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ANALYTIC SOLUTION TO A CLASS OF
INTEGRO-DIFFERENTIAL EQUATIONS

XUMING XIE

Abstract. In this paper, we consider the integro-differential equation

ε2y′′(x) + L(x)H(y) = N(ε, x, y,H(y)),

where H(y)[x] = 1
π

(P )
∫∞
−∞

y(t)
t−x

dt is the Hilbert transform. The existence and

uniqueness of analytic solution in appropriately chosen space is proved. Our
method consists of extending the equation to an appropriately chosen region

in the complex plane, then use the Contraction Mapping Theorem.

1. Introduction

The second order ordinary differential equations with singular perturbation have
been discussed in works such as [11, 18]. While singular integral equations have
also been studied systematically in [9]. Many physical problems can be modelled
by singular integro-differential equation

ε2y′′(x) + Q(x)y(x) + L(x)H(y) = N(ε2, x, y, y′,H(y),H(y′)), (1.1)

for x ∈ (−∞,+∞), where H(y)[x] = 1
π (P )

∫∞
−∞

y(t)
t−xdt is the Hilbert transform.

Saffman and Taylor [14] studied the displacement of a viscous fluid by a less vis-
cous fluid in a Hele-Shaw cell. It was noted that a single finger of the less viscous
fluid is eventually formed and propagates at constant velocity keeping a steady
shape. In the absence of surface tension (ε = 0), Saffman and Taylor obtained
a family of exact solutions. When the surface tension is non-zero, by conformal
mapping, Maclean and Saffman [8] have reduced the determination of the finger
to the solution of two coupled nonlinear integrodifferential equations. In Maclean-
Saffman equations, the integral term is a Cauchy type singular integral over the
interval [0,1]. By a transformation of the independent variable, Combescot et al [5]
and Chapman [4] cast the finger problem with small surface tension as an integrod-
ifferntial equation on the whole real line. By using Saffman-Taylor exact solutions,
the integrodifferntial equations of Combescot et al and Chapman can be reduced
to equation (1.1) with Q(x) 6= 0 and L(x) 6= 0. The works mentioned above include
numerical and asymptotic studies. Recently, Xie and Tanveer [20, 17] reformulated
the Saffman-Taylor finger problem as solving the integro-differential equation

ε2y′′(x) + Q(x)y′(x) = N(ε, x, y, y′,H(G[y])) (1.2)
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where G[y] is an operator. Existence of steadily translating finger solutions (i.e
analytic solution of (1.2)) were proved rigorously if relative finger width is in a set
of infinite discrete values and surface tension is sufficiently small.

Dendritic crystal growth has long been a subject of interest to both physicists
and Mathematicians. The simplest example of dentrite growth is the growth of
needle crysyal in solidification from a pure undercooled melt. The growth of a
steadily moving interface between solid and liquid is the ultimate evolution of the
Mullins-Sekerka instability. When surface tension is neglected, Ivanstov [6] found
an infinite continuous family of parabolic crystal interfaces. When surface tension
is taken into account, in the limit of small Peclet number, Pelce and Pomeau [12, 1]
reduced the Nash-Gicksman [10] equation to a simpler set of integrodifferential
equations in which the singular integral terms are no longer of Cauchy type. In
a recent work, Xie [19] reduced the one-sided needle crystal growth problem to
solving an integrodifferential equation of form (1.2); symmetric analytic solutions
are obtained if the surface tension is small and the crystalline anisotropy is in a set
of infinite discrete values.

In this paper, we consider (1.1) with L(x) 6= 0, Q(x) = 0, and N does not depend
on y′. i.e., equations of form

ε2y′′(x) + L(x)H(y) = N(ε, x, y,H(y)) . (1.3)

We believe that the method developed in this paper will be useful for other type of
integro-differential equations such as Nash-Glicksman equations [10, 12, 15] for the
two-sided steady needle crystal growth problem.

Although equation (1.3) is given on the real x axis, we will extend the equation
to some domains in the complex plane as in the viscous fingering case ([20, 17]).
The main reason to go to complex plane is that it is possible to control the nonlocal
integral terms in (1.3) and estimate the decay rate of the derivatives.

Notation and Main result. We define regions in complex z-plane:

Definition 1.1. Let Rα,ϕ be an open connected region on the complex plane
bounded by the lines

ru = ru,1 ∪ ru,2 ∪ ru,3, rl = rl,1 ∪ rl,2 ∪ rl,3

where

ru,1 = {z : z = αi−R + re(π−ϕ)i, 0 ≤ r ≤ ∞},
ru,2 = {z : z = αi + r,−R ≤ r ≤ R},

ru,3 = {z : z = αi−R + reϕi, 0 ≤ r ≤ ∞},

rl,1 = {z : z = −α

2
i−R + re(π+ ϕi

2 ), 0 ≤ r ≤ ∞},

rl,2 = {z : z = −α

2
i + r,−R ≤ r ≤ R},

rl,3 = {z : z = −α

2
i−R + re−

ϕi
2 , 0 ≤ r ≤ ∞},

where 1 > α > 0, 0 < ϕ < π/2 and R > 0.

Denoting by ∗ the complex conjugate, we define

R̃α,ϕ = R∗
α,ϕ ≡ {z∗ : z ∈ R} (1.4)
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Figure 1. Region Rα,ϕ in the complex plane

Definition 1.2. We define function

P (z) =
∫ z

0

√
iL(t)dt, P̃ (z) =

∫ z

0

√
−iL(t)dt (1.5)

We assume that there exist numbers 1 > α0 > 0, R > 0 and π
2 > ϕ0 > 0, so that

L(z), P (z), and P̃ (z) satisfy the following properties:
Property 1. L(z) is analytic in Rα0,ϕ0 ∪ R̃α0,ϕ0 , and L(z) 6= 0 in Rα0,ϕ0 ∪ R̃α0,ϕ0

and
|L(z)| = C|z|γ(1 + o(1)), |L′(z)| = C|z − 2i|γ−1(1 + o(1)), (1.6)

|L′′(z)| = C|z − 2i|γ−2(1 + o(1)) as |z| → ∞, z ∈ Rα0,ϕ0 ∪ R̃α0,ϕ0 (1.7)

where γ > −2 and C independent of ε.
Property 2. A branch of

√
iL and

√
−iL in (1.5) can be chosen so that P (z)

and P̃ (z) are analytic in Rα0,ϕ0 ∪ R̃α0,ϕ0 and Re P (−∞) = −∞ , Re P (∞) =
∞,Re P̃ (−∞) = −∞ , Re P̃ (∞) = ∞ .
Property 3. For Re z ≥ R, 0 < α ≤ α0, 0 < ϕ ≤ ϕ0, Re P (t) (resp. Re P̃ (t)) is
increasing with increasing s along any ray r = {t : t = z + seiθ, 0 < s < ∞,−ϕ <

θ < ϕ} in Rα,ϕ (resp. in R̃α,ϕ) from z to z+∞eiθ and C1|t−2i|γ/2 ≤ d
ds Re P (t(s))

( resp. C1|t − 2i|γ/2 ≤ d
ds Re P̃ (t(s))) where C1 is a constant which can be made

independent of ε and C1 > 0.
Property 4. For Re z ≤ −R, 0 < α ≤ α0, 0 < ϕ ≤ ϕ0, Re P (t) (resp. Re P̃ (t)
) is decreasing with increasing s along ray r = {t : t = z + sei(π−θ), 0 < s <

∞,−ϕ < θ < ϕ} in Rα,ϕ (resp. R̃α,ϕ) from z to z +∞ei(π−ϕ) and d
ds Re P (t(s)) ≤

−C2|t− 2i|γ/2,(resp. d
ds Re P̃ (t(s))| ≤ −C2|t− 2i|γ/2) where C2 is constant which

can be made independent of ε and C2 > 0.
Property 5. For any z ∈ Rα,ϕ (resp. z ∈ R̃α,ϕ), 0 < α ≤ α0, 0 < ϕ ≤ ϕ0, there
is a path P(z,∞) in Rα,ϕ (resp. P̃(z,∞) in R̃α,ϕ) which is C1 curve connecting z

to ∞ so that d
ds [Re P (t(s))] ≥ C|t− 2i|γ/2 > 0 for t(s) ∈ P(z,∞)

( resp. d
ds [Re P̃ (t(s))] ≥ C|t − 2i|γ/2 > 0 for t(s) ∈ P̃(z,∞)), s being an arc

length of P(z,∞) (resp. P̃(z,∞)), which increases toward t = ∞.



4 XUMING XIE EJDE–2003/33

Property 6. For any z ∈ Rα,ϕ,(resp. z ∈ R̃α,ϕ), 0 < α ≤ α0, 0 < ϕ ≤ ϕ0, there is
a path P(z,−∞) in Rα,ϕ (resp. P̃(z,−∞) in R̃α,ϕ) which is C1 curve connecting
z to −∞ so that d

ds [Re P (t(s))] ≤ −C|t− 2i|γ/2 < 0 for t(s) ∈ P(z,∞)
( resp. d

ds [Re P̃ (t(s))] ≤ −C|t − 2i|γ/2 < 0 for t(s) ∈ P̃(z,∞)), s being an arc
length of P(z,−∞) (resp. P̃(z,−∞)), which increases toward t = −∞.

Remark 1.3. In section 4, we are going to give two explicit functions of L(z) and
region Rα0,ϕ0 so that Property 1-6 hold. Note that Property 1-6 are crucial to
prove Lemmas 2.12 and 2.13.

We assume that N(ε, z, u, v) can be written as

N(ε, z, u, v) =
n∑

k=2

pk(z)Tk(u, v) + ε2
l∑

k=0

fk(z)Qk(u, v) (1.8)

where Qk(u, v), Tk(u, v) is analytic in {(u, v) : |u| < 1
ρ , |v| < 1

ρ} and

Qk(u, v) =
∑

αk+βk≥k

qαk,βk
uαkvβk , Tk(u, v) =

∑
αk+βk≥k

tαk,βk
uαkvβk ,

|qαk,βk
| ≤ Aραk+βk , |tαk,βk

| ≤ Aραk+βk ,

(1.9)

where A and ρ are some positive constants. Then fk(z) and pk(z) are analytic in
Rα0,ϕ0 ∪ R̃α0,ϕ0 and for z ∈ Rα0,ϕ0 ∪ R̃α0,ϕ0 ,

|fk(z)| ≤ C|z − 2i|−τ+γ+kτ , |pk(z)| ≤ C|z − 2i|−τ+γ+kτ (1.10)

Let 0 < τ < 1 be fixed and independent of ε. Let D be any connected open set
in complex z-plane. We introduce the following function spaces:

Ak(D) =
{
y(z) : y(z) is analytic in D and continuous in D,

with sup
z∈D

|(z − 2i)k+τy(z)| < ∞
}

for k = 0, 1, with ‖y‖k,D := supz∈D |(z − 2i)k+τy(z)|
Clearly, Ak(D) are Banach spaces, and A2(D) ⊂ A1(D) ⊂ A0(D) ≡ A(D).

Ak ≡ Ak(Rα0,ϕ0), ‖y‖k = ‖ · ‖k,Rα0,ϕ0
for y ∈ Ak

Ãk ≡ Ak(R̃α0,ϕ0), ‖ỹ‖k = ‖ · ‖k,R̃α0,ϕ0
for ỹ ∈ Ãk

Let δ be a constant such that 0 < δ < 1, We define

A0,δ = {y : y ∈ A0, ‖y‖0 ≤ δ}, Ã0,δ = {ỹ : ỹ ∈ Ã0, ‖ỹ‖0 ≤ δ} (1.11)

We will prove the following result.

Theorem 1.4. For sufficiently small ε and δ, there exists a unique solution y ∈
A0,δ(Rα0,ϕ0 ∪ R̃α0,ϕ0) to equation (1.3). Furthermore ‖y‖0,Rα0,ϕ0∪R̃α0,ϕ0

∼ O(ε2).

The proof of this Theorem will be given at the end of §3, after some preliminary
results. The solution strategy followed in this paper is as follows: In §2, we first
derive two integro-differential equations. One is the extension of equation (1.3)
to the upper part of R and the other is the extension of equation (1.3) to lower
part of R̃. Since the integral terms I± derived from the Hilbert transform H (see
Definition 2.4 in the sequel) are not contraction terms (or small terms), the classical
contraction argument does not work for both equations. By integration by parts
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and Hilbert Inverse transform, we can change the integral term into a small term.
However in doing so, we get derivatives of I±, the classical contraction argument
still fails. To circumvent this difficulty, we formulate a coupled system of integral
equations using the equations in {Im z > 0}∩R and in {Im z < 0}∩R̃ at the same
time. In §3, we use contraction argument to show the existence and uniqueness of
solution to the coupled system of integral equations. Then, we further show the
solution to the coupled system is actually the solution to (1.3). In §4, in order
to demonstrate the relevance of the method, we give two explicit functions for
L(x) in (1.3) and show that there are constants α0 and ϕ0 so that property 1-6
hold in Rα0,ϕ0 . Therefore, Theorem 1.4 can be applied to these two examples.
These simple model problems are derived from more complex and physically sound
problem [8, 15, 2].

2. Formulation of equivalent integral equations in complex regions

In this section, for simple notation, we use R to denote Rα0,ϕ0 and R̃ to denote
R̃α0,ϕ0 respectively. We will use C (and sometimes C1, C2) as generic constant,
whose value is allowed to differ from Lemma to Lemma and from line to line.
However C does not depend on ε.

Lemma 2.1. Let Γ = {t, t = ξ0 + ρeiϕ, 0 ≤ ρ < ∞} be a ray, with 2i not in Γ. D
is a region with dist(2i,D) > 0 and

dist(ξ, Γ) ≥ m|ξ − ξ0| > 0; for ξ ∈ D; (2.1)

dist(t,D) ≥ m|t− ξ0|; for t ∈ Γ; (2.2)

dist(t, 2i) ≥ m|t− ξ0|; for t ∈ Γ; (2.3)
for some constant m > 0 independent of ε. Assume g(ξ) to be a continuous function
on Γ with ‖g‖0,Γ < ∞, then for k = 0, 1, 2,

sup
D

∣∣(ξ − 2i)k+τ

∫
Γ

g(t)
(t− ξ)k+1

dt
∣∣ ≤ C‖g‖0,Γ; (2.4)

where constant C that depends on ϕ and m only .

Proof. This lemma was proved in [20], we give the proof here for completeness.∣∣(ξ − 2i)k+τ

∫
Γ

g(t)
(t− ξ)k+1

dt
∣∣ ≤ ‖g‖0,γ |ξ − 2i|k+τ

∫
Γ

|dt|
|(t− ξ)|k+1|t− 2i|τ

; (2.5)

On Γ,t− ξ0 = ρeiϕ, |dt| = dρ. Breaking up the integral in (2.5) into two parts:∫
Γ

|dt|
|(t− ξ)|k+1|t− 2i|τ

=
∫ |ξ−ξ0|

0

dρ

|(t− ξ)|k+1|t− 2i|τ
+

∫ ∞

|ξ−ξ0|

dρ

|(t− ξ)|k+1|t− 2i|τ
; (2.6)

for the first integral in (2.6),we use (2.1) and (2.3) and for the second, we use (2.2)
and (2.3) to obtain:(on scaling ρ by |ξ − ξ0|)∫

Γ

|dt|
|(t− ξ)|k+1|t− 2i|τ

=
C

|ξ − ξ0|k+τ
(
∫ 1

0

dρ

ρτ
+

∫ ∞

1

dρ

ρk+τ+1
);

�
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Figure 2. Angular subset D′ of D
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Figure 3. Relevant to Lemma 2.1 and Remark 2.3

Definition 2.2. Let D be an open connected set in complex plane with one or
more straight line boundaries. D′ is defined as an angular subset of D if D′ ⊂ D,
dist(D′, ∂D) > 0 and D′ has straight line boundaries that make a nonzero angle
with respect to ∂D asymptotically at large distances from the origin (see Figure
2). This means that if z′ ∈ D′ and z ∈ ∂D,then dist(z, ∂D′) ≥ C|z| sin θ0, as
|z| → ∞; dist(z′, ∂D) ≥ C|z′| sin θ0, as |z′| → ∞,where C is some positive constant
and 0 < θ0 ≤ π/2.

Remark 2.3. Note if Γ is in D′c,an angular subset of Dc (complement of D),then
(2.1) and (2.2) hold (see Figure 2 ). Also note (2.3) is valid for any Γ in R.
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Definition 2.4. Let y be continuous on (−∞,∞) and and ‖y‖0,(−∞,∞) < ∞, we
define I+(y)(z) and I−(y)(z) as

I+(y)(z) =
1
π

∫ ∞

−∞

y(t)
t− z

dt for Im z > 0; (2.7)

I−(y)(z) =
1
π

∫ ∞

−∞

y(t)
t− z

dt for Im z < 0; (2.8)

Lemma 2.5. If y ∈ A0 and ỹ ∈ Ã0, then
(1) I+(y) ∈ A0, ‖I+(y)‖0 ≤ C‖y‖0.
(2) dk

dzk I+(ỹ) ∈ Ak, ‖ dk

dzk I+(ỹ)‖k ≤ C‖ỹ‖0 for any integer k ≥ 1

Proof. (1) For z ∈ {Im z ≥ 0}, By Cauchy integral formula, we have

I+(y)(z) =
1
π

∫
rl

y(t)
t− z

dt (2.9)

Using Lemma 2.1 with D = {Im z > 0},we have sup
D
|(z − 2i|τ |I+(y)| ≤ C‖y‖0.

For z ∈ {Im z < 0} ∩ R, by Plemelj formula and Cauchy integral formula, I+(y)
can be analytically continued to low part of R,

I+(y)(z) = I−(y)(z) + 2iy(z) =
1
π

∫
ru

y(t)
t− z

dt + 2iy(z); (2.10)

Using Lemma 2.1 withD = {Im z < 0}∩R, we have sup
D
|(z−2i|τ |I−(y)(z)| ≤ C‖y‖0.

Using (2.10) and y ∈ A0, we get the lemma.
(2) For z ∈ {Im z ≥ 0},By Cauchy integral formula,we have

dk

dzk
I+(ỹ) =

1
k!π

∫
r̃u

ỹ(t)
(t− z)(k+1)

dt (2.11)

where r̃u = [ru]∗. Using Lemma 2.1 with D = {Im z > 0}, we have supD |z −
2i|k+τ | dk

dzk I+(ỹ)| ≤ C‖ỹ‖0. For z ∈ {Im z < 0} ∩ R, by (2.8), Cauchy integral
formula and Plemelj formula, I+(ỹ) can be analytically continued to low part of R̃,

I+(ỹ) = I−(ỹ) + 2iỹ =
1
π

∫
r̃l

ỹ(t)
t− z

dt + 2iỹ; (2.12)

So
dk

dzk
I+(ỹ) =

dk

dzk
I−(ỹ) + 2i

dk

dzk
ỹ =

1
k!π

∫
r̃l

ỹ(t)
(t− z)k

dt + 2i
dk

dzk
ỹ; (2.13)

Using Lemma 2.1 with D = {Im z < 0} ∩ R, we have sup
D
|z − 2i|k+τ | dk

dzk I−(ỹ)| ≤

C‖ỹ‖0. Now by the Cauchy integral formula: for z ∈ {Im z < 0} ∩ R

ỹ(z) =
1

2πi

∫
r̃u

−
∫

r̃l

ỹ

(t− z)
dt; (2.14)

where r̃l = [rl]∗, r̃u = [ru]∗. So

dk

dzk
ỹ(z) =

1
2k!πi

∫
r̃u

−
∫

ỹl

ỹ

(t− z)k+1
dt; (2.15)

Using Lemma 2.1 with D = {Im z < 0} ∩ R which is an angular subset of R̃, we
have sup

D
|(z − 2i|k+τ | dk

dzk (ỹ)| ≤ C‖ỹ‖0. �
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Remark 2.6. In general, from Cauchy integral formula and Lemma 2.1, the following
statements are true:

(1) If y ∈ A0(D) and D′ is an angular subset of D, then dky
dzk ∈ Ak(D′) and

‖dky
dzk ‖k,D′ ≤ C‖y‖0,D.

(2) If y ∈ A0(D), (−∞,∞) ⊂ D, then I±(y) ∈ A0(D) and ‖I±(y)‖0,D ≤
C‖y‖0,D.

(3) If y ∈ A0(D), D′∩{Im z < 0} is an angular subset of D, and (−∞,∞) ⊂ D,
then for any integer k ≥ 1, dkI+(y)

dzk ∈ Ak(D′) and ‖dkI+(y)
dzk ‖k,D′ ≤ C‖y‖0,D.

(4) If y ∈ A0(D), D′∩{Im z > 0} is an angular subset of D, and (−∞,∞) ⊂ D,
then for any integer k ≥ 1, dkI−(y)

dzk ∈ Ak(D′) and ‖dkI−(y)
dzk ‖k,D′ ≤ C‖y‖0,D.

Lemma 2.7. If y ∈ A0 and ỹ ∈ Ã, then
(1) I−(ỹ) ∈ Ã0, ‖I−(ỹ)‖0 ≤ C‖ỹ‖0
(2) dk

dzk I−(y) ∈ Ãk, ‖ dk

dzk I−(y)‖k ≤ C‖y‖0 for any integer k ≥ 1

The proof of this lemma is parallel to that of Lemma 2.5.

Lemma 2.8. If y ∈ A0 and ỹ ∈ Ã0, then

(1) The Hilbert transform H(y)(x) = (P )
∫∞
−∞

y(t)
t−xdt can be extended to region

R and H(y)(z) ∈ A0,‖H(y)‖0 ≤ C‖y‖0.
(2) The Hilbert transform H(ỹ)(x) = (P )

∫∞
−∞

ỹ(t)
t−xdt can be extended to region

R̃ and H(ỹ)(z) ∈ Ã0,‖H(ỹ)‖0 ≤ C‖ỹ‖0.

Proof. We prove only (1). The proof of (2) is similar. Using Plemelj formula, we
have

H(y)(z) = I+(y)(z)− iy(z); for z ∈ {Im z > 0} ∩ R
H(y)(z) = I−(y)(z) + iy(z); for z ∈ {Im z < 0} ∩ R

(2.16)

the lemma follows from Lemma 2.5. �

Formulation of Equivalent integral equations.

Lemma 2.9. Let y(z) ∈ A0, then y(z) is a solution of (1.3) on real axis, if and
only if y(z) satisfies

ε2y′′(z)− iL(z)y(z) = −L(z)I+(y)(z) + N(ε, z, y, I+(y)− iy), (2.17)

for z ∈ R ∩ {Im z > 0}.

Proof. If y ∈ A0 satisfies (1.3), extending (1.3) to upper half complex plane Im
z > 0 and using Plemelj formulae and Lemma 2.8, we get the equation (2.17).
Conversely, in (2.17) , let z go to to real axis from above, using Plemelj formulae,
we get (1.3). �

Lemma 2.10. If ỹ(z) ∈ Ã0 is a solution of (1.3) on real axis, then for z ∈
R̃ ∩ {Im z < 0}, ỹ(z) satisfies

ε2ỹ′′(z) + iL(z)ỹ(z) = −L(z)I−(ỹ)(z) + N(ε, z, ỹ, I−(ỹ) + iỹ), (2.18)

Proof. If y ∈ A0 satisfies (1.3), extending (1.3) to lower half complex plane Im
z < 0 and using Plemelj formulae and Lemma 2.8, we get the equation (2.18).
Conversely, in (2.18) , let z go to to real axis from below, using Plemelj formulae,
we get (1.3). �
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Note that the equation ε2φ′′ − iLφ = 0 has the following two Wentzel-Kramers-
Brillouin solutions (i.e WKB solutions):

Y1(z) = L−1/4(z) exp{1
ε
P (z)} (2.19)

Y2(z) = L−1/4(z) exp{−1
ε
P (z)} (2.20)

The Wronskian of these two solutions is

W = −
√

2(1 + i)
ε

, (2.21)

While two WKB solutions to ε2φ̃′′ + iLφ̃ = 0 are

Ỹ1(z) = L−1/4(z) exp{1
ε
P̃ (z)} (2.22)

Ỹ2(z) = L−1/4(z) exp{−1
ε
P̃ (z)} (2.23)

The Wronskian of Ỹ1(z) and Ỹ2(z) is

W̃ = −
√

2(1− i)
ε

, (2.24)

and Y1(z), Y2(z) satisfy the equation

ε2φ′′(z)− iL(z)φ(z) + ε2L1(z)φ(z) = 0 (2.25)

where

L1(z) =
L′′(z)
4L(z)

− 5(L′(z))2

16L2(z)
(2.26)

Remark 2.11. From Property 1, L1(z) is analytic in R ∪ R̃, and L1(z) ∼ O(|z −
2i|−2).

The functions Ỹ1(z), Ỹ2(z) satisfy the equation

ε2φ̃′′(z) + iL(z)φ̃(z) + ε2L1(z)φ̃(z) = 0 (2.27)

so (2.17) can be written as

ε2φ′′ − iL(z)φ(z) + L1(z)ε2φ(z) = −L(z)I+(φ)(z) + N1(ε, φ)(z) (2.28)

where N1 is an operator

N1(ε, φ)(z) = ε2L1(z)φ(z) + N(ε, z, φ(z), I+(φ)(z)− iφ(z)), (2.29)

while (2.18) can be written as

ε2φ̃′′ + iL(z)φ̃(z) + L1(z)ε2φ̃(z) = −L(z)I−(φ̃) + Ñ1(ε, φ̃)(z), (2.30)

where Ñ1 is an operator defined by

Ñ1(ε, φ̃) = ε2L1(z)φ̃(z) + N(ε, z, φ̃(z), I−(φ̃)(z) + iφ̃(z)), (2.31)

Lemma 2.12. If supR |y(z)(z − 2i)m| < ∞, for m ≥ 0 ,then

|Y1(z)
∫ z

∞
y(t)Y2(t)dt| ≤ ε

C sup |(z − 2i)my(z)|
|z − 2i|γ+m

for z ∈ R,

where C is a constant independent of ε and y(z).
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Proof. Case 1: when Re z > 2R, on path P = {t : t = z + s, 0 < s < ∞},
Re(P (t)− P (z)) goes from 0 to ∞ as s →∞.

|Y1(z)
∫ z

∞
y(t)Y2(t)dt|

= |L−1/4

∫ ∞

z

y(t)L(t)−1/4e
− 1√

2ε
(P (t)−P (z))

dt|

≤ sup |(z − 2i)my(z)| |L(z)|−1/4

∫ ∞

z

|L(t)|−1/4|t− 2i|−me−
1
ε Re(P (t)−P (z))dt

≤ ε sup |(z − 2i)my(z)| |L(z)|−1/4

∫ ∞

0

|L(t(s))|−1/4|t(s)− 2i|−m

Re P ′(t(s))
d[e−

1
ε Re(P (t)−P (z))]

Note that |L−1/4(z)| ∼ C|z − 2i|−γ/4, |z − 2i| ≤ |t− 2i| for t on the integral range,
and we have Re P ′(t(s))| ≥ C|t− 2i|γ/2, so we have

∣∣Y1(z)
∫ z

∞
y(t)Y2(t)dt

∣∣ ≤ Cε sup |(z − 2i)my(z)||z − 2i|−m−γ

Case 2: when |Re z| ≤ 2R, by property 5, there is a path P(z,∞) on which Re P (t)
increases as t goes from z to ∞. Using the same steps as in Case 1, we can get the
estimate.
Case 3: when Re z ≤ −2R, we choose paths connecting z to ∞ , P = P1 ∪
[Re z/2,∞), where

P1 = {t : t = Re z/2 + ρei arg(z−Re z
2 ), 0 ≤ ρ ≤ |z − Re z

2
|}

Note on P1,by Property 4, we have

Re(P (z)− P (t)) ≤ −C1

∫ |Re z|

|Re t|
rγ/2dr ≤ −C1(|Re z|1+γ/2 − |Re t|1+γ/2)

So

∣∣Y1(z)
∫
P1

y(t)Y2(t)dt
∣∣

=
∣∣L−1/4

∫
P1

y(t)L(t)−1/4e−
1
ε (P (t)−P (z))dt

∣∣
≤ sup |(z + i)my(z)||L(z)−1/4|

∫ |Re z|

|Re z/2|
|L(t)|−1/4|t− 2i|−me−

1
ε Re(P (t)−P (z))dt

≤ C sup |(z + i)my(z)||z|−m−γ/2

∫ |Re z|

|Re z|/2

e−C1
1
ε (|Re z|1+γ/2−t1+γ/2)dt

≤ Cε sup |(z + i)my(z)||z|−m−γ
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and

∣∣Y1(z)
∫ ∞

Re z/2

y(t)Y2(t)dt
∣∣

=
∣∣L−1/4

∫ ∞

Re z/2

y(t)L(t)−1/4e−
1
ε (P (t)−P (z))dt

∣∣
≤ sup |(z − 2i)my(z)||L(z)|−1/4

∫ ∞

Re z/2

|L(t)|−1/4|t− 2i|−me−
1
ε Re(P (t)−P (z))dt

≤ ε sup |(z − 2i)my(z)||L(z)−1/4|

×
∫ ∞

Re z/2

|L(t(s))|−1/4|t(s)− 2i|−m

Re P ′(t(s))
d
[
e−

1
ε Re(P (t)−P (z))

]
≤ Cε sup |(z − 2i)my(z)||L|−1/4e−

1
ε Re(P (Re z/2)−P (z))

≤ Cε sup |(z − 2i)my(z)||z − 2i|−m−γ

Note that

e−
1
ε Re(P (Re z/2)−P (z)) ≤ e−

C1
ε |Re z|1+γ

≤ C|z − 2i|−l

for any integer l > 0, which completes the proof. �

Lemma 2.13. If supR |y(z)|z − 2i|m| < ∞, for m ≥ 0, then z ∈ R,

∣∣Y2(z)
∫ z

−∞
y(t)Y1(t)dt

∣∣ ≤ ε
C sup |(z + i)my(z)|

|z − 2i|γ+m
,

where C is a constant independent of ε and y(z).

The proof is similar to the proof of Lemma 2.12.

Lemma 2.14. If supR̃ |ỹ(z)|z − 2i|m| < ∞, for m ≥ 0, then

∣∣Ỹ1(z)
∫ z

∞
ỹ(t)Ỹ2(t)dt

∣∣ ≤ ε
C max |(z − 2i)mỹ(z)|

|z − i|γ+m∣∣Ỹ2(z)
∫ z

−∞
ỹ(t)Ỹ1(t)dt

∣∣ ≤ ε
C max |(z − 2i)mỹ(z)|

|z − i|γ+m

where C is a constant independent of ε and ỹ(z).

The proof is similar to the proof of Lemmas 2.12 and 2.13.

Lemma 2.15. Let u, v ∈ A0,δ, then for δ sufficiently small and z ∈ R

|N(ε, z, u, v)| ≤ C|z − 2i|−τ+γ(ε2 + δ(‖u‖0 + ‖v‖0)) (2.32)
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Proof. By (1.8), (1.9) and (1.10):
|N(ε, z, u, v)|

≤
n∑

k=2

|pk(z)||Tk(u, v)|+ ε2
l∑

k=0

|fk(z)||Qk(u, v)|

≤ C
n∑

k=2

|z − 2i|−τ+γ+kτ
∑

αk+βk≥k

|tαk,βk
||u|αk |v|βk

+ ε2C
l∑

k=0

|z − 2i|−τ+γ+kτ
∑

αk+βk≥k

|qαk,βk
||u|αk |v|βk

≤ C
n∑

k=2

|z − 2i|−τ+γ+kτ
∑

αk+βk≥k

Aραk+βk(|z − 2i|−τ‖u‖)αk(|z − 2i|−τ‖v‖)βk

+ ε2C
l∑

k=0

|z − 2i|−τ+γ+kτ
∑

αk+βk≥k

Aραk+βk(|z − 2i|−τ‖u‖0)αk(|z − 2i|τ‖v‖0)βk

≤ C|z − 2i|−τ+γ
n∑

k=2

∑
αk+βk≥k

A(ρ(‖u‖0 + ‖v‖0))αk+βk

+ Cε2|z − 2i|−τ+γ
l∑

k=0

∑
αk+βk≥k

A(ρδ)αk+βk

(2.33)

If δ is less than 1
4ρ , then

n∑
k=2

∑
αk+βk≥k

A(ρ(‖u‖+ ‖v‖))αk+βk ≤ Cδ(‖u‖0 + ‖v‖0),

l∑
k=0

∑
αk+βk≥k

A(ρδ)αk+βk ≤ C

hence, the Lemma follows from (2.33). �

Lemma 2.16. Let ũ, ṽ ∈ Ã0,δ, then for δ sufficiently enough and z ∈ R̃
|N(ε, z, ũ, ṽ)| ≤ C|z − 2i|−τ+γ(ε2 + δ(‖ũ‖0 + ‖ṽ‖0)) (2.34)

The proof is similar to that of Lemma 2.15.
We want to convert (2.17) and (2.18) into integral equations by using variation

of parameters.

Definition 2.17. Define operator U so that for function N(z) satisfying

sup
z∈R

|z − 2i|m|N(z)| < ∞,m + γ > 0

U(N)[z] :=
Y1(z)√
2(1 + i)ε

∫ z

∞
N(t)Y2(t)dt− Y2(z)√

2(1 + i)ε

∫ z

−∞
N(t)Y1(t)dt (2.35)

Remark 2.18. In light of Lemma 2.12 and Lemma 2.13, we have

sup
z∈R

|z − 2i|m+γ |UN [z]| < C sup
z∈R

|z − 2i|m|N(z)|
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Definition 2.19. Let φ ∈ A0,δ, we define operator G(ε, φ) so that

G(ε, φ)[z] := U(N1(ε, φ))[z] (2.36)

Lemma 2.20. Let φ(z) ∈ A0,δ, then for sufficiently small δ, G(ε, φ) ∈ A0 and

‖G(ε, φ)‖0 ≤ C(δ‖φ‖0 + ε2) (2.37)

Proof. Since φ(z) ∈ A0,δ, by lemma 2.5, I+(φ) ∈ A0, ‖I+(φ)‖ ≤ C‖φ‖0. By (2.29)
and Lemma 2.15, we have

|N1(ε, t, φ)[z]| ≤ C|z − 2i|−τ+γ(ε2 + δ‖φ‖0)
Then the lemma follows from Remark 2.18. �

Lemma 2.21. Let φ(z) ∈ A0,δ, φ is a solution to (2.17) if and only if it is a
solution to the following integral equation:

φ(z) = U(−LI+(φ))[z] + G(ε, φ)[z] (2.38)

Proof. Using variation of parameters, the equation (2.17) is equivalent to the inte-
gral equation

φ(z) = C1Y1(z) + C2Y2(z) + U(−LI+(φ))[z] + G(ε, φ)[z]

since φ(z) ∈ A0,δ,by (1.6) and Lemma 2.5, we have |L(z)I+(φ)(z)| ≤ C|z−2i|−τ+γ .
By Remark 2.18, U(LI+(φ)) ∈ A0. Note Y1(z) → ∞ as z → −∞ and Y2(z) → ∞
as z →∞, we must have C1 = C2 = 0. �

By the same method, we convert (2.18) into integral equations.

Definition 2.22. Define operator Ũ so that for function Ñ(z) satisfying

sup
z∈R̃

|z − 2i|m|Ñ(z)| < ∞,m + γ > 0

Ũ(Ñ)[z] :=
Ỹ1(z)√
2(1− i)ε

∫ z

∞
Ñ(t)Ỹ2(t)dt− Ỹ2(z)√

2(1− i)ε

∫ z

−∞
Ñ(t)Ỹ1(t)dt (2.39)

Remark 2.23. In light of Lemma 2.14, we have

sup
z∈R̃

|z − 2i|m+γŨ(Ñ)[z] < sup
z∈R̃

|z − 2i|m|Ñ(z)|

Definition 2.24. Let φ̃(z) ∈ Ã0,δ, we define operator G̃(ε, φ̃) so that

G̃(ε, φ̃)[z] := U(Ñ1(ε, φ̃))[z] (2.40)

Lemma 2.25. Let φ̃(z) ∈ Ã0,δ, then for sufficiently small δ, G(ε, φ̃) ∈ Ã0 and

‖G̃(ε, φ̃)‖0 ≤ C(δ‖φ̃‖0 + ε2) (2.41)

The proof is similar to that of Lemma 2.20.

Lemma 2.26. Let φ̃(z) ∈ Ã0,δ, φ̃ is a solution to (2.18) if and only if it is a
solution to the following integral equation:

φ̃(z) = Ũ(−LI−(φ̃))[z] + G̃(ε, φ̃)[z] (2.42)

The proof is similar to the proof of Lemma 2.21.
We would not be able to use contraction argument in integral equation (2.38)

or (2.42) to get existence of solution, since the linear part of the left hand side of
(2.38) or (2.42), U(−LI±(φ)), is not a contraction. In the following lemma, we are
going to deal with this linear term.
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Lemma 2.27. Let φ(z) ∈ A0,δ, φ is a solution to (2.38) if and only if it is a
solution to the following integral equation:

φ(z) = iI+(G(ε, φ))(z) + iεI+(G1(φ, φ))(z) + G(ε, φ)[z] + εG1(φ, φ)[z] (2.43)

where G1 is an operator acting on two functions u and v

G1(u, v)[z] =
iY1(z)

2ε

∫ z

∞

(
1
4
L−1/2(t)L′(t)I+(u)(t) + L1/2(t)

d

dt
{I+(v)(t)}

)
Y2(t)dt

+
iY2(z)

2ε

∫ z

−∞

(
1
4
L−1/2(t)L′(t)I+(u) + L1/2(t)

d

dt
{I+(v)(t)}

)
Y1(t)dt (2.44)

Proof. Integrating by parts,

U(−LI+(φ)) = −iI+(φ) + εG1(φ, φ) (2.45)

From (2.38),(2.45):

φ(z) = −iI+(φ)(z) + G(ε, φ)[z] + εG1(φ.φ))[z] (2.46)

In above equation,Let Im z → 0+, i.e z goes to x = Re z on the real axis, using
Plemelj formulae:

H(φ)(x) = −iG(ε, φ)[x]− iεG1(φ, φ)[x] (2.47)

Using Hilbert inverse formulae:

φ(x) = iH(G(ε, φ))(x) + iεH(G1(φ, φ))(x) (2.48)

Extending (2.48) to upper half z-plane, we get (2.43).
Conversely,since the above steps are reversible,it can be seen that a solution φ ∈ A
to (2.43) satisfies (2.38). �

Lemma 2.28. Let φ̃(z) ∈ Ã0,δ, φ̃ is a solution to (2.42) if and only if it is a
solution to the following integral equation:

φ̃ = −iI−(G̃(ε, φ̃))− iεI−(G̃1(φ̃, φ̃)) + G̃(ε, φ̃) + εG̃1(φ̃, φ̃) (2.49)

where G̃1 is an operator acting on ũ and ṽ

G̃1(ũ, ṽ) = − iỸ1(z)
2ε

∫ z

∞

(
1
4
L−1/2(t)L′(t)I−(ũ) + L1/2(t)

d

dt
{I−(ṽ)(t)}

)
Ỹ2(t)dt

− iỸ2(z)
2ε

∫ z

−∞

(
1
4
L−1/2(t)L′(t)I−(ũ) + L1/2(t)

d

dt
{I−(ṽ)(t)}

)
Ỹ1(t)dt (2.50)

The proof is parallel to that of Lemma 2.27.
To get the small ε factor in front of G1(φ, φ) terms in equation (2.43), we paid

a price. Instead we get the derivative term d
dtI+(φ) in the expression of G1(φ, φ).

Since d
dtI+(φ) can not be estimated in terms of ‖φ‖0 (see Remark 2.6),we are not

be able to use contraction argument to prove existence in (2.43). Same situation is
true for (2.49). To circumvent this difficulty, we replace the derivative term d

dtI+(φ)
in G1(φ, φ) with d

dtI+(φ̃) to get G1(φ, φ̃), and d
dtI−(φ̃) in G̃1(φ̃, φ̃) with d

dtI−(φ) to
get G̃1(φ̃, φ) . That is, we consider a coupled system of integral equations:

φ(z) = iI+(G(εφ)) + iεI+(G1(φ, φ̃)) + G(ε, φ) + εG1(φ, φ̃) (2.51)

φ̃(z) = −iI−(G̃(ε, φ̃))− iεI−(G̃1(φ̃, φ)) + G̃(ε, φ̃) + εG̃1(φ̃, φ) (2.52)
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Remark 2.29. If φ ∈ A0,δ, φ̃ ∈ Ã0,δ are solutions to the coupled system (2.51) and
(2.52), and φ(x) = φ̃(x) for real x,then (2.51) is equivalent to (2.43) in R∪{Im z >

0},(2.52) is equivalent to (2.49) in R̃ ∪ {Im z < 0}. Therefore φ ≡ φ̃ in R∪ R̃, and
by lemma 2.9, Lemma 2.21 and Lemma 2.27, either φ or φ̃ is a solution to (1.3).

3. Existence and Uniqueness of Analytic Solutions

In this section, we use a contraction argument to prove the existence and unique-
ness of solutions of a coupled system. Then we argue that solutions to the coupled
system are solutions of (1.3).

Lemma 3.1. If y ∈ A0,δ, ỹ(z) ∈ Ã0,δ, then G1(y, ỹ) ∈ A0 and

‖G1(y, ỹ)‖0 ≤ C(‖y‖0 + ‖ỹ‖0) (3.1)

where C is independent of ε and y, ỹ.

Proof. By Lemma 2.5, d
dz I+(ỹ) ∈ A1, and ‖ d

dz I+(ỹ)‖1 ≤ C‖ỹ‖0. Since |L1/2| ∼
O(|z − 2i|γ/2), we have

sup
z∈R

|z − 2i|1+τ−γ/2|L1/2(z)
d

dz
I+(ỹ)| ≤ C‖ỹ‖0 (3.2)

By Lemma 2.5, I+(y) ∈ A0, ‖I+(y)‖0 ≤ C‖y‖0.Using (1.6), we have

sup
z∈R

|z − 2i|1+τ−γ/2|L−1/2(z)L′(z)I+(y)| ≤ C‖y‖0 (3.3)

The Lemma follows from Lemma 2.12, Lemma 2.13 and (2.44). �

Lemma 3.2. If y ∈ A0,δ, ỹ(z) ∈ Ã0,δ, then G̃1(ỹ, y) ∈ Ã0 and

‖G̃1(ỹ, y)‖0 ≤ C(‖y‖0 + ‖ỹ‖0). (3.4)

where C is independent of ε and y, ỹ.

The proof is similar to the proof of Lemma 3.1.

Lemma 3.3. If yk ∈ A0,δ, ỹk(z) ∈ Ã0,δ, then

‖G1(y1, ỹ1)−G1(y1, ỹ2)‖0 ≤ C(‖y1 − y2‖0 + ‖ỹ1 − ỹ2‖0) (3.5)

where C is independent of ε, yk, and ỹk.

Proof. By (2.44), G1(y, ỹ) is linear in y and ỹ, the lemma follows from lemma
3.1. �

Lemma 3.4. If yk ∈ A0,δ, ỹk(z) ∈ Ã0,δ, then

‖G̃1(ỹ1, y1)− G̃1(ỹ2, y2)‖0 ≤ C(‖y1 − y2‖0 + ‖ỹ1 − ỹ2‖0) (3.6)

where C is independent of ε, yk, and ỹk.

The proof is similar to the proof of Lemma 3.3.

Lemma 3.5. Let uk ∈ A0,δ, vk(z) ∈ A0,δ, then for sufficiently small δ,

|N(ε, z, u1, v1)−N(ε, z, u2, v2)| ≤ C|z−2i|−τ+γ(ε2+δ)(‖u1−u2‖0+‖v1−v2‖0) (3.7)

where C is independent of ε and uk, vk.
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Proof. For αk ≥ 1, βk ≥ 1,

|uαk
1 vβk

1 − uαk
2 vβk

2 |

≤ |(uαk
1 − uαk

2 )||v1|βk + |u2|αk |vβk

1 − vβk

2 |

≤ αk(|u1|αk−1 + |u2|αk−1)|u1 − u2||v1|βk + βk(|v1|βk−1 + |v2|βk−1)|v1 − v2||u2|αk

≤ |z − 2i|−(αk+βk)τ
{
2αkδαk+βk−1‖u1 − u2‖0 + 2βkδαk+βk−1‖v1 − v2‖0

}
≤ |z − 2i|−(αk+βk)τ

{
2(αk + βk)δαk+βk−1(‖u1 − u2‖0 + ‖v1 − v2‖0)

}
(3.8)

By (1.8) and (1.9):

|N(ε, z, u1, v1)−N(ε, z, u2, v2)|

≤
n∑

k=2

|pk(z)|
∑

αk+βk≥k

|tαk,βk
||uαk

1 vβk

1 − uαk
2 vβk

2 |

+ ε2
l∑

k=0

|fk(z)|
∑

αk+βk≥1

|qαk,βk
||uαk

1 vβk

1 − uαk
2 vβk

2 |

≤ C|z − 2i|−τ+γ(‖u1 − u2‖0 + ‖v1 − v2‖0)

×
n∑

k=2

∑
αk+βk≥k

Aραk+βk{2(αk + βk)δαk+βk−1}

+ Cε2|z − 2i|−τ+γ(‖u1 − u2‖0 + ‖v1 − v2‖0)

×
l∑

k=1

∑
αk+βk≥k

Aραk+βk{2(αk + βk)δαk+βk−1}

(3.9)

For δ ≤ 1
4ρ , ∑

αk+βk≥2

Aραk+βk{2(αk + βk)δαk+βk−1} ≤ Cδ

∑
αk+βk≥1

Aραk+βk{2(αk + βk)δαk+βk−1} ≤ C

Equation (3.7) follows from (3.9) and the inequalities above. �

Lemma 3.6. If yk ∈ A0,δ, then

‖G(ε, y1)−G(ε, y2)‖0 ≤ C(ε2 + δ)‖y1 − y2‖0 (3.10)

where C is independent of ε .

Proof. By lemma 2.5, we have I+(yk) ∈ A0, ‖I+(yk)‖ ≤ C‖yk‖0. Replacing uk =
yk, vk = I+(yk)− iyk in Lemma 3.5, we have

|N(ε, z, u1, v1)−N(ε, z, u2, v2)| ≤ C|z − 2i|−τ+γ(ε2 + δ)‖y1 − y2‖0 (3.11)

By Remark 2.11,

|ε2L1(z)(y1 − y2)| ≤ ε2|z − 2i|−τ−2‖y1 − y2‖0 . (3.12)

Then the lemma follows from (2.29), Definition 2.19 and Remark 2.18. �
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Lemma 3.7. If ỹk ∈ Ã0,δ, k = 1, 2 , then

‖G̃(ε, ỹ1)− G̃(ε, ỹ2)‖0 ≤ C(ε2 + δ)‖ỹ1 − ỹ2‖0 (3.13)

where C is independent of ε.

The proof is simimlar to the proof of Lemma 3.6.

Lemma 3.8. If φ ∈ A0,δ, φ̃ ∈ A0,δ is a solution of equations (2.51) and (2.52) for
sufficiently small δ but independent of ε, then ‖φ‖0 ≤ K0ε

2, ‖φ̃‖0 ≤ K0ε
2. where

K0 is some constant independent of ε.

Proof. By (2.51) and Lemmas 2.5, 2.20, 3.1:

‖φ‖0 ≤ ‖I+(G(ε, φ))‖0 + ε‖I+(G1(φ, φ̃))‖+ ‖G(ε, φ)‖0 + ε‖G1(φ, φ̃)‖0
≤ C1‖G(ε, φ)‖0 + C1ε‖G1(φ, φ̃)‖0
≤ C2(ε2 + δ‖φ‖0) + C2ε(‖φ‖0 + ‖φ̃‖0)

(3.14)

By (2.52), Lemmas 2.7, 2.25, 3.2:

‖φ̃‖0 ≤ ‖I−(G̃(ε, φ̃))‖0 + ε‖I−(G̃1(φ̃, φ))‖+ ‖G̃(ε, φ̃)‖0 + ε‖G̃1(φ̃, φ)‖0
≤ C1‖G̃(ε, φ̃)‖0 + C1ε‖G̃1(φ̃, φ)‖0
≤ C2(ε2 + δ‖φ̃‖0) + C2ε(‖φ‖0 + ‖φ̃‖0) .

(3.15)

Adding (3.15) to (3.14),

‖φ‖0 + ‖φ̃‖0 ≤ C3(ε + δ)(‖φ‖0 + ‖φ̃‖0) + C3ε
2 (3.16)

Choosing δ small enough so that C3(ε+ δ) ≤ 1
2 , the lemma follows from (3.16). �

Definition 3.9.

E = A0,δ ⊕ Ã0,δ (3.17)

‖(y, ỹ)‖E = ‖y‖A0 + ‖ỹ‖Ã0
(3.18)

It is clear that E is a Banach space.

Definition 3.10. Let

Eε = {(y, ỹ) ∈ E | ‖y‖0 ≤ Kε2, ‖ỹ‖0 ≤ Kε2}, (3.19)

Definition 3.11. For e = (φ, φ̃) ∈ E, we define operator O(e) as follows:

O(e) = (O1(e), O2(e)) (3.20)

where

O1(e) = iI+(G(ε, φ)) + iεI+(G1(φ, φ̃)) + G(ε, φ) + εG1(φ, φ̃) (3.21)

O2(e) = −iI−(G̃(ε, φ̃))− iεI−(G̃1(φ̃, φ))) + G̃(ε, φ̃) + εG̃1(φ̃, φ) (3.22)

Theorem 3.12. For sufficiently small ε and properly chosen K,the operator O(e)
is a contraction mapping from Eε to Eε; therefore there exists a unique solution
(φ, φ̃) ∈ Eε to (2.51),(2.52).
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Proof. By (3.21) and replacing δ = Kε2 in (3.14), we have ‖O1(e)‖0 ≤ Cε2 +
CKε3 + CKε4.By (3.22) and replacing δ = Kε2 in (3.15), we have ‖O2(e)‖0 ≤
Cε2 + CKε3 + CKε4. Hence for K suitably chosen, we have O(Eε) ⊂ Eε .
Let (φ1, φ̃1) ∈ Eε, (φ2, φ̃2) ∈ Eε. By (3.21), Lemmas 2.5, 3.3, 3.5:

‖O1(φ1, φ̃1)−O1(φ2, φ̃2)‖0
≤ ‖I+(G(ε, φ1)−G(ε, φ2))‖+ ε‖I+(G1(φ1, φ̃1)−G1(φ2, φ̃2))‖

quad + ‖(G(ε, φ1)−G(ε, φ2))‖+ ε‖(G1(φ1, φ̃1)−G1(φ2, φ̃2))‖

≤ C‖(G(ε, φ1)−G(ε, φ2))‖+ εC‖(G1(φ1, φ̃1)−G1(φ2, φ̃2))‖
≤ ε‖(y1 − y2, ỹ1 − ỹ2)‖E .

By (3.22), Lemmas 2.7, 3.4, 3.6, we have

‖O2(φ1, φ̃1)−O1(φ2, φ̃2)‖0
≤ ‖I−(G̃(ε, φ̃1)−G(ε, φ̃2))‖+ ε‖I−(G̃1(φ̃1, φ1)− G̃1(φ̃2, φ2))‖

+ ‖(G̃(ε, φ̃1)− G̃(ε, φ̃2))‖+ ε‖(G̃1(φ̃1, φ1)− G̃1(φ̃2, φ2))‖

≤ C‖(G̃(ε, φ̃1)− G̃(ε, φ2))‖+ εC‖(G̃1(φ̃1, φ1)− G̃1(φ̃2, φ2))‖

≤ Cε‖(φ1 − φ2, φ̃1 − φ̃2)‖E
�

Next, we show that φ ≡ φ̃ in the above Theorem. First, we show that u = φ− φ̃
satisfies a homogeneous differential equation on real axis. Then we use the a priori
estimates obtained in §2 and §3 to prove u ≡ 0.

Definition 3.13. We define the differential operators

Vφ = ε2φ′′ + (−iL + ε2L1)φ , (3.23)

Ṽφ̃ = ε2φ̃′′ + (iL + ε2L1)φ̃ . (3.24)

Remark 3.14. By (2.35) and (2.39), we have VUN = N and ṼŨÑ = Ñ .

Lemma 3.15. Let (φ, φ̃) be as in Theorem 3.12,then (φ, φ̃) satisfies the following
equation on real axis:

ε2φ̃′′+LH(φ) = ε2i(H(φ̃−φ))′′+ε2L1[(φ−φ̃)+iH(φ̃−φ)]+N(ε, x, φ,H(φ)) (3.25)

Proof. In equation (2.51), let Im z → 0+. Using Plemelj formula,

φ = iH(G(ε, φ)) + iεH(G1(φ, φ̃)), (3.26)

On the real axis. Applying Hilbert inverse Transform:

H(φ) = −iG(ε, φ)− iεG1(φ, φ̃) (3.27)

on real axis. Extending above to Im z > 0, and using Plemelj formula,

φ = −iI+(φ) + G(ε, φ) + εG1(φ, φ̃). (3.28)

Using (2.45), we have

−iI+(φ) = U(−LI+(φ))− εG1(φ, φ). (3.29)

Substituting (3.29) in (3.28), we have

φ = G(ε, φ) + εG1(φ, φ̃− φ) + U(−LI+(φ)) . (3.30)
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Using (2.45), we have

εG1(φ, φ̃− φ) = iI+(φ̃− φ) + U(−LI+(φ̃− φ)). (3.31)

Substituting (3.31) in (3.30), we have

φ = G(ε, φ) + U(−LI+(φ̃)) + iI+(φ̃− φ). (3.32)

Applying V to (3.30) and Using Remark 3.14,

Vφ = R1(ε, φ)− LI+(φ̃) + V(iI+(φ̃− φ)) (3.33)

Let Im z → 0+ in (2.33) and using Plemelj formula, we get the lemma. �

Lemma 3.16. Let (φ, φ̃) be as in Theorem 3.12, then (φ, φ̃) satisfies the following
equation on real axis:

ε2φ′′+LH(φ̃) = ε2i(H(φ̃−φ))′′+ε2L1[(φ̃−φ)+iH(φ̃−φ)]+N(ε, x, φ̃,H(φ̃)) (3.34)

Proof. Starting with (2.52), using the same steps as in the proof of Lemma 3.15,
we get the lemma. �

From now on in this section, we are going to work with different domains. We
use notation A(D) to indicate the dependence of function space on domain D. Let
R1 = Rα0,ϕ0 ∩ R̃α0,ϕ0 . By Definition 1.1,R1 = Rα0/2,ϕ0/2 ∪ R̃α0/2,ϕ0/2.

Lemma 3.17. Let (φ, φ̃) be as in Theorem 3.12,then

N(ε, x, φ̃,H(φ̃))−N(ε, x, φ,H(φ)) = B1(ε, x)(φ̃− φ) + B2(ε, x)H(φ̃− φ) (3.35)

where B1(ε, x) and B2(ε, x) can be extended to R1 and

sup
z∈R1

|z − 2i|τ−γ |Bj(ε, z)| ≤ Cε2, j = 1, 2 (3.36)

Proof. By Theorem 3.12, φ ∈ A(R1), φ̃ ∈ A(R1) and

‖φ‖0,R1 ≤ Kε2, ‖φ̃‖0,R1 ≤ Kε2 (3.37)

Let u1 = φ̃, v1 = H(φ̃) and u2 = φ, v2 = H(φ). By Lemma 2.5 and Lemma 2.7:

‖uj‖0,R1 ≤ Kε2, ‖vj‖0,R1 ≤ Kε2, j = 1, 2 (3.38)

For any integer m ≥ 1, define

gm(x) :=
[u1(x)]m − [u2(x)]m

u1(x)− u2(x)
=

m−1∑
k=0

uk
1um−1−k

2 (3.39)

hm(x) :=
[v1(x)]m − [v2(x)]m

v1(x)− v2(x)
=

m−1∑
k=0

vk
1vm−1−k

2 (3.40)

Then gm and hm can be extended to R1 and for z ∈ R1,

|gm(z)| ≤
∑

j+k=m−1

|uj
1||uk

2 |

≤
∑

j+k=m−1

{|z − 2i|−τ‖u1‖0}j{|z − 2i|−τ‖u2‖0}k

≤ Kmε2(m−1)|z − 2i|−τ(m−1)

(3.41)

Similarly
|hm(z)| ≤ Kmε2(m−1)|z − 2i|−τ(m−1) . (3.42)
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For αk + βk ≥ 1,

uαk
1 vβk

1 − uαk
2 vβk

2 = (uαk
1 − uαk

2 )vβk

1 + uαk
2 (vβk

1 − vβk

2 )

= (u1 − u2)gαk
vβk

1 + (v1 − v2)uαk
2 hβk

(3.43)

By (1.8) and (1.9), we have

N(ε, x, u1, v1)−N(ε, x, u2, v2) =
n∑

k=2

pk(x)
∑

αk+βk≥k

tαk,βk
[uαk

1 vβk

1 − uαk
2 vβk

2 ]

+ ε2
n∑

k=1

fk(x)
∑

αk+βk≥k

qαk,βk
[uαk

1 vβk

1 − uαk
2 vβk

2 ]

(3.44)
Substituting (3.43) in (3.44), we have (3.35) with B1 and B2 given by:

B1(ε, x) =
n∑

k=2

pk(x)
∑

αk+βk≥k

tαk,βk
gαk

(x)vβk

1 +ε2
n∑

k=1

fk(x)
∑

αk+βk≥k

qαk,βk
gαk

(x)vβk

1

(3.45)

B2(ε, x) =
n∑

k=2

pk(x)
∑

αk+βk≥k

tαk,βk
hαk

(x)vβk

1 +ε2
n∑

k=1

fk(x)
∑

αk+βk≥k

qαk,βk
hαk

(x)vβk

1

(3.46)
To obtain (3.36) and to show the convergence of the series in B1 and B2, we consider

n∑
k=2

|pk(x)|
∑

αk+βk≥k

|tαk,βk
||gαk

(x)||v1|βk

≤
n∑

k=2

|z − 2i|−τ+γ+kτ

×
∑

αk+βk≥k

Aραk+βk(αk(Kε2)αk−1|z − 2i|−τ(αk−1))(|z − 2i|−τ‖v1‖)βk

≤ |z − 2i|γ−τ
n∑

k=2

∑
αk+βk≥k

Aραk(Kε2ρ)αk+βk−1

≤ Cε2|z − 2i|γ−τ

(3.47)

The other series can be estimated similarly. Then the proof is complete. �

Lemma 3.18. Let u = φ− φ̃, then u satisfies the following homogeneous equation
on real axis:

ε2u′′ − LH(u) = −2ε2L1u + B1(ε, x)u + B2(ε, x)H(u) (3.48)

This lemma follows from Lemmas 3.16 and 3.17.

Lemma 3.19. The function u satisfies the homogeneous equations:

ε2u′′ + (iL + ε2L1)u = LI+(u)− ε2L1u + B1(ε, z)u + B2(ε, z)(I+(u)− iu) (3.49)

for z ∈ Rα0/2,ϕ0/2, and

ε2u′′ + (−iL + ε2L1)u = LI−(u)− ε2L1u + B1(ε, z)u + B2(ε, z)(I−(u) + iu) (3.50)

for z ∈ R̃α0/2,ϕ0/2.
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Proof. Extending (3.48) to {Im z > 0}, using Plemelj formula, we obtain (3.49).
While extending (3.48) to {Im z < 0}, using Plemelj formula, we obtain (3.50). �

Definition 3.20. We define operator

G̃2(ε, u)[z] := Ũ(−ε2L1u + B1(ε, z)u + B2(ε, z)(I+(u)− iu))[z] (3.51)

where Ũ is given by (2.39).

Lemma 3.21. If u ∈ A(Rα0/2,ϕ0/2), then G̃2(ε, u) ∈ A(Rα0/2,ϕ0/2) and

‖G̃2(ε, u)‖0,Rα0/2,ϕ0/2 ≤ Cε2‖u‖0,Rα0/2,ϕ0/2 (3.52)

Proof. By Remark 2.6, ‖I+(u)‖0,Rα0/2,ϕ0/2 ≤ C‖u‖0,Rα0/2,ϕ0/2 . Using (3.36), we
have∣∣−ε2L1u + B1(ε, z)u + B2(ε, z)(I+(u)− iu)

∣∣ ≤ Cε2|z − 2i|γ−τ‖u‖0,Rα0/2,ϕ0/2

(3.53)
We note that Lemma 2.14 still hold if we replace R̃ by Rα0/2,ϕ0/2, the lemma
follows from Lemma 2.14 , equation (3.51) and (3.53). �

Definition 3.22. We define operator G̃3(u) by

G̃3(u)[z] :=
iỸ1(z)

2

∫ z

∞
[L1/2(t)

d

dt
{I+(u)(t)}+

1
4
L−1/2(t)L′(t)I+(u)(t)]Ỹ2(t)dt

+
iỸ2(z)

2

∫ z

−∞
[L1/2(t)

d

dt
{I+(u)(t)}+

1
4
L−1/2(t)L′(t)I+(u)(t)]Ỹ1(t)dt (3.54)

Lemma 3.23. If u ∈ A(R1), then G̃3(u) ∈ A(Rα0/2,ϕ0/2) and

‖G̃3(u)‖0,Rα0/2,ϕ0/2 ≤ C‖u‖0,R1 (3.55)

Proof. Since Rα0/2,ϕ0/2 ∩ { Im z < 0} is an angular subset of R1,from Remark 2.6,
‖ d

dz I+(u)‖1,Rα0/2,ϕ0/2 ≤ C‖u‖0,R1 .
Since |L1/2| ∼ O(|z − 2i|γ/2), we have

sup
z∈Rα0/2,ϕ0/2

|z − 2i|1+τ−γ/2|L1/2(z)
d

dz
I+(u)| ≤ C‖u‖0,R1 (3.56)

By Lemma 2.5, I+(u) ∈ A0,R1 , ‖I+(u)‖0,R1 ≤ C‖u‖0,R1 .Using (1.6), we have

sup
z∈Rα0/2,ϕ0/2

|z − 2i|1+τ−γ/2|L−1/2(z)L′(z)I+(u)| ≤ C‖u‖0,R1 (3.57)

The proof follows from Lemma 2.14, (3.54), (3.56) and (3.57). �

Lemma 3.24. The function u satisfies the following integral equation for z ∈
Rα0/2,ϕ0/2:

u = i[I+(G̃2(ε, u))− iG̃2(ε, u)] + iε[I+(G̃3(u))− iG̃3(u)] (3.58)

Proof. Using variation of parameters in (3.49):

u = Ũ(LI+(u)) + G̃2(ε, u) (3.59)

Integration by parts,
Ũ(LI+(u)) = −iI+(u) + εG̃3(u) (3.60)
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From (3.59) and (3.60),

u = −iI+(u) + εG̃3(u) + G̃2 . (3.61)

In the above equation, let Im z → 0+, using Plemelj formula:

H(u) = −iεG̃3(u)− iG̃2 (3.62)

Taking inverse Hilbert Transforms,

u = iεH(G̃3(u)) + iH(G̃2). (3.63)

Extending (3.63) to Im z > 0, we complete the proof. �

Definition 3.25. We define operator

G2(ε, u)[z] := U(−ε2L1u + B1(ε, z)u + B2(ε, z)(I−(u) + iu)) (3.64)

where U is given by (2.35).

Lemma 3.26. If u ∈ A(R̃α0/2,ϕ0/2), then G2(ε, u) ∈ A(R̃α0/2,ϕ0/2) and

‖G2(ε, u)‖0,R̃α0/2,ϕ0/2
≤ Cε2‖u‖0,R̃α0/2,ϕ0/2

(3.65)

The proof is similar to the proof of Lemma 3.21.

Definition 3.27. We define operator

G3(u)[z] := − iY1(z)
2

∫ z

∞
[L1/2(t)

d

dt
{I−(u)(t)}+

1
4
L−1/2(t)L′(t)I−(u)(t)]Y2(t)dt

− iY2(z)
2

∫ z

−∞
[L1/2(t)

d

dt
{I+(u)(t)}+

1
4
L−1/2(t)L′(t)I−(u)(t)]Y1(t)dt (3.66)

Lemma 3.28. If u ∈ A(R1), then G3(u) ∈ A(R̃α0,ϕ0/2) and

‖G3(u)‖0,R̃α0,ϕ0/2
≤ C‖u‖0,R1 (3.67)

The proof is similar to the proof of Lemma 3.23.

Lemma 3.29. the function u satisfies the following integral equations for z ∈
R̃α0,ϕ0/2,

u = −i[I−(G2(ε, u) + iG2(ε, u))]− iε[I−(G3(u)) + iG3(u)] (3.68)

The proof is parallel to that of Lemma 3.24.

Lemma 3.30. Let (φ, φ̃) be as in Theorem 3.12, then φ ≡ φ̃ in R1

Proof. By (3.58), Lemmas 2.5, 3.21, 3.23, we have

‖u‖0,Rα0,ϕ0/2 ≤ ‖I+(G̃2(ε, u))‖0,Rα0,ϕ0/2 + ε‖I+(G̃3(u))‖0,Rα0,ϕ0/2

+ ‖G̃2(ε, φ)‖0,Rα0,ϕ0/2 + ε‖G̃3(u)‖0,Rα0,ϕ0/2

≤ C1‖G̃2(ε, u)‖0,Rα0,ϕ0/2 + Cε‖G̃3(u)‖0,Rα0,ϕ0/2

≤ C(ε + ε2)‖u‖0,R1 .

(3.69)

By (3.68), Lemmas 2.7, 3.26, 3.28, we have
‖u‖0,R̃α0,ϕ0/2

≤ ‖I−(G2(ε, u))‖0,R̃α0,ϕ0/2
+ ε‖I−(G3(u))‖0,R̃α0,ϕ0/2

+ ‖G2(ε, φ)‖0,R̃α0,ϕ0/2
+ ε‖G3(u)‖0,R̃α0,ϕ0/2

≤ C1‖G2(ε, u)‖0,R̃α0,ϕ0/2
+ Cε‖G3(u)‖0,R̃α0,ϕ0/2

≤ C(ε + ε2)‖u‖0,R1 .

(3.70)
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Adding (3.69) to (3.70),

‖u‖0,R1 ≤ ‖u‖0,R̃α0,ϕ0/2
+ ‖u‖0,Rα0,ϕ0/2 ≤ C(ε + ε2)‖u‖0,R1 . (3.71)

For sufficiently small ε, (3.71) implies ‖u‖0,R1 = 0. So u ≡ 0 in R1. �

The proof of Theorem 1.4 follows from Remark 2.29, Lemma 3.8, Lemma 3.12
and Lemma 3.30.

4. Some Explicit Examples

In this section we give explicit functions of L(x) so that Properties 1–6 hold.
Example 1 Let L(x) be constant. Without loss of generality, we assume L(x) ≡ 1,
then γ = 0, P (z) = ei π

4 z, P̃ (z) = e−i π
4 z. Let r = {t : z + seiθ, 0 ≤ s < ∞} be a

ray, and z be a complex number. Then along ray r,

Re P (t(s)) = s cos(
π

4
+ θ) + Re(ei π

4 z), Re P̃ (z) = t cos(−π

4
+ θ) + Re(e−i π

4 z).

Therefore,

d Re P (t(s)
ds

= cos(
π

4
+ θ) > 0, for − π

4
< θ <

π

4
,

d Re P (t(s)
ds

= cos(
π

4
+ θ) < 0, for

3π

4
< θ <

5π

4
,

d Re P̃ (t(s)
ds

= cos(
π

4
+ θ) > 0, for − π

4
< θ <

π

4
,

d Re P̃ (t(s)
ds

= cos(
π

4
+ θ) < 0, for

3π

4
< θ <

5π

4
,

Also for R > 0, on the line {Im t = constant,−R ≤ s = Re t ≤ R},

Re P (t(s)) = s cos
π

4
+ costant, Re P̃ (t(s)) = s cos

π

4
+ costant,

So
d Re P (t(s)

ds
= cos

π

4
> 0,

d Re P̃ (t(s)
ds

= cos
π

4
> 0,

Therefore, if we choose α0 and ϕ0 so that 0 < α0 < 1, 0 < ϕ0 < π
4 , R > 0 can be

chosen arbitrarily, then Property 1-6 hold from above equations.

Example 2 Let L(x) = x2 + a2 with a ≥ 1. Without loss of generality, we assume
L(x) = x2 + 1, then γ = 2, P (z) = ei π

4
∫ z

0

√
1 + t2dt, P̃ (z) = e−i π

4
∫ z

0

√
1 + t2dt,

where we use lines {ti : t ≥ 1} and {ti : t ≤ −1} as the branch cut of
√

t2 + 1 and√
t2 + 1 =

√
|t2 + 1|e1/2[arg(t+i)+arg(t−i)]

where − 3π
2 ≤ arg(t− i) ≤ π

2 ,−π
2 ≤ arg(t + i) ≤ 3π

2 .

Lemma 4.1. For θ ∈ (−π
2 , π

2 ), then as |z| → ∞ and t ∈ {t(s) : t(s) = z + seiθ, 0 <
s < ∞},

Re P (t(s)) = |t|2 cos(
π

4
+ 2θ)(1 + o(1)),

d Re P (t(s))
ds

= 2|t| cos(
π

4
+ 2θ)(1 + o(1)),

(4.1)
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Proof. Note that

P (t(s)) = ei π
4

∫ z

0

√
1 + ξ2dξ + ei π

4

∫ t

z

(s)
√

1 + ξ2dξ . (4.2)

The first integral of (4.2) is independent of s, and can be treated as a constant. We
choose the path of integration in the second integral of (4.2) to be the ray segment
{ξ : ξ = z + ρeiθ, 0 < ρ < s}, then

P (t(s)) = ei π
4

∫ s

0

√
(z + ρeiθ) + i

√
(z + ρeiθ)− ieiθdρ + constant

= sei(θ+ π
4 )

∫ 1

0

√
(z + sωeiθ) + i

√
(z + sωeiθ)− idω

(4.3)

The proof follows from the above equation and the fact that arg(z +sωeiθ + i) → θ,
arg(z + sωeiθ − i) → θ, as |z| → ∞. �

Lemma 4.2. For θ ∈ (−π
2 , π

2 ), if |z| → ∞ and t ∈ {t(s) : t = z +seiθ, 0 < s < ∞},
then

Re P̃ (t(s)) = |t|2 cos(−π

4
+ 2θ)(1 + o(1)),

d Re P̃ (t(s))
ds

= 2|t| cos(−π

4
+ 2θ)(1 + o(1)),

(4.4)

The proof is similar to the proof of Lemma 4.1.

Lemma 4.3. For θ ∈ (π
2 , 3π

2 ), if |z| → ∞ and t ∈ {t(s) : t = z + seiθ, 0 < s < ∞},
then

Re P (t) = |t|2 cos(−3π

4
+ 2θ)(1 + o(1)),

d Re P (t(s))
ds

= 2|t| cos(−3π

4
+ 2θ)(1 + o(1)),

(4.5)

Proof. The proof follows from (4.3) and the fact that arg(z + sωeiθ + i) → θ,
arg(z + sωeiθ − i) → θ − 2π, as |z| → ∞. �

Lemma 4.4. For θ ∈ (π
2 , 3π

2 ), if |z| → ∞ and t ∈ {t(s) : t = z + seiθ, 0 < s < ∞},
then

Re P̃ (t(s)) = |t|2 cos(−5π

4
+ 2θ)(1 + o(1)),

d Re P̃ (t(s))
ds

= 2|t| cos(−5π

4
+ 2θ)(1 + o(1)),

(4.6)

Lemma 4.5. Let R > 0 be any fixed number, there exists a number 0 < α0 < 1
so that d Re P (t(s))

ds > 1 on line segment {z : z = s + id,−R < s < R} where
−α0 ≤ d ≤ α0.

Proof. When t(s) is on the real axis, i.e., d = 0, we have

Re P (t(s)) = cos(π/4)
∫ s

0

√
1 + t2dt

so d Re P (z)
ds = 1 + s2 > 1. Since d Re P (t)

ds is continuous with respect to d, we get the
lemma. �
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Now by Lemmas 4.1–4.4, there exist R large enough and ϕ0 = π/8 so that

d Re P (t)
ds

> C|t| > 0,
d Re P̃ (t)

ds
> C|t| > 0 (4.7)

for z > R, t ∈ {t(s) = z + seiθ, 0 < s < ∞}, −ϕ0 < θ < ϕ0. Also

d Re P (t)
ds

< −C|t| < 0,
d Re P̃ (t)

ds
< −C|t| < 0 (4.8)

for z < −R, t ∈ {t(s) = z + sei(π−θ), 0 < s < ∞}, −ϕ0 < θ < ϕ0.
Choose α0 so that Lemma 4.5 holds. It can be checked easily that Properties

1–6 hold in Rα0,ϕ0 , by (4.7), (4.8) and Lemma 4.5.
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