Q is the Koch snowflake domain in R? and Qs be its usual
approximating polygons from inside. Then is true by [6l Theorem 5.2]. Since
each of the approximating polygons 25 is a Lipschitz domain, an upper heat kernel
bound of the form holds for each Qs with N = 2 (see (|5l Section 2.4]). In [13]
we shall show that there exists ¢y > 1 such that holds for all the approximating
polygons with N = 2.

(ii) We note that since P{*(x,y) is continuous on (0,00) x Q x ©, by the parabolic
Harnack inequality (see, for example, Lemma below), if Q has the extension
property, then (|1.2)) holds with N = d and some ¢q > 0 (see [5, p.77]).

Under Hypothesis —Agq and —Agq; have compact resolvent (see [, p. 61]).
We let 0 < po < p3z < ... be the eigenvalues of —Agq, counting multiplicity, and
let @2, @3, @4, ... be the eigenfunction associated to us, pis, 4, . . . respectively. We
assume that [Q|~1/2 @s, 3, ... form a complete orthonormal system on L?(Q). We
let 0 < u§ < ,ug < ... and 3, gog, ©5, ... be the corresponding quantities for the
Neumann Laplacian —Agq, on §2s.

Theorem 1.3. Suppose Q0 and Qs satisfy Hypothesis[1.1. Then

. ) _
lim i = pia. (1.4)

Theorem 1.4. Suppose 2 and Qs satisfy Hypothesis[11 If ps has multiplicity 1,
then there exists 61 > 0 such that

g > o + 01 (1.5)

for all 0 < 6 < &,. Hence, from (U4) and (L.5), u§ has multiplicity 1 for all
0<d <.

Theorem 1.5. Suppose 2 and Qs satisfy Hypothesz'i and assumed that s has
multiplicity 1. If Q' is a subdomain of Q such that Q' C Q, then

lim sup [p3(2) — (2)] = 0. (16)
10w
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Remark 1.6. (i) Using Theorem [1.4]in the following example, one can show that
multiplicity 2 of s is not stable under small perturbations. Let Q(t), 0 <t < 1, be

a continuous family of convex deformations from a long thin rectangle to a square.
That is,

(a) Q(t) is a convex domain for 0 <t <1,

(b) £2(0) is a long thin rectangle and Q(1) is a square.
We can assume that §2(¢) is symmetric with respect to the z and y axes for all
t €[0,1]. For each t € [0,1], let p(t) be the smallest non-zero Neumann eigenvalue
of Q(t). Then u(0) and (1) have multiplicity 1 and 2, respectively. So we can let

to = inf{t € [0, 1] : p(t)has multiplicity 2}.

Let {t,}52 1 be a decreasing sequence of numbers in [0, 1] such that ¢,, | to asn — oo
and that p(t,) has multiplicity 2 for alln = 1,2, 3,.... Since dist(9€2(to), 0Q(t,)) —
0 as n — oo and since the domains €)(¢) are convex and symmetric with respect to
the = and y axes, for each n = 1,2,3,... we can let D(¢,) be an dilation of Q(t,)
such that

(c) D(tn) < Q(to),

(d) dist(9Q(to), 0D(tr)) — 0 as n — oo.
Let A, be the smallest nonzero Neumann eigenvalue of D(¢,). Then, since D(t,)
is a dilation of Q(t,), the multiplicity of A, is the same as that of u(t,); i.e., Ay
has multiplicity 2 for all n = 1,2,3,.... Then, by Theorem w(to) must have
multiplicity 2. In particular, tg > 0. Let {s,}52; be an increasing sequence on
[0,1] such that s, T to as n — oco. Then, just as for {¢,}52, before, we can let
D(sy,) be a dilation of (s,,) satisfying

(e) D(sn) C Q(to),

(f) dist(0%(to),0D(sp)) — 0 as n — oo.
Let (, be the smallest nonzero Neumann eigenvalue of D(s,). Then (, has the
same multiplicity as that of p(s,) since D(s,,) is a dilation of Q(s,). But, by the
definition of g, (;,, has multiplicity 1 for alln =1,2,3,....

(ii) Theorems and [L.5] will be extended to the case when ji; has multiplicity
at least 2 in [I3]. With an additional inductive argument, it is possible to extend
these results to all higher Neumann eigenvalues and eigenfunctions and to more
general elliptic operators, including some non-uniformly elliptic operators. We plan
to return to these issues in a later paper.

(iil) We mention that spectral stability results for the Dirichlet Laplacian are much
more extensive than those for the Neumann Laplacian. Sharp rates for the conver-
gence of Dirichlet eigenvalues and eigenfunctions can be found in [12] and [7]. We
refer the readers to the excellent article [4] for a recent survey of spectral stabil-
ity results for the Dirichlet and Neumann Laplacians and for more general elliptic
operators.

2. PROOFS OF THEOREMS [1.3], AND [I.5

Lemma 2.1 (see [IT, Lemma 4.10]). Let & be a domain in R%, let u be a solution
of the parabolic equation

o K9 ou
5% Y liél{%(aij%j)}zo
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in Y x(m,7T2), where w and {a;;} satisfy
0< A < {ay ()} <A< o0
. (xel)
0<A 7 <w(@) <A<
for some A > 1. Let X' be a subdomain of ¥ and suppose that
dist(X,0%) >n and t; —71 > 1.
Then
|u(z,t) —u(y, s)| < Alle —y| + (¢ — 5)"/*}”
for all z,y € ¥’ and t,s € [t1, 2], where a depends only on d and X and
4. a
A= (L
n
where 0 is the oscillation of u in X X (71, 72).
Lemma 2.2 ([2]). Let Q and Qs, 0 < § < &, be as described in Section 1. Let T}
and TtQ5 be the semigroups generated by the Neumann Laplacians —Aq and —Aq,
on Q and Qs, respectively. Then, for all f € L*°(Q) and compact subset K C ),
we have
lim T{ (flo,)(2) = T/ () (ac. z € K)
Proposition 2.3. For all ty € (0,1] and all xo,yo € 2, we have
lgfgpt? (z0,90) = Pyl (x0,90)-
Proof. Applying Lemma [2.1] with
2297 lefto, TQZL
U(Jf,t) :Ptﬂ(xayO)v A= 1a UJ(J?) =1,
1
Y= B(mo, 1 dist(gcoﬁQ)), t, =

S,

we obtain, for all ¢t € (t1,72) and x € B(xy, i dist(xg, 0)),
[P (2, 90) — P (20, 90)| < Alz — 0| (2.1)

where a € (0, 1] depends only on d, and A > 0 depends only on d, dist(zg, 992), to,
N and ¢ in (|1.2). Similarly, we deduce that

| P (2, y0) = P (20, 90)| < Al — o], (2.2)
where o and A in (2.2)) have the same values as in (2.1]) for all § > 0 satisfying

1
7 = min {Z dist(zg, 0Q)

1
0 < < min {607 5 diSt(Io, 89)}
For all 0 < r < 1 dist(zo, 6¢2), we have
|B($0,7’)|1/( )Ptszé(a:7y0) dz :Ptgols(‘r07y0) +ﬂ1(5at05m0ay05’r) (23)
B(xo,r

where, by (2.2)), we have
|61(t0353 anyO,T” S Ar®. (24)
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Similarly, we have
|B(xo,7)| / Ptf(w,yo) de = Pfg(xo, Yo) + B2(to, o, Yo, 1) (2.5)
B(zo,r)

where

|52(t0a$07y077')| S Are. (26)
Applying Lemmato the left side of (2.3]) and (2.5]), we see that as § | 0 we have

sz‘s (0, 90) + B1(8, to, To, Y0, ) — P (x0,0) + B2(to, o, Yo, 7) (2.7)
Let € > 0 be given. Then we can first fix r € (0, i dist(zy, (’9Q)) such that
€ 1/«
0<r< (7) . 2.8
<r< 34 ( )

By (2.7), there exists do > 0 such that, for all 0 < r < idist(xo, 0Q) and 0 < 6 < 4o,
we have

€
|Pt§025 (z0,90) — Pit(z0,y0) + B1 — Bo| < 3 (2.9)
Thus, by (2.4), (2.6), (2.8) and (2.9), we see that for all § € (0,d2) we have
|Pt?5($07y0) - Ptg(ﬂ?o,yoﬂ <e.
[l

Notation. (i) Let f : © — R be a function on Q. Then we write Rsf : Qs — R
for the restriction of f to {2s; i.e., Rsf = 1q, f.

(ii) Let f : Q5 — R be a function on Q5. Then we write Esf : Q@ — R for the
extension of f to (2 defined by

By f(z) = {f(x) e

0 S Q\Qg

Proposition 2.4. Let M > 0 be a fized number. For all sufficiently small § > 0,
let fs € L>(Qs) such that
[ f5]loc < M.

Then, for all 0 <t <1,
IT{H(Es f5) — Es (T3 f5)|| 12(0) — O
as 0 | 0.
Proof. Let t € (0,1] and € € (0, 1) be fixed. Choose d3 > 0 sufficiently small so that

2ot~ % M|O\Qs, | < % (2.10)

and N
2cot = M|\ Q5,12

Then, for all § € (0, 3] and x € Q5,, we have
(T’ Esfs — EsT{ f5)(x)

_ /Q (PP - P (2, )] f3(y)dy (2.12)

- (/95\953 +/Q ) [Ptg(xvy) - PtQ5 (Iay)]fé(y)dy

83

IN
l\:).\ o)

(2.11)
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By (1.2), (1.3) and (2.10)), we have

N €
[ Ry - Py < e F M < S (213)
5\ Q64
By (1.2)), (1.3) and Proposition there exists 04 = d4(€, ) > 0 such that
€
|| 1P @y) = P @)l fsw)dy] < 5 (2.14)
93
for all 6 € (0,64). Therefore (2.12), (2.13)) and (2.14) imply that
(T Esfs — EsT{¥ f5)(z) >0 as45 |0 (2.15)
for all z € Qs,. Since, by (1.2)) and (1.3)),
T Esf5 — BTy filloo < 2c0t™ /M |0,
there exists 05 = d5(€) > 0 such that
2
€
1R (T Esfs — EsTy™ f5) 172 (qy,) < i (2.16)
for all § € (0,d5). Also, by (2.11), we have
2
[ @B - B ) @)de < oot MO <G (217)
O\Qsy
for all 6 € (0,3). The proposition now follows from (2.16) and (2.17)). O

Proof of Theorem[I.3 Let € € (0,1) be given. For all sufficiently small § > 0, let
5,(6) = |§25|‘1/ pa(@)de.
Qs

Taking inner products and norms in L?(£2s), we get

e > [ Rslpr — B0 (T Relor — B1(9)), a2 — 2 (6))
— |[Rs(2 — B (O)) 15 >{(T Rz, Rsipa) — 2Rz, Br () 1a,) + B (0)21%}.

So for 0 < § < dg, we have

T3 > || Ry(p2 — B1(O)IIz (TS (Ratpa — (Rog2)lay, )
+ T/ ((Rs2)lay, ): (Rspa — (Rsp2)la,,)
+ (Rspa)la,, ) — 2(Rspa, B1(8)1a,) + 61(5)%|Qs}
= || Rs(p2 — Br(0))lI5 *{(T* (Rsp2 — (Rspa)1ay,)s (2.18)
(Rsp2 — (Rsp2)lay,,)) + 2(Ti% (Rspa — (Rspa)lay, ),
(Rs@2)las,) + (T5 (Rspa)lay, » (Rspa)lay,)
— 2(Rs02, B1(8)1as,) + £1(6)%1Qs]}.
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But
(T{* ((Rsp2)1ay, )s (Rspa)lay, )
= (T} ((Rsp2)1q,, ) — RsT{ (21, ), (Rsw2)lay, )
+ (RsT{ (p21a,, ), (Rspa)la,,)
= (T} ((Rsp2)1q,,) — RsT (21, ), (Rsw2)lay, )
+ (RsT{ (p2la,,) — RsT o2 + RsTy pa, (Rspa)la,, — Rspa + Rswa)
= (T}* ((Rsp2)1q,,) — RsT (p2lay, ), (Rsw2)las, )
+ (BT (palana,, ) Rs(palanes, ) — (RsT; (palavas, )s Repa)
- <RéTtﬂ<ﬂza R6(<P21Q\Qg)> + (RsT 2, Ry ps).
From and ( we obtain
75t > || Rg(ip2 — 61(5))H2_ {(TtgaRé(WlQ\mG)735(90219\956))
+ 2T Rs(palanes, ) Rs(e2la;,)
— 2(Rs¢p2, ﬂ1(5)1956> + 51(5)2|Qé|
+ (T (Rop2)las,) — RsTy (g2l ), (Rspa)lay,,) (2.20)
+ (RsT (p21anqs, ) R (P2lonay, ) — (RsT} (021lane,, )» Ro@z)
— e " (Rsip2, Rs(2100\05,)) + 67”2t<36502736¢2>}
= A{B1 + By — B3+ B4+ Bs + Bs — By — Bs + By}.

(2.19)

Since (9 is orthogonal to 1 in L?(12), we have
15%151(6) =0. (2.21)
Hence
limA =1, limB;=0, limBy=0. (2.22)
510 510 510
Since
2o = €| Tp e < 2l % (0 <t <1),

we can choose dg > 0 sufficiently small so that

€
lp2laves, llz2@) < T

Then we have, for 0 < § < dg,

€ €
B < — B — B, B B 2.2
BlsS. Bl<S Blss, IBil<s, Blss, (@29
and
Bgze_’”t{/ <p2(x)2d$c—/ 902(37)2(13:} =e "' — By (2.24)
Q O\Qs
where
0<B —W/ (z)2dz < < - (2.25)
=e r)dr < — < —. )
=20 e, =144 T 12

By Proposition [2:4] we have
lim B = 0. (2.26)
510
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Thus, by (2.22)) and (2.26)), there exists §7 € (0, dg] such that, for all 0 < § < d7,

€ €
B <7 B B A-1]< —. 2.27
Bs| < 55 1Bil < 35 |5|_12 A-1]< (2.27)
Then, by (2.20), (2:23), (2:24), (2.25) and (2:27)), we have
et > el e (0< 6 < by). (2.28)

We next prove the reverse inequality of . For all 0 < é < g we have
et > (T Es g, Es))
= (TP Es(¢5 — 9031956) + 9031956] Es[(o5 — 8031956) + Sﬁglﬂgﬁb
= (TP Esle31avas, ) Esledlavas, ) + 20T Es[p1avas, |, Esledlas, )
+ (T Eslpbla,, ],

6

] Es|
I, Eslg3la,,]) (2.29)
= (TP Esle3lavas, ) Eslelavas, ) + 20T Es[p31avas, |, Esledlas, )
+ (T Es[031q,,] — EsT* (991a,, ), Esledlas, )
+ (BsTY (©510s,)s Es[pd1as,])-
But
(EsT{* 9510y, ), Es(¢91a,,))
= (T}* (V510 ), 010, ) 2 (0s)
= (T8 — T/ (D3 1a04, ) 95 — Polas\s, ) 22() (2.30)
= eHat — 267@%@3195\9567‘Pg>L2(Q,§)
+ (T (031 0,\8, )1 P2 105\ 25 )22 ()
From and we have, for 0 < § < 6,
e 12t > (TP Es[e31avas, | Esl03lavas, )
+ 2T Es[031a\ay, | Esl0510;,])
+ (TP Es[031a,,] — BT (991qy, ), Esledla,,])

o (2.31)
— 2e7" (@B 10,\0,, 93) L2(2))
s
+ <Tt95 (@g 195\956 )’ 903195\956 >L2(Qa) +e Hat
201+02+03—C4+C5+67“gt.
We now need the following estimate from [I5]:
d - _z

p < p3/2,177d/2F(§ +1) 71474 (2.32)

where p, ;. denotes the kth positive zero of the derivative of x17".J, ( ) and J,(x)
is the standard Bessel function of the first kind of order v. From and (| -
we obtain, for 0 < t < 1 and all sufﬁc1ent1y small § > 0,

16lloe = TR Ghlloe < H3e/2 T = 2t N4 (0 <t<1)  (2.33)

where ¢; > 1 depends only on d and the volume of 2. Hence we may assume that
d¢ is sufficiently small so that

€
lo5 10, ll2 < = (0<8<ds).
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Then, for all 0 < § < dg, we have
€ 2¢ 2¢ €
il < = Ol < — Oyl < — Cs| < =. 2.34
Gl<s 1GlsS, lcl<T, (o< s (234
By Proposition we have, for all 0 <t <1,

Lim 1T Es(£310,,) — EsTy™ (910, )|l z2(q) = 0.

Hence there exists ds € (0, dg) sufficiently small such that

05 < ; (0 <6 < ds). (2.35)

From (2.31)), (2.34) and (2.35) we have
eTht > eTHEl ¢ (0 <0 < ds). (2.36)
The inequality now follows from and . ]

Proposition 2.5. Suppose that po has multiplicity 1. Then
li Es¢%) = 0.
lim({ps, Es @)
Proof. For all sufficiently small § > 0, we have
s
e 2% (p3, Esp3) = (3, BT, )
= <8037E6Tt95 ‘Pg - TtQE5<Pg> + <%037TtQE6803>
= (3, BT, 05 — T Esph) + €7 (03, Es5p5).
Thus
S5
(e72" — e7H") oy, Es3) = (s, EsT; ¢ — Ti Esph). (2.37)

Let € € (0,1) be given. Then (T.4) and Proposition [2.4)imply that for any ¢ € (0, 1]
there exists dg > 0 such that, for all 0 < § < &g, we have

1
(03, 5Ty 03 — TP Bsh)| < (e — e7H)e (2.38)
and )
0< i(e*“zt —e M) < eHat — gmhat, (2.39)
Therefore, by (2.37), (2.38)) and (2.39)), we have
{3, Esd)| <€ (0<8 < o).
This proves the proposition. (I

Proof of Theorem[I.]]. Suppose (1.5) is false. Let {e,}7°, be a decreasing sequence
of positive numbers such that limy_ o, €, = 0 and, by (1.4),

klim st = po. (2.40)
Let

Ee, 05 = a1(k)|Q Y2 + as(k)gz + Y ag(k)pe,
(=3

Ee,05 = bi(k)QI7Y2 + ba(k)p2 + Y be(k)ee.
=3
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Then
al(k) = / Eek<,0§k|ﬂl_1/2dx _ / (pgkdl.|ﬂ|—1/2 = 0.
Q

k

We next want to show that

1> ae(k)pe|l, = 0 as k— oo.
=3

Let ¢t € (0,1] and consider
€ Qe €
TtQEEk @3 — B, Ty " 3*
= TtQEek(pgk - e_ugktEEk ngk

= (7t = e Nar (R)ips + Y ar(k) (e — T )
=3

= (712 — M Yag (k) pa + Zaf(k)(efwt —e "Ny
£=3

o0
+3 " aglk)(eH2t — e gy
(=3
Now

H Zak(g)(efﬂét _ efﬂzt)gpenz — Z ak(€)2(ejugt _ 67“2t)2
(=3 =3

> (e — R Y a(h)?

= (e7ret = e R S ek

=3
By Proposition [2:4] we have

ITQE,, o5 — Eo T ¢S |ls — 0 as k — oc.

Thus, by [@.40), [@.41), (2-43) and (2.45), we obtain

klim I Z ag(k)(e et — e—mmﬂi =0.
o0 —

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

So ([2.42)) follows from ([2.44)) and (2.46)). By a similar argument we can show that

by(k) =0

and
Jim [ > be(k)ee|, = 0.
=3

Since ([2.41)), (2.42), (2.47) and (2.48)) imply that

klim az(k) = klim ba(k) =1,

(2.47)

(2.48)
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we have
0= (p5*, ¥3")2(a.,)
= <E€k¢§k’E€k§0§k>L2(Q)
= <az(k)<P2 + ) ae(k)er, ba(k)pa + > bz(k)w>L2(Q)
£=3 (=3
(oo} oo
= az(k)ba2(k) + <Zae(k)w, > be(k‘)w>L2(Q) —1 ask— o0
=3 £=3
which gives a contradiction. Thus (1.5)) holds. ([l

Proof of Theorem[I.3, By (L.4)) there exists 619 € (0, 1) such that

,[Lg < 2,&2 (0 << 510)
and that
D = {x € Q:dist(z,09) > 610} 2 .
Applying Lemmawith Y=QorX=Qsfor0 << %(510, =D w=1,
aij =06, =11=21t =32 n=160and
u(w, t) = e~ h(w)
for0<d < %510, or
u(w,t) = e "2y (z),
we see that there exists a > 0 such that
05 (x) — ¥5(y)| < Blz —y|*, (2.49)
lp2(z) — @2(y)| < Blz —y|* (2.50)
forall z,y € D and 0 < 0 < %610, where, by (L.2]), (L.3]), (1.4) and (2.33)), we can
assume that 819 € (0, 3) is sufficiently small that
B = (8/(510)0‘263/26164”2.
Let
Esp) = ba(0)pa + > be(8)pe  (0< 3 < byp).

=3
Then, as in the proof of Theorem [1.4) we have lims| b2(6) = 1 and

16%1 I ;bz(f;)wHQ =0.

Thus
2 — Es@hlla — 0 as | 0. (2.51)
Let
r = dist(?/, dD).
Suppose that is false. Then there exist € > 0, a decreasing sequence of positive

numbers {n;}72, and a sequence of points {z}7° ; in Q/ such that limy_.cnx = 0
and

|03 (2k) = pa(2k)| Z € (k=1,2,3,...). (2.52)
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Then for all w € D satisfying
|w — z;,| < min {r, (%)1/0‘3—%}

we have, by (2-49) and (2350),

03" (2k) — 3" (w)| < g, (2.53)
lp2(2k) — p2(w)] < %, (2.54)
hence, from (2.52)), ([2.53) and (2.54)), we have
(63 (w) ~ paw) 2 5
Let R = min {r, (%)1/0437%}_ Then
ik 2 o d
/B(Zk7R) 3" — pa|"da > ?CQR >0 (2.55)

for all k = 1,2,3,..., where ¢a > 0 depends only on d. But (2.55) contradicts
(2.51)), hence (|1.6]) holds. O
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