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ON A CONVEX COMBINATION OF SOLUTIONS TO ELLIPTIC
VARIATIONAL INEQUALITIES

MAHDI BOUKROUCHE, DOMINGO A. TARZIA

ABSTRACT. Let ug, the unique solutions of an elliptic variational inequal-
ity with second member g; (¢ = 1,2). We establish necessary and sufficient
conditions for the convex combination tug, + (1 — t)ug,, to be equal to the
unique solution of the same elliptic variational inequality with second member
tg1 + (1 — t)g2. We also give some examples where this property is valid.

1. INTRODUCTION

In the linear problems for partial differential equations this property leads to the
well known superposition principle which is classically used for example in Fourier
series, variational equalities, etc. In these cases the linear combination (and also a
convex combination) of two solutions of a linear problem, associated to two data,
is also solution of the same problem with linear (convex) combination of the two
data.

However, in general, this property is not true for the solutions of nonlinear prob-
lems, for example for the variational inequalities. The variational inequality theory
is fundamental in order to solve free boundary problems for partial differential
equations, e.g. the dam problem [1; the one-phase Stefan problem [2]; the obstacle
problem [3| 4] [5]; the mathematical foundation of the finite element method [6] and
its corresponding numerical analysis [7].

The goal of this paper is to give necessary and sufficiently condition to obtain
that this property in valid for a convex combination of the solutions of elliptic
variational inequalities.

Let V be an Hilbert space, V' its topological dual, K be a closed convex non
empty set in V, g; in V'’ for ¢ = 1 and 2, and a bilinear form a : V x V — R, which
is

e symmetric: a(u,v) = a(v,u) for all (v,u) € V xV,

e continuous: there exists M > 0 such that |a(v,u)] < M|v|v|ullv for all
(v,u) eV xV,

e coercive: there exists m > 0 such that |a(v,v)| > m||v||} for all v € V.
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It is known [8], @, 10] that for each g; € V' there exists a unique solution u; € K,
namely

a(ui,v —u;) > {(gi,v—u;) YweK i=1,2, (1.1)

where < u, v > denotes the duality brackets between u € V' and v € V. Then we
can consider g; — u; = u,, as function from V' to V.

We want to establish necessary and sufficiently conditions for the convex com-
bination wusz(t) = tu; + (1 — t)ug, with ¢ € [0, 1], to be the unique solution of the
elliptic variational inequality with second member g3(t) = tg; + (1 —t)ga, such
that

Utgy+(1—t)ga = tug, + (1 - t)ugz vt e [Oa 1] (12)

if and only if
a(ugl’UQQ - ugl) - <91; Ugy — u91> =0, (13)
a(ugw Ugy — ugz) - <g2a Ug, — u92> =0. (1'4)

This means also that if g; and g, are two points in V’ and ug, and ug, are the cor-
responding closest points in the closed convex K then the closest point wuyg, 4 (1-¢)g,
to tg1 + (1 —1)g2 is equal to tug, + (1 —t)ug, for all t € [0,1] if and only if ug, —ug,
is orthogonal to both u4, — g1 and ug, — go.

This paper is organized as follows. In Section 2 we establish some preliminary
results which allow us, in Section 3, to prove our main result that is equivalent
to and . We also give in Section 4 some examples where this property is
valid.

2. PRELIMINARY RESULTS

For t € [0,1] and v € K, we define the function f : [0,1] x K — R, by

ft,v) = a(us(t),v —us(t)) — (g3(t),v — us(t)) (2.1)
with us(t) = tug + (1 — t)ug and g3(t) = tgr + (1 — t)ga.

Lemma 2.1. For all t € [0,1] and all v € K there exist A, B(v), and C(v) such
that

f(t,v) = At> + B(v)t + C(v) (2.2)

where, for u; is the unique solution of with given data g; € V' (i=1,2)

A= a(uy —ug,u; —uz) — (g1 — 92,91 — g2) > 0, (2.3)
B(v) = a(u; —ug,v — 2uz) — (g1 — g2, v — u2) — (g2, w1 — uz),
C(v) = a(ug,v —ug) — (g2, v —uz) >0 Yo K (2.5)

Moreover, we have

A+ Bw)+Cv) >0 YveK. (2.6)
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Proof. Since v =tv + (1 — t)v for all ¢ in [0, 1], we can write f as
ft,v) =altug + (1 — t)ug, t(v —uy) + (1 — t)(v — uz))
—(tg1 + (1 = t)ga, t(v —u1) + (1 = t)(v — u2))
= t?la(uy,v — uy) + auy,v — uz) — a(ug, v — u)
+ a(uz,v —u2) = (91,0 — u1) + (g1, v — ua)
+ (92,0 —w1) — (92,0 — ug)]
+ t[(a(ur, v — ug) + a(ug, v — uy) — 2a(ug, v — uz)
—(g1,v — u2) — (g2,v — ur) + 2(g2,v — uz)]
+ [auz, v — u2) = (g2,v — u2)]
= At* + B(v)t + C(v).
So we have
A= la(ur,v —ur) — {g1,v —u1)] — a(ug,v —uy) + (go,v — uy)
+ [a(ug, v — u2) — (g2, v — u2)] — a(us, v — ug) + (g1, v — u2)
=a(u; —ug,v —u1) — (g1 — g2,v — u1) + a(ug — ug,v — uz)
— (92 — g1,v — u2)
= a(u1 — uz,u2 — u1) — (g1 — g2, u2 — u1)
and we remark that
A = a(ur,uz — ur) = (g1, uz — ur)] + [aluz, ur — uz) — (g2, u1 — uz)]
as uz (¢ = 1,2) is solution of - ) with g; then A > 0 and does not depend on v.
So ) holds.
B(v) = a(uy,v — u2) + a(uz,v — u1) — 2a(ug, v — uz)
—(g1,v — u2) — (g2, v — u1) + 2(ga, v — uz)
= a(uy; — ug2,v — uz) + a(ug, (v —uy) — (v —uz))
— (91 — g2,v — uz) — (g2, (v —ur) — (v — uz))
= a(uy — u2,v — uz) + a(ug, us — uq)
— {91 = g2,v — u2) — (g2, u2 — 1)
= a(u; — ug,v — 2uz) — (g1 — g2,V — u2) — (g2, U2 — u1)
So holds. Also
C(v) = a(uz,v — uz) — {g2,v — uz) >0,

S0 as ug is the solution of the variational inequality (1.1)) with second member go,
then we have (2.5). Moreover

A+ B(w)+Cw) = f(1,v) =a(ur,v—u1) —{g1,v —u1) >0 YveK,
then ([2.6) holds. O
Now we define

a(uy,us —uy) — (g1, us — up), (2.7)

a =
B = G(U2,U1—U2) <92,u1—u2>-
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Lemma 2.2. Let « and 8 be defined by (2.7) and (2.8) respectively. Then « > 0,
B >0, and for all X € 0,1] we have

C’()\ul + (1 — )\)UQ) =\3>0, (29)
A=a+ 08>0, (2.10)
B+ (1= A)us) = —da — (1 +A)B < 0. 2.11)

Proof. As u; is a solution of (1.1f) with g; (¢ =1,2) then aw > 0 and 8 > 0. Taking,
in (2.5), v = Aug + (1 — A)ug with X in [0, 1], we obtain

C(v) = a(ug, Muy + (1 — Nug — uz) — (g2, Aug + (1 — Nug — us)
= Ma(uz,u1 — uz) — (g2, u1 — uz)] = A8 > 0.

From (2.3) we deduce that A = a4+ 8 > 0. Taking, in (2.4) v = Aug + (1 — Nuq
with A in [0, 1], we have

B(v) = a(u1, Auy + (1 — Nug — uz) + a(ug, Aug + (1 — Nug — uy)
— 2a(ug, Aug + (1 = Nug — ua) — (g1, Aug + (1 — Nuz — ug)
— (g2, Aup 4+ (1 — Nug — u1) + 2(ga, Aug + (1 — ANug — uz)
= —Aa(ur, uz —u1) = (g1, u2 — u1)]
= (T +Naluz, u1 — u2) — (g2, u1 — u2)]
=-Xda—(1+Np<0.

3. MAIN RESULT

In this section we give a positive answer to our question when the equality (|1.2))
is valid.

Theorem 3.1. We have

Uty +(1—t)gs = tlg, + (1 —t)ug, Vt € [0,1] (3.1)
if and only if

a = a(ug,, ug, — ug,) — (g1, Ug, — Ug,) =0 (3.2)
and

B =a(ug,,uqg —ug,) — (g2, Ug, — Ug,) =0, (3.3)

where uy(t) = Upg, 4 (1-1)g, 15 the unique solution of the inequality with the
second member g3(t) = tg1 + (1 — t)go and uz(t) = tug, + (1 — t)ug, is the convex
combination for t € [0,1], of ug, and ug, which are solutions of the variational
inequality , respectively with second members g1 and gs.

Proof. Suppose that a = 3 = 0. Therefore, A =a+ =0, so
f(t,0) = B(v)t + C(v),
and from and we have
f(0,0) =C(v) >0 and f(1,v)=B@w)+Cv)>0 YveK,

then we deduce that f(¢t,v) > 0 for all (¢,v) € [0,1] x K. Therefore uz(t) =
tug, + (1 — t)ug, is the unique solution of with the second member g3(t) =
tg1 + (1 —t)ga, so we get , by the uniqueness of the variational inequality
for a given gs(t).
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Suppose now that us(t) = us(t), Vt € [0,1]. Then from and we have
f(t,v) = At> + B(v)t + C(v) >0, Vte[0,1], YveEK.
Taking v = u; = ug, (i.e. A =1 in Lemma[2.2), we obtain
A=a+3>0, Bluj)=-a—-26<0, Cu)=p2>0.

Thus the discriminant A(u;) = B(u1)? — 4AC(u1) of the quadratic function ¢ —
f(t,v) is equal to . Then there exist two roots t; > 0, t5 > 0 with

min(t1,t2) > 1 or max(t,t2) <O0.
Then the two roots t; = 1 and t; = —2— must not be in ]0, 1] so > must be equal

a+p
to 1, which gives @ = 0.
Taking now v = up = ug, (ie. A=01in Lemma we obtain

A:O[—i-ﬂZO, B(UQ):_ﬂéoa C(UQ):O
thus the corresponding discriminant is A(ug) = B(u1)? — 4AC(u;) = %, Then
there exist two roots t; > 0, t5 > 0 with
min(ty,t2) > 1 or max(ty,ts) <O0.

Then the two roots t; = 0 and ¢5 = % must not be in ]0, 1] so ty = a’%ﬁ must be

equal to 0, which give § = 0. (]
Corollary 3.2. For K =V the variational inequality (1.1)) becomes the following

variational equality
weV: a(u,v)=(g,v) YweV
thus a = =0 so
Utgy+(1—t)gs = tUg, + (1 —t)ug, Vt €[0,1]. (3.4)
Remark 3.3. Property (3.4]) has been used in [I1] to prove the strict convexity of
the cost functional for optimal control problems.

4. APPLICATIONS

Let Q be an open set in R", V = L2?(2), so V' = V and the duality brackets
< -, > becomes the scalar product in V' denoted by (-, -)y. We use the usual
notation G = max(G,0) and G~ = (—G)™, and

GlF<< (G,F)y=0.
We have a preliminary result.

Lemma 4.1. Let G; € L?(Q) fori = 1,2, then we have
G LGS and G; LG < G1(2)Ga(x) >0 a.e. in

Proof. Suppose that G1(z)G2(x) >0 a.e. in Q.
If Gi(z) > 0 which means G; () = 0 and G{ (z) = G1(x), then Ga(z) > 0
implies
Gy () =0 and G5 (x)= Ga(z);
thus
Gy ()G (r) =0 and G5 (z)G7(x)=0.
If G1(z) < 0 which means G (z) = 0 and Gy (v) = G1(z), then Ga(x) < 0 implies

G;(l’) =0 and G, (z) = Ga(z);
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thus we have also
Gy ()G (r) =0 and G5 (z)G](x)=0.

So we have

Gy = L (2)GF (z)dx
<G1,G2>v—/gal<>e2<>d

- / GT (@)GE (2)dz + / GT ()G (x)da
QN{G1>0} QN{G1<0}

+/ Gy (2)Gf(z)dz =0 = Gy LGY,
QN{G1=0}
and

5, G v = 5 (2)GT (x)dx
<G2,Gl>v—/QGQ(>G1<>d

_ / G5 ()G (2)dz + / G5 ()G (x)de
QN{G1>0} QN{G1<0}

+/ Gy ()G (z)dx =0 =G, LGT.
QN{G1=0}
Conversely we have

0=(G7,G{)v = / Gy (2)G (x)da = / oy V@G @

(—G1)(z)Ga(x)dx

~/§20{G1<0}ﬂ{02>0}
then
{G1 < 0}N{Gy >0} =0,
(GG ly=0=<G  <0=Gf =0=G,<0=G1G2 >0
GQ>0:>G;:O:>G120:>G1G220

where |w| is the measure of the set w. We have also

0= (G5, Gy = /Q G (@)GF (x)de = /Q oy GG (@

_ / G (2)(~Go) (z)d
QN{G1>0}N{G2><0}

then
{Gs2 < 0} N{Gy > 0}| =0,
(Gy, Gy =0=< Ga<0=G =0=G1 <0= GG, >0
G >0=>G;, =0= G2 >0= G1G2 > 0.
This completes the proof. O

Example 4.2. Let v € L?(Q2), V = L*(Q), and
K={vel*Q):v>v}, alu,v)=(u,v)y.
We have here easily the existence and uniqueness of u € K such that

[a(u,v —u) > (g, v—u)y YWweK|e[lu—g,v—u)y >0 YveK]|
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which is also equivalent to
u = Pg(g) =max(g,9) =g+ W —g)" =v+(g—¥)". (4.1)
Proof. From , following [10], we have
u—g=@—-g)" and v-u=v-9¢—(9-¥)"

(u—gv—uwy=(L-9) " (v-—1¢)—(g—¥)v
=((—g)" =0y —(v—9)" (g—) v
(=) @-V) v =~U(g—¢)" (g—¢¥) v =0
then
(u—gv—uy=((—g T v-—1)y= /Q(w—g)J’(v —)dr >0, YveEK.

O

Theorem 4.3. Let V =L*(Q), v € V, K={v eV :v >}, a(u,v) = (u,v)y.
For a given g; € V, i = 1,2, we associate

up = ug, = gi + (¢ — g;)" = max(¢), g;).
Then we have
Utg,+(1—t)gs = tUg, +(1=t)ug, Vt € [0,1] & (91 —9)(g2—v) >0 a.e. in Q. (4.2)

Proof. ;From the definition of o we have

a=a(uy,ug —u1) — (g1,u2 — 1)y = (U1 — g1,u2 — ur)v.
From

up —g1 = (Y — 91)+, uz —u1 = (g2 — 7/1)+ — (91— 1/1)+,
we have

a=(¥-9)"(g2—¢)" = (g =) )v
= (=g (2= ) — (@ —9)" (g1 =) )v

B /QW —91)"(2)(g2 — ) F (z)dz
_ / (91— 0)" (@) (g2 — )+ (@),

then we deduce that
a=0s /9(91 — )" () (g2 =) T (2)dz =0 & (g1 =)~ L (g2 — )™
We have also from the definition of 3 that

B = a(uz, u1 —u2) — (g2, u1 — u2)v = (U2 — g2, w1 — u2)y

and from

Uy —go = —g2)" wr—uz= (g1 —¥)" — (g2 — )"
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we have
B=((—g)t (r =)t = (g2— )
=((W—g2)" (1 =) )y — (W —g2) (g2 — )Ny

= [ =) @ — )" @)
= /Q(g2 — ) (x) - (g1 — )" (x)d,

then we deduce that
50 [ (o= 0) @ — ) @ =05 (0~ ) L (o —0)"
Using now Lemma with G; = ¢g; — v, we deduce that
(92 =) L (g1 —)*
and < (g1 —¥)(g2—1) >0 ae. in Q.
(1 —¥)” L(g2—¥)*
Moreover
(g2—9)" L1 —¢)" and (g1 —¢)” L(g2—¢)" ©a=5=0,
and with Theorem Bl we have
a=0=0%E Ug 1 (1-t)g, = tg, + (1 —t)uy, Vte[0,1],
which gives us the equivalence (4.2)) and completes the proof. ([l
Example 4.4. Let us consider the following free boundary problem of obstacle
type [10],
V=HYQ), Vo=H}Q), H=L*Q), K={veVy:v>0},
Lv)=1(g,v)g, and a(u,v)= / VuVudz, (4.3)
Q
vueK: alu,v—u)>(g,v—u)g YveK.

We recall here some usual notation. a is a bilinear symmetric, coercive and

continuous form, there exist m, M, such that
molliy < [llolll} = a(v, v) < M|jo|f}
and ((-, ) : V x V — R such that
((u,v)) = a(u,v) Y(u,v) €V xV

is the inner scalar product in V. L is linear and continuous form on a Hilbert space
V', and also on V. Then by Riesz theorem there exists a unique g* € V' such that

(ga U)H = ((9*7’0))\/ YveV.
then (4.3) is equivalent to
vueK: ((wyv—u))y > ((¢g%,v—u))y YveK. (4.4)

Therefore, u = Pk (g*) is the projection of ¢g* on K with the norm ||| - |||v.
Remark that Vj — H < V"’ so this exemple is a particular cas of (|L.1)).

Lemma 4.5. With the above notation, we have

g>0 in Q=g¢">0 1in Q:u:PK(g*):g**‘:g*.
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Proof. As g* = g** — ¢g*~, then
(0" =g =g Nv=>g""v =g v =g v — (g 9" v
~allg" o) —allg" g ) = [ Vo' Vuda,
From
/QVg*Vvdx =((g"v)v=(g9,v)g YveVy and ge€ H(Q),

by Green formula we have the representation of g* given by
—Agt=g inQ and gy =0. (4.5)
Since g > 0 in , by the maximum principle we have g* > 0 thus ¢*~ =0, so
(6" = "0 — gy = /QVg*‘de ~0
which gives u = ¢* . (Il
Theorem 4.6. Let V = H'(Q), H = L*(Q), K = {v € V : v > 0}, a(u,v) =
(Vu,Vu)gn. For a given g; > 0 in H, i = 1,2, we have u; = uqy, = g; and
Uty +(1—t)gs = tg, + (1 —t)ug, Vte [0,1]. (4.6)
Proof. As g; > 0 in H, then u; = ug, = g, for i = 1,2. Moreover
a=a(ur,uz —u1) = (g1,u2 —uw)u = a9y, 95 — 91) — (91,93 — 91)m
= (91,92 —90))v — (91,95 — 91)m
and by the Riesz theorem
a=((91.95 —91))v — (91,95 — g1)v = 0.
We have

B = alug,ur —uz) — (g2, u1 —u2)m = al(gs,97 — 95) — (92791‘ - gg)H

(95,95 —93)v — (92,97 — 95 )m

and also by the Riesz theorem

B=(g3,91 —93))v — (93,91 — g3)v =0.
So by Theorem we obtain (4.6) and we finish the proof. O

Remark 4.7. In the case Q =]0,1[C R, (4.5) becomes

—g*"(x) = g(x) in 10,1, ¢*(0) = g*(1) =0.
and we can obtain the explicit expression of
1

g*(x)zx/ g(t)(l—t)dt+(1—x)/ t(t)dt

so we have
gt)>0 in [0,1] = g¢*(x) >0 in [0,1].

From Lemma and Theorem we deduce that u, = ¢*. Moreover if g(t) = ¢

constant then

z(1— )

g (@) = —

g.
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Conclusion. The idea in the Theorem [3.1] is simple, rigourously proved, and is
very useful for establishing the strict convexity of cost functionals in optimal control
problems from elliptic variational inequalities. To the best of our knowledge this
idea is new and can not be found in the literature of elliptic variational inequalities
and control theory; see for example [12] [14] [13].
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