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REDUCTION OF INFINITE DIMENSIONAL EQUATIONS

ZHONGDING LI, TAIXI XU

ABSTRACT. In this paper, we use the general Legendre transformation to show
the infinite dimensional integrable equations can be reduced to a finite dimen-
sional integrable Hamiltonian system on an invariant set under the flow of the
integrable equations. Then we obtain the periodic or quasi-periodic solution
of the equation. This generalizes the results of Lax and Novikov regarding the
periodic or quasi-periodic solution of the KdV equation to the general case
of isospectral Hamiltonian integrable equation. And finally, we discuss the
AKNS hierarchy as a special example.

1. INTRODUCTION

Soliton equations emerged about 40 years ago [I, 2]. C.W. Cao discovered the
nonlinearization method [3]-[6] to obtain the finite dimensional integrable systems
[7, B] associated with soliton equations. This way works well for many soliton
equations [9)-[I7]. Its main drawback, however, is that there is no single approach
for finding the Lax pair [I§]-[19] of a soliton equation. More precisely, different
soliton equations require very different ways of finding their Lax pairs. Furthermore,
this method does not work for every soliton equation, and for some equations, we
have both the Bargmann and Neumann systems, for some others, we only have the
Bargmann systems. So, it is natural to seek how to explain this drawback and to ask
whether there is a single method that works for every infinite dimensional system
(i.e., soliton equation). We have been trying to answer these questions for the last
few years. Even through we have been unable to characterize the conditions that
ensure the existence of both the Bargmann and Neumann systems, we have found,
however, a new method which works for every soliton equation. More specifically,
for every existing infinite dimensional integrable Hamiltonian system, we can obtain
the associated finite dimensional integrable Hamiltonian system without knowing
its Lax pairs for the corresponding higher order soliton equations.

Let J be a Hamiltonian operator, u; = J 555‘2 L be an infinite dimensional integrable
Hamiltonian equation (u = (uy,...,un)?), and {H,,}°_, be the first integrals of

Up = Jgﬁl. Its higher order equations are u,;,, = ‘](% (here I = 3" Cpoy H,
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Co =1, Cy,—; are constants, m = 0,1,2,...). We use the general Legendre trans-
formation to show that the infinite dimensional integrable equation u;,, = J ‘S?—u’"
can be reduced to a finite dimensional integrable Hamiltonian system on an in-
variant set S. Then we obtain the periodic or quasi-periodic solution of equations
ug,, = J (m = 0,1,2,...). This generalizes the results of Lax ([I8, [19]) and
Novikov [20] regarding the periodic or quasi-periodic solution of the KdV [21], [24]
equation to the general case of isospectral Hamiltonian integrable equations. As a
special example, we will discuss the AKNS [I] hierarchy.

Generally, looking for the periodic or quasi-periodic solution of infinite dimen-
sional integrable equations is very difficult. In [3], the nonlinear Schrédinger equa-
tion is investigated and its periodic solution is obtained. Flaschka [22] and Lax
[18] discussed the algebraic structure of the KdV equation and obtained its pe-
riodic or quasi-periodic solution. Novikov [20] studied in details the relationship
between the KAV equation and its stationary equation and obtained its periodic
solution. Cao [3] used the nonlinearization of Lax pairs and obtained the periodic
or quasi-periodic solutions (involutive solutions) of the AKNS, the KdV, and the
Harry Dym [12] 23] equations. Now we synthesize their results and generalize them
to the (general) isospectral integrable equations, and obtain a (general) method to
solve general infinite dimensional integrable equations u;, = J ‘5?2" for periodic or
quasi-periodic solutions. We also discuss the algebraic and geometric properties of
the vector field of the Hamiltonian integrable equations u¢,, = J 6%” (m >0), and
prove that they can be reduced on an invariant subset S to a finite dimensional
integrable Hamiltonian system

i, = = — 2m 1=1,2 n
ql - 8pz b pl - 6qz ) - b PR
where ¢; = gﬁ, Di = gf:;, T, is determined by ddT—xm = fg—iJ‘sgjl and is a function

of (¢,p) (m=0,1,2,...).

2. THE GENERAL LEGENDRE TRANSFORMATION

Let L = L(u,u’,u"”,...,u™) be the Lagrangian, which depends only on u =

(u1,...,un)T and its derivatives with respect to x : ul) = %,j =1,2,...,n. Let
I = fQ Ldz. The Euler-Lagrange equation is

I & ,d 0L

= > (1) T 50 =" (2.1)

=0

where, when Q = (—o0, +00), u and u¥)(j = 1,2,...) decrease rapidly as z — oo
and when Q = [a,a + T|, u(z + T) = u(x) for T > 0 and « a constant.

We introduce the following canonical coordinates ¢;, p; (i =1,2,...,n).
¢ = (qui, q2is - - - qve) T = ul),
—, ud oL
T !
i = (P1i,P2iy- - PNi) = Lo
pi = (P16, 2 PNi) ;( ) Tl ulD 02)

_"Z‘i(_l)ldl( oL dL oL )T
dxl 6 i+l)78ugi+l),-.-, 8u%+l) )

(
1=0 Uy
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where i = 1,2,...,n. Let

Zqu’b L= Z ZQIzpll (23)

i=1 =1

where q = (Q17QQa"- 5Q71)Ta p = (p17p27"'7pn) . Equation " is called the
general Legendre transformation.

Definition 2.1. A Lagrangian L is said to be non-singular if equation (2.2) can
be uniquely solved in the form

u =uD(q,p), i=0,1,...,2n—1. (2.4)
Lemma 2.2. If the Lagrange function L satisfies the condition

%L

where « = 1,2,...,N, 3=1,2,..., N, then L is non-singular.
Proof. Since L = L(u,u/,...,u™) = L(g,u(™),

oL
_ _ (n)
Pn = 5oy = Fleu™),
and the Jacobi determinant
Opn 0L
J(u™) = ‘ = =detQ #0
(n) (n) 5, (n) ’
u Oug, auﬂ
we obtain
u(n) = fn((I7pn)' (26)
Next,
oL B i OL
Pt = 500D T Gz gu
oL — .
_ G D (+1)
- 8u(n 1) Z au(")au(J) U ’
So det @ # 0 yields
u(n+1) = fnfl(qapnfhpn) (27)
Similarly, we obtain
u(n+k) = fn—k(Q7pn—k7pn—k’+17 e 7pn)7 k= 07 1a cee, = 1. (28)
Thus, the Lagrangian is non-singular. O

Lemma 2.3. If the Lagrangian L has the form
L =a(u™)? + Lo(u, o/, ... ,u" )
where a # 0 is a constant, then L is non-singular.

For the proof of the above lemma, use det @ = 2aN # 0 and Lemma
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Remark 2.4. If the Lagrangian L is non-singular, then the general Legendre trans-
formation

(w, o, ..., u®=NT — (¢,p)7
satisfies the relations
oOH
quapi, i=1,2,...,n, (2.9)

oH &I , OH

i=2,3,...,n (2.10)

;oYL / -
T e T e

For calculating the above expressions vote that ¢, = ¢;+1 (i = 1,2,...,n —1).
we have

H=> q¢pi—L=qp+agp2+-+ampn1+dp.— L,
i=1
which implies (2.9)). For (2.10), we have

d d /=l d oL
r_ 9 - = Y
= g dx(z( D G au<1+l>)

n—1 n
d+l oL d* oL
_ l _ k
B ;(71) dz+1 gu+) — ;(71) dzk ouk)

_ oL z":(_ )kﬁ oL

Ju — dz* Ouk)
__oH I
1 du

which is the first formula of (2.10). Next,

d d [ d oL el d+1 oL
= = R Ve _ 1\

= ¢ oL
_ k
- Z(_l) dz* Oy litk—1)

k=1
IR A ) oL
= (U 3 guim T gue D
= —Pi—-1 + au(i—l)
_ o, 0L
= —Pi—1 an‘
_ 0H

a%"

which is the second formula of (2.10)).

Theorem 2.5. For non-singular Lagrangian L, the Euler-Lagrange equation (2.1))
is equivalent to the Hamiltonian system

OH OH
I = = — =1,2,... 2.11
qz apiv pz 8611 (Z b ’n) ( )
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where H is given by (2.3), and

aH _ ol 61
il DD

where the symbol ‘’ indicates 6@

Proof. Since is g—i =0, and are equivalent to . By direct

calculation, we obtain 42 = —¢/ O
’ dx 5u

Remark 2.6. The non-singular general Legendre transformation is invertible, i.e.,
we can determine u() from (2.2)):

u™ = hy(g,p), k=0,1,2,....2n— 1. (2.12)

3. THE REDUCTION

Suppose
H

is an infinite dimensional integrable Hamﬂtoman equation,
H,, = / Lypdx (m=-1,0,1,2,...)
Q

are its infinitely many involutive first integrals in pair, where H = H;. Its mth-
order equations are defined by

0H,,
=J— 2
=J S (3.2)

where J is a differential operator for the corresponding soliton equations. For

examples, for the KdV equation, J = a%, for the AKNS equation, J = <(1) _01>

The general higher-order stationary equations are defined by

ch IJ@ - (3.3)
or 6
I
5. =0 (3.4)
where

H_
1_20 L H = / L(u, ..., u™)dz, Jé—lzo, n >0,

ou
I=—1
Co=1,C; (i=-1,1,2,...,n+ 1) are constants. Suppose the functional space is
E={F:F= / Pud, ..., u™)dz},  (m > 0).
Q

The Poisson bracket on space E is defined as

d . §H §F — §H 6F
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where H, F € E, g, is the solution operator of equation u; = J%, and (-,-) is the
standard inner product in Lo(€2). Hence,

{Hp,,H,} =0, m,n=-1,01,2 ... (3.6)

Definition 3.1. In the space E, the Hamiltonian vector field F of a functional F

is defined by .
Lp(H) = —|,_oH(gku(x)) = {H,F}, (3.7)

and for any H € F,
L,g(H)=MH,F} =ALz(H) (X\is constant).
Lemma 3.2. All the Hamiltonian vector fields form a Lie algebra. Its Lie bracket
[H, F] is defined by
L[ﬁ’ﬁ] =LpLg—LgLg. (3.8)
Proof. The bilinearity and anti-symmetry are obvious. From the definition of Lie
bracket we have
Lygpa=Lalplg —Lilglp+ LgLply— LpLglg
and L[[ﬁj]ﬁ] —|—L[[ﬁ7§]ﬁ] + L[[&ﬁ],ﬁ] has 12 terms in total, and every term appears
twice with opposite signs. So the Jacobi identity holds. (]
Lemma 3.3. The vector field F of F = {F1, F>} can be represented by
F =[F, F). (3.9)
Proof. By the Jacobi identity of the Poisson bracket of functionals on the space E
we have
Lﬁ(H) = {H7F} = {H7{F1,F2}} = _{Fla{F27H}} - {F27{HaFl}}'
On the other hand,
L[ﬁl,ﬁz](H) = (Ll@‘Lﬁ1 — LﬁlLﬁ2)(H)
=LgLg(H)— Lz Lz (H)
=Lz ({H,F1}) — L ({H, F2})
= {{H7F1}7F2} - {{HaF2}7F1}
- _{F27{H7F1}} + {Fla{HuFQ}}
- _{F17{F27H}} - {F27{H7Fl}}'
Comparing the above two equations we obtain
Lp(H) = Lig g, (H)
for arbitrary H € F. (]

Corollary 3.4. The map of the Lie algebra of functionals on E onto the Lie algebra
of Hamiltonian vector fields is an algebra homomorphism.

Lemma 3.5.

gL} [JdH JCSF} (3.10)

u u’” du
where
[a,b] = a'[b] —V'[a], d']b] = —Slszoa(u +¢eb).
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Proof. For any A € E, by the symmetry of (%)’ , we can show that

6A S{H,F}, (6A , 6H./ OF §F ./ 0H
(5755 = (5, (05 5] - (5) [15])-
Hence holds. O

Corollary 3.6. {J2H=} are the symmetries of us, = J2%2 (i =0,1,2,...).
Proof. Since {H,,, H;} = 0, Lemma implies

[ 0H,, 5Hi] _ J(S{Hm,Hi} _0

du 7 du Su ’
So, by a property of symmetry: o is a symmetry of u; = K(u) if and only if
[K, o] = 0, this corollary is proved. O

Theorem 3.7. The flows defined by (3.2) commute with each other.

The above result follows from [ﬁm, ﬁm] =0 and Lemma or Lemma

Theorem 3.8. The solutions of the stationary equation (3.4) form an invariant
manifold S of the flows defined by equation (3.2]).

Proof. First we prove that I = Y";" | C,_;H; is a conserved functional of equation
(3.2)). It suffices to show {I, H,,} = 0. In fact,

61 6Hn,, [~~~ O0H, SH,
0 = (550 = (X 50 150)
G 6H,  6H,
=2 Ot 50

~

3 |

[}

Cn_i{H;,Hp} =0.
0
By a theorem given by Lax (see [I8],[19]), if I is a conserved functional of (3.2)), then

the set of stationary points of I, i.e., the solution set of (3.4, forms an invariant
set for the flow (3.2)). O

~

Using Remark we can reduce an arbitrary function
P=Pu,... u™)

to a function P; = Pi(q, p) where u*) = hy(q,p) is on the manifold S. We call P,
the reduction of P through equations (2.12)) and ([2.2]), but we still use P to denote
P;. Let J5£i be the reduction of J%, and define T; by:

ar; o1 J(SHZ»

de — du” du’
Theorem 3.9. If the Lagrangian of equation (3.4)) is non-singular, then via the
Legendre transformation (2.2)), the stationary equation (3.4)) is transformed into a
classical integrable Hamiltonian system:

,73H /778H
q; = op:’ p; = Er

i=0,1,2,.... (3.11)

(i=1,2,...,n) (3.12)
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where the Hamiltonian function

dH ol
—_— = —U,— 14
Iy = Uago (3.14)

and the involutive first integrals are T; (1 =0,1,2,...).

To prove this theorem, we define the Poisson bracket {-,-} in the symplectic
space (R*",w?) and prove that {T;} is an involutive system.

Definition 3.10. In the symplectic space (R?", w?), we define the Poisson bracket

as
Z 0AO0B 0AO0B

9q; 3]%‘ 377137%
where the symplectic structure w? = 31" | dp; A dqi =3, Zl]il dpyi A dqp;.

To prove {T;,T;} =0, {T;,H} =0 (4,5 = 1,2,...), we first give the following
theorem.

Theorem 3.11. Under the reduction through equations (2.12) and (2.2), the infi-
nite dimensional Hamiltonian integrable system

(4,8} = 2 LAl ala), (3.15)

ou 0H,,
—=J— 3.16
Ot ou ( )
is transformed into the finite dimensional Hamiltonian system on S,
T, T,
q; = , Dji=— 3.17
J 8pj J aq]' ( )
where 5 5
. q; Dy .
q; = atj pjzat—J, 7=12,...,n.
Proof. By (3.13)), we have
0*H
— =1 (j=12,...,n—1), 3.18
90,9951 ( ) (3.18)
0*H
=0 ((<s<norl<s<l-1), 3.19
pap. = = : (319
0’H
=0 (j<n). 3.20
Gy =0 < (3:20)

From Remark we see that g—i = 0 is only one of the Hamiltonian equations
(3.12)). Same as [20], the other equations of (3.12)) can be considered as a relation
between (qi1,...,qn,P1,---,0n) and (u,u u(®*=1). Hence, from the identity

formulas — we obtain
dly, 6l 6H, ,0H
@~ e’ s (g
On the other hand,

0H
)T 21

n

T, —~ 0T, m
Et RO e AP
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aT, " 0T, OH = 0Ty, OH
= P2 o a T 2w om
1 —a 9P dq — Y1 on

The identity (2.10)) is true for arbitrary u(z). Hence in (3.21]) we can consider that
p} is arbitrary. Thus, comparing the above two expressions, we obtain

§H,, 0T,

J = — 3.22
ou dp1 ( )
By (3.16) and ¢; = u, on S we have
. dq du 0H,, 0T,
ql = = = Ji prmd s
dty — dty, ou op1
ie.,
0T,
a1 = opy
We prove this theorem by mathematical induction. Let us assume ¢; = %Lp:_‘ (j=
1,2,...,k), then as j = k + 1, we have
d 0T,
j = () = —(=2). 3.23
dr+1 = (dr) dx( e ) ( )

Let A= (Ay,...,Ax)T, B and A; are the functionals with respect to

(¢,p) = (q1,42,- -, Gn P1, D2, - -, Pn) € R*™.
We define
{A,B} = ({A1,B},...,{An,B}".
Using of the Jacobi identity of the Poisson bracket and {T,,,H} =0 on S,

we have

dq dg, d . .
L= TR = ()

T =g T dt  dw
= (0 = L T = o T 1)
= —{Tm,H}, qx} — {H, a}, Tin} (3.24)
= {ar, B}, T}
={q, T}
s
 Oprgr
Hence
. 0T,
q; = p; , 7=12,....n
Next we prove the formulas
pj = —8(;;?, j=12,...,n
Since (¢n) = (¢,)", we have
T 1 oH ..
(apn) = (a—pn) . (3.25)
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By (3.18) — (3.20)) and the Jacobi identity of the the Poisson bracket, we have on
S

“~ 0°H 0T, a H
n- 3.26
apn Z Op.04; Op; | 0" (320
On the other hand,
8Tm / . ! .
= \4n) = naH
(Gp. ) = (@) = {dn, H}
= - = ns Tm I H
(G Y = o T 1)
=T, H} qn} - {{H an}, T}
_{{qu}T}_{a }
That is "
0?’H 0T, 0%*H 0T,
Z mo_ . (3.27)
3pn IpnOq; Op;  Op} Oqn
Comparing (3.26]) with -, we have
b = 0T,
T g
Now we use mathematical induction again. Let us assume p; = —%7;’; (j=n,n—
1,...,k). Then when j = k — 1, similarly we obtain
"\ 0°H 0T,, 0*H 0T, 0T,
= Z , (3.28)
« 9qr0q; Oq; " Pan0pn 900 | D
“~ 0°H 0T,,  0*H 0T,
— Pr_1- 3.29
=~ 2 g0, 00, + Bt 0 ! (329)
Using (3.18) and (p},) = (pk) we obtain
oT,
Pr_1 = — “ (k=n,n-1,...,3,2) (3.30)
Oqr—1
which completes the proof. ([
Corollary 3.12. The flows defined by equation (3.17)) commute with each other on
S.
Proof. From Theorem the solution operators of u;, = Jom= 5H"’ commute, and
when n =1, H; = H. Denoting t1 by x, the solution operators of U, = J‘SHTL and

=J % commute. By the invertibility of the general Legendre transformatlon

('LL, ’U/, cee 7u(2n—1) - (qap)v
we obtain that the solution operators determined by (3.17)) commute. ([

Theorem 3.13. System {T;} defined by (3.11) is an involutive system.

Proof. By Corollary the flows defined by equation commute. By a
theorem given by V.I. Arnold (see [7, page 211]), two flows commute if and only if
the Poisson bracket of their corresponding vector fields is equal to zero. Thus, we
obtain {T;,T;} = 0. O
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The involutivity of {T;} implies the following theorem.

Theorem 3.14. The Hamiltonian system defined by (3.17) is a FIH system in the
symplectic space (R*™,w?) on S.

Proof of Theorem[3.9. Since we have {T;,H} =0 (: =0,1,2,...) and {T},7;} =0
(i,7=0,1,2,...), the finite dimensional Hamiltonian system defined by (3.12]) is a
FIH system in the symplectic space (R?",w?) on S. O

Remark 3.15. The first component ¢; = w of system is the solution of
the higher order equation u,,, = J‘Sf—u’". When 2 = [a,a + T, we can obtain its
periodic solution and when ©Q = (—o0,+00), we can obtain the rapid decreasing
solution at infinity.

4. A SPECIAL EXAMPLE: THE AKNS HIERARCHY

By [1, page 54] the mth order AKNS equation can be written in the Hamiltonian
form

Uy, = Jégn , (4.1)
where

u=(v,w)T,

-1 W)
H, = H,(v,w) = / Hnd,

Mo = —vw, )

H1 = — WUy,

o = — WUz + (wW0)?,

H3 = —WVggq + dowv, + vawz,

[y = —WVgpey + 6VWULW, + 5w2v:26 + 6vw g, — 2(wv)? + wrlwe,,

n—1

I

Hnt1 =W (i) + Z Metbn—1—F-
w/x k=0

Using integration by parts, we rewrite H,, as follows.

Hy = f/ wvdx,
Q

lef/uwmdx:/lex,
Q Q

Hy = / [wovs + (wv)?]dz = / Lade,
Q Q

HB = / [wx’Umm + 4’LU2’U’UE + wv2wm]d$ - / Ldeﬂ
o Q

H, = / [~WepVpe — w02 — VW2 — Swwvv, — 2(vw)d]|de = / Lydx,
Q Q
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an/Ln(u,u’,...,u(m))dx, n=20,1,2,...
Q

where
k if n =2k
m = nn= e, (k=0,1,2,...).
k+1 ifn=2k+1,
Lemma 4.1. The Lagrangian Lo, = Lo, (u, v/, ..., u(™) is non-singular.

Proof. The result of this lemma follows from the following formulas
Loy = (—1)" 0™ 4 (terms with order less than n),
and
_(_ (n+1) 0 1
o= [} ).
Thus, det @ # 0, and Lo, is non-singular. O

Consider the 2nth order stationary equation
2n
0Hy 61
CopntJ—=J—=0
; =5 ou

or 5T
-0
ou
where

2n 2n
I:ZCQn_lHl:/ZCQn_lle:c:/L(u,u/,...,u("))dx, (4.3)
1=0 2= Q

Co = 1, and C; are constants.

Theorem 4.2. Under the reduction of (2.2)) and (2.12)), where N = 2, the infinite
dimensional integrable AKNS hierarchy (4.1) can be transformed into the finite
dimensional integrable Hamiltonian system (3.17) on S. Where S is the solution

set of equation (4.2)).
For example, let n =2, C; =0 (i # 0), Cy = 1, the equation (4.2]) has the form

(LI |~ Wazae + GUwfC + SWVWay + dwwy vy + 2wV, — 6w3v?
Su | —Vegwr + 6wvg + 8w,y + dvvawy + 20%Wa, — 6V W

_ m .

The corresponding Legendre transformation is

(4.4)

q1 = (vaw)T = (Q117QZ1)T7
3= (v,w)I = (q12,22)7,

_ 0Ly (8L4>/ 20,02 — 8vwwy + wepe | P11
Toouw ou" | —2wuv? — 8vwug + Vg | P21

-]

ou" — Vg D22

D1
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It can be solved for u(®:

(v,w) = (q11,¢21),
(v,w)e = (q12, G22),
(v, W)zz = — (P22, P12),
(v, W)aaw = (P21 + 2651422 + 8q11q12G21, P11 + 2031012 + 811G21G22).

The Hamiltonian H corresponding to the Lagrangian L is

H = (qi2p11 + g22p21 — p12p22) + 2(1111(121)3 + q%qul + 8q11412G21 422 + Q%1Q§2~

Thus, the Euler-Lagrange equation (4.4]) is equivalent to the following classical
integrable Hamiltonian equation:

OH OH
/. = —_— l. = —— 1 = 1 2. 4.5
G=gp P 9, b (4.5)

And the involutive first integrals in pair are
ol _6H;

T,=— | —J

ou  du

Here the integral constants are zeros. By direct calculations we have:

de, 1=0,1,2,....

To = quip11 + q12p12 — (g21P21 + q22P22),
Ty = H = qiap11 + q2ap21 — p12p22 + 2(Q11¢121)3
+ 412031 + 8q11¢120421G22 + q11G5a;
Ty = —p11p22 + p21p12
+ 2(q21G52022 — Q15212 + Q11G51P21 — G21451P11)
+ A(—q11q12¢21P22 + q11G22421P12) + 6(471 051022 — 451051 012),
Ts = (243,12 + 211021022 + P11) (2431422 + 2q11G21q12 + P21)
— (g21p22 + QP12 + Q12g22 + 307165,

9 (4 o
= (D) = % 4.6
ot; (pj> (—g&) (4.6)

are the constraining AKNS equations on S. Let i = 2 and ¢ = 3 in (4.6)), we obtain
the following systems

Moreover,

O lqu| _ [=pe2— 22147 (4.7)
Oty |qo1 P12+ 2q1143, |’ '
9 lau| _ [pa+ 2422431 + 2q11921 a2 (4.8)
Ots |21 P11+ 212031 + 2q11G21922] '

Or
ou v [ vaa —2w0® | _ 0H>
. T —wge + 2002 T 7 Su ]

87u B {v] B {vmz GUwvx] J5H3
t

Wery — GU’wwx ou '
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Remark 4.3. Note that systems (4.5)), and (4.8) are new finite dimensional
completely integrable Hamiltonian systems derived from the infinite dimensional
integrable AKNS system using our new method.

Also, systems (4.5]), (4.7) and (4.8) are perhaps the easiest ones to construct out
of infinitely many finite dimensional completely integrable Hamiltonian systems.

They can be obtained by taking different coefficients Co,,_; or different values of n

in .

Contrary to the beliefs of experts about twenty years ago that the finite dimen-
sional completely integrable Hamiltonian systems are very rare, we have constructed
infinitely many of them.
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