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STATIONARY RADIAL SOLUTIONS FOR A QUASILINEAR
CAHN-HILLTARD MODEL IN N SPACE DIMENSIONS

PETER TAKAC

ABSTRACT. We study the Neumann boundary value problem for stationary
radial solutions of a quasilinear Cahn-Hilliard model in a ball Bg(0) in R¥.
We establish new results on the existence, uniqueness, and multiplicity (by
“branching”) of such solutions. We show striking differences in pattern forma-
tion produced by the Cahn-Hilliard model with the p-Laplacian and a C1:¢
potential (0 < a < 1) in place of the regular (linear) Laplace operator and a
C? potential. The corresponding energy functional exhibits one-dimensional
continua (“curves”) of critical points as opposed to the classical case with the
Laplace operator. These facts offer a different explanation of the “slow dynam-
ics” on the attractor for the dynamical system generated by the corresponding
time-dependent parabolic problem.

1. INTRODUCTION

The Cahn-Hilliard equation is one of the well-known models for phase transitions
in a material with two phases, such as glass, metal alloys, and polymers. One
observes a material in the state of melting; a binary mixture having temperature
at which both phases can coexist. The model we treat in our present article is a
generalization of the classical model discovered by J. W. Cahn and J. E. Hilliard
[7] half a century ago. This model, in its full generality, may be written as

up = A[—e? V- ([VulP2Vu) + W' (u)]  for (z,t) € Q x (0,00), (L.1)
subject to the Neumann (i.e., no-flux) boundary conditions
VulP? (- Viu= (v V) [-e" V- (|[VuP7>Vu) + W (u)] =0

(1.2)
at x € N for t >0,

where 1 < p < 00, ¢ > 0, and W : R — R is a given potential function of
class C! whose first derivative W’ might be only continuous (or Holder-continuous
at most). The material occupies a bounded domain Q@ C RY with a sufficiently
smooth boundary 9. As usual, the vector field v € 92 — RY denotes the unit
outer normal to the boundary of . We refer to the monograph by Temam [19],
Chapt. II1, §4.2, pp. 147-158, for a weak formulation of this initial-boundary value
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problem in the semilinear case p = 2. The novelty in the work reported here is
that we allow p # 2 and W does not have to be of class C? or even smoother (of
class C? or C* assumed in [, 8, [12]). This means that we consider also singular

or degenerate diffusion which corresponds to 1 < p < 2 or 2 < p < 00, respectively.

We abbreviate by A,u y. (\Vu\p_2Vu) the well-known p-Laplace operator; of

course, Ay = A is the (linear) Laplace operator. We will consider A, with the
(homogeneous) Neumann boundary conditions (v - V)u = 0 on 02 throughout this
article.

Clearly, if W is of class C? then the boundary conditions are equivalent
with the Navier boundary conditions

v -Vu=(w-V)(Apu)=0 atzecddfort>0. (1.3)
The classical choice of W is the double-well potential W (s) = (1 —s?)? for s € R
which attains global minimum at two points, s; = —1 and s = 1 (see Cahn and

Hilliard [7], Gunton and Droz [14], and Langer [I5]). These points of minimum
are nondegenerate, with W/(+1) = 0 and W”(£1) = 8 > 0. This hypothesis gives
us an entirely different behavior of the stationary solutions satisfying

—eP Apu+W'(u) =0, z€; (1.4)
(v -V)u=0, ze€0dQ, (1.5)

for the classical linear diffusion (p = 2) and the degenerate nonlinear diffusion (p >
2). The latter case exhibits a much greater variety of these stationary solutions.
Notice that, in this case, W’'(s) = 4s(s®> — 1) for s € R. On the other hand, one can
observe the same phenomenon for the classical linear diffusion if the potential W
is modified to W (s) = |1 — s%|* for s € R, where « is a constant, 1 < a < 2. In the
work reported here we focus on problem , with arbitrary p,a > 1. Note
that this is the boundary value problem for all stationary solutions of the so-called
(generalized) bi-stable equation

ug =P Apu— W' (u) for (z,t) € 2 x (0,00), (1.6)
subject to the boundary conditions
(v - Vu=0 atxecdfort>0. (1.7)

The term “generalized” refers to allowing p € (1, 00) rather than setting p = 2 (the
classical semilinear equation with the linear Laplace operator).

The stationary problem , is rather difficult to solve in an arbitrary
bounded domain Q C RY even for p = o = 2. Besides the two constant solutions
u = £1 in Q, it may exhibit various other nonconstant solutions describing transi-
tion layers between the two phases; see, e.g., Alikakos and Fusco [2, 3] and Bates
and Fusco [4]. Therefore, throughout this article, we restrict ourselves to the case of
radially symmetric solutions of the Neumann boundary value problem ,
in a ball of radius R (0 < R < o0),

Q= Br(0) ={z e RY : |z| < R},

but with any p € (1,00). Notice that, after replacing € (¢ > 0) by /R, we may
(and sometimes will) assume R = 1 without loss of generality. Equivalently, setting
u(z) = u(|z]) with r = |z| for

z € BR(0) = {z ¢ RY : |z| < R},
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we consider the (one-dimensional) two-point boundary value problem for the ordi-
nary differential equation

—ePpm(N=D) (pN-1 lupPu) + W (w) =0, 0<r<R, (1.8)
subject to the Neumann boundary conditions
ur(0) = u,.(R) = 0. (1.9)

In the work reported here we focus on problem , with arbitrary p,a > 1
and even with a potential W having a more general form then just W (s) = (1—s2)®
for s € R. We will see that for N > 2, problem , is quite different from the
one-dimensional case (N = 1) treated in the recent work of Drabek, Mandsevich,
and Takac [11].

In one space dimension, i.e., when  C R is a bounded open interval, the semi-
linear case p = 2 with a sufficiently smooth potential W (of class at least C3, but
mostly C*) has been extensively investigated in the works of Alikakos, Bates, and
Fusco [I], Carr and Pego [§], Fusco and Hale [12], and many others, mostly in the
context of the gradient flow determined by the initial-boundary value problem for
the bi-stable equation subject to the Neumann boundary conditions .
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FIGURE 1. 1 < p < a < 4o, W(s) = (1 —s?)%

The following facts are known about the case N =1 and Q2 = (0, 1), among other
numerous interesting results. If p = o = 2, the only solutions of problem ,
(i.e., problem (L.8)), where N = 1) are the constant solutions u = —1, u = 0,
and u = 1, and nonconstant solutions that can be extended to periodic functions
on R (depending on the size of € > 0) which always satisfy —1 < u(x) < 1 for all
x € [0,1]; see [§] and [12]. A later work in [I] contains a more detailed analysis
of these solutions, including numerical simulations. In a recent work, Drabek,
Mandsevich, and Tak4¢ [I1] have shown that the set of all solutions is qualitatively
the same whenever 1 < p < a < oo, cf. Figure[[] In contrast, if 1 < o < p < oo,
the structure of this set is much richer and becomes more complicated as € \ 0, cf.
Figure[2| As shown in [I], this phenomenon is a result of the loss of uniqueness in
the initial value problem for the first integral

p-1 eP lug(2)|P — W(u(z)) = const, 0<z <1, (1.10)
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FIGURE 2. 1 < a < p < 400, W(s) = (1 —s?)%

of . If p = a = 2, functions similar to the solutions for the case 1 < a < p < 0o
have been used to explain the “slow dynamics” on the attractor for the time-
dependent problem , ; see e.g. [T 2, Bl 8, 12]. One of the main contribu-
tions of the work in [I1] is the fact that for 1 < o < p < oo, the simple form of
all stationary solutions to problem , provides a rather simple explanation
for the slow dynamics on the attractor in this time-dependent problem. This re-
sult suggests that one should consider a more general type of (nonlinear) diffusion
and /or more general behavior of the potential W near its points of minimum. Such
a model seems to have a somewhat different dynamical behavior on the attrac-
tor than classical semilinear models studied so far which are typically represented
by the Cahn-Hilliard or bi-stable equation. It also has the following interesting
features:

e The initial-boundary value problem , , with prescribed initial val-
ues in WP(0,1) at t = 0, has a unique weak solution for e > 2 and p > 1.

e The boundary value problem , exhibits continua of (multiple)
nonconstant solutions for 1 < a < p < oo and € > 0 small enough. Conse-
quently, the functional

def ! eP
7. (w) :/ (5 bual? + W) de, we W(0,1), (1.11)
o ‘P

representing the total free energy, has a much richer structure of the set of
critical points than for 1 < p < a < oco.

For N > 2 we investigate the solutions of the boundary value problem (|1.8]),
(1.9) in the phase plane (£,n) where £ = w and 7 = |u,.|P"u,. As N > 2, we
cannot take advantage of the first integral (1.10)) anymore, because the function

Pl oy ()P — W(u(r)) : (0,R) — R

T

is no longer independent of the variable r € (0, R). Nevertheless, we will take
advantage of the fact that this function is monotonically decreasing, cf. eqs.
and in the next section (Section. We will be able to provide the phase plane
portrait and the description of the set of all solutions to problem , . A
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typical feature of equation (L.8), when considered for » € Ry with prescribed initial
data u(rg) = £1 and wu,(rg) = 0 at some point g € Ry, is the nonuniqueness of
solutions to this initial value problem for 1 < ao < p < o00; see Part (IV) of Theorems
(for W(s) = |1 — s2|%) and (for W (s) general) in Section

This article is organized as follows. The main hypotheses, notation, and some
preliminaries are given in Section |2 Our main results (for N > 2) are stated in
Section |3} in §3.1|for the special potential W (s) = |1 — s?|* (Theorem forp <«
and Theorem [3.4] for p > «) and in for a general potential W(s) (Theorem
for p < a and Theorem for p > «). In order to prove these theorems, we need
rather technical results on local uniqueness and nonuniqueness (and existence, as
well) of solutions to the initial value problem for the ordinary differential equation
starting from an arbitrary initial point rq € Ry = [0,00). We prove these
results in Section The proofs of our theorems need also some global existence
(and uniqueness) results for this initial value problem, which are proved in Section
Finally, the proofs of our main results are completed in Section [6] The appendix
(Appendix [7)) contains an auxiliary lemma on a comparison of weighted averages.

2. HYPOTHESES, NOTATION, AND PRELIMINARIES

Throughout this article we assume that W : R — R is a C' function with
W (s) — 400 as |s| — oo. Furthermore, we assume

Hypotheses.
(H1) If sp € R is a critical point of W (i.e., W'(s¢) = 0), than either
(a) W attains a local maximum at sg, or else
(b) W attains a local minimum at sp and, moreover, W is convex in an
open interval containing sy and there exist constants o > 1, 73 > 0,
v9 > 0, and ¢ > 0, such that

Y1|8 = so|® < W(s) — W(sg) < yals —so|* forall se (so—¢(,s0+¢). (2.1)
(H2) If 1 < a < p in (H1)), Part (b) above, then we require that both limits

def .. —(a d

cot & lim(Is = sol 70 Z[W(s) = W(s))]) . (22)
o . s d

oo = i (Js—sof 7P S [(W(s) = W(s))7]) (23)

exist and satisfy c¢s, 4, cs,— € (0, 00).

To simplify our notation, we begin with a normalization of the (radial) stationary
equation (1.8)). Replacing the variable r by # = ¢~r and dropping the tilde in 7
we arrive at

—r~ (V-1 (rN 1 \u’\p72u')/ +W'(u)=0 for0<r< oo, (2.4)
where ' = % stands for the radial space derivative. This equation is equivalent to

the first-order system

/ N -1
u =P v, v = — Ut W'(u) in (0, 00), (2.5)

where p’ = p/(p — 1) denotes the conjugate exponent of p. Trajectories for the
differential equation (2.4]) in the phase plane (£,7) are (continuous) parametric
curves (£,71) = (u(r),v(r)), which are parametrized by r € J from a nondegenerate
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interval J C R4, such that (u,v) is a solution of (2.5) in J. As usual, we have
denoted R4 = [0, 00).
Notice that if N =1 then system (2.5 has the first integral (conservation law)

1 / .

v [vfP =W(u)—C inR, (2.6)
where C' € R is a constant. This fact was exploited in the work of Drabek,
Mandsevich, and Taka¢ [II] in an essential way. For N > 2 we need to replace

the first integral by the equation

1 7
p [vfP =W (u) — Z(r) forreRy, (2.7
where Z : R, — R is a C! function that satisfies
N-—-1 /
Z'(r) = . [v|P" for r > 0. (2.8)

The last equation for Z’ is easily obtained by first differentiating with respect
to the variable r and then applying . We will make essential use of the fact
that Z is a monotonically increasing function. The shifts of the potential W by
a constant C' in Figure [3| suggest the behavior of a trajectory (§,n) = (u(r),v(r))
parametrized by r € J, such that (u,v) is a solution of in J.

A
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FIGURE 3. Shifts of the potential W (s) = |1 — s2|* by a constant C.

Moreover, if u(0) = sg is a local minimizer for W and v(0) = 0, then also the
functions

r—r o(r)] and 7 PP (Z(r) = Z(0)) : (0,6) — Ry
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are monotonically increasing, for some § > 0 small enough, provided and
hold for 0 < r < 4. (Here, we take advantage of W being convex in an open
interval containing sg.) In particular, from these facts we will derive the following
important inequalities,

~ W (u(r) = W(w(0)] < W(u(r)) = Z(r) < W (u(r)) — W(u(0)) (2.9)
for all r € [0, ), where Z(0) = W(u(0)) = W (sg). These inequalities will enable us
to apply the same simple method that has been used in [I1] Section 3] (and even
earlier in Dfaz and Herndndez [10]) for N = 1 with the first integral ([2.6)) where
C = W (sp), owing to the following simple consequence: Applying v’ = |v|P' ~2v and

(12.9) to (2.7)), we arrive at
/

% (W (u(r)) = W (u(0))] < [u'(r)[” < p" [W(u(r)) = W(u(0))] (2.10)

for all r € [0,4). This means nothing else than the uniqueness or nonuniqueness
of a local solution u to the initial value problem for equation with the initial
conditions u(0) = sg (where sg is a local minimizer for W) and «/(0) =0 at r = 0,
depending on whether the integral

s0+¢
/ [W (s) — W(so)|"Y/Pds (2.11)
S0

is infinite (forcing uniqueness) or finite (forcing nonuniqueness), respectively. Now
thanks to , this alternative corresponds to whether p < « (infinite integral) or
p > « (finite integral). Hence, in the former case (i.e., when the integral is infinite)
one gets u(r) = so for every r € [0,6) which implies uniqueness. As a canonical
example for both cases, one may take W(s) = |1 — s?|* for s € R, a > 1, and
So = +1.

3. MAIN RESULTS FOR N > 2

We assume N > 2. (An interested reader is referred to [11] for the case N = 1.)
We formulate our main results first for the special case W (s) = |1 — s%|*, s € R,
where a > 1 is a constant, and then for the general case when W satisfies Hypothe-

ses (HI) and (H2) stated at the beginning of the previous section (Section [2).

3.1. The special potential W (s) = |1 —s?|*. Throughout this paragraph we take
W(s) = |1 — s%| for s € R. We begin with a generalization of the semilinear case
p=a=2.

Theorem 3.1. Assume 1 <p<a < oo andlete >0 and 0 € R.
(I) Assume |0] < 1. Then the initial value problem

—eP N (N P2 T () = 0, 0 < < oo, (3.1)
u(0) = —6, «/(0) =0, (32)

has a unique (global) solution u € C*(Ry) with |u'[P~%u € CY(Ry). In particular,
if 0 € {—1,0,1} then u = —0 is a constant function. If0 < |0| < 1 then the solution
u satisfies |u(r)| < |0| for every r > 0.

(IT) Now assume |0] > 1. Then the initial value problem , has a unique
solution u € C1([0, R)) with |u'|P~2u’ € C([0, R)) defined on a mazimal interval
of existence [0, R) for some R = R(e,0) > 0. This solution satisfies 0 u'(r) <0 for
all m € (0, R).
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(III) Finally, let 0 < |0] < 1 and fix any R € (0,00). In addition, assume
p > ]3—4]\_’1 . Then the (unique global) solution u : Ry — R of the initial value problem
, satisfies w'(R) = 0 if and only if € = €, = €,(0, R) for some n € N,
where €1 > €2 > €3 > ... (> 0) is a (strictly decreasing) sequence of “nonlinear
etgenvalues” for the Neumann boundary value problem , . Moreover, €, —

0 asn — oo.

Of course, N = {1,2,3,...}. In order to treat the case 1 < a < p < 00, we
need the following lemma. This lemma is an anlogue of [11, Lemma 3.4] which was
established there for N = 1.

Lemma 3.2. Assumel < a <p < oo andlete >0 and rog € Ry. Then the initial
value problem

—gP T_(N_l) (TN_l |ul|p—2u/)’ + W’(u)

u(ro) = —1, w'(rg) =0,

0, 0<r<oo, (3.3)

possesses a unique pair of (local) solutions
Up:Jy —[-1,-14¢) and U_:J_—[-1,-1-)
with the following properties, where we use the sign symbol v =+ in U, J,, etc.:
(i) ¢ > 0 is a sufficiently small number and J, = (ro — 9, ro + 9,) "R is a
relatively open interval in Ry, where ¥, > 0 is some number (small enough,
depending on ().
(ii) =1 < U4(r) < =14 ¢ holds for every r € J. \ {ro}, whereas —1 — ¢ <
U_(r) < =1 for every r € J_\ {ro}, respectively.
(iii) The function U, satisfies eq. in the interval J, together with the initial
conditions ([3.4]).
An analogous result is valid if the first initial condition in , u(rg) = —1, is
replaced by u(rg) =1 in which case property (ii) has to be replaced by
(ii") 1 < Uys(r) < 14 holds for everyr € Jy \{ro}, whereas 1 - <U_(r) < 1
for every r € J_\ {ro}, respectively.

Remark 3.3. The conclusion of Lemma [3.2] actually means nonuniqueness for the
initial value problem , . The graphs of the three (local) solutions, Uy,
U_, and u = —1 (the constant solution), touch each other only at the initial point
r =10, all of them with vanishing first derivative at r = r.

Lemma forces the following changes in Part (I) of Theorem The “degen-
erate case” 6 = £1 is singled out as Part (IV) below.

Theorem 3.4. Assume 1 < a <p < oo andlete >0 and 6 € R.

(I) Assume |6] < 1. Then the conclusion of Part (I) of Theorem [3.1] remains valid:
The initial value problem , has a unique (global) solution u € C*(Ry)
with [/ [P~2u" € CY(Ry). In particular, if @ = 0 then u = 0 is a constant function.
If 0 # 0 then the solution u satisfies |u(r)| < |0| for every r > 0 and, moreover,
both u(r) — 0 and v/'(r) — 0 as r — oo.

(IT) Part (II) of Theorem [3.1] is valid (with |0] > 1 being assumed).

(III) Also Part (III) of Theorem remains valid (with 0 < |6] < 1 and R €
(0,00)). Again, also p > ]\2,—11 s assumed.

(IV) Finally, let 8 = —1, the case = 1 being analogous. Then every solution
u € CH([0,R)), with [u'|P~2u’ € C'([0, R)), of the initial value problem (3.1,
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defined on a mazimal interval of existence [0, R), for some R = R(e) > 0, must
take one of the following three forms: either u = —1 on the whole of Ry, or else
forv =+,

u(r)_{—l if0<r<ry 55)

U,(r) ifro <r <R,

where rg > 0 is some number and the continuation from the interval [ro,mo + 9,)
to [ro, R) of the solution U, obtained in Lemma 18 unique. Furthermore, the
solution u(r) = Uy (r) continues to exist for all r > ro and satisfies |u(r)| < 1 for
every r > o (i.e., R = 0o also in this case); it is unique for r > rq.

3.2. A general potential W(s). The results from the previous paragraph (§3.1))
are valid for a wider class of potentials than just W (s) = |1 — s2|* (s € R) consid-
ered in Throughout this paragraph we assume that the potential W satisfies

Hypotheses (H1)) and (H2) stated at the beginning of Section
Theorem [3.1] can be generalized as follows.

Theorem 3.5. Assume 1 < p < a < oo and let € > 0 and 0 € R. In addition,
assume that W is even about zero (i.e., W(s) = W(—s) for every s € R) and
satisfies W'(0) = W/(S) = 0 for some 0 < S < oo, W/(s) = —=W'(—=s) < 0 for all
s€(0,9), and

(a) there exist constants >0, 0 < y1 < F9 < 00, and Ce (0 such that

7S)7
’7136 < -W'(s) =W'(=s) < ’}25’8 whenever 0 < s < CA, (3.6)

together with Hypothesis (H1), Part (b), that is,

(b) W is convex in an open interval containing S and there exist constants
a>1,0<v <7y <oo, and ¢ € (0,5), such that

y1|s = S|* < W(s) = W(S) < yls—S|* forall s€(S—(S+C). (3.7)

Then the following statements hold.

(I) Assume 6] < S. Then the initial value problem (3.1]), has a unique
(global) solution u € CY(Ry) with [W/|P7%w € CYRy). In particular, if 0 €
{—S,0,5} then v = —0 is a constant function. If 0 < |0| < S then the solution u
satisfies |u(r)| < |0] for every r > 0.

(II) Now assume S < |6 < S+ (. Then the initial value problem (3.1]),
has a solution u € CY([0, R)) with |u'[P7%u' € C*([0,R)) defined on a mazimal
interval of existence [0, R) for some R = R(e,0) > 0. This solution is unique in
some subinterval [0,6) C [0, R), where 0 < § < R, and satisfies 0 u/(r) < 0 for all
r € (0,0). Moreover, one can take § = R if 0u/'(r) < 0 holds for all v € (0, R).

(ITI) Finally, let 0 < 0] < S and fix any R € (0,00). In addition, assume p >

u;,‘f)ﬁN . Then the (unique global) solution v : Ry — R of the initial value problem

(3.1), (3.2) satisfies u'(R) = 0 if and only if ¢ = &, = e,(0, R) for some n € N,
where €1 > g9 > €3 > ... (> 0) is a (strictly decreasing) sequence of “nonlinear
eigenvalues” for the Neumann boundary value problem (1.8)), (1.9). Moreover, e, —
0 as n — oo.

In order to treat the case 1 < a < p < 0o, we need the following lemma. This
lemma is an analogue of |11, Lemma 3.4] which was established there for N = 1.
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Lemma 3.6. Let up € R be a local minimizer for W. Assume 1 < a < p < o0 and
let e >0 and ro € Ry. Then the initial value problem

—gP p=(N=1) (erl |u’|p72u’)/ +W'(u)=0, 0<r<oo,
u(ro) = ug, u'(rg) =0,
possesses a unique pair of (local) solutions
Uyt Jp — [ug,up+¢) and U-:J_ — [ug,ug — ()
with the following properties, where we use the sign symbol v =+ in U, J,, etc.:
(i) ¢ > 0 s a sufficiently small number and J, = (ro — 9y, ro +9,) "Ry is a
relatively open interval in Ry, where ¢, > 0 is some number (small enough,
depending on C).
(il) up < Us(r) < ug + ¢ holds for every r € Jy \ {ro}, whereas ug — ¢ <
U_(r) < wug for every r € J_\ {ro}, respectively.

(i) The function U, satisfies eq. (3.8)) in the interval J, together with the initial
conditions (3.9).

Lemma [3.6] forces the following changes in Part (I) of Theorem [3.5] The “degen-
erate case” § = £ is singled out as Part (IV) below.

Theorem 3.7. Assume 1 < a < p < oo and let € > 0 and 6 € R. In addition,
assume that W has the same properties as in Theorem including (a) and (b)
for some 0 < S < oo, together with Hypothesis (H2|) where so = S is taken.

Then the following statements hold.

(I) Assume 0] < S. Then the conclusion of Part (I) of Theorem remains
valid: The initial value problem , has a unique (global) solution u €
CL(Ry) with |u'[P~2u’ € CY(Ry). In particular, if = 0 then u = 0 is a constant
function. If 0 # 0 then the solution u satisfies |u(r)| < |0| for every r > 0 and,
moreover, both u(r) — 0 and u'(r) — 0 as r — oo.

(II) Part (II) of Theorem [3.5] is valid (with S < |0] < S + ¢ being assumed).

(IIT) Also Part (III) of Theorem remains valid (with 0 < || < S and R €
(1+B)N

(0,00)). Again, also p > is assumed.

N+

(IV) Finally, let 6 = —S, tﬁhe case 8 = S being analogous. Then every solution
u € CH([0,R)), with [u'|P~2u’ € C*([0, R)), of the initial value problem (3.1)),
defined on a mazimal interval of existence [0, R), for some R = R(e) > 0, must
take one of the following three forms: either uw = —S on the whole of Ry, or else

forv =+,

3.10

U,(r) ifro <r<R, ( )
where rg > 0 is some number and the continuation from the interval [ro,m9 + 9,)
to [ro, R) of the solution U, obtained in Lemma is unique. Furthermore, the
solution u(r) = UL (r) continues to exist for all r > ro and satisfies |u(r)| < S for
every r > g (i.e., R = 00 also in this case); it is unique for r > rq.

u(r):{_s if 0 <r <ry

4. LOCAL UNIQUENESS AND NONUNIQUENESS

The results in this section will be needed in Section[6]in order to prove our main
results stated in Section |3l After the scaling # = ¢~ !'r and dropping the tilde in 7, it
suffices to consider equation (2.4)) or, equivalently, the first-order system (2.5). With
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the same effect, one may replace the potential W(s) by e?PW(s) instead. As we are
interested in the local existence and uniqueness of a solution to the corresponding
initial value problems, in this section we investigate the initial value problem for

equation ([2.4), i.e.,

N (PN P2 L W () = 0 for v € Jo \ {0} ; (4.1)
U(TO) = U, 'U/(’f'()) = uﬁo ) (42)
or equivalently for the first-order system ({2.5)), i.e.,
’ N - ].
o =P 2, o= — v+ W' (u) forreJo\{0}; (4.3)
r
u(rg) =ug, v(rg) =vo = |ug|p*2ug. (4.4)

Here, ro € Ry and Jy C Ry is an interval, such that Jy = [0, §) for some § € (0, 00)
if 7o = 0, whereas Jy = (19 — 6,79 + d) for some ¢ € (0,7¢) if rg > 0. The initial
values ug, ug € R are arbitrary, except for the case rg = 0 when we take ug = 0.
We always set vg = |ub|P~2ub.

Below we use system , to state the results we need. For reader’s
convenience we begin with a local existence result due to Reichel and Walter [17,
p. 49], Theorem 1 and its Corollary.

Proposition 4.1. Let 1 < p < o0 and g € Ry. Assume that W : R — R is
a Ct function. Then the initial value problem (4.3), (4.4) has a C' solution pair
(u,v) : Jo — R? defined on some interval Jo C Ry as described above, for some
0> 0.

If the number § > 0 is chosen small enough, the following local uniqueness result
is valid; see [I7, Theorem 4, p. 57].

Lemma 4.2. Let 1 < p < oo and rg € Ry. Assume that W : R — R is a
C! function. If at least one of the following three conditions is satisfied, then the
initial value problem , has a unique C solution pair (u,v) : Jy — R?
defined on some interval Jyo C Ry provided § > 0 is small enough:
(i) ub # 0 (hence, ro > 0).
(i) ug =0, W (ug) # 0, and W’ is monotonically increasing in an interval
(up — C,up + C), for some ¢ > 0.
(iii) ul = 0, W(ug) = 0, and (s — ug) W'(s) < 0 holds for every s € (ug —
Cyup +¢) \ {uo}, for some ¢ > 0.

Case (i) follows from Part (a)(i) of [I7, Theorem 4, p. 57]. Case (ii) follows
from Parts (8)(i) and (B)(ii), respectively, depending on whether W' (ug) > 0 or
W' (ug) < 0. Finally, Case (iii) follows from Part (§)(ii) of [I7, Theorem 4, p. 57].

Besides the work of Reichel and Walter [I7, Theorem 4, p. 57], a closely related
uniqueness/nonuniqueness problem for a nonautonomous ordinary differential equa-
tion was studied also in McKenna, Reichel, and Walter |16, Appendix] and del Pino,
Mandsevich, and Muria [9, Appendix]. However, our analytical tools employed in
this section resemble to those used in the work of Diaz and Herndndez [10] investi-
gating the (nonnegative) “dead core” solutions to an analogous quasilinear elliptic
problem in one space dimension. Such tools (the first integral of eq. and
a subsequent separation of variables in an initial value problem for the first integral)
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have been applied to study also bifurcation phenomena for spectral problems with
the p-Laplace operator in Guedda and Veron [13] (in one space dimension).
Now it remains to treat the most difficult case

(iv) u(u) =0, W (ug) =0, and (s — ug) W'(s) > 0 for every s € (ug — (,ugp + (),
for some ¢ > 0.

This case occurs if the potential W attains a local minimum at ug and W satisfies

Hypothesis 7 Part (b), and Hypothesis from the beginning of Section

Then, by Part (b) of , W must be convex in an open interval containing wug,

i.e., W’ is monotonically increasing in this interval. We will find out that the result

depends on whether 1 < p<a <ooorl < a<p<oo. This fact is an immediate
consequence of the following proposition.

Given rg € Ry, we denote by Is C R, an interval that takes one of the following

forms,
{[O7 9) if rg = 0, for some § € (0, c0);
Is = . (4.5)
[ro,70 + &) or (ro — d,70] if 79 > 0, for some § € (0, ro).

Proposition 4.3. Let 1 < p,a < 0o andrg € Ry. Assume that W : R — R is a C*
function that satisfies Hypothesis and assume that sg € R is a local minimizer
for W. Let (u,v) : Is — R? be any C' solution pair for the initial value problem
, with the initial values (ug, vg) = (S0, 0) on some interval Is C Ry, where
Is takes one of the forms from . Then, on a suitable subinterval 15 C Is of
the same form, where 0 < 0’ < ¢, we have either (u,v) = (so,0) is constant on Is,
or else the following inequalities hold:

W (u(r)) > W(sp) forallr e Is\{ro} (4.6)
together with one of the following three statements,

1 ' (r)[”

7 < DTV (a() — W (o)) <1 forrels\{0}=(0,8); (4.7)
1 )P o,
oo < DIV () — W (o)) <1 forrely\{ro}=(ro,m0+9); (4.8)
' (r)[”

LS W) - W] S 1o

Inequalities (4.7) hold if 1o = 0, whereas (4.8)) or else (4.9) apply if 1o > 0, with
some number n =n(d") € (0,1) satisfying n(€)/§ — (N —1)p'/rg as & — 0+.

forrels \ {ro} = (ro — & ,70). (4.9)

Before giving the proof of this proposition let us observe that, when inequalities

(2.1) are applied to (4.6) through (4.9), the proposition has the following simple
consequence. The constants a > 1 and v, > 73 > 0 below come from inequalities

&1).

Corollary 4.4. Under the hypotheses of Proposition if (u,v) is not constant
on any subinterval Ly C Is, where 0 < 9 < §, then p > « and there is a suitable
subinterval Iy C Is, where 0 < &' <8, such that the following inequalities hold:

lu(r) —sol >0 forall v € Iy \ {ro} (4.10)
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together with one of the following three statements,

P'Y11/p [u'(r)| /o \1/
— < —7 < p 4.11
( N )7 s lu(r) — sol®/P — (P"2) (4.11)

f07’0<7"<($/ ifL;/ = [076l), TO:O;

P'Y1\1/p |’ (r)] /o \1/
L < — 7 <L P 4.12
(1+'I’]) = |’LL(T)—50‘O‘/:D —(p72) ( )
forrog <r <ro+08 if Is = [ro,ro +0"), 70 >0;
I /
(p’fyl)l/l? < |u (T)| < ( P2 )1/10 (4.13)

= fu(r) = sol*/? T M=
forrg =38 <r<rgifIs = (ro—9&,r0], 70 >0.

In particular, if p < « then (u,v) = (s0,0) is constant on Iy for some 9 € (0,0).
In analogy with the abbreviation Aju e . (|Vu|p_2Vu) for the p-Laplace
operator, 1 < p < oo, from now on we employ another commonly used abbreviation,

the function ¢p,(s) e |s|P=2s of the variable s € R. Hence, <L (|s|P) = p¢,(s) for
every s € R. The inverse function of ¢, is equal to ¢}, by (p —1)(p' —1) = 1.

Proof of Proposition[{.3 To simplify our notation, without any loss of generality,

we replace the function W (s) of the variable s € R by W (5) = W(5+ so) — W (so)
for § € R. In other words, dropping the tilde in 5 and W, we may assume both
so =0 and W(sg) = 0.

Let us recall equation with the function Z satisfying : The former one
holds for r € I, the latter for r € Is\ {0}. Hence, Z(rg) = W(sg) = 0 with so = 0.
Clearly, the function Z : Is — R is continuously differentiable in I5 \ {0}. It will
be shown below, by a standard application of L’Hoéspital’s rule for » — 0+, that
Z'(0) = lim, o1 Z'(r) = 0 in case I5 = [0,5). Thus, Z is C! on I;.

First, we claim that if a solution curve (u,v) : r +— (u(r),v(r)) : Is — R? for sys-
tem (4.3)), parametrized by r € I5, passes through the initial point (u(ro),v(ro)) =
(0,0) at another parameter value ry € Is, 1 # 19, that is, (u(r1),v(r1)) = (0,0),
then (u,v) = (0,0) is constant on J, where J denotes the closed interval with the
endpoints 79 and r1. Notice that J = Is where ¢’ = |r; — rg| > 0. To prove our
claim, it suffices to use Z(r1) = 0 = Z(ry). But eq. shows that Z is mono-
tonically increasing, thus forcing Z(r) = Z(rg) for every r € J. We conclude that
v =0 is constant on J, i.e., (u,v) = (0,0) on J = Is.

From now on, let us consider the opposite case, (u(r),v(r)) # (0,0) for every
r € I5 \ {ro}. Here, we may choose 6 > 0 small enough, such that |u(r)| < ¢ for
every r € I5, where the number ¢ > 0 is chosen in the following way, by Part (b) of
Hypothesis on W: W is convex in the interval (—(, ) and satisfies inequalities
(2:1). As a consequence, we have s W’(s) > 0 whenever 0 < |s| < (. We infer from
Lemma [4.2] Cases (i) and (ii), that if (@,@) : J — R? is another solution pair
of system (4.3) in some open interval J C I5 \ {ro}, such that (a(r1),9(r1)) =
(u(r1),v(r1)) at some point 71 € J, then (@,9) = (u,v) throughout J. In other
words, if (@, ) : I3 — R? is another solution pair of system in some interval
I5 of the same form as I5, where 0 < 6 < oo, that is not identical with (u,v) in
J =I5 NIz but (a(r1),0(r1)) = (u(r1),v(r1)) at some point r; € J, then we must
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have 1, = ro, J = Iy with ¥ = min{8, 6} > 0, and (a(r),5(r)) # (u(r),v(r)) for
each r € Iy \ {ro}.

Next, we show that either w(r) > 0 holds for all € I\ {ro}, or else u(r) < 0 for
all » € Is \ {ro}. On the contrary, suppose that u(r1) = 0 for some r1 € I5 \ {ro}.
Hence, v(r1) # 0 in the case being considered, i.e., u’(r1) # 0. This forces r; > 0.

Case u'(r1) > 0. From we deduce that the function

P NG (1) = Y (R (1) s 1y — R (114

is strictly monotonically increasing for r € [ry,00) N Is, by W/(u(r)) > 0, and
strictly monotonically decreasing for r € (—oo,r1] N L5, by W’ (u(r)) < 0. It follows
that

N, (1) > YTy (u (1)) > 0 holds for all r € I .

But this contradicts u(r;) = 0 = u(rg) for r1 # ro.

Case u'(r1) < 0. Again, from we deduce that the function in is
strictly monotonically decreasing for r € [r1,00) N Is, by W' (u(r)) < 0, and strictly
monotonically increasing for r € (—oo,r1] N I5, by W/ (u(r)) > 0. It follows that

N, (1) < YTy (u/ (1)) <0 holds for all r € I .

This contradicts u(r1) = 0 = u(rg) for r1 # ro.
We have verified that |u(r)| > 0 holds for all r € I\ {ro}. By inequalities (2.1]),
this is equivalent with (4.6)). In order to prove inequalities (4.7), (4.8)), and (4.9),

we first notice that the inequalities
[u'(r)|P < p' W(u(r)) forrels\{ro} = (ro,m0+9);
[/ (P)]P > o' W (u(r)) forrels\{ro}=(ro—24,m0),
follow immediately from (2.7)) and (2.8) combined with Z(0) = W (u(rg)) = W(0) =

0. It remains to prove the first inequality in (4.7) and (4.8]), and the second one in
([4.9), respectively:

/
! (r)[P > % W(u(r)) for0<r<d if Iy =[0,8"), ro = 0; (4.15)
/

[u'(r)|P > 1iﬁ W(u(r)) forrog<r<ro+d if Iy = [ro,m0 +0'), 70 > 0;
(4.16)

/

[u(r)|P < 1Ii ; W(u(r)) forrog—08 <r <rgif Iy = (ro — &, 70], 70 > 0.
(4.17)

As we have already chosen § > 0 small enough, we do not need to pass to a smaller
number ¢’ € (0,d] any more in our proofs of inequalities and ; we
will get n = n(§) € (0,1) and, thus, we may keep &' = 4. Only in our proof
of inequality we need to pass to a smaller number §' € (0,4] in order to
guarantee n = n(d’) € (0,1).

Case ro = 0. We begin with an interval I5 of the form I5 = [0,d) with 6 > 0
small enough. Then the initial value problem , , with (uo,ug) = (0,0), is



EJDE-2009/CONF/17 A QUASILINEAR MODEL FOR PHASE TRANSITIONS 241

equivalent with the following initial value problem for an integro-differential equa-
tion,
N (W (r) = [ W (u(@) PNl dR for € (0,0); (4.18)
u(0) =0. (4.19)
Notice that, by L’Hospital’s rule,

0(0) = 6,/ (0)) = Tim. 6, (/1))

— lim (TN% /OT W (u(#) ¥ dr)

r—0+4
1 . A / A~
T N_-1 'J_{%L(TW (u(?))) = 0.

Making use of this result and employing L’Hospital’s rule again, we get also

d _ i ()
dr dp(w(r)) r=0 r1—1>%1+ T
_ " / AN\ AN—1 74
=l <7~N W) dr) (4.20)
T RS B
=¥ rlgcl)lJrW (u()) = N W' (u(0)) = w'(0)=0.
Our next claim is that the function
Pt v(r) = rt gbp(u/(r)) =1 |u/(7')|p72u’(r) :(0,0) = R (4.21)

is positive and monotonically increasing if u(r) > 0 for 0 < r < §, and negative
and monotonically decreasing if u(r) < 0 for 0 < r < §. We verify this claim in the
former case and leave to the interested reader an easy modification of our proof in
the latter case.

Thus, let us assume u(r) > 0 for 0 < r < §. Recall that 0 < u(r) < ¢ for
0 < r < 4. Hence, W/(r) > 0, by Part (b) of Hypothesis (H1)) on W: W is convex
in the interval (—(,() and satisfies inequalities (2.1). Eq. (418) yields u/(r) > 0
for 0 < r < §. Furthermore, after the substitution # = ¢ in the integral on the
right-hand side of eq. 7 for 0 <t <1, we arrive at

r (! (1)) = [ W (u(tr)) N1 dt for r € (0,5). (4.22)

Since both functions r — wu(tr) : (0,6) — (0,¢) and W’ : (0,{) — (0,00) are
monotonically increasing, with ¢ € (0, 1] fixed in the former one, so is the integrand
r— W (u(tr)) : (0,0) — (0,00). From eq. we thus deduce that the function
in is positive and monotonically increasing as claimed.

Now we know that the function

rr () = el (7)) P (0,6) = R (4.23)
is positive and monotonically increasing. The monotonicity yields

‘u'(f)/u’(r)|p_1 <7fr for0<i<r<d.
Consequently, recalling p’ = p/(p — 1), we get also

rooI(a N T A 1
/ |Ul(7") }p dij" < / (f)p/(p—l) d; _ / 2 =1qt = 1/p'
o W(r) 7 0 0

r r
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or, equivalently, by (2.8),
T T, ,df N —1
2 -20)= [ 2@ di=N-1) [ WEprL <t
0 0 r p
for all r € [0,6). Finally, we combine (2.7) and (4.24) with Z(0) = W (u(0)) =
W(0) = 0, thus arriving at
1, N-1 ,
v ' ()P = W (u(r)) = Z(r) =2 W(u(r)) - o |u' (7))
for all r € [0, ). This inequality yields (4.15]) for Is = [0,9), as desired.
Case 9 > 0 and I5 = [ro,70 + 0). This case is treated analogously. The only

W' (r)P (4.24)

technical difference is that, under the integral sign fol ... on the right-hand side in
(4.22)), one has to insert the “Heaviside” factor H (tr — ro),

g, (U (r)) = /0 H(tr —ro) W (u(tr))tN=1tdt for r € Iy, (4.25)

where H : R — R stands for the Heaviside function defined by

det )1 for §>0;

") = {0 for £ <0.

Clearly, (4.25) is equivalent with (4.18) in I5. Observe that, for each fixed ¢ €
[0,1], the function r — H(tr —rg) : Iy — [0,1] is nonnegative and monotonically
increasing. This fact guarantees that, again, the function

ri—sr o) =r ¢, (W (1) Is = [ro,m0 +6) = R (4.26)

is nonnegative and monotonically increasing if u(r) > 0 for rqg < r < 79 + J, and
nonpositive and monotonically decreasing if u(r) < 0 for ro < r < rg+ 9.
In analogy with the case Is = [0,d) we obtain

[/ () Ju/ (NP~ < e forrg <F <1 <146,

" (P) p dP /T T\p/(p—1) 7

< _ i

|l s [ ey
o/ p o +90

T r 7
or, equivalently, by (2.8)),
20) - 260) = [ Z@0)ai =¥ -1) [ WP
0 To

N -1
I

which yields
:/ ' de = (1/p)[1 = (ro/r)"] < l,[1 - ()]

(4.27)

1= () I for all € [ro.ro +4).

IN

Finally, denoting
def To
n=n0)= N -H- (5
we combine (2.7)) and (4.27)) with Z(r¢) = W (u(rg)) = W(0) = 0, thus arriving at

lUl?“pz u(r)) — Z(r u(r)) — L ()P
p,|()| W(u(r)) = Z(r) = W(u(r)) p,|()|

Y1, o<n<,

for all r € [rg,ro + ¢). This inequality yields (4.16) for I5 = [rg, 79 + §), ro > 0.
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Case ro > 0 and I5 = (19 — 9, 7r0]. In this case, the integral and the “Heaviside”
factor in eq. (4.25)) have to be replaced by floo ... and —H (rg — tr), respectively,

(U (r)) = — /100 H(ro —tr) W' (u(tr))tN=1dt for r € Is. (4.28)

This equation is equivalent with in Is5. For each fixed t € [0, 1], the function
r+— H(ro—tr) : Is — [0, 1] is nonnegative and monotonically decreasing. In analogy
with the previous two cases, we treat only the case u(r) > 0 for 1o — § < r < ro,
leaving to the reader an easy modification of our proof for the other case, u(r) < 0
for ro — 6 < r < rg. First, observe that the function w : (rg — d,79) — (0,¢) is
strictly monotonically decreasing, by combined with W'(s) > 0for 0 < s < (.
Second, the function r — u(tr) : (ro—d,79) — (0, () being monotonically decreasing
and W' : (0,¢) — (0, 00) monotonically increasing, with ¢ € (0, 1] fixed in the former
one, the function r — W/'(u(tr)) : (ro — d,70) — (0,00) must be monotonically
decreasing. Finally, it follows that the integrand on the right-hand side in 7

r— H(rg —tr)W'(u(tr)) : Is = (ro — 6,70] — R,
is nonnegative and monotonically decreasing, and so is the function
ris —r to(r) = —r e/ (r) s Is = (rg — 6,70] — R. (4.29)

Notice that, if u(r) < 0 for rg — 0 < r < 7o then this function is nonpositive and
monotonically increasing.
In analogy with the case I5 = [rg, 9 + §) we obtain

|/ (7)/u' (r) [P~ < #/r forrg—8<r<#<rg,

which yields

/m |u/(7;) {p % _ /'r’o |f{p/(p71) @ _ /To/r o1 gy
R VA (S LI S RS 7 1

= WP/ =1 < [(=2)" -]

7“0—5

or, equivalently, by (2.8]),

260)-26) = [ 2@ai = -1 [ wep s

N -1 To p’ _ ’ p B
< v [(To — (5) 1]|u (r)|P forall re (rg—4,ro.

(4.30)

Finally, denoting

n:maﬁthnKmféfﬂ4y 0<n<oo,

we combine (2.7) and (4.30) with Z(ro) = W(u(rg)) = W(0) = 0, thus arriving at

L u(r)) — Z(r u(r O ()P
EWVH—WHD ﬂ)SWH»+ﬂ|(N

for all » € (rg — §,r0]. This inequality yields (4.17) for Is = (ro — &', ro] where
8’ € (0,0] is such that n(§’) < 1.

Our choice of n = n(§) for rg > 0 involves the expression (1 + %)_p which
yields the asymptotic behavior n(¢)/§ — (N —1)p’/ro as & — 0+4. The proof of the
proposition is finished. [
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The problem of existence and uniqueness of a nonconstant solution pair (u,v) :
Is; — R? for the initial value problem , with the initial values (ug,vo) =
(s0,0) on some interval Is C R;, considered in Proposition is completely
answered in the next proposition.

Proposition 4.5. Let 1 < a < p < oo, 19 € Ry, and let Is C Ry be an interval
of type . Assume that W satisfies Hypothesis and sg € R is a local
minimazer for W. Then, in a suitable subinterval 15, C I5 of the same form, where
0 < ¢ <4, the initial value problem , , with the initial values (ug,vo) =
(50,0), possesses a C solution pair (uy,vy) : Iy — R2, such that uy(r) > s for
every r € Is \ {ro}, and another C* solution pair (u_,v_) : Iy — R?, such that
u_(r) < sg for every r € Is \ {ro}. In particular, both these solution pairs satisfy
inequalitie through (in Proposition [4.3]) an through (in
Corollary . Finally, if W satisfies also Hypothesis (H2)) then the solution pairs
(ug,v4) and (u—,v_) characterized above are unique.

Proof. As in the proof of Proposition above, we may assume so = 0 and W (sg)
= 0. Again, recall that every C! solution pair (u,v) of system in Is \ {0}
verifies equation with the function Z satisfying (2.8)): The former one holds
for r € Is, the latter for r € I5 \ {0}. Hence, Z(rg) = W(sp) = 0 with sg = 0.
In the proof of Proposition we have already shown that Z is C! on I; with
Z'(0) = lim, o4 Z'(r) = 0 in case Iy = [0,9).

We treat only the case rg = 0, i.e., Is = [0, ), which is the most difficult one. We
leave the remaining two cases with ro > 0, i.e., Is = [ro, 79 +0) and Is = (rg — &, 0]
for some 6 € (0,7), to the interested reader. The necessary changes in the proof
are analogous to those in the proof of Proposition |4.3]

We continue the a priori setting from the proof of Proposition 4.3] case rq = 0,
with 6 > 0 small enough. Again, we treat only the case u(r) > 0 for 0 < r < 4,
leaving an easy modification of the other case, u(r) < 0 for 0 < r < §, to the
reader. More precisely, we will show that a C' solution pair (u,v) of system
in Is\{0}, with the initial values (ug,v9) = (s0,0) = (0,0), considered in the proof of
Propositionwith u(r) >0 for 0 < r < 4, exists and is unique. Consequently, we
look for a pair (u, v) such that also w’(r) > 0 for 0 < r < ¢ with the function in
being monotonically increasing. It follows that «’ is monotonically increasing in
[0,6), i.e., u is convex. In other words, we look for a C! solution u : [0,5) — R of the
initial value problem (4.1)), in (0, d), with the initial values (ug, ug) = (0,0) at
ro = 0, such that u € U, where U denotes the class of all C'* functions U : [0,5) — R
with the following properties:

(i) U0)=U'(0) =0 and 0 < U(r) < ¢ for every r € (0,90);
(ii) U satisfies both inequalities in for every r € (0,4), with u replaced by
U, and so = 0 and W(sg) = 0.
We recall that for an arbitrary function u € U, eq. in (0,9) is equivalent with
the integro-differential equation in (0,0).

We begin by constructing a pointwise orderded pair of solutions w,% : [0,d) —
[0,¢) to the initial value problem , , such that 0 < v £ v < 7 holds in
(0,4) for every solution w : [0,d) — [0,¢) to problem , that satisfies
u(r) > 0 for 0 < r < §; hence, u,u,u € U. We call u (u, respectively) the mini-
mal (mazimal) positive solution to problem , . We employ a standard
technique using monotone iterations.
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To construct u, we start with the unique positive solution u; : [0,0) — [0,() of
the initial value problem

[y ()P = (p'/N)W (ui(r)) for r € (0,8); (4.31)
u1(0) =0, (4.32)
cf. (4.7) with so = 0 and W(sg) = 0. (More precise details about the existence and

uniqueness of u; will be given below in the proof of the uniqueness for u, i e, uU=1u
n (0,0).) We claim that uy is a strict subsolution to problem (4.18), ([@.19), that

is, by eq. (4.22),
1
g, (ul(r) < / W (uy(tr))tN=1dt  for r € (0,9). (4.33)
0

Indeed, combining (4.18)), where we first replace W by (1/N) W, then take N =1,
with eq. (4.31) we arrive at

r‘1¢>p(u’1(r))=N—1/o W’(ul(tr))dt</0 W (uy (tr)) tN 1 dt

for r € (0,0). The last inequality has been deduced from Lemma ineq. (7.2)),
stated in the appendix (Appendix [7)).

Similarly, to construct @, we start with the unique positive solution wy : [0,d) —
[0, C) of the initial value problem

[wi(r)|P =p' W(wi(r)) forr e (0,6); (
w1(0) =0, (

cf. (4.7) with sp = 0 and W(sg) = 0. Note that uj,w; € U and ui(r) =
wy (N~YPr) < w(r ) for every € (0,9). We claim that w; is a strict super-

solution to problem (4.18§] - that is, by eq. -,
1 (! (1)) > / W (wy (b)) L dt for € (0,5). (4.36)
0

Indeed, combining (4.18]), where we take N = 1, with eq. (4.34) we arrive at

1 1
7t gp(wi(r) = /O W (wy(tr))dt > /0 W/ (wi (tr)) tN 1 dt

for r € (0,0). We remark that we take § > 0 small enough, such that 0 < w;(r) < ¢
holds for every r € (0,4).
Next, we construct a sequence of pairs of functions uy,wy : [0,6) — [0, ) recur-
sively for each k = 2,3,4,... by requiring
L (uf(r fo "up_1 (tr))tN"1dt  for r € (0,6);
Uk (0) 0
and
7 gp(wh(r) = [y W (wioa ()N At for v € (0,0);
Wi (0) =0.
In particular, we have 0 < u; < ug < wy < wy in (0,d), by inequalities (4.33)
and (4.36]). Recall that W’ is monotonically increasing on the interval [0,(). By

induction on k, from u; < us < wy < wy in (0,0) we derive up < ugyy < wir1 < wg
in (0,9) also for every k =2,3,4,....
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Summarizing the properties of uy’s and wy’s, we have
O<u <ug <+ Sup Sy < Swpyr Swp <+ Swp < wyp

n (0,4), for all £ > 2. Standard arguments for monotone iteration schemes now
guarantee that both sequences {uy}72 ; and {wy}32, must converge pointwise on
the interval [0,4), say, to u and u, respectively. Furthermore, both u and @ verify
the initial value problem (4.18 , - ), together with

O0<u <ug <+~ <wup Suppr <---<w

4.37
Su<- - <Swpg Swg < Swp <wyp ( )

n (0,9), for all ¥ > 2. Hence, u,u € Y. In addition, every function u € U satisfies
up < U < wy in [0,6), by the inequalities in and our deﬁnitionb of u; and
wy. If u € U verifies also the initial value problem , ) then we obtain
up < u < wg in (0,9) for every k = 1,2,3,..., by 1nduct10n on k again. We
conclude that u < u <@ in (0,9).

Finally, from the initial value problem , for u and @ in place of u,
combined with u < @ in [0,0), we deduce ¢,(v")) < ¢,(@') in (0,8), which shows
that the difference w(r) — u(r) is a monotonically increasing function of r € [0, §),
ie.,

0<a(f) —u(f) <u(r) —u(r) forall 0<7<r<9d. (4.38)

Consequently, if w(r*) = u(r*) for some r* € (0,9), then @ = u holds on the entire
interval [0, r*]. But this forces also @ = u on the whole of [0, ), by the arguments
we have used at the beginning of our proof of Proposition (cf. Lemma Cases
(i) and (ii)). We conclude that, in order to prove the uniqueness for problem ,
, that is to say, to verify @ = u in [0, d), it suffices to prove that there is some
€ (0,9) such that w(r*) = u(r*).
We begin our proof of uniqueness by considering an arbitrary solution u € U to

problem (4.18)), (4.19) in (0,d). Recall that here we assume also Hypothesis (H2)).
Notice that, given any € > 0, if we replace the variable r by # = ¢~ and define

the function @(7) o u(ef) for 0 < 7 < e 1, then @ satisfies the integro-differential
equation

7l o, (0 / W' (a(ti)tN=tdt  for 7 € (0,67 14), (4.39)

by eq. . Of course, @(0) = @'(0) = 0. Consequently, if e < 1 (¢ > 1, respec-
tively) then @ is a strict subsolution (supersolution) of the initial value problem

([4.18), (4.19) in the interval (0,e715), by
Pl (@ (7)) < (>) e PP (@ / W (a(t7)) £Vt de (4.40)

for 7 € (0,e716). In particular, if the inequality %(e7) < u(7) holds for all 7 € (0,4"),
where ¢ € (0,1) and ¢’ € (0,8] are some constants, then it must hold for all
7 € (0,9), by ineq. with @ in place of u and eq. with u in place of w.
We may take ¢ € (0, 1) arbitrarily close to 1 if

lim

Jim S =1 (4.41)
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Then w(er) < u(r) for all 7 € (0,6) will force also u(7) < u(7) for all 7 € (0,6), b
letting ¢ — 1—. Thus, we have reduced the proof of uniqueness, which is equivalent

to = w in [0,d), to verifying the limit in (4.41)).
To verify (4.41)), first, recall that u € U is an arbitrary solution to problem (|4.18)),

(4.19) in (0,). We insert eq. (2.8)) into (2.7) to get

(N -1)p' Z(r) (N -1)p'

Z/
() +— -

W(u(r))=0 for0O<r<9d. (4.42)
This differential equation is supplemented by two initial conditions, namely, Z(0) =
W (u(0)) = W(0) =0 and Z’(0) = 0. Equation (4.42) is equivalent with

(;ﬁ(r Z(r)) =v 7"”*1W(u(7"))7 0<r<id,

where we have abbreviated v % (N — 1)p'; hence, v > p’ > 1 owing to N > 2.
This equation, supplemented by the initial condition Z(0) = 0, is equivalent with

the integral equation

—1// W(u(?)) P~ tdi, 0<r<gd. (4.43)
We substitute ) for Z'(r) and - ) for Z(r) in - to obtain

|P+V/W _

for 0 < r < 6. This integro-differential equation for the unknown function u :
[0,6) — [0, () is supplemented by the condition u € U. Note that

1
y/ (£)” g_u/ thdt =1 (4.45)
o ™ T 0

for 0 < r < ¢, after the substitution 7 = tr.
To solve (4.44), we introduce the function ¢ : (—(,¢) — R by

def s ds
5) :/0 G sl <c (4.46)

= W(u(r)) (4.44)

This is a continuous, strictly monotonically increasing function which is C? on
(—=¢,O)\{0}. Let o : (—9_,9+) — (—(,¢) denote the inverse function for g, where
the number 9J,, > 0 is given by the formula

) ‘MI/VC ]
Y o (@ W(s)/»

with the sign symbol v = £ in 9, and v(. It is easy to see that also ¢ is continuous
and strictly monotonically increasing and, moreover, it is continuously differentiable
n (—9_,94) with the derivative ¢’(0) = 0 at zero. Note that

, _ 1
70 = Gt

Moreover, both functions o : (—9¥_,9;) — (=¢,{) and W : [O,C) — Ry = [0,00)
being strictly monotonically increasing, so is the function o’ : [0,91) — Ry. It
follows that o : [0,94+) — [0,() is strictly convex with O’(O) =0'(0) = 0. In

=@ Woo)(r)? >0 forall re(—9_,0,)\{0}. (4.47)
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addition, the asymptotic behavior as » — 0+ of the logarithmic derivative of the
composition Woo: (—9_,94) — Ry of o and W, that is, of the function

d _ (Woo)(r)
r gy legeWoo)(r) = (g

is determined by Hypothesis (H2). This logarithmic derivative is defined on both
open intervals (—9_,0) and (0,9), with the limit lim,_o(logoW o 0)(r) = —c0,
and satisfies

(9, 04)\ {0} - R,

w 0)’(7") _ W'a(r))

d
(log oW e )(r) = "G ooyn) = Wio(n)
)

. o'(r)

W' (o (r
s=o(r)

W(a(r)

(4.48)
by eq. . The last derivative is defined for s in both open intervals (—¢,0) and
(0,¢), by Hypothesis where so = 0 and W(sg) = 0 are taken.

Dividing by W (u(r)) and using (4.47), we arrive at
/ P,/ p T(Wou)(f) f Vdf‘f
P+ [ G (5 =1

0 r r

(
T 6 W) () = p 4 6f W(s)

for 0 < r < 6, or, equivalently,

d y [T oo di
|4 (eow)(r)] +V/O W(;) =1

for 0 < r < §. Next, we substitute B % pou : [0,6) — [0,9+), which yields
u=coR:[0,6) = [0 ,(), thus obtaining

|der|p+u/0 m (?)”g —1 (4.49)

for 0 < r < 4. This integro-differential equation for the unknown function R :
[0,6) — [0,94) is supplemented by the initial condition R(0) = 0. We look for a
C* solution R : [0,) — [0,94) to this initial value problem that satisfies

%<|7|p<1 in I; \ {0} = (0,6), (4.50)

according to inequalities (4 . More precisely, combining (4.47) with v € U, we
have
u/(r)

d
/ _ — / —
R (T) - dr (QO U)(’I") =0 (U(T)) u (T) - (p/ W(’U;(?"))l/p >0
for 0 < r < ¢ and, therefore, the inequalities in (4.50)) read
N—VP < i—R <1 1in (0,6). (4.51)
r

Let us denote by R the class of all continuous functions R : [0,) — R with the
following properties:
(i) R(0) =0 and 0 < R(r) < 94 for every r € (0,9);
(i) Ris C'in (0,0) and satisfies both inequalities in for every r € (0,0).
Now we are ready to verify . We set

R pou, REpou:[0,6) —[0,9).
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First, by L’Hospital’s rule and (4.47)), we calculate

ey E) T o (B() R (r)
r—0+ u(r) r—0+ u/(r) =0+ o (R(r)) R'(r)
L (W o) (R(r)\ VPR (r)
771_1>r61+ K(WOU)(E(T))) E/(T)} (4.52)

:( - 0 0)(R(r)) >1/p. iy B
0% (W o o) (R(r))
where the fact that

L (Woo)(R(r) _
r=0+ (Woo)(B(r))
follows immediately from the asymptotic condition in Hypothesis (H2|), where
so = 0 and W(sg) = 0 are taken, combined with the following claim,

Rir) _ . R

(4.53)

li = =1. 4.54
7._1,%1+ E(T) 7"—1%1-1- E'(r) ( )
More precisely, we are going to show that
1 1\\~Wr
RO tim ()= (1+v(=--)) e /1 455
)= Jim R =(1+0(5 - 3) (N ()

holds for R = pow : [0,0) — [0,94), where u € U is an arbitrary solution to

problem (4.18]), (4.19) in (0,0).
Indeed, taking advantage of the asymptotic condition (2.2)) in Hypothesis (H2))

again, we obtain
. W(3) /,5\a]
sl—l»%1+ {W(s)/(g) }71’

0<3<s
i [55/ 07 =1,
which yields -
i o 7 )\ ap/(p—a)
55@; [%oaggggr;;/(ggri) } =1, (4.56)
5;% [gg;/:] - (4.57)

Finally, we insert the last two limits into eq. (4.49)), thus arriving at

rhghU}?(rﬂp-+z/jér(i)apﬂp—a)(i)u(if}
= tip IR v [ et (0§ =1

This yields (4.55]) as desired, by

(4.58)

! dt
lim |R'(r)]P + v / op/p—e) v 2 — g
r—0+4 0 t

where v = (N—1)p’ = (N—1)p/(p—1). The proof of the proposition is finished. O
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5. GLOBAL EXISTENCE AND UNIQUENESS

The results in this section will be needed in the proofs of our main results in
the next section (Section @ We continue with the problem setting from the previ-
ous section (Section [4). Throughout this section we assume that the potential W
satisfies Hypotheses and stated at the beginning of Section |2} Here, we
invostigato the global existence of a solution to the initial value problem for cqua—
tion e to 1 D and ., or equivalently for the first-order system ,
ie., to 1-) and (4.4). This means that we assume that u : [rg, R) — R is a C’l
solutlon with |u’|p u' € C([ro, R)), of the following initial value problem,

=IO NI ) W ) =0, rg <7 < R, (5.1)
u(rg) = —0, U/(TO) =0, (5:2)

where 6 € R is a given number. Furthermore, we assume that the solution wu is
defined on a maximal interval of existence of type Jmax = [0, R) C Ry for some
R € (rg,00) or R = .

We have the following global existence result.

Proposition 5.1. Let 1 < p,a < o0 and rg € Ry. Assume that W : R — R is
a CY function that has the same properties as in Theorem including (a) and
(b) for some 0 < S < oo, together with Hypothesis where sg = S is taken.
Let u : Jpax — R be any solution of the initial value problem , , where
0 <6< S and Jmax = [0, R) is a mazimal interval of existence, for some R
with 1o < R < oo. If p < « then assume also 0 < 0 < S, whereas if p > « and
0 = S, then assume that there is 6 > 0 such that u(r) > u(rg) = —S holds for every
r € (ro,70 +9). Then u has the following properties:

(i) R = o0 and |u(r)| < @ for every r > 0 and, moreover, both u(r) — 0 and
u'(r) = 0 asr — oo.
(ii) (N —=1) f;o |u/ ()P A= dPF = W(0) — W ().

(1+B)N
> Nip -

Then there exist two sequences of positive real numbers, (0 <rg < )1 <rg < -+ <
T <...and (0<ro<) 0 <2< +<pp<...,suchthat r,_1 < 0, <1, and
uw'(rn) = u(on) =0 hold for each n =1,2,3,..., together with r, — 0o as n — oo.
These two sequences can be chosen to be maximal in the following sense: for each
r € (rg,00) one has also

(iii) In addition, assume p >

W' (r)=0 = r=r, forsome neN,
u(r)=0 = r =y, for some ne€N.

Proof. To prove properties (i) and (ii), let us recall that W is assumed to be even
about zero and satisfying W/(0) = W/(£S) = 0 and W'(s) = —W/'(-s) < 0 for
all s € (0,5). Here, 0 < S < oo is some number. According to our hypotheses
on 0 and u, we may assume that there is some §’ € (0, R — rg) such that (=S <)
—0 = u(rg) < u(r) < 0 holds for all r € (rg,ro + ¢']. From we deduce that
also «'(r) > 0 must hold for all € (rg,ro + ¢']. Now it is an easy consequence of
and (2.8) that |u(r)| < 6 (< S) holds for all r € (ro, R). Notice that Z(7)
is a btrlctly monotonically increasing function of # near any point r € (1o, R) at
which «/(r) # 0. Combining these facts with Proposition 4.1f on local existence, we
conclude that R = oo, i.e., Jmax = [ro,00) is the maximal interval of existence.
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Next, we claim that either there exists some r; € (rg,00) such that v/(r1) =0
and ' (r) > 0 for all r € (rg,r1), or else the function w is strictly monotonically
increasing on the entire interval [rq, c0) with a monotone limit Uoo = limy 00 u(r) <
0 (< S). The strict inequality follows from (2.7)) and ( again.

In the latter alternative we must have uoo =0 the case Uy # 0 is excluded
as it would entail W’ (us) # 0 which is impossible. This proveb property (i) for
the latter alternative. Then property (ii) is derived easily from and . 2.8]) by
letting r — oc.

The additional hypothesis in property (iii), p > (lﬁf)ﬂN excludes also the case
Uoo = 0 which leaves us with the former alternative only, i.e., u/(r;) = 0 and

uw'(r) > 0 for all » € (rg,r1), where r1 € (rg,00) is some number. This can be
proved by combining eq. , where r > 7y is large enough, with inequalities
59).

Now we may repeat the two alternatives considered above in the interval [ry, 00)
in place of [rg, 00). According to our hypotheses on 6 and u, we may assume that
there is some ¢ € (0,00) such that 0 < u(r) < u(r;) (< 6 < S) holds for all
r € (r1,r1 + ¢’]. From eq. we deduce that also u/(r) < 0 must hold for
all » € (r1,r1 + 6']. Now it is an easy consequence of egs. and that
lu(r)] < u(ry) (< 8 < S) holds for all » € (r1,00). Notice that Z(#) is a strictly
monotonically increasing function of # near any point r € (11, 00) at which w’(r) # 0.

Next, we claim that either there exists some ry € (r1,00) such that u/(r2) = 0
and u/(r) < 0 for all r € (ry,r2), or else u is strictly monotonically decreasing
on the entire interval [r1, c0) with a monotone 1imit uoo = limr_>OO u(r) > —u(ry)
(> —0 > —S). The strict inequality follows from (2.7]) and ( again.

As above, in the latter alternative we must have Upo = 0 the case Uso # 0 is
excluded as it would entail W’ (uq) # 0 which is impossible. This proves property
(i) for the latter alternative. Then property (ii) is derived easily from egs. (2.7))
and . 2.8)) by letting r — oc.

The additional hypothesis in property (iii), p > (T,'f)BN excludes also the case
Uso = 0 which leaves us with the former alternative only, i.e., u/(r2) = 0 and
uw'(r) < 0 for all » € (r1,re), where ro € (r1,00) is some number. This can be
proved by combining eq. , where 7 > rq is large enough, with inequalities
(B.6).

This recursion process may stop after a finite number n € N of such steps, thus
leaving us with a finite collection of numbers (0 < ) rg < r1 < ro < ...7T5 < 00
such that v/ (r) > 0 for every r € (rp_1,7%) if k is odd, and u/(r) < 0 for every
r € (rg—1,7x) if k is even, and the monotone limit uo, = lim, u( ) = 0. This
proves property (i). Then property (ii) is derived easily from egs. and ( .
by letting r — oco.

If the recursion process does not stop after a finite number of steps, we obtain
A+8)N

i

The other sequence, {Qk}io 1, is obtained easily using the fact that «’(r) 2 0 for all

r € (rg—1,7%); k =1,2,3,.... The proposition is proved. O

a sequence {ry}%2, characterized in property (iii). This is the case if p >

6. PROOFS OF THE MAIN RESULTS

Now we are ready to give proofs of our main results stated in Section [B] We
remark that the results stated in §3.1| (Theorems and and Lemma
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respectively) are special cases of those stated in §3.2] (Theorems [3.5] and [3.7] and
Lemma. Thus, we need to prove only the latter ones, for a general potential W.

6.1. Proof of Theorem 3.5} Proof of Part (I). 1t is assumed that |f] < S. We may
take ¢ = 1 without any loss of generality. We begin with the case § € {-S,0,S}.
Then the constant function u = —0 on Ry is a (global) solution to the initial value
problem (3.1)), (32)), thanks to W’(6) = 0.

For 6 = 0 this solution is unique by egs. and . Indeed, given any
(local) solution u : [rg,rg + 6) — R of the initial value problem (4.1)), with
u(rg) = u'(rg) =0, for some rg > 0 and 6 > 0, from eqs. (2.7) and (2.8)) we deduce

0= % [w(ro)l” = W(0) — Z(ro) = W (u(ro)) — Z(ro)

> W (u(r)) — Z(r) = Z% ()" >0 for € [ro,ro + ),
provided 0 > 0 is small enough. Here, we have used W (u(r)) < W(u(rg)) = W(0)
and Z(r) > Z(rg) = W(0) for r € [rg,ro + 6). This forces v = [/|P72u = 0
throughout [rg,ro + 6), i.e., u =0 in [rg, g + 4).

For # = +.5 the constant function u = —6 on R is the unique solution to problem
, by Corollary Indeed, any nonconstant solution w : [rg,ro +d) — R
would have to satisfy either (if ro = 0) or (if ro > 0). But this is
impossible for a > p.

So assume 0 < [§] < S. Let u : [0, R) — R be a solution to problem (3.1)),
defined on a maximal interval of existence. Such a number R with 0 < R < o0
exists by Proposition on local existence. It is an easy consequence of egs.
and that |u(r)| < 6 (< S) holds for all » € (0, R). We combine these facts with
Proposition Fi;fl to conclude that R = oo, i.e., Jypax = R4 is the maximal interval
of existence. The uniqueness follows from Lemma [4.2

Proof of Part (II). It is assumed that S < |8] < S + (. As above, we may take
€ = 1 without any loss of generality. By the symmetry of W it suffices to treat
the case S < 6 < S+ (. Then the existence and uniqueness of a (local) solution
u: [0,6) — R to problem , follow from Proposition and Lemma
for some § > 0. If 6 > 0 is chosen small enough then we have also u/(r) < 0 for all
r € (0,9). Now let u be extended to a maximal interval of existence [0, R) for some
R >6 (> 0). Clearly, by Lemma [4.2] Case (i), if u/(r) < 0 holds for all r € (0, R),
then one can take § = R.

Proof of Part (III). Finally, let 0 < |0] < S. We start with ¢ = 1. By the
symmetry of W again, it suffices to treat the case 0 < § < S. By Part (I), problem
(33), possesses a unique (global) solution u : Ry — R satisfying |u(r)| < 6
(< S) for all r > 0. Also the restriction p > (1; fN being assumed, this solution
has all properties (i), (ii), and (iii) in Proposition

The case of € > 0 arbitrary is now treated by first renaming both, the variable
r € Ry and the function u(r) from the case € = 1, by 7 and a(7), respectively. Then
we use the dilation r = &7 in order to obtain the unique solution u(r) = (s~ 1r)
of problem (3.1), (8.2). The conclusion of Part (III) now follows immediately from
property (iii) in Proposition In particular, given R € (0, 00), we get the (strictly
decreasing) sequence of “nonlinear eigenvalues” for the Neumann boundary value
problem , , i.e., the numbers &, = ¢,(0,R) > 0 for n € N, from the
relation e 'R = r,, for each n € N. This completes the proof of Theorem [3.5
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6.2. Proof of Lemma This lemma is an immediate consequence of Proposi-
tion

6.3. Proof of Theorem Proof of Part(I). It is assumed that |0] < S. The
proof of Part (I) in Theore remains valid in this case also for p > « as we do
not use Corollary [£.4] in this part.

Proof of Part (II). Similarly, for S < 8] < S + ¢, the proof of Part (II) in
Theorem applies also to p > a.

Proof of Part (IIT). Also this proof is identical with the proof of Part (III) in
Theorem [3.5

Proof of Part (IV). The proof of this part is a direct consequence of the fact that
the constant functions u = +.5 in R are solutions of the initial value problem ,
, combined with Proposition The nonuniqueness of a solution u(r) occurs
at the point r = rg; it becomes nonconstant right after this point, for ro < r < R.

If § = —S and u = Uy then |u(r)| < S must hold for all r € (rg, R), again, by
eqs. and . We combine this fact with Proposition to conclude that
R = o0, i.e., Jpax = Ry is the maximal interval of existence. The uniqueness of
u(r) for r > rqy follows from Lemma

We have finished the proof of Theorem

7. APPENDIX

Here we prove the following auxiliary result for weighted averages.

Lemma 7.1. Let f : [a,b] — R be a monotonically increasing, continuous function,
—0 < a<b<oo, and let g: [a,b] — R be (once) continuously differentiable, such
that g(a) = g(b) = 0 and g(t) > 0 for every t € (a,b). Then we have

b b
/ F() g/ (tydt = - / g(t) df(t) <0, (7.1)

where the equality holds if and only if f(a) = f(b), in which case f is a constant
function.

In particular, given a = 0, b =1, and any p,v € R with 1 < p < v < 0o, we
may take g(t) =t —t¥ fort € [0,1] to get

/f t“ldt<y/f tytrtdt, (7.2)

where the equality holds if and only if f(a) = f(b), in which case f is a constant
function again.

Proof. Formula is an easy consequence of the standard formula for integration-
by-parts for the Riemann-Stieltjes integral combined with our boundary conditions
at the endpoints of the interval [a, b]. We refer for details to the textbook by Rudin
[18], Chapt. 6, Exercise 17 on p. 141. O
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