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HOMOCLINIC ORBIT SOLUTIONS OF A ONE DIMENSIONAL
WILSON-COWAN TYPE MODEL

EDWARD P. KRISNER

ABSTRACT. We analyze a time independent integral equation defined on a
spatially extended domain which arises in the modelling of neuronal networks.
In this paper, the coupling function is oscillatory and the firing rate is a smooth
“heaviside-like” function. We will derive an associated fourth order ODE and
establish that any bounded solution of the ODE is also a solution of the integral
equation. We will then apply shooting arguments to prove that the ODE has
N-bump homoclinic orbit solutions for any even-valued N > 0. homoclinic
orbit.

1. INTRODUCTION

In 1972, Wilson and Cowan [23] derived the partial integro-differential equation

w=—ut [ " wle — y)f(uly, 1) — thdy (L1)

—00
to describe the behavior of a single layer of neurons [23]. Here, u(x,t) and
f(u(z,t) — th) represent the level of excitation (e.g. voltage) and the firing rate,
respectively, of a neuron at position x and time ¢. The parameter th > 0 denotes
the threshold of excitation. The term w(z — y) determines the coupling between
neurons at positions x and y.

In 1977, Amari [I] studied pattern formation in for lateral inhibition type
couplings. That is, w is assumed to be continuous, integrable and even, with
w(0) > 0, and exactly one positive zero. Under the simplifying assumption that
the firing rate f is a Heaviside step function, he analyzed the existence, multiplicity
and stability of stationary one-bump solutions of the time independent equation

(o)
u= [ e - ) (uty) - thydy (1.2)
Equations (1.1)) and (1.2) have been studied with respect to various combinations
of firing rate functions and coupling functions.

Other investigations of (1.1)) for lateral inhibition type couplings include those
of Coombes et. al. [4] and Guo et. al. [9]. Coombes et. al. [4] obtain a closed form
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stable 1-bump homoclinic orbit solution of ([1.2]) with
f(u) = H(u),

w(z) = k(1 — |z])e 1!

and H (u) is the Heaviside step function.
Guo and Chow [9] state criteria that result in two 1-bump solutions of (1.2)) with

f(u) = (ou+ B)H(u) and
w(z) = Ae I —e=I#l where A a > 1.

A wide range of techniques have been used to study and (L.2). Owen
et. al. employ an Evans function approach to investigate instabilities of localized
solutions of and (1.2). Kishimoto and Amari [11] assume that f has a sig-
moidal shape and use the Schauder Fixed Point Theorem [6] to prove the existence
of a single bump stationary solution of . Ermentrout and McLeod [§] inves-
tigate the existence of traveling waves when w is strictly positive and Gaussian
shaped, and f is a sigmoidal function. They use a homotopy argument based on
the contraction mapping theorem to prove the existence of monotonic wave fronts.
Subsequently, Pinto and Ermentrout [I8] make use of the result in [§] and use sin-
gular perturbation methods to study wave front solutions in a related system of
equations. Ermentrout [7] and Coombes [3] give an extensive review of theoretical
methods and results.

In order to analyze more complicated solutions (e.g. multi-bump solutions),
Laing et. al. [14], Coombes et. al. [4], and Guo et. al. [9] derive associated fourth
order ODEs by applying Fourier Transform methods. In [I4] and [4] conditions
are given which show that when the integral equation has a homoclinic orbit
satisfying u(£o00) = 0 then that solution also satisfies an associated ODE of the
form

" 4+ qru” + h(u) = 0, (1.3)
where ¢ is a real constant and h is a real-valued function.

In this paper we also derive a fourth order ODE associated with . This
affords us the opportunity to employ the method of topological shooting to prove
the existence of N-bump homoclinic orbit solutions. The method of topological
shooting is a well known technique, and has been employed to prove the existence
of a wide variety of solutions of two-point boundary value problems. For example,
Shangbing [21] applies a shooting method to prove the existence of traveling waves
of a bioremediation model. Peletier and Troy [I7] derive a fourth order ODE by
scaling the Extended Fisher-Kolmogorov equation. Subsequently, they proved that
the fourth order ODE has two odd 1-bump periodic solutions.

In this paper we extend the results obtained in Krisner [I3]. In [I3], conditions
were given which guarantee that has two 1-bump periodic solutions. The
primary goal in this paper is to develop techniques which allow us to prove the
existence of N-bump homoclinic orbit solutions of for any even-valued N > 0.
In our survey the coupling function w is oscillatory shaped and the firing rate
function f is a smooth step-like function.

The outline of the paper is as follows. In Section [2] we define our coupling and
firing rate functions. These functions were originally introduced in Laing et al. [I4].
In addition, we will state several previously established results including

(1) the link between (1.2) and a fourth order ODE,
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(2) the initial conditions of the ODE which yield even solutions,
(3) a parameter regime that gives rise to a tractable setting for our construction
of N-bump solutions,

(4) the existence of infinitely many critical values, and

(5) the existence of two 1-bump periodic solutions.
In Section (3] we will show that the critical numbers are continuous with respect to
the initial conditions. This analysis will lay the framework for the construction of
N-bump periodic solutions which is contained in Section [4]

2. PRELIMINARY RESULTS

In this section we will establish several results that are necessary for the con-
struction of N-bump homoclinic orbit solutions of the time independent integral
equation

utw) = [ wle = raty) ~ th)dy (2.1)

—o0

As in [13] the coupling and firing rate functions are defined by
w(z) = e *®(bsin(|z]) + cos(z)), b>0, and (2.2)
Flu—th) =2/  F(y —th), r>0,th>0 (2.3)

respectively. Figure[I] depicts the essential characteristics of the functions w and f.

©w

Fw(x) 3 f(u—th)

FIGURE 1. Left panel, example of (2.2) with b = 1.1. Right panel,
example of (2.3)) with » = 0.02, th = 1.75.

The Associated ODE. Here we state an important theorem which establishes a
crucial connection between the ODE

u” —2(0% — D + (b + 1)%u = 4b(b* + 1) f (u — th) (2.4)
and the integral equation (2.1) with w defined by (2.2) and f defined by (2.3).

Krisner [I2] proves the following result.

Theorem 2.1. Suppose that u is a solution of [2.4), and that u(t) = o(e’*) as
t — +oo. Then u is a solution of (2.1)).

Hence, the goal of this paper will be fulfilled upon proving the existence of
N-bump homoclinic orbit solutions of the IVP
o —2(0% — D + (b 4 1)%u = 4b(b* + 1) f(u — th)

u(O) = a,u'(()) = O,UH(O) _ ﬁ,um(()) —0. (2.5)
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Even Solutions of the ODE. An immediate consequence of [13, Lemma 4.1] is
the following.

Lemma 2.2. Any solution u of (2.5) satisfies u(z) = u(—=x) for all z in the domain
of existence.

Thus, we need only to consider the behavior of solutions on [0, w) for some w > 0
(possibly w = 00).

The First Integral Equation. We now derive an associated 3rd order equation.
By multiplying both sides of (2.4) by «' and integrating over [0, 2] we obtain

wr = 0 g2+ 02+ 120 = B (26)
> = .
for some constant E and
“ 4b

Since we are interested in solutions that satisfy (u,u’,u”,v"") — (0,0,0,0) as
x — 00, then E' =0 in (2.6). Thus, we obtain

"1 (UH)Q 2 2 2 2
u == - =1))*+ (" +1)°Q(u) =0. (2.8)
The Initial Conditions. The conditions u(0) = «, «/(0) = 0, «”(0) = 8, and
u”’(0) = 0 substituted into (2.8]) yields
B =20 +1)?Q(a) <= B=+(b*+1)v/2Q(a). (2.9)
In our construction of even bump solutions we consider « < 0 and 8 > 0. This
2
together with (2.9) and the fact that Q(u) = %- yields
B=—(*+1)a. (2.10)
This crucial result reduces our problem to that of one dimensional shooting. That
is, all solutions of (2.5) that we consider are uniquely determined by the value of
a. Furthermore, we occasionally use the notation u(-, &) whenever its necessary to

emphasize the solution’s dependence on «. Lastly, we will assume that (2.10)) holds
throughout the remainder of this paper.

Range of Parameters. In Krisner [I3] we defined a parameter regime that en-
sured the existence of 1-bump periodic solutions. These periodic solutions will be
used to construct the multi-bump homoclinic orbit solutions. Hence, the condi-
tions required to construct the periodic solutions of [13] will also be required for
the construction of the homoclinic orbit solutions.

We begin by defining the same parameter regime that guaranteed the existence
of periodic solutions. We will assume throughout the remainder of this paper that
(r,b,th) € A where

A ={(r,b,th) € X : Q(u) = 0 has a unique positive solution}, (2.11)

and X = {(z1,29,73) €ER®: 21 >0, 29 >0, and z3 > 0}, (see Figure [2)).
The following lemma is an immediate consequence of [13] Theorem 3.5]

Lemma 2.3. For each fized th € (0,2) A contains a continuum provided that r > 0
1s sufficiently small.

For a proof of the above lemma, see [13] Theorem 3.5].
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The Function Q. As noted above, the function @ defined by plays a pivotal
role in determining the parameter regime that we consider. Figure |2 depicts a
rather typical qualitative picture of the function @ with (r,b,th) € A. We see
that Q'(u), where ' = d%, has two positive roots, which we denote by us and uss.
Specifically, we define ugs > 0 so that Q' (uss) = 0 < Q(uss) and us > uss so that
Q' (uy) = Q(us) = 0.

The function @ with our choice of parameters given in also determines
the constant solutions of . Note that v = 0 and u = ug are the only constant
solutions of . This is easily seen by expressing the equation in as

W — 2([)2 _ 1)u” = 7(b2 + 1)2Ql(u)'

We can also deduce from ([2.8]) that u = uss is not a constant solution.

Q(u)

1.5+

-15 1.76  3.71

FIGURE 2. The function @ when (r,b,,th) € A. Here the param-
eters are v = .05,b, = 1.44, and th = 1.5. Also, uss ~ 1.76 and
ug ~ 3.71.

Oscillatory Behavior of Solutions. Much of the work in this paper deals with
the behavior of solutions near critical points. Thus, it is necessary to guarantee
their existence. The following theorem, proved in [I3], guarantees the existence of
infinitely many critical points.

Theorem 2.4. Suppose that (r,b,th) € A with r < %. Also, let u be a nontrivial
solution of (2.5) with interval of existence [0,w). Then u' changes sign on (X,w),
for any X € (0,w).

For a proof of the above theorem, see [13, Theorem 5.1].

Limiting Values as r — 0. As stated in Lemma [2.3] “sufficiently small” r gave
rise to the existence of a continuum in A. In Theorem [2:4]it was seen that sufficiently
small r ensured the existence of infinitely many critical points. Our construction of
N-bump homoclinic orbit solutions will also rely on sufficiently small r as well as
precise limiting values of b, us and uss as 7 — 0. To emphasize their dependence
on 1, we write by, us(r) and uss(r). In later sections we will omit the r and simply
write b, us and ugs.

In the following lemma we begin by obtaining the limiting value of u4(r) and b,
asr — 0T,
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Lemma 2.5. Suppose that th € (0,2) is fized and that (r,b,,th) € A. Then

us(r) — 2th™, and (2.12)
2 V4 —th?

by s 2 g VAT (2.13)
th th

asr — 0T,

Proof. Equation (2.12) is proved in [I3, Lemma 3.4]. We now prove (2.13). Since
ug(r) satisfies Q' (us(r)) =0, i.e.,

Q' (us(r)) = us(r)
then it follows from ([2.12)) that

8b,

- le—r/(us<r>—th>2 _o,

by
b28+ 7= us(r)e*r/(“s(’”)*th)2 —2th asr— 07, (2.14)
Hence, (2.13) follows after a little algebra. O

Lemma 2.6. Let 0 < th < 2 be fized, and for small r > 0 let (r,b,,th) € A. Then
there exists r* > 0 such that

0 < ugs(r) —th < r'/* forallre (0,7%), and (2.15)
Q(Uss(r)) — Q(th) as r — 0+. (2]_6)

Remarks: (i) The power /4 in ([2.15) can be improved but for our purposes
this power will suffice. (ii) In our proofs of multi-bump solutions we will make use

of properties (2.15)) and ([2.16]).

Proof of Lemma[2.6, We prove (2.15]) by contradiction. That is, suppose that there
exists a sequence {r,}72; such that

7 — 0T and  wug(r,) —th > r,l/‘l for all n > 1. (2.17)

Throughout this proof we shall write b,, instead of b,,. To obtain a contradiction
we define
Uy = th+rY/* for each n > 1. (2.18)

By (2.17) and ([2.18]) we obtain

th < un < uss(ry) for all n > 1.
This means that 0 < Q'(u,) for all n > 1, or equivalently

0 < upy— 1%8?:16_”/(“"_%)2 = Uy — b;licle_rim Vn > 1. (2.19)
From and it follows that
8b, /2
un—b%+1e n — —th<0 asn— oo.

This contradicts (2.19) for large n > 1. Therefore, (2.15)) must hold as claimed.
It remains to prove (2.16). By definition of @ it follows that

u?,(r)  th? 8b,  [uer) 2
Quas(r)) — Qo) = LD B B [T orvtemng
2 2 2+1/), (2.20)

< (ugs(r) — th)(w).
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Since Q(uss(r)) > Q(th), then (2.16) is a consequence of (2.15) and (2.20). This

concludes the proof. ([

Periodic Solutions. An important prerequisite of our construction of N-bump
homoclinic solutions is the existence of periodic solutions. Next, we state Theorem
6.1 of [13].

Theorem 2.7. Suppose that (r,b,th) € A with r < %, and that o < 0 and
B =—(b?+ 1)a. Then, there exists a* < a, < 0 such that u(-,a*) and u(-, o) are
1-bump periodic solutions of . Moreover, we can choose a* and o, so that

th < ||lu(-, ax)l]oo < us < |Ju(:, a®)]|oo (2.21)
where Q(us) = 0.

The existence of these periodic solutions provides a means of “controlling” the
bumps of the solution. For example, if u(-,a*) is a periodic solution described in
Theorem [2.7] then N — oo as a — a*.

3. CONTINUITY OF CRITICAL VALUES

In this subsection we will lay the foundation of the shooting method that we
use to prove the existence of N-bump homoclinic orbit solutions for any even N.
To accomplish this we must first assume that the conditions of Theorem [2.4] hold.
Recall that this theorem ensures the existence of infinitely many critical numbers
on the domain of existence. Also, recall that we will assume that 4(0) = o < 0 and
u”(0) = 8 = —(b? + 1)a. Hence, solutions of are uniquely determined by a.

In particular, critical numbers of solutions of are uniquely determined by
a. The primary objective of this section is to prove that these critical numbers
continuously depend on a. Hence, it is necessary to develop a rigorous naming
scheme of the critical numbers in a way that emphasizes their dependence on .
As in Theorem [2.4) we will assume that u is a nontrivial solution of 7 ie.,
0 # «a # u,s. For notational convenience, we will define the critical numbers in
terms of the sets

I'_(zg) ={x >z | ¥'(,a) <0on (zg,z)}

Iy (z) ={x >z | ¥'(,a) >0 on (zg,2)}.
Since «/(0) = 0 and u”(0) = § > 0, then v/(z, &) > 0 in a right neighborhood (0, 9).
Thus, for any u(0) = a < 0 we define

() = sup T+ (0), (5.1)
_ JsupT_(&() if u”(&r(a), a) <0 or u"(§ (), ) <0
() = {fk(a) if u”(€x(a), ) = 0 and w” (& (), @) > 0 (3.2)
for k> 1, and
o) — 45U Py (me—1()) if w”’(nr—1(a), ) > 0 or u"” (np—1(cr), ) >0
Ek( ) - {nkl(a) if U//(nk—l(a)aa) — 0 and U”/(nk—l(Oé),a) <0 (3.3)
for k > 2.

Theorem [2.4] guarantees that & and 7, are well defined for all £ > 1 provided
that «'(x,«) > 0 on an interval of the form (0,d). We will now show that the
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conditions in the piecewise defined functions given in and encompass all
possibilities. That is, for , we will show that the negation of the statement
(&), ) < 0 or v (&), ) < 0is u”(€k(a), ) = 0 and v (€ (), ) > 0. It
follows from and that u” (& (a), ) < 0 for all k > 1. This reduces the
negation of the statement u” (5 (), o) < 0 or v’ (€r(a), @) < 0 to v’ (& (), ) =0
and v (£x(a), @) > 0. In the following lemma we will show that v (£ (), @) > 0
if u”(&k(a), ) = 0.

Lemma 3.1. Suppose that u is a nontrivial solution of (2.5) with

uw'(x0) = u’(x0) =0 for some xq in the domain of existence. Then,
(i) v (z) <0 in a left neighborhood of xo implies that v’ (z) < 0, and
(ii) u'(z) > 0 in a left neighborhood of xo implies that v’ (zg) > 0.

Proof. of (i): It follows from that Q(u(xo)) = 0. That is, u(xo) is one of the
two roots of @), namely 0 or u,. Since u is assumed to be nontrivial, then uniqueness
of solutions, (Theorem 7.1 of [0]), guarantees that u”’(zg) # 0. This together with
the assumption that u'(x) < 0 on (zg — §, z¢) say, leads to v (x¢) < 0.

A similar argument can be used to prove (ii). O

Hence, the negation of u” (& (), o) < 0 or w"”’(&x(a), ) < 0 is v (€p (), ) =
and u"’ (& (), ) > 0.

Similarly, the negation of u” (nx_1(a), ) > 0 or v (nr—1(c), ) > 0 is
u”’(g—1(a), @) = 0 and v’ (nr—1 (), ) < 0. Thus, & («) and 7 («) are defined in
every possible case.

Another question that may arise in the above definitions concerns the need for the
sign of v’ (& (a), @) in and " (gr—1(), @) in (3.3). Without addressing the
sign of the third derivative in these definitions it is possible that & (a) = xy1(a) =
€k12() ... The following lemma ensures that this does not happen.

Lemma 3.2. For any a <0 and any k > 1 it follows that
k() < me(@) < &etala). (3.4)
Furthermore, if (o) = nx(a), then ng(a) < pva(a). Also, if np(a) = k1),
then &,(a) < mi(@).
Proof. First, is a direct consequence of and . Assume that & (a) =
(-2

Ne(a). Then (3.2) implies that v”(§x(@), ) = 0 and v’ (& (a), @) > 0. Thus,

u"(ni(a), @) > 0 and (3.3) result in &p1(a) = sup Ty ((a)) > mi(a).
Using a similar argument we can show that &1 (a) = ng(a) implies &k (@) <

(). O

For a better understanding of and we apply these two definitions to
the illustration given in Figure

We now prove that &, and 7 are continuous functions of « for all & > 1. We
will do this with the help of the following lemma.

Lemma 3.3. Suppose that u(x, ) is a nonconstant solution of (2.5)) such that
W (Ts, ) = U (T4, i) =0 #£ U (x4, ) for some x, > 0 and some ., € R. Then
for any € > 0 such that

u(z,00) 0 on v, — €, 74 + €] (3.5)
it follows that
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o= &=1\U»/

G=mé s

FIGURE 3. An illustration of a function u such that v (& (), ) =
0for k=2,3,4, " (ne(a), ) <0 for k=1,2, and v (&4 (), ) >
0. The above graph is not an actual solution of 7 but merely
an interpolating polynomial derived using Mathematica.

(1) v (zs — z, )" (2 + 2, i) <0 on (0, €.

In addition, assume that {a,} is a sequence such that
Qp — Qi aAS N — 00, (3.6)

and that u(x, ) is a nonconstant solution of (2.5)) for each n > 1. Then there
exists N > 0 such that

(i) v (z, an)u” (z,a.) > 0 on [z, — €, 2. + €],

(iil) v (xs — €, ap)u” (T« + €, ) <0, and

(iv) there exists a unique T, € (T4 — €, 2. + €) such that v (T, ) =0
for all n > N. Furthermore, it also follows that

(V) T — Ty a8 M — 0.
The above lemma is [I3} Lemma 5.10].
Theorem 3.4. The function & as defined in (3.1)) is a continuous function of «.

For a proof of the above theorem, see [I3 Theorem 5.11].

Theorem begins the inductive process that we use to prove continuity of &
and 7. Proving continuity of &; is sufficient to begin the inductive chain. That is,
we will assume that & is continuous to prove that 7, is continuous for arbitrary
k > 1. To complete the induction process we will show that &1 is continuous
under the assumption that 7y is continuous.

We now prove that 7 is continuous, given that & is continuous, by considering
three cases. Lemma [3.2] asserts that the three cases are

(1) &r(a) <me(a) < &ks1(a),
(2) nk(@) = €kt1(a), and
(3) &k(a) = ni(a).
We begin with the simplest case, given by (1), after the following lemma.

Lemma 3.5. If u” (ng(au), ) > 0, then ny is continuous at o = .. Likewise, if
u’(€r (o), o) < 0, then & is continuous at o = .
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Proof. Since %u’ (7, 04 )| z=ny (o) 7# 0, then 7y is continuous by way of the Implicit
Function Theorem.

A similar argument holds for continuity of &. O

We now state conditions that yield u” (€ (aw), o) < 0 < u” (n (), o).

Lemma 3.6. If { (o) < (o) < Epyi(aw), then v’ (ni(aw), o) > 0, and ny is
continuous at oo = .. Moreover, if ng—1(a) < &klaw) < nrlaw), then
u”’(€p (), o) <0, and & is continuous at o = a.

Proof. Suppose that & (a.) < ng(aw) < &kt1(as). By equation 7 it follows
that u”(ng(as),ax) > 0. For a contradiction, assume that u”(ng(a.), ax) = 0.
Since &ii1(ax) > Mip(ax) and v’ (g (ax), o) = 0, then v’ (nr(aw),as) > 0 as
a consequence of (3.3). From this we infer that u'(z,c.) > 0 on an interval of
the form (ng(aw) — d,nk(aw)) for some 6 > 0. But &g (an) < mr(aw) implies that
uw'(x, ) < 0 on (§(a), nk(aw)). Thus, we have obtained a contradiction. There-
fore, u” (nx(aw), a) > 0, and continuity of 7 at o = . follows from Lemma
We can prove that v (§x (o), ) < 0 and continuity of & at o = . in a similar
manner. O

To finish proving continuity of 7y at &« = «, we consider the cases where
Ert1(aw) = nr(ay), and &(ax) = Me(aw). In the following lemma, we consider
the case where &,11() = N (o).

Lemma 3.7. Suppose that & is continuous. Then ny, is continuous at any o = o,
such that that &p41(a) = mi(as), (see Figure[]).

Proof. Let e > 0 and suppose that {«,, } is a sequence such that «,, — a, asn — oo.
We must show that there exists N > 0 such that

(1) 7k (an) < mi(o) + €
(i) ne(an) > ne(as) —€
for all n > N.

(i): For a contradiction, assume that there exists a sequence {a,, } and € > 0 such
that a,, — a, as n — oo and that ng(ay,) > nr(a) + € for all n > 1. Lemma
and &1 (o) = Mk (o) guarantee that & (o) < nr(as), and therefore v/ (x, o) < 0
on (&k(aw), Mk (aw)). Since &k (aw) < Mg (), then ensures that

' (Ek(a), ) <0 or " (&(ax),ax) <O0. (3.7)

We now show that there exists N > 0 such that & (a,,) < nx(a,) for all n > N.
Otherwise, if there is a subsequence {a,, } such that & (an;) = nx () for each ny,
then asserts that u” (& (o, ), ;) = 0 and u"" (& (o, ), o, ) > 0 for each ny.
By continuity of £ in o and v” and v in (z,«), (Theorem 7.1 of [0]), it follows
that

0= nhinoo ul/(fk(anj)v anj) = u"(ﬁk(a*), a*) and

0< lim u"”(&k(an,), an,) =u" (E(on), o).

But this contradicts (3.7) and proves our claim that N > 0 can be chosen such
that &x(an) < nr(an) for all n > N. Without loss of generality, we can assume
that &g (an) < me(ay) for all n > 1. Thus, v/ (z, ay) < 0 on (&x(an), nx(ay,)) for all
n>1.
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Our assumption that xy1(as) = ni(as) together with (3.3]) imply that
" (e (o), ) < 0= u' (ni (), o) = v’ (g (i), ).
We can further restrict € if necessary so that
u (o) <0 on [ne(aw) — € (o) + €.
By Lemma there exists N7 > 0 and a sequence {7,,} such that
(a1) ' (Tn,an) =0
(b1) mi(aw) — € < Tp < M) +€
(c1) T — M) asm — oo

whenever n > N;. Throughout the remainder of this proof we denote

"

Up, = U(Tn, o)yl = U (Tny ), ulh =" (Th, ),  and  wll =" (15, ).

It follows from continuity of v’ and v in (z, ) together with (c¢;) that
ult — " (g (), @) < 0 and ul, — v (nk(aw), @) = 0 as n — oco. Hence, we can

choose Ny > Nj so that

(a2) &k(an) < &k(ax) + €, (by continuity of &),

(ba) &k(aw) + € < Ty < mi(aw) + €, and

(c2) u!” — (b% —1)ul, <0
for all n > Ns. Now, (as), (b2) and the contradiction hypothesis g (c,) > nx (o) +€
ensure that & (a,) < 7, < nr(ay,) for each n > Ny, and hence u), < 0 for each
n > Ny. To obtain the desired contradiction, we consider Eq. (2.8)) at = 7, which
can be written as

n(uy = (0 = Dup) + (07 +1)°Q(un) = 0.

This is a contradiction since Q(uy,) > 0 for any uy,, u,, < 0, and (c2) for all n > Na.
This concludes the proof part (i).

(ii): Since & (ax) < Mg (o) we can restrict € so that £ (aw) +€ < nr(as) —e. By
continuity of &, we can choose N7 > 0 so that

(o) — € < &p(an) < &k(aw) + € for all m > Ny. (3.8)

To complete the proof of (ii) we must prove that there exists Ny > Nj so that
u'(z, ) < 0 on (E(an), nk(as) — €] whenever n > Na. This will guarantee that
k() > nr(ax) — € for all n > Ny, We will do this in two steps. We will show
that there exists No > N7 such that

(a) W' (x,0m) <0 on (E(om), Er(ax) + €] and
(b) v'(z, ) <0 on (o) + € i) — €
provided that n > Ns.

We begin by proving (a). Recall from that u” (& (o), as) < 0. First,
consider the simpler of the two cases where u”(&;(au), ) < 0. We can fur-
ther restrict e if necessary to ensure that u’(z,a.) < 0 on the compact interval
[€k(as) — €,& () + €]. By continuity of u” in (x,a) we can choose Ny > Ny so
that u”(x, ) < 0 on [€x (o) — €, &k () + €] for n > Na. It follows from and
N2 Z N1 that

u

xr
u'(z, ) = / u”(t,an)dt <0 whenever n > Na,
3

k (an)

and &g (a,) < & < & () +e. Hence, (a) holds for the case where u” (& (), ai) < 0.
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Now assume that u”(£x(aw), o) = 0. Thus, and & (ax) < ni(a.) imply
that v’ (& (), ax) < 0. Again, we restrict € so that u”/(z, @) < 0 on the compact
interval [€ (o) —€, &k (o) +e]. Continuity of v in (z, ) ensures that we can choose
Ny > Ny so that v/ (2, ) < 0 on [ () — €, &k (as) + €] whenever n > Na. Now,
if &p(an) < x < &k(an) + € and n > Na, then

0 >/ / u" (s, a) ds dt
gk (an) fk(an) (39)

(z, o) — (gk(an) Oén)(m —&x(an)).

Combining with the fact that u” (& (e, ), @) < 0 we obtain
u' (2, ) < U (Ep(an), an) (@ — Ep(an)) < 0 whenever & (ay,) < & < k() + € and
n > Ny. This completes the proof of part (a).

To prove (b) note that u'(x,a.) < 0 on [Ex(as) + €, nr(a) — €]. Since v’ is
continuous in (z, ), we can choose N > 0 so that v/(x,a,) < 0 on the interval
[€k(as) +€,mi () — €] for each n > N. This completes the proof of part (b) as well
as the proof of the lemma. ]

FIGURE 4. The case where & (o) = nr—1(aw) for k = 2.

In the following lemma, we prove continuity of 7y at o = av, for £ () = Mg ().

Lemma 3.8. Assume that & is continuous. Then ny is continuous at any o, such
that €(ar.) = ().
Proof. Let € > 0 and suppose that {«a,, } is a sequence such that a,, — a, asn — oc.

We must show that there exists N > 0 so that

(1) me(an) > mi(as) — € and

(i) me(an) < melas) + €
for all n > N. To prove (i) we use continuity of & and the fact that
Mk (a) > &k (ay,) for any a,,. Hence,

Mi(am) 2 Selan) — Selax) = me(ow).
This proves (i).
(ii): We proceed by contradiction and assume that

nr(an) > ni(aw) + e (3.10)
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By continuity of &, there exists N > 0 so that &;(a,) < &(ax) + €/2 whenever
n > N. Combining this estimate with (3.10) yields

(o) < &rlax) +€/2 =np(ax) +€/2 < ng(e,) whenever n>N.  (3.11)

Therefore, v/ (z, ) < 0 on (& (), nk(ay)). In particular, v/ (€ (a.) +€/2, o) < 0
for all n > N as a consequence of . Now by Lemma and the assumption
that & (o) = nr(a.) it follows that g1 (aw) > nr(a.). If necessary, we restrict e
so that & (a,) +€/2 < €xq1(ax). Doing so guarantees that u’ (&g (ax) +€/2, ) > 0.
This and continuity of v’ in (z, ) contradicts that u'(£x(aw) +€/2, o) < 0 for each
n > N. That is,

0 <u'(&plaw) +€/2,a4) = nler;Ou’(fk(a*) +¢€/2,a,) <0.

We now summarize Lemmas and [3.8] with the following theorem.
Theorem 3.9. If & is continuous, then ny is continuous.

We now prove that €11 is continuous given that n; is continuous. As we did in
proving continuity of 7, we will consider three separate cases. The case in which
k() < &pr1(a) < nr41(a) follows from Lemma Thus, all that remains are
the cases where ng () = &kr1(@) and €pi1(a) = nra1(a). The proofs that follow
are very similar to those in Lemmas [3.7] and 3.8 For this reason we will merely
sketch the proofs of continuity of x4 1.

Lemma 3.10. Suppose that ny is continuous. Then Eki1 is continuous at any
o = a, such that (o) = Eer1(ax).

Proof. Let ¢ > 0 and {a,,} be a sequence such that o, — a. as n — co. We must
show that there exists NV > 0 such that

() Ertr(an) > Epyr(on) —€
(1) Ert+1(an) < &pr1(as) +e€
whenever n > N.
(i): Note that &g1(a) > nr(ay) for any «,,. This together with our assumption
that ny is continuous yield

Err1(an) > me(an) — M) = Epya(aw) asn — oo.

This completes the proof of (i).

(ii): To obtain a contradiction, assume that &xi1(ay) > €pri1(as) + e Tt fol-
lows from Lemma and N (o) = &pr1(aw) that Eeyi(ow) < Mr1(as), and
hence u'(z, ) < 0 on (Erg1(aw), Met1(aw)). We will restrict e if necessary so
that €rt1(as) + €/2 < g1 (). This guarantees that u/(€e11(aw) + €/2, a,) < 0.
Now choose N > 0 so that ni(ay,) < nr(aw) + €/2 = Epra(ax) +€/2 for n > N.
Hence, ni (o) < Ept1(as) + €/2 < €g1(ay) for each n > N. But this implies that
W (€1 (an) + €/2,a,) > 0 for each n > N. This and w/ (g1 () + €/2,00) < 0
lead to a contradiction. This completes the proof of (ii) as well as the lemma. O

All that remains is the case where 141 () = et ().

Lemma 3.11. Suppose that ny is continuous. Then ki1 is continuous at any
a = ay such that Mgy (o) = €1 ().
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Proof. Let € > 0 and {«,} be a sequence such that «,, — «, as n — oco. We must
show that there exists N > 0 such that

(1) Sk1(om) > Epyr(as) —€
(i) Ee+1(om) < &prr(as) +e
whenever n > N.

(i): We first show that there exists N > 0 so that nx (o) < Eky1(ay,) for all n >
N. Since &41(@s) = Me+1(as), then Lemma [3.2] implies that my(c.) < g (o).
Hence, by (3.3), it follows that either u” (n(c.), ) > 0 or w” (ny (), o) > 0. Tt
now follows from continuity of 7 in o and u” and " in (x,«) that there exists
N > 0 so that either u”(nk(ay),an) > 0 or v (nk(ay), @) > 0 for all n > N.
ThUS, nk(an) < €k+l(an> for all n > N, and ul(xaan) > 0 on (nk(an)’§k+l(an))
for all n > N. Without loss of generality, assume that ng(a,) < Ekr1(ay) for all
n > 1.

Our goal now is to show that there exists N > 0 so that u/(z,a,) > 0 on
(nk(an), €kr1(as) — €] for all n > N. This will be done in two steps. That is, we
will show that there exists N > 0 so that

(CL) u/(xv an) >0 on (nk(an)vnk(a*) + 6]7 and

(b) w'(x; n) >0 on [m(an) + € Eppa (o) — €
for each n > N. For technical purposes we restrict € so that ng(a.)+€ < Err1(as)—
€. By continuity of 7y, there exists Ny > 0 so that g (a.) —€ < nr(on) < (o) +¢€
for all n > Nj.

By it follows that u”(ng(c«), ax) > 0. We begin proving (a) by assuming
that u” (g (a), ax) > 0. We further restrict € so that u”(x, @) > 0 on the interval
[k (i) —€, i (s ) +€]. By continuity of u” there exists Ny > N so that v”(x, «,) >
0 on [ng(ax) — €, Mk () + €] whenever n > Nj. Hence,

u(z, ) = / u” (t, c)dt > 0
n

% (an)

whenever n(ay,) < © < np(as) + € and n > No. This proves (a) for the case
(i (e, i) > 0.

Now assume that u” (ng(a), o) = 0. Then v’ (i (aw), a) > 0 as a consequence
of &p1(aw) > ni(ew) and (B.3). Again we restrict € to ensure that u”(z, ) > 0
on [ng(as) — €, k() + €]. If follows by continuity of w'” in (z, ) that there exists
Ny > Ny so that v’ (z, o) > 0 on [ (ew) — €, N () + €] whenever n > Ny. Thus,

T t
0< / / u" (s, 0, ds dt
Mk (oc”) Mk (O‘n)

= u/(z, on) — v (i (om), an) (. — ni (o))
(3.12)
whenever ni(a,) < < nr(ax) + € and n > Ny. Since v’ (ng(an), ) > 0, then
u'(z, ) > 0 on (ng(an), me(cw) + € follows from (3.12)). This completes (a).
To prove (b), note that v’ (x, o) > 0 on [ng () +¢€, Egt1(s) —€]. Then continuity
of v in (z,a) ensures that there exists N > 0 so that u'(x, ) > 0 on [ng(a.) +
€,&k+1(ax) — €] whenever n > N. This completes the proof of part (i).
(ii): For a contradiction, assume that {41 (an) > Epyi1(aw) +efor allm > 1. Our
premise that 7541 () = {k+1(aw) and Lemma imply that ng(a.) < Epyi(ow).
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For technical purposes we restrict € so that
(o) + € < Epgr(ax) — €. (3.13)
Since 7y is continuous, there exists N7 > 0 so that
Nk (an) < ne(as) +€  forall n > Nj. (3.14)

This together with our contradiction premise, &i4+1(au,) > Ekt1(ax) + €, yield that
N (an) < Eky1(ay) for all n > Ny, and therefore v/ (z, ) > 0 on (g (e ), Ekr1(n))
for all n > NV;.
By (:2), mit1(ow) = &ky1(an) guarantees that u”(Epi1(aw), ) > 0. We can
further restrict € so that u”’(z,a.) > 0 on [{p1(as) — € &pr1(ax) + €]. It now
follows from Lemma that there exists No > Ny, and a sequence {7,,} so that
(a) v (Tn,an) =0,
(b) &rr1(an) — € < Ty < &py1(ax) + €, and
(¢) Tn = &kr1(@x) as n — o

for all n > Ns.

Combining the contradiction premise with (3.13), , and (b) yield that
M () < T < Ept1(ay,) for each n > Ny, Using the notation

=" (T, ), and  ul =u" (1., an),

Up = U(Tn, ), Uty = U (Th,y i), Ul

we obtain u/, > 0 for each n > Ns.
Combining (¢) with continuity of «/,u”" results in u), — v/ (&k11(), ) =0
and u’ — u""(§ky1(aw), i) > 0. Thus, we can choose N3 > N3 so that

u” — (b% — 1)ul, > 0 for all n > N3. Now Eq. (2.8) can be written as
(= (b = Duy,) + (b +1)*Q(un) = 0.

But the left side of the above equation is strictly positive for all n > N3. This is
the desired contradiction. This concludes the proof of the lemma. ([l

/

Uy,

We now summarize Lemmas [3.6] [3.10] and [3:11]in the following theorem.
Theorem 3.12. If 0y is continuous, then &1 is continuous.

Theorems and show that & and 7, are continuous for all k > 1.

4. N-BUuMP SOLUTIONS

In this section we prove the existence of N-bump solutions of for any even
valued NV > 0. Recall that a solution is an N-bump solution if there are exactly N
disjoint intervals in which u > th, i.e., u exceeds threshold, and u must also satisfy
the limiting property (u,u’,u”,u"") — (0,0,0,0). We will continue to assume that
the initial values of are o < 0 and 3 = —(b%* + 1)a > 0. In addition, we will
assume that the conditions of Theorem 2.4 hold. This guarantees that the functions
N and & in , , and are well defined.

We now proceed to develop a shooting method to prove the existence of multi-
bump homoclinic solutions. This shooting method requires that we precisely de-
termine the behavior of u(z, ) at (or near) the parameter value a = o where

(a) u(&r(),a’) = ug, (or u(ép(a’),a’) =0), for some k > 1,
(b) u(ag,a’) = th, where ag = £& ().
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Solutions with the critical values u = 0 or u = us. Recall that when (r,b,th) €
A, then has exactly two constant solutions, namely v = 0 and v = ug > 0.
Recall also that these constant solutions correspond to the only two roots of the
function @ defined by (2.7). That is, Q(0) = Q(u,) = 0, (see Figure [2).

In Lemma [£:1] we let u, denote one of the two roots of the function @, i.e., either
Uy = 0 or uy, = us. It will be shown that if u(£x(a), ) crosses the line u = wu.
from below at some o = o/ < 0 and k > 1, then u(nx(a), o) also crosses the line
u = u, from below. In other words, if u(&k(a’),a’) = u. with v (&(a/),a’) > 0,
(see Figure [f]), then &, (a’) = mi(o’) and u(&g(a), @) — u, has the same sign as
u(ng (@), ) —u, on an interval of the form (o’ — 4§, ') for some § > 0. Using similar
arguments we can show that u(&g(a), @) — u. has the same sign as u(ng (a), @) — us
on an interval of the form (o/,a’ 4+ §). There are other cases which occur. There
is the case where u(&;(a), ) crosses the line u = u, at @ = o from above. That
is, u(&x (o), &) = ws with v (& (), a’) < 0, and hence & (a’) = nr—1(a’). In this
case, we can apply similar arguments to show that u(ng—_1(a),«) must also cross
u = u, from above. The method employed in the following lemma can be easily
modified to prove the other cases.

u

2.1

R

FIGURE 5. See text

Lemma 4.1. Suppose that (r,b,th) € A, (recall Eq. (2.11)), and that Q(u.) = 0,
(that is, u, =0 or u, =u,). Also, assume that o/ <0 and ' = —(b*+1)a’ > 0
determine a solution u(-, ') of (2.5)) such that

u(ér(a’),a’) =u, for some k> 1.
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If there exists 6 > 0 such that
u(ér(a),a) >u, for o' —d<a<da, (4.1)

then there exists e > 0 so that
(1) u(ép(a),q) > u(nr(a),a) >u, for o —e<a<d
given that v (§,(a’), ) > 0, and
(ii) w(ép(a),a) > u(ng—1(a), @) > uy, (provided that k > 2), for o —
e<a<a
given that u"' (& (a’), ) < 0.

Proof. (i): Assume that v (§x(a’), @) > 0. Since u(&x (), o) = u,
Q(ux) = 0, and v/ (¢x(a’),a’) = 0, then Eq. (2.8)) shows that u” (& (c/),a’) = 0.
Hence, &;(a’) = ni(a’) as a consequence of
The proof of (i) is by contradiction, i.e., assume that there is an increasing
sequence «,, such that
(a) an — o' asn — oo,
(b) o/ =0 < a, <da,and
(¢) u(ng(an),an) < uy for all n > 1.
Our first task is to show that w(ni(ow), o) = us is impossible whenever n is
sufficiently large. For a contradiction assume that there is a subsequence «,, such

that w(nk(ap,), an,) = uy for each i > 1. At @ = ng(an,) Eq. (2.8)) gives
u’ (Mg (an, ), ;) =0 for each ¢ > 1. (4.2)

Since (b) holds, then (4.1)) ensures that u(&x(an, ), an,) > us for each ¢ > 1. Hence,
u' (2, ;) < 0 on (& (an, ), Nk (an, ). By combining this result with Lemma[3.1] and
(4.2) we see that u"”’(ni(owm,;), an,;) < 0 for each ¢ > 1. Continuity of v’ in (x, )
and 7 in « yields

lim u” (e (0, ), o, ) = u” (n(’), ) < 0. (4.3)

But this is impossible since u”’(ni(a’), o) = u"'(§x(a’),’) > 0. Therefore, we
may assume that
u(nr(am), an) < u, for all n > 1. (4.4)
Next we show that

Qu(nr(an),an)) >0 and Q(u(ék(an),an)) >0 foralln > 1. (4.5)

Recall that u, denotes one of the two roots of @), namely u, = 0 or u, = us,.
First assume that u, = us. Then Q(u(&x(an), an)) > 0 follows from (4.1)) and (b).
Continuity of ny in « and v in (x, @), gives

T () ) = ulm(a), ') = u(Ex(0'). ') = uy > 0.

This and show that there exists N > 0 so that us > u(ng(an),an) > 0
for all n > N. Thus, Q(u(ng(an),an)) > 0 for all n > N. If u, = 0, then a
similar argument shows that N > 0 exists so that us > u(&;(an), @) > 0 whenever
n > N. This guarantees that Q(u(&x (o), ) > 0 whenever n > N. Without loss
of generality, we assume that holds for all n > 1.

We now show that there exists z,, € (&x(an,), (o)) at which

. (" (@, an))?

5 + (0® + 1D?Q(u(zp, an)) =0 (4.6)
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for all » > 1. An immediate consequence of and ) at x = & (av,) is that
u” €k (o), o) < 0 for each n > 1. L1kew1se 1t follows that u (g (a), ) >

0 for each n > 1. Thus, there exists a value y, € (&(am), nk(ay)) such that
' (Yn, an) = 0. Note that (& (ay,), @) > us > u(nr(ay), ay,) implies the existence
of zp, € (&x(an), k() such that u(zy, ) = u., hence Q(u(zn,ay)) = 0 for each
n > 1. Thus, we have

o (x an 2
_¥ + (0® + 1)2Q(u(z, o)) {

This ensures the existence of a value x,, between y,, z,, for which (4.6]) holds. Also,
&x(an) < zp < mi(ay) implies that u/(z,,a,) < 0 for each n > 1. This fact
together with (2.8)) yields

" (2, 0n) — (0 — D' (2, ,) =0 for each n > 1. (4.8)

Since & (an) — &k(a) and ng(an) — mr(a’) = &k () as n — oo, then & (a,) <
Zn < ng(ay,) implies that z, — & (a’) as n — oco. Therefore,

<0 at z=z2,

>0 atz=y,. (4.7)

(2, an) — U (€x(d), ') =0 asn — o
by continuity of w’ in (z,«). This and imply that
W (Tp,an) — 0 asn — oo. (4.9)
But this contradicts u'”’(zn, @) — u”(€x(a/),a’) > 0 as n — oo. This concludes

the proof of (i).
We can prove (ii) in a similar fashion. O

Solutions with a local maximum at u = th. A solution that plays a crucial
role in our shooting argument is one that satisfies

u(ag,a’) =th, where ag = £&(a’) (4.10)

for some k > 1 (see Figure [6). The object of Lemmas is to show that
[u(¢)| > th for every ¢ > ag such that v/(¢) = 0. More precisely, Lemma[4.2]is used
in the proof of Lemmal[d.3]to establish the sharper estimate u(by) < —us,(r) < —th
where

by = sup{z > ag | v'(z) <0 on (ag,z)}.

Throughout Lemmas [£:2}4.4] it is not necessary to continually refer to the initial
condition parameter a. Hence, we omit the initial condition parameter and write
u(x) instead of u(z, a).

The following lemma relies on several preliminary results established in Section[2}
First, Lemma [2.5] states that for any fixed 0 < th < 2 there exists b, > 1 such that
(r,b.,th) € A whenever r > 0 is sufficiently small. and

2 V4—th?

Lo vET Y , +
b, — 0 + m asr — 0.
The fact that
2 V4 —th?
—F —FF>1
th th

for any fixed 0 < th < 2 implies that b, is bounded away from 1 as 7 — 0T. In
particular, there exists a value R > 0 such that

b >1+m forallre (0,R) (4.11)



EJDE-2008/107 HOMOCLINIC ORBIT SOLUTIONS 19

where
1/2 V4 —th?
m:f(— 7—1). (4.12)
2 \th th
In addition, Lemma [£.2) relies on the fact that
Uss(r) —th — 0T asr — 0T, (4.13)

which follows immediately from Lemma [2.6]

Lemma 4.2. Suppose that u is a nontrivial solution of (2.5) where 0 < th < 2 is
fized. Choose R > 0 so that (4.11) holds, and that

2(b2 — 1)th
uss(r) —th < b%T for all r € (0, R). (4.14)

Assume that (—w,w) is the mazimal interval in R on which u exists and that ag €
(—w,w) satisfies

u(ag) = th,u'(ag) = 0,u” (ag) = —(b? + 1)th and " (ap) <0 (4.15)

Then there exists T > ag such that
(i) ' (x) <0 on (ag, ],
(ii) u(xz) > 0 on (ap,z), and u(z) =0, and
(ii7) ' (z) < —(b2 + Dugs(r).

Remark: Throughout the proof, we shall write b and ugss instead of b, and
Ugs(T).

Proof of Lemma[{.4 By [2.5), u""(ao) < 0, thus v, u” ,u’ ,u are decreasing in a
right neighborhood of x = ag. Note that also implies that u””" < 0 as long as
0 < u < th, and v’ < 0. Hence, there exists & > ag such that (i) and (ii) hold.

We prove (iii) by contradiction. That is, assume that

u”’(x) > —(b* + 1)ugs on (ag, T|. (4.16)
By it follows that
" =2(0% — D" — (b + 1)%u < 2(b* — 1)u”  on (ao, 7). (4.17)
Recalling that u(ag) = th,u”(ap) = —(b* + 1)th and u""(ag) < 0 we obtain
u”’(x) < (1 —3b%)th +2(b* — 1)u (4.18)

upon two integrations of (4.17) over (ag,x) C (ag,Z). Combining (4.16]) with (4.18)

yields
—(b% 4 Dugs < (1= 3b%)th +2(b*> — 1)u  on (ag, T),
and
—(b? 4+ Dugs < (1 —3b%)th at ==z (4.19)
Denoting m = uss — th is equivalent to
— (b + 1)(th+m) + (3b* — 1)th < 0
which results in
2(b% — 1)th
b2 +1
This contradicts , hence the proof is complete. [

<m = ugs — th.
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In the following lemma, we consider a solution u of (2.5]) that has a critical point
(ao,th), i.e., u'(ap) = 0 and u(ag) = th. Estimates of u at subsequent critical
numbers are given.

Lemma 4.3. Suppose that u is a nontrivial solution of (2.5) with 0 < th < 2.
Choose R > 0 so that for all v < R, b > 1+ m where m is defined by (4.12) and
2(b% — 1)th

b2 +1
Assume that (—w,w) is the mazimal interval in R on which u exists and that ay €
(—w,w) satisfies

Uss —th S

u(ag) = th,u'(ag) = 0,u"(ap) <0 and " (ag) <O0. (4.20)

Then, u(by) < —uss and u(ay) > us where
bo =sup{z >ap | v/(t) #0 on (ap,z)}, and (4.21)
a; =sup{z > by | v'(t) #0 on (by,z)}. (4.22)

Furthermore, for any ¢ > ag where v/({) = 0 we have
|u| > th,sgn u”" = —sgn u, and sgn u"” =—sgnu at x=C. (4.23)

In particular, if a local maximum occurs at the critical number x = (, then
u(€) > us.

FIGURE 6. A solution with critical value u = th.

Proof. To prove this lemma we invoke an iterative procedure to which we apply
Induction.

To start, we determine the exact value of u'(ag). By substituting u(ag) = th
and u(ag) = 0 into we find that u”(ag) = +(b* + 1)th. Specifically, the
assumption u”’(ag) < 0 implies that u”(ag) = —(b® + 1)th. Thus, v/(z) < 0 on
(ap,bo) and u/(bg) = 0. The fact that v””(ap) < 0 implies that «"’(z) < 0 in a
right-neighborhood of x = ag, and hence

Yo = sup{x > ag | v (t) <0 on (ag,z)} (4.24)

is well defined and yg € (ag, bo).
We now show that u(by) < —uss and that (4.23)) holds at = = by.
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The fact that w"”(ap) < 0 implies that «”” vanishes on the interval (ag,yo).
By (2.5) and the fact that uw < th on (ag,bp) it follows that u(z) = 0 for some
ap < T < yo. Since v’ (yo) = 0 the first integral equation (2.8]) leads to

1\2
)W) P 20 et a =,
or since b > 1,
2(0° +1)°Q(u(yo)) > (u" (y0))? (4.25)

Furthermore, u"(x) < 0 on (ag, yo) yields 0 > u” (ag) > u”(Z) > u”(yo), hence
(W (%0))* > (u"(2))*.
This fact together with Lemma and give
20" +1)*Q(u(yo)) > (* +1)%u;.

The fact that )

Qu) = % on (—oo,th]

leads to u(yo) < —uss. Since u decreases further until it reaches the next critical
number, x = by, we must have

u(bo) < ulyo) < —uss. (4.26)

It remains to show that u”(bg) > 0 and u”’(by) > 0. The fact that u'(by) = 0
and u/(z) < 0 in a left-neighborhood of © = by implies that u”(by) > 0. Also, since
u(bg) < —ugs it follows from (2.8)) that

u (b, 2
WO — (12 4 1)2Qut)) £ 0
thus u” (bg) > 0.

To show that u"'(bg) > 0 first note that u”(yo) < 0 < w”’(bg). Thus a value
o € (yo,bo) exists such that u”(zg) = 0 and u"’(zg) > 0. Also, v/(z) < 0 on
(a0, bo) and T < yog < o, imply that u(z) < 0 on (xg,bp). An integration of (2.5)
over (zo, bg) results in

bo
u" (bg) = —(b* + 1)/ udz — 2(b* — 1)/ (20) + " (z0) > 0
o
as desired.

In a similar fashion, we shall show that u(a) > us and (4.23)) at * = a; where a;
is defined by (4.22). First, recall that u”(by) > 0 and u”’(by) > 0 so that u/(z) > 0
on (b, a1). Also, note that v'(z) > 0 holds so long as u"/(z) > 0. Thus,

y1 =sup{x > by | v (t) >0 on (by, )} (4.27)
is well defined and y; € (bg, a1). Since b > 1 and v"'(y1) = 0, then
(u//)Z
B + (0 +1)2Q(u) >0 at =1 (4.28)
follows from (2.8). Because u”(by) > 0 and u”’(x) > 0 on (bg, y1), it follows that
(" (y1))? > (u” (bo))*. (4.29)
Combining (4.28]) with (4.29) yields

) 00 o). (1.30)

Q(U(y1)) > 2(b2 n 1)2 2(b2 I 1)2 -
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Now recall from (4.26]) that u(bg) < —uss, thus
Q(u(bo)) > Q(—uss)-. (4.31)

Since

u2 8b “ —r/(s— 2
Q(u):7_b2+1/0 e /Tt (s — th)ds,

then Q(—u) > Q(u) for all u > th. Specifically, Q(—uss) > Q(uss) and by (4.31))

we obtain
Q(u(bo)) > Q(uss).
This and (4.30) yield

Q(u(y1)) > Q(uss)- (4.32)
The fact that u'(x) > 0 on (by, a1) together with (4.30]) and (4.32) yield
u(ar) > u(y1) > us. (4.33)

It remains to show that u”(a1) < 0 and u"’(a1) < 0. We start by showing that
u”’(a1) < 0. The fact that v'(x) > 0 on (b, a1) with v/(a1) = 0 guarantees that
u”’(a1) <0. Eq. (2.8) along with u(a1) > us leads to

w)?
2

Therefore, u”(a1) < 0 as desired.

We proceed to show that u/(a1) < 0. First, note that u”(by) > 0 > u"(a1),
hence there exists a value 1 € (y1,a1) such that v”(z1) =0 and v"/(21) < 0. Here
we use the fact that

4b

Q/(u):u_b2+1

By (4.30) and (4.32) it follows that u(y;) > us. Since w'(x) > 0 on (bp,a1) and
x1 > Y1, then u(x) > us on (1, a1). Thus, Q' (u(x)) > 0 on (z1,a1). An integration

of (2.5)) over (z1,a;) gives

u" (a1) = v (21) — 2(b* — D (1) — (b* +1)? /a1 Q' (u(s))ds <0

=0*+1)2Qu) >0 at z=a.

fu—th) >0 for all u> us.

as desired.
In a similar fashion, one can show that (4.23) holds at x = b; where

by =sup{z > a1 | v/ (t) <0 on (a,z)}.

In general, this procedure can be continued inductively to show that (4.23) holds
for all ¢ > ag for which «/(¢) = 0. O

Lemma [£.3] addresses the behavior of a solution u that satisfies

u(ag) = th,u'(ag) = 0,u”(ag) <0, and u"(ag) <O.

In the following lemma we show that there is no loss in generality in assuming that
u"”(ap) <0 if ag > 0.
Lemma 4.4. Suppose that u is a non-constant solution of (2.5)) with 0 < th < 2.
Choose R > 0 so that for allT < R, b > 1+ 6 for some 6 > 0, and
2(b% — 1)th

ss_th<
“ - 41
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Assume that (—w,w) is the mazimal interval in R on which u exists and that ag €
(0,w) satisfies

u(ag) = th,u'(ag) =0, and u”(ag) <O0. (4.34)
Then v (ag) < 0.

Proof. Assume on the other hand that u”/(ap) > 0. Define v(z) = u(—=z). By
symmetry of u, (see Lemma [2.2), v(z) = u(z), and hence v is a non-constant
solution of (2.5)). Furthermore,

v(—ag) = th,v'(—ag) = 0,v"(—ag) <0, and v"(—ag) <O0.

That is, v satisfies the condition of Lemma[4.3] Thus, we conclude from Lemma[4.3
that for any ¢ > —ao where v'(¢) = 0 we have that |v(¢)| > th. Particularly, for
¢ = ap, we have th = u(ag) = v(ag) > th a contradiction. Therefore, u"’(ag) < 0
and the lemma is proved. ([

Construction of N-Bump Homoclinic Solutions. We now proceed in proving
the existence of N-bump homoclinic orbit solutions for any even N. As usual, we
consider a < 0 and 8 = —(b? + 1)a > 0. This choice of initial conditions ensures
that @ = u(0, @) < 0 and that u(t, ) increases on (0,&;()).

The shooting argument we use to construct N-bump solutions for even N is
based on the periodic solution proved in Theorem of Section [2| This theorem
guarantees the existence of a one bump periodic solution u(-, a*) such that

o =u(0,a*) = u(ng(a),a”) <0, and
u(é(a”),a”) =u(ép(a”),a”) >us foral k>1

Our construction of even bump solutions by shooting methods will make use of
the following technical lemma.

Lemma 4.5. If u(-,«) is a solution of (2.5), then
u(éi(a),a) -0t asa—0".

Proof. Since « < 0, then the equation in (2.5)) is linear so long as u < th. Hence,
we find that

u(z, &) = a(cosh(bzr) cos(x) — bsinh(bz) sin(x)), and (4.35)
v (x, a) = —a(b? + 1) cosh(ba) sin(x) (4.36)
so long as u(z,a) < th. By (4.35) we obtain that u(z,a) < th on [0, 7] whenever

|a| is sufficiently small. Therefore, & () = 7 is an immediate consequence of
(%.36). O

Lemmas [£.7) and [£.§ below will be used to generate the induction process. These
lemmas make repeated use of Lemma [{.1] Before stating and proving Lemmas [£.7]

and [4:8] we will prove the following lemma which yields an equivalent condition of
Lemma (411

Lemma 4.6. Suppose that Q(u(ni(a),«)) = 0 for some a < 0 and k > 1. That
is, either u(ng(a),a) =0, or us. Then, either ni(a) = &x(a) or nrp(a) = Ery1(a).
In particular,

(1) ne(e) = &kya1(@) if and only if u"' (nk(a), ) < 0, and

(ii) me(a) = &(a) if and only if v (ni(a), ) > 0.
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Proof. The condition Q(u(nx(a),a)) = 0 and imply that v”(ng(a), ) = 0. By
Lemma [3.] it follows that u”/(ny (), @) # 0. Now, leads to ni (o) = py1(a)
if and only if u"’(n(a), @) < 0, and yields that n,(«) = &k (o) if and only if
u" (e (a), ) > 0. O

Lemma implies that if u(nr—1(ap), ) < 0, for example, and
u(&k(ap), ap) = 0, then v (& (), o) > 0 and & (an) = nr(ap). We now prove
the following two induction lemmas.

Lemma 4.7. Let k > 2. Suppose that [c,d] C (a*,0) is an interval such that
th = u(&k(c),c) > u(ér(a), o) > u(ér(d),d) =0 for all « € (¢, d),
and
u(nr—1(a),a) <0 for all a € [c,d].
Then there exists an interval [¢,d) C (¢, d) such that
th = u(€ri1(8), &) > u(Epyr(a), @) > u(éppr(d),d) =0 for all o € (¢,d),

and

u(nr(e),a) <0 for all o € [¢,d].
Remark: See the left panel of Figure [7] for an illustration of the main ideas of
the following proof.

Proof of {71 Since u(ng_1(d),d) < 0 = u(&,(d), d), then we deduce from Lemmal[4.6]
that ni(d) = & (d) and v (k(d),d) > 0. Hence, Lemma and our assumption
that w(&k(a), ) > 0 for each a € (¢,d) imply that u(ng(a),@) > 0 whenever
d — o > 0 is sufficiently small. Furthermore, the assumption that u(&x(c),c) = th
and Lemma [4.3]lead to u(ny(c),c) < 0. It now follows by continuity of u(ny(a), )
in o that
b=sup{& > ¢ | u(nr(e),a) <0 on (¢c,&)}

is well defined, u(ny(b),b) = 0, and ¢ < b < d. This result together with Lemma
and the assumption that u(&x(a), ) > 0 for each o € (¢,d) all lead to &,11(b) =
k(b)) and w”’(k+1(b),b) < 0. Another application of Lemma yields that
u(€p+1(a), @) < 0 whenever b — a > 0 is sufficiently small. Once again we in-
voke Lemma to obtain w(&xy1(c),c) > th. Thus, it follows from continuity of
u(€pt1(a), @) in o that

d=sup{a > c | u(éxt1(a),a) >0 on (¢, &)}
and . R

¢=inf{& < d | u(€yi(a),a) <th on (&,d)}
are well defined, th = u(§k+1(6),¢) > u(ps1(a),a) > w(€py1(d),d) = 0, for all

€ (&,d). Also note that d < b, and therefore, u(n(c),a) < 0 for all o € [¢,d).
This concludes the proof of the lemma. O

Lemma 4.8. Assume that o* < 0 denotes the initial value that gave rise to the
one bump periodic solution of Theorem [2.7. That is,

(0, ") = u(ng(a™),a”) <0 and
us <u(éi(a”),a”) = u(ép(a”),a’)
for all k > 1. Suppose that there exists Ay, € (a*,0) and by € (a*, Ay) such that
(i) w(ék(a),®) > us on [a*, Ag) and w(&k(Ax), Ax) = us, and
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(i) u(m(a), ) <0 on [a*,by) and u(nk(bx), br) = 0.

Then there exists Axy1 € (a*,bg) and b1 € (a*, Ag41) such that
(1) u(€rt1(a), @) > us on [, Agi1) and u(g1(Ak+1), Ap1) = us, and
(i) u(mrs1(a), @) <0 on [a*,bri1) and w(nrt1(brt1), brt1) = 0.

Remark: See the right panel of Figure [7] for an illustration of the main ideas of
the following proof.

Proof of Lemma[{.8 Since u(nk(bk),bk) =0 < us < u(&(by),br), then ng(by) =
Epr1(bg) and u”(Eky1(br),bx) < 0 as a result of Lemma Thus, it follows
from Lemma [1.1] that w(£k41(a), @) < 0 whenever by — « > 0 is sufficiently small.
Further, since u(&x+1(a*), @) > ug, then continuity of u(€x41(), ) in o implies
that
Apy1 =sup{d > a” [ u(§pr1(a),a) > us on (o, d)}

is well defined and w(&k41(Ak+1), A1) = us. Our definition of Agy; together with
the fact that w(&xy1(a),a) < 0 whenever by, — a > 0 is sufficiently small ensures
that o™ < Ak+1 < bp < Ag.

Since u(nk(Ag+1), Ak+1) < 0, then Lemma implies that ng41(Ag+1) =
Ert1(Agt+1) and v’ (€g+1(Ak41), Ak+1) > 0. We once again apply Lemma
which guarantees that u(ngy1(a),a) > ug for sufficiently small Agy; — @ > 0.
Since u(nr11(a*), @) < 0, then continuity of w(nr11(®), ) in o guarantees that

brt1 = sup{a > o | u(ngy1(a),a) <0 on (a,&)}

is well defined and w(ng+1(bk+1),bx+1) = 0. The fact that
u(nr41 (@), @) > us > 0 for sufficiently small A1 —a > 0 implies that byy1 < Agt1

concluding the proof of the lemma. ([
u
N ... u=uw R o
we@n . (& (@)
N | Uit (& uEal@) 15}
@ : ! @ N Ve
d P Ages by Ag
R R
u(m(a))
u(ny- (@)

FIGURE 7. An illustration of the behavior of the critical values

w(mp—1(a)), u(ne(a)), u(€r(e)), and u(&e+1(ev)). The left panel cor-
responds to Lemma [L.7] and the right panel corresponds to

Lemma [4.8

We proceed by proving the existence of A; € (a*,0) and by € (a*, A;) that
satisfy the hypotheses (), (ii) of Lemma First, it follows from Lemma that
u(é1 (), o) < th < u, for sufficiently small —a > 0. Since u(&;(a*), a*) > ug, then
continuity of u(&;(«), @) in « ensures that

Ay =sup{a > a” | u(&1(a),a) > us on (a*, &)} (4.37)

is well defined and u(&;(A1), A1) = us. Furthermore, A; < 0 follows from the fact
that u(&1(a), @) < th < ug for sufficiently small —a > 0.
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To construct b; we note that ny(A;) = £1(A1), and w”(£1(A1), A1) > 0. Thus,
u(ni(a),a) > us whenever Ay — « > 0 is sufficiently small as a consequence of
Lemma Continuity of u(n;(a),a) in a and the fact that u(n(a*),a*) < 0
implies that

by =sup{ad > a” | u(m(a),a) <0 on (a*, &)} (4.38)
is well defined and u(n;(b1),b1) = 0. The fact that u(n («), «) > us for sufficiently
small A7 — a > 0 gives o™ < by < A as desired.

We have now shown that the hypothesis of Lemma for j =1, ie., Ay and
b1 exist as required. Proceeding inductively, it follows that the entire sequence
{A;}52, and {b;}52, exist and satisfy Lemma

Throughout the remainder of this paper we define k € Z™ by 2k = N. To obtain
an N-bump homoclinic orbit solution we must ensure that ay = u(0,an) < 0
exists such that w(§;(an),an) > th for j =1,...,k and that u(§;(an),an) < th
for all j > k. In particular, the N-bump solution that we construct will have the
properties

uw(&lan),an) >us >th for j=1,...,k, (4.39)
0 <u((an),an) <th for j>k, and (4.40)
u(n;(an),an) <0 forall j > 1. (4.41)

We will implement a topological shooting method that generates a nested sequence
{I;}32, of non-empty compact intervals which possess the following properties:
(P1) Ijy1 C I3 for all j > 1, (I denotes the interior of I;),
(P2) for each o € I and j = 1,...,k, u(§;(a), ) > us and u(n;(a), ) < 0.
Moreover, u(n;(a),a) <0 for all « € I{ and j = 1,...,k,
(P3) for each j > k, 0 < u(§;(a),e) < th for all a € I{ and u(n;_1(e),a) < 0
for all a € I;.

We proceed by constructing the first interval, I;. First, recall from that
u(é(a), ) > ug for all @ € [a*, A;) and u(&1(A1), A1) = us. Furthermore,
u(ni(a),a) <0 for a € [a*,b1) and u(ny(b1),b1) = 0 where by € (a*, A1) is defined
by ([4.38). By Lemma [4.8] there exists Ay € (a*,b1) and by € (a*, A3) such that

(1) u(§(@), ) > us on [a*, Az) and u(§2(A2), A2) = us,
(i) w(n;j(a),a) <0 on [a*, by) and u(na(b2),b2) =0
for j = 1,2. An inductive application of Lemma [4.8| yields the following lemma.
Lemma 4.9. For 2k =N and j =1,2,...,k it follows that
u(é(a),a) >u, for ae€a”,Ay), and u(&p(Ar), Ar) = us,
u(nj(a),a) <0 for ae€a”,by), and u(ne(by),br)=0.

An immediate consequence of Lemma and the fact that [o*,bx] C [a*, A),
is that property (P2) holds for

I = [a", by (4.42)

The aim of the following lemma is to construct the second interval, I. Subse-
quently, we will inductively employ Lemma [£.7] to define I, Iy, . ..

Lemma 4.10. Let dy = Ayq1 where Apqq is defined by Lemma[{.§ and define
co = inf{& < dy | u(€py1(e), ) <th on (&,dq2)}.
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Also, define I = [co,ds]. Then I C I?,

0 = u(rr1(d2), da) < u(€py1(a), @) < u(épii(cz),c2) =th for all a € I3,
u(ne(a),a) <0 for all a € I3.
Proof. Tt follows from Lemma [L.8] that dy = Apy1 < bp. Also, o < ¢z is a
consequence of u(&xy1(a®),a®) > us > th, u(&kt1(Akt+1), Ax+1) = 0, and the fact

that u(&ry1(a), a) is continuous with respect to a.. Thus, Iy C IY.
Now,

0 = u(€ky1(da),da) < u(€pt1(a), @) < u(€pt1(c2),ca) =th for all a € IS
follows immediately from the definitions of ¢y and ds, and
u(ne(a),a) <0 forall a € Iy

follows by Lemma and the fact that I; C I9. This concludes the proof of the

lemma. O

In Lemma we defined I, = [¢a, d3] and described the properties of solutions
u(-, ) with a € Is. Lemma guarantees the existence of I3 = [c3,d3] C I9 such
that

0 = u(€k+2(ds), ds) < u(&pr2(a), @) < u(frta(cs), cs) = th
forall o € I, and w(neii(a),a) <0 for all a € [c3,d3].

An inductive application of Lemma yields I; = [¢;,d,] for j > 2 such that

0 = u(€rrj-1(dj), dj) < uprj-1(@), @) <ul€rij-1(c)),c;) = th
for all « € (¢;,d;), and
u(Mptj—2(a), ) <0 for all € [¢, d;].

Hence, to construct our N-bump solution, we let ay € ﬂ;’;l I; and consider
u(-, an). We have just shown that the nested sequence of intervals I; exists which
satisfies properties (P1) — (P3) described above. In particular, u(§;(an), an) > us
for j =1,2,...,k, u(z,an) < th on [ni(an),c0), and u(z, an) satisfies the linear
equation with constant coefficients

u” =20 — D/ + (b* +1)*u=0 on [ne(ay),00).
The general solution of this linear equation is

b b

u(z, an) = c1e” cos(z)+coe 0% sin(z) +c3e® cos(x) +ege?® sin(x)  on [ (a), 00)

for some constants ¢; — ¢4. The only way u can remain below th on [ng(ay), 00) is
that ¢3 = ¢4 = 0. From this we conclude that

u(z,any) — 0 asx — oo.

This completes the proof of existence of a N-bump solution.
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NUMERICAL SOLUTIONS

The solutions in Figure [§] were obtained by using Mathematica. Our choice
of parameters are r = 0.02, th = 1.75 and b = 1.095669029014. Furthermore,
Mathematica was used to verify that (r,b,th) € A (see (2.11))) for this choice of
parameters. The solution in the left panel was obtained by manually applying
the shooting method as described in this paper. Special thanks to the referee
for computing the solution in the right panel. These numerics suggest that both
solutions are highly sensitive to the initial conditions as indicated by the large
number of decimal places that are required for the value a. For this reason, we
predict that the N-bump solutions are unstable.

u(x)

=20

FIGURE 8. Two 2-bump solutions with r = 0.02,th = 1.75, and
b = 1.095669029014. The initial conditions in the left panel are
a = —0.192218655, and 8 = 0.422975. In the right panel the
initial conditions are o = —0.166290142, and § = 0.36592.

Lastly, as mentioned in the previous section, the solution is of the form

b b

u(z, o) = 170 cos(z) + coe ™" sin(x) + c3e"® cos(z) + c4e® sin(z)  on [11(a), 00)

since u < th on [n(a),00). This is only possible if ¢ = ¢4 = 0. Specifically, our
computations estimate that cs = ¢4 = 0, ¢; =~ 2729.389291, and cs ~ 4900.231464
for the solution shown in the left panel and c3 = ¢4 = 0, ¢; = —41.07182903, and
co = —217.0976993 for the solution on the right.

CONCLUSION

In this paper we have analyzed a subclass of stationary solutions of . In
previous studies, (see [4, [I4]), the Fourier transform was applied to both sides of
to obtain a fourth order ODE. Then ODE methods were implemented to ob-
tain a thorough numerical investigation of homoclinic orbit solutions. For technical
reasons, the Fourier transform does not give rise to other types of interesting solu-
tions such as periodic, heteroclinic, or chaotic solutions. The fundamental aim of
this paper was to use the results of Krisner [12] [T3] to prove that does have
N-bump homoclinic orbit solutions. In fact, under the parameter regime derived
in Section |2 it was shown in Section [4| that has N-bump homoclinic orbit
solutions for any positive even-valued integer V.

A natural extension of this result would be to prove that N-bump solutions
exist for a larger parameter regime. In particular, Lemma [£.3] was proved under
the assumption that b > 1. It still remains to prove that N-bump homoclinic orbit
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solutions exist for 0 < b < 1 either by modifying the proof of Lemma [£.3] or by
adopting an entirely different approach.

Another extension is to incorporate “noise” into the Wilson-Cowan model
to account for random fluctuations. It would be interesting to investigate the
existence of special solutions, such as periodic and/or homoclinic orbit solutions,
with the presence of noise.

Acknowledgements. We thank the referee for providing several very helpful sug-
gestions which greatly helped the presentation of this paper.
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