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HARNACK INEQUALITY FOR QUASILINEAR ELLIPTIC
EQUATIONS WITH (p,q) GROWTH CONDITIONS AND
ABSORPTION LOWER ORDER TERM
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ABSTRACT. In this article we study the quasilinear elliptic equation with ab-
sorption lower term
. Vu
div (g(|Vul) Val
Despite of the lack of comparison principle, we prove a priori estimate of
Keller-Osserman type. Particularly, under some natural assumptions on the
functions g, f for nonnegative solutions we prove an estimate of the form

)+ fw) =0, u>o.

u(z) u(x) u(x

/ f(s)dsgcﬁg(ﬁ)7 z € Q, Bgr(z) C Q,
0 T T

with constant ¢, independent on u(z). Using this estimate we give a simple

proof of the Harnack inequality.

1. INTRODUCTION

In this article we consider nonnegative solutions of the quasilinear elliptic equa-
tion

—div A(z, Vu) + ag(u) =0,z € Q, (1.1)
where € is a bounded domain in R™,n > 2. We suppose that the functions
A = (a1,a2,...,a,) and ag satisfy the Caratheodory conditions and the follow-

ing structural conditions
Az, )€ = mg(E)IEl,  [A(z,§)] < vag([]),
v f(u) < aou) <wvaf(u),
where v, v5 are positive constants and g is positive function satisfying conditions

tyvo—1 _ g(t) _ tig—1
€eCRY), ()" <Z=x<(= t>7>0,1<p<g<n. 1.3
g ( +) (T) _g(T)_(T) ) =T s p=g<n ( )
Harnack’s inequality for linear elliptic equations established by Moser [16] is
one of the most important results in the theory of partial differential equations.

Serrin[2]], Trudinger [25] 26], Di Benedetto and Trudinger [2], generalized Moser’s

(1.2)
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result to the case of quasilinear elliptic equations with lower order terms from L,
spaces. We also would like to comment on the Harnack type estimates for elliptic
equations with absorption term. The strong maximum principle for the equation
—Au+ f(u) = 0 was proved by Benilan, Brezis and Grandall [I] under the conditions

/01 jﬁfzufoo, Flu) = /Ouf(s)ds

Further it was extended by Vazquez [29] for the equation —A,u + f(u) = 0 and
for the equation by Pucci and Serrin [I8]-[20] and by Felmer, Montenegro
and Quaas [27]. Finn and McQwen [28], Dindos [3]. Mohammed and Porru [15]
proved the Harnack inequality for the non-divergence linear elliptic equations with
absorption term. This was extended by Julin [5 6] to the linear divergence and
non-divergence elliptic equations with absorption term. Harnack’s inequality for
the equations of the type —A,u+ f(u) = 0 and u; — Apu + f(u) = 0 was proved
in [24]. It is natural to conjecture that the Harnack inequality holds for the elliptic
equations with non-standard growth conditions perturbed by absorption term. Our
strategy of the proof of the Harnack inequality is similar to that in [24].

In the paper we prove estimates of Keller-Osserman type for solutions to elliptic
equation with nonstandard growth conditions and absorption lower term; after that
we give a simple proof of the Harnack inequality.

Before formulating the main result let us remind the reader the definition of the
weak solution to the equation .

Definition 1.1. Let G(t) = tg(t). Then note by W% (Q) the class of functions u
that are weakly differentiable in 2 and satisfy the condition

/QG(|Vu|)dsc < 0.

Definition 1.2. We say that u is a weak solution to (I.1), if u € W1%(Q) and
satisfies the integral equation

/Q{A(gc, Vu)Vo + ag(u)e} dz =0, (1.4)

for any ¢ € WhG(0Q).
Let zg € Q. For any p > 0 we set
_ F(v)
f(s)ds,(u M(p) = Sup
/ f(u) B,(x0)

6(p) = sup &(u), F(p)= sup F(u),
B, (o) By (x0)

where B,(zo) is ball {x : |z — x| < p}.

The next theorem is an a priori estimate of Keller-Osserman type, which is
interesting in itself and which can be used in the theory of “large” solutions (see
for example [111 [30], [8]-[10]).

Theorem 1.3. Let condmons , ) be fulfilled and u be a nonnegative weak
solution to the equation n Q Let a:o € Q. Fiz o € (0,1). Then there exist a
positive numbers cy, ca, dependz'ng only on n,p,q,vy, s such that

Flop) < a1 - )= 22 (o(M1ED) 4 422y, (15)
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for all Bg,(xo) C Q.

Remark 1.4. Conditions (1.1}), (1.3)) imply the local boundedness and Holder
continuity of solutions (see, for example [14]).

Remark 1.5. For the case p = ¢ inequality (1.5) was proved in [24]. In the case
p = @, using the comparison theorem an radial type solutions, inequality of the

type (1.5) was proved in [§].

To prove the Harnack inequality for equations with absorption lower terms we
need the following condition.

Definition 1.6. We say that a continuous function 4 satisfies condition (A) if
there exists p > 0 such that
Vo) Ly
e(r) =7

; (1.6)
forallt > 7> 0.

Condition (A) arises due to presence of absorption lower order terms in the
equation ([1.1)): this condition was not presented in [14], but it is closely connected
with analogous conditions in the works [I8]—[20].

Theorem 1.7. Let G=1 be the inverse function to the function G(t) = tg(t), and let
conditions (1.2)), be fulfilled. Let also u be a nonnegative weak solution to the
equation (L.1), function f(u) be nondecreasing and 1(u) = u= G~ (F(u)) satisfies
condition (A).Then there exists positive number c3, depending only onn,p,q,v1, Vs,

c such that () ()
u(x u(z
Flu(e)) < "5 (1) (1.7
for almost all x € B,(xo) and for any xo € Q, such that Bg,(xo) C §.

The following theorem is Harnack inequality for the nonnegative weak solutions
to the equation (|1.1]), which is simple consequence of the Theorem [1.7]

Theorem 1.8. Let u be a nonnegative weak solution to the equation (L.1), let

conditions (1.2)), (L.3) be fulfilled. Assume that function f(u) is nondecreasing and
P(u) = u*GY(F(u)) satisfies condition (A). Then there exists positive number cy,
depending only on n,p,q,v1,vs, such that

sup u(z) <cy inf wu(z), (1.8)
B,(z0) B (z0)

for almost all x € B,(x0), and for any xo € Q, such that Bg,(xo) C .
Remark 1.9. The formulation of the Theorem is the same as in [I4], however

due to presence of absorption lower order term, the results of [I4] cannot be used.
The main novelty of our result that the constant ¢4 is independent on u.

Remark 1.10. If f(u) = g(u)fi(u), where function f;(u) satisfies condition (A)
with g3 > ¢ — p, then the function u='G~!(F(u)) satisfies condition (A) with
0= ‘“%‘”p > 0. A simple example of the function f;(u), which satisfies condition

(A) for p; = 1 is a function f; € C*(RL, f1 is nondecreasing and f1(0) = 0.
Remark 1.11. If f(u) = ¢°(u) fi(u), where f; is nondecreasing and s > Z%’ then

the function v G~ (F(u)) satisfies condition (A) with pu = M+q+1.
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2. KELLER-OSSERMAN A PRIORI SUB-ESTIMATE. PROOF OF THEOREM [L.3]

2.1. Auxiliary statements and local energy estimates. First of all we prove
the following auxiliary statements, which will be used for further investigations.

Lemma 2.1. Let {y;}jen be a sequence of nonnegative numbers such that the
following inequalities

Y1 < Cby;*e
hold for j =0,1,2,... with positive constants €,C > 0,b > 1. Then

(Ao -1 Qde)l =1 5 (14¢)9
e2 Eyo .

Yy <C = b
In particular, if yo < C_éb_a%, then lim; o y; = 0.

We denote by the v some constant depending only on n,p, ¢, 1,2 which may
vary from line to line. Let B,.(Z) C 2 be a ball in €, then we denote by the ¢ some
nonnegative piecewise smooth truncated function vanishing on the boundary of the
ball B, (z).

Lemma 2.2. Let u be a nonnegative weak solution to the equation (1.1 and let
conditions (1.2) and (1.3) hold. Then for every B,.(Z) C Q and for every k > 0

£ () G(Vul)C? da + / (F(u) — k)4 f(u)C? do

Ak,r Ak

(2.1)
<y /A (F () — k)1 g(6(u) V) VC|da,

where Ay, = {x € B.(Z) : F(u) > k}.
Proof. Testing integral equality (1.4)) by the ¢ = (F(u) — k)+¢?. Using conditions
(1.2) and (1.3) we obtain

F(w) G(IVul)? de + / (F(u) = k) f(u)C da

Ag,r Ag,r

<y /A (F(w) — k) g(IVul)|V¢[CO der

Let us note that the next inequality is evident

b
g(a)b < eg(a)a + g(E)b, a,b,e > 0. (2.2)
We use this inequality with a = |Vul|,b = y(F(u) — k:)Jr@,s = £ f(u) and arrive

to the required inequality (2.1) O

2.2. Proof of Theorem Consider a ball B,(x¢) and for fixed o € (0,1) let Z
be an arbitrary point in ball B,,(x¢). Further we set

1—0

p(1+2—j), Bj:Bpj(i‘)’Akj,j:{$€BjZF(u)>kj}’ j=0,1,...
G ECE(B)), 0<¢G <1, |VG|<y(l—0) 279t

Pj =
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and ¢; =1 in B;11. By the embedding theorem and Holder inequality we obtain

[ 0w k)ds
Ap

1.0+l

([ ek Prdn) T Al
<y /A IV ((F () — Ky 1)1 COl Ay o 177 (2.3)

<~( /A F ()| Vul¢ida

kjt1:d

) = k) VGG ) A

kjt1.d

Let ¢ = 6(p)/p. Using inequality (2.2) with a = £,b = [Vu|,e = 1 and the evident
inequality (F(u) — kj41)+ > g on Ay,,, ;j, we estimate the first term in the

right-hand side of (2.3) as follows

/ £(w)|Vul¢tda
Ay

4100
1

i o) /A’“Hm f(u)g(£)|vu|chdx

<of  pwgaes s [ GV

Ak]’+1y.7' g(f) kjt1:d
1

vl B~k f0G s+ o [ rwo(vais,

From the previous inequality and Lemma [2.2] it follows that

kjt1.d

/ £(w)|Vul¢tda
Ap.

G103

<ol 2 (4 o) [ -k
Choosing k such that
E>GU) =G <> , (2.6)
from inequalities and we obtain

iy 17— 1 14L
Y1 = /A (F(u) — kya)de < 4(1 — 0) 1270yl T (27)
k

j41odt+1

from Lemma it follows that y; — 0 as j — oo, provided £ is chosen to satisfy

k>~(1-— J)_Wp_"/ F(u)dzx. (2.8)
Bi_, (z)
—3 P
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Inequalities (2.5)) and (2.6]) imply that

)
Fu@) <yl -0)7"G <(p)) + (1 — U)prfn/ F(u)dz. (2.9)
p Bl,Tap(i)
Let £ € C5°(B(1-0),(7)),0< ¢ <1, =11in BlfTap(a_}') and |V¢| < 2(1—0)"1p~t.
To estimate the integral in the right-hand side of the (2.9) we test (1.4) by ¢ = £9.
Using conditions (|1.2)), (1.3) we obtain

/ HMWS&M/ CIE
Bi_o (%) B(1-0),(7)
~16(p) -
1—o) 122 Vu|)¢? tdz.
<7(1-o) ) /B(”)pmg(l ul)§7 du

We use inequality (2.2) with a = |[Vul|,b = £~ to obtain

/ F(u)dr < ~(1 - U)flM/ G(|Vu|)¢dx
Bﬂp(j) M(p) B(lfo')l’(f) (2 10)
) M . '
+7ﬂ—0)1(m9<0®)p~
p p
Test by the function ¢ = u€?. Using and (1.3)) we obtain
M
/ G(|Vu|)¢ldz < ~v(1—0) "G ((p)) o (2.11)
B-0)p(®) p
Combining (2.10) and we arrive at
/ F(u)dz < ~(1— U)_”’Mg (M(”)> P (2.12)
B-0)p(®) p p

Since Z is an arbitrary point in B, ,(z0), from (2.8)) and (2.12)) we obtain the required
inequality (1.5). So, Theorem is proved.

2.3. Proof of Theorem For j =1,2,..., let us define the sequences {o,},
{p;}, {M;} such that

1—277-1

1
=T 5 pi=P(l+gttg), M= swow

" 2 2 Bpj o)

Rewrite inequality for the pair of balls B, ., (%0), B, (z0):
G™HF(M;)) <727 p~ M.

If € > 0, we obtain

Y(M;) < Pp(eMjiq) + Mo

< Yo(eEMjpy) +e 427 p7 L

19(M;)M;
€

Using condition (A) we arrive at following recursive inequalities

Y(M;) < ep(Mjq1) + e 277 p 1,
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j=0,1,2,..., or

j—1
B(Mo) < ePPp(M;) + e yp D ekrakd,
k=0

We chose e = 27771 50 that the sum on the previous inequality can be majorized
by convergent series. Let j — oco. Then

P(u(xo)) < (Mo) <vp~ '
This proves the Theorem

3. HARNACK INEQUALITY. PROOF OF THEOREM [I.§]
Let x be some inner point in Q and Bg,(z) C Q. Fixz € B,(z0),0 € (0,1),0 <
r < p. Let also € € C§°(B,(7)),0 <& <1, =1in B,,(Z) and |VE| < (1—0)~tr—t.
The following lemma is an auxiliary result for proving Harnack inequality (Theorem

)

Lemma 3.1. Let the conditions of Theorem [1.8 be fulfilled. Then for every 0 <
k <supp, (z,)u, the next inequalities hold

[(u — k) +[|Le (B, (2)) "
/Br(w) G(|V(u—k)])€dr < ’YG( d—o)r )|Ak7r|, (3.1)

. k .
[, Gt =gt <96 () 14 (32)

)

where Air = B.(Z)N{(u—k)x > 0}.

Proof. Testing (1.4) by ¢ = (u — k)+&? and using (1.2)), (1.3), (2.2) we arrive at
(3.1). To prove (3.2)) we test (1.4) by the function ¢ = (k — u) &%, using (2.2)) we

obtain
k _
/Br(w) G(IV(k —u)4])§%dz < W’G<m) |Ag |+ IY/BT(I) fu)(k —u) &%

The last term of the previous inequality can be estimated in the following way

k
/Br(m) f(u)(k —u) &%dx = /Br(z) Flu)x(u < k)/u ds€ida
k

k
< [ foyasiag, | = FlA |
By Theorem [1.7] we obtain

F(k> F( SUPB,, (x0) u)
G(E < arl <7
(;) (; SUPB,, (z0) U)
The above inequality proves (3.2)), and completes the proof. O

The following lemma is an expansion of positivity result, analogue in formulation
as well as in the proof to [14, Lemmas 6.3, 6.4].
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Lemma 3.2. Let the conditions of Theorem[I.8 be fulfilled. Assume that for some
z€Q, somer >0,N >0 and some a € (0,1),

{z € Br(Z) s u(z) < N}| < (1 —a)|Br(Z)].
Then for any ¢ € (0,1) there exists constant § € (0,1/2) depending only on
n,p,q, V1, Ve, and € such that

{x € Byr(Z) : u(x) < 20N} < e|Byr(T)],
and furthermore u(x) > 6N for almost all x € Bo,.(T).

The next lemma is a De Giorgi type lemma, the proof of which is similar to that
of [14] Lemma 6.4].

Lemma 3.3. Let the conditions of Theorem[1.8 be fulfilled, T € Q, fixr > 0,€,a €
(0,1). There exists number ey € (0,1) depending only onn,p,q,v1,v2,§ and a such
that if

{z € Br(2) : u(z) < M(1 - &)} < eo| B (2)],

with some M > sup u, then
B.(z)

u(zr) < M(1—af) fora.a.x € Bar(T).

Because of Lemmas [3.2 and the rest of the arguments do not differ from the
corresponding result in [4] and [I4]. This completes the proof Theorem

Conclusion. In the paper there was studied quasilinear double-phase elliptic equa-
tions with absorption term

Vu

—div (g(Vu) o

(V)

Despite the lack of comparison principle, we proved a priori estimate of Keller-

Osserman type. Particularly, under some natural assumptions on the functions g, f

for nonnegative solutions we proved an estimate of the form

/Ou(:v) f(s)ds < c@g(@), x € Q, Bg,(x) C Q,

with constant ¢, independent on u(x). Using this estimate we presented a simple
proof of the Harnack inequality.

>+f(u):0, u > 0.
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