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GLOBAL STRUCTURE OF POSITIVE SOLUTIONS FOR
SUPERLINEAR SINGULAR m-POINT BOUNDARY-VALUE
PROBLEMS

XINGQIU ZHANG

ABSTRACT. Using topological methods and a well known generalization of the
Birkhoff-Kellogg theorem, we study the global structure of a class of superlin-
ear singular m-point boundary value problem.

1. INTRODUCTION

We are concerned with the nonlinear second-order singular m-point boundary-
value problem

—(LQD)(.%') = )\f(fﬂa@(x))y 0<z<l,

©(0) =0, ¢(1)= z_: a;i (&), (1.1)

where

(Lo) (@) = (p(2)¢' (2)) + q(z)p (@),
& €(0,1),0<& <& < <&nuoa<lya; €[0,400), f €[C(0,1)x(0,+00), RT],
A€ Rt =[0,+0), f(z,u) may be singular not only at = 0,z = 1 but also at
u = 0.

The existence of solutions for nonlinear singular multi-point boundary value
problems has been studied extensively in the literature (see [4, [0, [7] and references
therein). However, up to now, there are few papers consider the global structure
of solutions for singular m-point boundary-value problem. In this paper, we use
the topological method and the generalization of the well known Birkhoff-Kellogg
theorem to get the global structure of the closure of positive solution set of

(denoted by L) when f(z, ) satisfying superlinear condition at oo where

Li={(\g) € (0,+00) x P\ {0} : (\ ) satisfying TN} (1.2)
Under some suplinear conditions, we get that L possesses a maximal and unbounded
subcontinuum C' (i.e., a maximal closed connected subsets of solution) which comes
from (0,6) and tends to (0,+0c0) eventually.
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The basic space used in this paper is E = R x C[I, R]. As is known, C[I, R] is
a Banach space with the norm ||| = max.cy |¢(x)| for ¢ € C[I, R]. Furthermore,
E is also a Banach space if we endowed a norm |[[(\, ¢)|| = max{|\|,| ]|} for
(A @) € E. (), ) is called a solution of (L.1), if A > 0, ¢ € C[I, RN C?[(0,1), R]
satisfying (L.I)), where I = [0,1]. In addition, if A > 0, ¢(z) > 0 holds for any

€ (0,1), then (X, ¢) is called a positive solution of (L.1).

The rest of this paper is organized as follows. Section 2 gives some necessary
lemmas. Section 3 is devoted to the main result and its proof. An example is
worked out in Section 4 to indicate the application of our main result.

2. PRELIMINARY LEMMAS

Throughout this paper, we always suppose
(H1) p(z) € C'[0,1], p(z) > 0, q(x) € C[0,1], q(z) < 0.
Lemma 2.1 ([7]). Assume that (H1) holds. Let ¢1(x), p2(x) be the solution of
(Lp)(x) =0, 0<zx<l,

2.1
P0) =0, p(1)=1, .
an (Lo)(a) =0, 0<z<1
x) =0, <z <l,
i (2.2)
e(0)=1, »(1)=0,
respectively. Then
(i) ¢1(x) is increasing on [0,1] and ¢1(z) > 0,z € (0,1];
(i) ¢a(x) is decreasing on [0,1] and ¢2(x) > 0,z € [0,1).
Let
s01(2)d2(y), 0<w<y<l,
k(z,y) = f(bl( )020) Y (2.3)
201 (y)a(z), 0<y<az<1,
where p = ¢7(0). By Lemma [2.1| we know that ¢} > 0. Let
K(z,y) = k(z,y) + D" '¢1(z Zal (&,y), 0<zy<l1 (2.4)

where D =1 — 7% a;6:1(&).
Lemma 2.2 ([7]). Assume (H1) holds. Then k(x,y) defined by (2.3) possesses the
following properties:

(i) k(z,y) is continuous and symmetrical over [0,1] x [0, 1];
(ii) k(x,y) >0, and k(z,y) < k(y,y), for all 0 < z,y < 1;
(iii) There exist constants ki, ks > 0 such that

kiz(1 —z) < k(z,z) < kox(l — x),x € [0,1].

We make the following assumptions:

(H2) 22_12 a;1(&) < 1, where ¢1(x) is the unique solution of (2.1J).
(H3) f:(0,1) x (0,4+00) — R* is continuous (it may be singular at z = 0,1 and
» =0) and for any R > r > 0, fol Ki(y,y) fr,r(y)dy < 400 where

Ki(y,y)=y(l—y)+ D" Z aik(&i,y)
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frr(y) = sup{f(y,p) : ¢ € [pk1y(l —y)r,R],y € (0,1)}, k1 has the same
meaning as in Lemma
(H4) For every R > 0, there exists ¥ € C[I, RT| (¢Yr # 0) such that

f(l‘,@) ZwR($)v for z € (071)a<p6 (07R]
(H5) There exists [a,b] C (0,1) such that

(/JEI}}OC f(x(;p) = +oo uniformly for = € [a, b].
Set
(Ap)(x) :/0 K(z,9)p(y) f(z,¢(y))dy, = €[0,1], (2.5)
where
By) = —— ex ') S
0= g () ) 20
Let

P={peCl0,1]:p(x) 2 0,¢(x) > [[pllpkrz(1 - x), pk1 < 4,2 € [0,1]}.

where k; has the same meaning as in Lemma [2.2] It is easy to check that P is a
cone in C[0, 1].
The following theorem is the generalization of the well known Birkhoff-Kellogg.

Lemma 2.3 ([I,B]). Let X be an infinite-dimensional Banach space, P a cone of
X, and A: P — P a completely continuous operator. Suppose that there ezists a
bounded open set Q in X, 0 € Q such that

inf ||Az| > 0.
z€EPNON

Then the closure of the set of nonzero solutions of the equation ¢ = AAep, i.e.,

E={(Ap): AERL, 0 € Pp#0,0=AAp}

possesses a mazximal subcontinuum C (i.e., a maximal closed connected subsets
of >°), which is unbounded and there exists X\ > 0 (for example we may choose
A > sup,cpraq 12|/ infzeproq ||Az||) such that

(i) €N ((0,400) x P\ (A, +00) x Q)) is unbounded;

(ii) CN ([N 4o00) x9Q) =0, CN ({0} x (P\{0})) =0; and either
(iii) €N ([A,+oc) x Q) is unbounded, or
(iii)* C'N([0,400) x {0}) # 0,

where 6 denotes zero element of X.

3. MAIN RESULT

First, we consider the following approximating problem of BVP (|1.1)
—(Lp)(x) = Afn(z,0(x), 0<z<1,

0(0)=0, ¢(1)= z_: aip(&i),



4 X. ZHANG EJDE-2008/13

where f,(z,0(z)) = f(z,max{1, ¢(z)}). Obviously, f,(z,¢(x)) only has the sin-
gularity at x = 0,1 and has no singularity at ¢ = 0 any more. Define an operator
A, on the cone P by

/ K (o g)50) fa(y, 0(y)dy forany € P, (32)

where K(x,y) and p(y) are defined as in ([2.4)(2.6]) respectively. It follows from
(H3) and the definition of K (x,y) that A, is well defined on P for each n € N.

Lemma 3.1. Assume (H2), (H3) hold. Then for each n > 1, (3.1) has a positive
solution belonging to C?[(0,1),R] N C[I, R] if and only A\A,, has a fived point in
P\ {6}.

Proof. Sufficiency is obvious. Now we are in position to prove necessity.

Suppose (A, ) = (A, ¢(z)) is a positive solution of (3.1). Then, A > 0,¢ €
C?[(0,1), R"]N C[I,R"] and for any = € (0,1),¢(x) > 0. It is obvious, p(x) =
A, p(z). Take zo € [0,1] such that ¢(zg) = ||¢||. From [7], for any =,y € [0, 1] we
have k(z,y) > k(xo,y)(bl (x)p2(x). So, we have

> A1 (z / (20, 1)) fn(y, 0(y))dy

FAD e (x Z / (& 9)P(w) (v, 2(9))dly

> \o1(x / (20, 9)D(Y) fn(y, 0(y))dy
Z / (& 9)P(W) fa(y: 2y ))dy}
> )\¢1 / 1'O7 fn(y 410( ))dy

£ D gy(a0) 3 al/ F(E )B0) (s 0())l]
i=1
= ¢(z0)91(2)da2(z) = llpllpkrz(1 — 2)
As a consequence, p € P\ {6}. O

Lemma 3.2. Assume (H1)-(H3) hold. Then A,, : P — P is continuous for each
neN.

The proof of the above lemma is obvious, so we omit it. Let

L, :={(\¢) € Rt x P:p=AA,p} for all n > 1.
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Lemma 3.3. Suppose (H1)—(H4) hold. Then for each n, L, is locally compact in
[0,400) x P and

L,={(\,9) ERT x P:p=NA,p,0#0}.

Proof. For every R > 0, let LF := {(\,¢) € L,, : |\| < R,|p| < R}. If (\,¢) € L,
and ¢ = 0, then by (H4) we get A\ = 0. So, we need only to prove that LE is
relatively compact and closed.

In fact, for each (\, ) € L, from the construction of P we have

falz, o)) < f%ﬂ(m) for all z € (0,1),

and
/ny D (0 0(@)dy, € [0.1]

Combining with (H3), it is easy to know that {¢ = ¢(z) : (\,) € LE} are
equicontinuous on I. Thus, from Ascoli-Arzela theorem we get that L% is relatively
compact. On the other hand, (H3) and Lebesgue dominated convergence theorem
guarantee that LE is closed. O

The next theorem gives the global structure of L,,.

Theorem 3.4. Suppose that (H1)-(H5) hold. Then for each n > 1, L, possesses
a mazimal and unbounded subcontinuum C,,, which comes from (0,0) and tends to
(0, +00) eventually satisfying

(1) (0,0) € Cy;

(2) There exists A2 € (0,400) such that

Co Cl0,X]x P, Con({A}xP)#£0, Y Ae[0,)\];

(3) C,, is unbounded in [0, \0] x P;

(4) A =0 is an unique asymptotic bifurcation point of A,;

(5) There exists A, € (0,A0] such that for each X € (0,X}), (3.1) has at least

two positive solution @)\ and @Y satisfying
lonall < llemall, (A @na), (A oni) € Cn;
(6)

lim aall =0 lim = 400,
A0+, (A%, )ECR HQOHA” ) A0+, (A5 )ECH ngnku

Proof. First we prove that for every A > 0, there exists R > 0 such that
N (A, 400) x (P\Pg)=0, n=1,2,..., (3.3)

where Pz = {¢ € P: ||¢|| < R}.
In fact, take a positive number [ satisfying

_ b -1
> (pklkrggf/ K(z,y)p(y)y(1 —y)dy) > 0, (3.4)
where a, b are as the same as in (H5). Then there exists R’ > 1 such that
flz,u) >lu forall x € [a,b],u > R. (3.5)
Choose a number R with R > It follows from the definition of cone P

(1 b)*
that

o(y) > |lellpkiy(l —y) > pkia(l —b)R > R' for all y € [a,b],p € P\ Pg. (3.6)
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Therefore, by (3.5) and (3.6) for A > X and p € P\ P
Anp(x —A/ K(z,y)p() fn(y, o(y))dy
>3 / K (2,)5(0) £y, 0(3))dy
i b
> Ix / K (2,9)p(y)¢(y)dy

i b
> Pkll)‘ll‘PH/ K(z,y)p(y)y(1 — y)dy

Combining with (3.4]), we have

b
Mol = o Rl max [ K)ot -y > el (37

for all A > X, ¢ € P\ Pg, which implies that (3.3) holds.
On the other hand, from the definition of f,(z,¢(x)), for fixed n > 1 we have
0 < ¢(y) <R, for all ¢ € Px. Consequently, by (H4) we know

/ K(z,y)p(y) fulz, o(y) dy>/ K(z,y)p(y)vg(y)dy,Y ¢ € P
(3.8)
Let r < min {R,Xmaxmg fol K(x,y)ﬁ(y)z/)ﬁ(y)dy}. This together with im-
plies that for any ¢ € P,, A > X

Aol = Amax / K (2, 9)() fu s 0(y)dy

(3.9)
> Amax/ K, )b) a3 )y > 7 = ]l
which yields
N ((\, +o0) x P) = 0. (3.10)
Note that (3.7 implies
égf [ Anepll = pk1lRmaX/ K(z,y)p(y)y(1 —y)dy > 0,

A> e lell/ f, llAnell
e

As a consequence, by . and Lemma we get that L, possesses a

maximal and unbounded subcontinuum C,, satisfying that
C,, N ((0,400) x P)\ (X, +00) x Pg) is unbounded and (3.11)
Co N (X, +00) x {P, U (P\ PR)}) = 0. '

Next, for (A\,¢) € L, N ([A,+00) x (Px \ P,)), noticing that pkiraz(l — z) <
o(z) < R for x € I, by (H4) we can get

o(x) = A(An) (& —A/ ny)()fn<w<>dy>A/wa()wR()
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This means

wEI

max/ K(z,y)p(y)vg(y )dy>_1, (3.12)

which implies L,, N ([A, +00) x (P \ Pr)) is bounded. This together with (3.3)) and
(3.10) guarantees that

L, N ([A, +00) x P) is bounded ,¥ A > 0. (3.13)

Thus, by (3.11)(3.13]) we know that C,, N ((0,A] x P) is unbounded. Furthermore,
by virtue of (iii) and (iii)" of Lemma 2.3 and (38.11)) (3.12) one can get

Cpn N ([0, +00) x {0}) # 0.
Now we show that
Cn N ([0, +00) x {6}) = {(0,0)}.

Suppose (Ao, 0) € C, N ([0,4+00) x {6}), then there exist \,, € RT and ¢, €
P\ {0},m=1,2,... such that

Om(®) = An(Anem)(@), Am — Ao, @m — 0 (m — +00).
Without loss of generality, assume ¢,,, € Pz \ {6}. Then

Anpm)( / K(z,y)p ( )dy.
Therefore,

[[om||
maxer [y K(x,y)p(y)vr(y)dy

So, Ao =0, i.e., Cp, N ([0,400) x {8}) = {(0,0)}. As a consequence, (1) holds. By
Lemma we know (', is a maximal and unbounded subcontinuum which comes
from (0, 0).

On the other hand, suppose A\ € (0, \] is an asymptotic bifurcation point of the
operator A,,. Then there exist \,,, € R™ and ¢,, € P\ Pg such that ¢, = A\ Apom
and A\, — Ao, [|om|| — +o0 as m — +oo.

From (H5), as in the proof of (3.7)), one obtain

1 - | Arom || - -
This means that A\g = 0 is the unique asymptotic bifurcation point. Therefore, C,,
tends to (0,400); i.e., (4) holds.

Let £ := {\ : there exists ¢ € P\ {6} such that = AA,¢}. Obviously,
L # 0. Let A% := sup{A : A € £}. By virtue of @3.11) (3.12) we know A} €
(0,400). Suppose (Am,m) € Ly, satisfying \,, — )\ m — oo. It follows from
(3-13) that {¢n,} is bounded. By Lemma [3.3] there excsts ¢ € P\ {0} such that
(A2 ) € L,,. Consequently, noticing C,, is unbounded, by virtue of the connection
of subcontinuum one can get (2) holds. Consequently, we have

L, N (A2, 4+00) x P) = 0. (3.14)

|Am| < —0 (m— 400).

Considering C,, is unbounded and 0 is the unique asymptotic bifurcation point, it
is not difficult to know from (3.14)) that (3) also holds.
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To get (5) and (6), noticing that for (X, ¢) € L, N ((0,+00) x (Pr\ P)) (R >
1>r>0), we have

(x) = MAng)(x) = A / K (2, 9)P() a4, 0())dy

<>\/ny ) fr.r(y)dy,
This together with (| , we get

-1
maX/K z,y)p(y) fr.r(y)d ) <A

el
. (3.15)
Iilg;(/ K(z,y)pl (y)dy) =\
Thus
Cn N ((0,4+00) x (Pr\ P.)) C [N,\'] x Pr\ P,. (3.16)

Since C,, is a maximal and unbounded subcontinuum which comes from (0,0)
and tends to (0,+o00) eventually, for any A € (0,)\) from and - one
can get that there exist at least two points ¢, and ¢} € P \ {6} such that
(A i), (N @is) € Cn with ||@X5|| > R > r > ||¢k,|| > 0. Notice that R and
r satisfying R > 1 > r > 0 are arbitrary. Thus, it is easy to know (5) and (6)

hold. O
From (3.3)) (3.10) and (3.12)) in above Theorem one can obtain the following
corollary.

Corollary 3.5. Assume (H1)—(H5) hold. Then for every e > 0, there exist positive
number R > 1 > r. > 0, A\. > 0 such that
L, N ([e,+00) x P) C [g,Ae] x (Pr, \ Pr,),¥ n>1, (3.17)
where Re and ). are nonincreasing and r. is nondecreasing with respect to € €
(0, +00).
The next theorem gives a result for L and (|1.1)).

Theorem 3.6. Let (H1)-(H5) be satisfied. Then L possesses a mazimal and un-
bounded subcontinuum C, which comes from (0,0) and tends to (0,+00) eventually
such that
(i) There exists \° > 0 satisfying L N ([\°, +00) x P) = 0;
(ii) For each X > 0, C N ([0,A] x P) is unbounded;
(iii) There exist \* € (0,\°) such that for all X € (0,\*), has at least two
positive solution p} and @3 satisfying

@), (A @3) € G @il > lealls
(iv)

lim Ih=o lim 2 — oo
R O 5V B SN T = |

Proof. Firstly, we prove that L # (. By Theorem and (3.15)), we know that
there exists A\g > 0 such that for each n, L, possesses a maximal and unbounded
subcontinuum C, containing (0, #), which satisfies

Con({Mo} x P) #0, Yn>1. (3.18)
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On the other hand, from Corollary one can get that there exist R >1>7 >0
such that

Lo N ({Mo} x P) € {Ao} x (P \ Pr) foralln > 1. (3.19)

For every n, by (3.18) one can take ¢, € Cy;, N ({Ao} x P). Then it follows from
(3.19) that ¢, € Px\ Pr. By (H3) we know

falz, on(2)) < frg(x) forallze(0,1), n>1. (3.20)

Similar to the proof of Lemma it is easy to know that {¢,} is uniformly
bounded and equicontinuous on I = [0, 1]. As a consequence, Ascoli-Arzela theorem
generates the compactness of {¢,}. So there exists a subsequence (without loss of
generality, we may assume this sequence is {¢,} as well) and ¢* € P\ Pr such
that ¢, — ¢* as n — 4o00. (3.2) and Lebesgue dominated convergence theorem
guarantee (Ao, p*) € L, that is, L # 0.

Secondly, define an operator A on P\ {6} as follows:

(Ap)(z) = / K y)f) o)y forallze I, ge P\{0).  (321)

By (H3), A is well defined on P\ {8}. It is easy to see that to seek a positive
solution of (1.1 is equivalent to find a fixed point of AA on P\ {#}. Similar to
Theorem e can get (i) holds.

To obtain (ii), noticing that for any € € (0, Ag), it follows from Corollarythat
there exist R, A, and 7. such that

L,N(Jg,+00) x P) C Q. foralln > 1.

where R, \. are nonincreasing and r. is nondecreasing functions with respect to €,
Qs = (6,)\8] X PRE~
On the other hand,

(ULn) Na.c (ULn) N(e. Al x Pr. \ Pr.)).

This together with Lemma [3:3] and its proof implies that

“+o0
( U Ln> ﬂ@s are relatively compact. (3.22)

n=1

Recall that a maximal subcontinuum is a maximal, closed and connected set. In
what follows, we denote by C2 the subcontinuum of C,, N Q, containing (Ao, ¢r)-
Let

F. :={y : there exist the subsequence {n;} of {n}

and y,,, € C;, satisfying lim y,, =y}. (3.23)
k~>+oo

Combining with (3.22)) and Lebesgue dominated convergence theorem one can get
F.CL and (\,¢") € F.. (3.24)

Now we prove that F; is connected. Otherwise, there exist subsets V; and V2 such
that ViNVo=0,ViNVy=0and F. = V; UV,. Since F} is closed, F. = V; U V3,
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and consequently, Vo = V. Similarly, V; = V. Therefore, V; and V5 are compact.
Noticing V; N Vo = 0, there exists ¢ > 0, such that p(V;,V2) = 4. Let

U, g) ={(\,¢) € R" x C[I,P]:d((\, ¢); V1) < g};
UV, g) ={(\, ) € R" x C[I,P]: d((\, ¢); Va) < g};

where d(,-) denotes the distance between two sets in E = R x C[I, P].

Without loss of generality, suppose P, = (Mg, ¢*) € Vi, and choose Py € Va.
Obviously, Pi,, := (Ao, ¢n) — P1 as n — 400 and there exists a subsequence {ny}
of {n} and P, ,, € C;, such that limg . o P2, = P2. As a consequence, there
exists N > 0 such that P, ,, € U(th),Pg,nk S U(Vg,g) for n, > N. Notice
that C; is connected. Then there exists P,, € C;, NoU(V1, g) for each ng > n.
Since {P,,} are relatively compact, without loss of generality, we may assume
limg_, 400 P, = P* as well. Then P* € oU (V1 g) and P* € F,, which contradicts
F.noU(V, %) = (). Consequently, F. is connected .

Let
C:= U F..
0<e<Ao

Now we are in position to show that C' meets our requirements. Noticing that F;
is connected, it follows from that (Mg, ¢*) € F. for any ¢ € (0, \p). Thus, C
is connected.

For every pair of positive numbers R > r > 0, A € (0, \)()\ is the same as in
(3.15), n > 1, by virtue of and the connectivity of C,, there exist p1,, 2, €
P\ {0} such that

A o1n), Ay w2n) € Cny  leinll <7 with ||p2,]| > R for each n > 1.

Using Corollary we know that {@2,} is bounded. Moreover, notice that
T LaN({A} x P) are relatively compact. This together with (8.23)) guarantees
that there exist @] and ¢35 such that

A1), (A ea) € O et <7 llgall = R.

Since R and r are arbitrary, we can easily know that C' is an unbounded subcon-
tinuum. Consequently, (ii) holds.

On the other hand, similar to the proof of Theorem [3.4] it is not difficult to
see that C' comes from (0,0) and tends to (0, +00) eventually. Thus, (iii) and (iv)
hold. O

Example. Consider the singular m-point boundary-value problem

" —* H i
o () + Af(x, 0) = z(l_x)(lJrcp +€/¢)’ 0<z<l, (3.25)

p0)=0, ¢(1)=10(3).

Note that Theorem applies to this problem, with f(z,¢) = ﬁ(l + <p% +
3%/@)7 ap =& = %7 ¢1(‘r) = Z, @2(.%) =l—-zp= 50/(0) =1,D= % Certainly,

(H1) holds with p(x) = 1,¢q(x) = 0. Also (H2) is obviously satisfied.
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FIGURE 1. Graph of continuum C'

To show that (H3) holds, we take k; = 1, then

Frnly) = —ae (14 RE 4 ).

y(1—y) Vy(l —y)r

Thus, we can easily get

/0 Ky (9, 9) frr(9)dy

! 1 3 1
:/o ¥(1=4) y(1—y) (1+R2+ \ y(l—y)r)dy

(1t )

4 /% 1 1
+ 5 Yy
3Jo 27\/y(1-y)
4 /1 1 1 3 1
= f(lfy)7<1+R2 +,7)
3Jy 2 y(1—y) Yy —y)r
It is clear, (H4) holds with ¢gr(x) = \/ﬁ Also (H5) is satisfied. So, that
Theorem guarantees that the closure of positive solution set for ([3.25)) possesses
a maximal and unbounded subcontinuum C, which comes from (0, 6) and tends to

(0, +00) eventually and meets (i)-(iv) in Theorem (3.6

+ dy < +o0.
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