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Lo-ESTIMATE FOR THE ROBIN PROBLEM OF A SINGULAR
VARIABLE p-LAPLACIAN EQUATION IN A CONICAL DOMAIN

MIKHAIL BORSUK

ABSTRACT. We establish a bound for the modulus of the weak bounded so-
lution to the Robin problem for an elliptic quasi-linear second-order equation
with the variable p(z)-Laplacian.

1. INTRODUCTION

The aim of our article is to obtain an estimate for the modulus of weak bounded
solutions to the Robin problem for quasi-linear elliptic second-order equations with
the variable p(x)-Laplacian in a neighborhood of an angular or conical boundary
point in a bounded domain. The Robin boundary conditions are related to Sturm-
Liouville problems which are used in many contexts in science and engineering. For
example, in electromagnetic problems, in heat transfer problems and for convection-
diffusion equations (Fick’s law of diffusion); a well as to study of reflected shocks
in transonic flows.

Let G C R™, n > 2 be a bounded domain with the boundary I'. We suppose
that T' is a smooth surface everywhere except at the origin O € T', and near the
point O it is a conical surface whose vertex is O.

We consider the Robin problem

_Ap(r)u + ao(fl})u‘u|p($)_1 + b(u7 VU) = f(x)7 T E G7

ou v
o7 | Jupe1

(1.1)

V[P =2 ululP72 = g(x), @€l

where
Apzyu = div (|Vu|p(z)72Vu). (1.2)
We require that the following assumptions hold:
(i) p(z) € CO(G) and 1 <p_ <p(x) <pr =p0) <n, alz) = ao, ap =
const > 0 for all x € G, v = const > 0;
(ii) the function b(u, &) satisfies in 9 = R x R™ the inequality

b(w, )| < plul~HEP®, 0<p<1, Vo e G
(iii)
n n —
|f(2)] < folz|P®), Bz)>pBo——, s>—, fo>0, [o>0, VreG,
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lg(z)] < golz|* @), go >0, Vrel.

The Loo-regularity of weak solutions for quai-linear equations with p(z)-Laplacian
was studied as follows:
e in [I] for b(u,&) = 0 (the Dirichlet problem),
e in [2 [3] for b(u, &) not depending on £ (the Dirichlet and the Robin prob-
lems),
e in [§] for
[b(u, €)1 < e1[€]%) + ealul @7 + ¢y,
r(z) —1 «
= <
a(z) () p(z), p(z) <r(x) <p(z),
where p*(z) is the Sobolev embedding exponent of p(x) (the Dirichlet prob-
lem).

We define the functions class

n'?@(G) = {u(x) € Loo(G) : / (|| 7P P 4 Ju| = VuPOY) da < oo}.
G

—1,00

It is obvious that 972 (@) ¢ Wr@)(Q).

Remark 1.1. If p(z) > n, by the Sobolev imbedding theorem, we have u €
CTF0 (@) (see [7]). Therefore we investigate only p(z) € (1,n) (see assumption

(1))-
Definition 1.2. A function u is called a weak bounded solution of problem (|1.1))
provided that u(z) € ml_ffo) (G) and wu satisfies the integral identity

Q(u, ) = /3<|VUIp(z)‘2umnm+ao(x)uIUI”(””)‘1n(w)+b(u7W)n(m)>dw
+7/Frl_p(m)u\uIP(m)_Qn(x)ds (1.3)

= [ st@m@as + /G F(@n(z) d.

for all n(z) € ml,f(:o)(G)

Remark 1.3. Tt is easy to verify that the assumptions (i)—(iii) guarantee the ex-
istence of integrals over G and I'. Therefore, Q(u,n) well defined.

First we formulate well known lemmas.

Lemma 1.4 (see [0, Lemma 2.1] and [5l Lemma 1.60]). Let us consider the function
et —1, x>0,
—e " 4+1, x<0,

where »x > 0. Let a,b be positive constants, m > 1. If » > (2b/a) + m, then we
have

an'(x) — bn(z) > %e’“, vz >0, (1.4)

n@) = ", Ve 20, (15)
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Moreover, there exist a d > 0 and an M > 0 such that

n@) < Mp(o)]"™ and (@) < MIn(S))", Vozdi(L6)
In(z)] > =, VreR. (1.7)

Next we have Stampacchia’s Lemma, see [9, Lemma 3.11] and [10].

Lemma 1.5. Let ¢ : [kg,00) — R be a non-negative and non-increasing function
which satisfies

c
(= k)~

where C, «, B are positive constants with 8 > 1. Then

p(l) < [e(k))? for 1>k > ko, (1.8)

o(ko +06) =0, where %= Clp(ko)|"~ 1220/ (B,
Our main result is the following.

Theorem 1.6. Let u(x) be a weak solution of (1.1). If assumptions (1)—(iii) hold,
then there exists a constant My > 0 depending only on meas G, n, p+, s, i, fo, 9o,
ao, Bo, v and such that ||ul|r_(q) < M.

Proof. Let us define the set A(k) = {# € G : |u(z)| > k} and let x4() be the
characteristic function of the set A(k). We observe that A(k + d) C A(k) for all
d>0.

Putting n((|u] — k)1 )xa(k) signu as the test function in (1.3), where 7 is defined
by Lemma and k > ko (without loss of generality we can assume ko > 1), we
obtain the inequality

[ (v (= k) + ot
A(K)
+ b(u, V) signuy((jul — k)4) } do + 7/ Ly @1l — k) )ds (19)
rnAk) T
< [ @t =R de [ @l k) ds
By assumptions (i) and (iii), the inequality implies that
[ {9l = k1) = kg (el = 02))
A(k)
+ aolul™ @ ((Jul — k)) } da

(1.10)
+ / (V[aP® 1 = go)r P @ ((lu] — k)4 )ds

rNA(k)
< /A @ =) d

On the other hand, by assumption (i) and the definition of A(k), we have

lu[P@ > kb= (1.11)
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Therefore, the inequality ((1.10) can be rewritten as
o, T =10 = i (= )0

+ aolul"@n((Jul = k)+) } da

» (1.12)
b [ R o)l — ) ds
T'NA(k)
< [ If@nl(lul - 0 da.
A(k)
We take
ko > (L) (1.13)
v
and obtain
[ {9l = k1) = kg (el = 02))
A(k)
+ aolul™ @ ((jul — k)1) } da (114)
< [ 1@l - k)2 da,
A(k)
Additionally, let us define the sets
A_(k) = A(k)n{|Vu| <1}, 15
A4 (k) = AR (1 {IVu] = 1}. (1.15)
Then A(k) = A_(k) U A4 (k). Also we define the functions
(el k) (el =k
ou(a) = () ) = (). (1.16)
We note that the inequalities
|VulP+ < |VuP® < |VulP~ on A_(k); (1.17)
|VulP- < |[VulP® < |VulP+ on A, (k) (1.18)
hold by (i).
Direct calculations give
1 -k —k
V| = —|Vu|n'(w> = 1|Vu| exp (%M), x>0
b- p- p- p- (1.19)

= |V~ = (i)p—|w|p76%(|u\—k>+,
p

where 7 is given in Lemma Choosing s > p_ + i—’: according to (|1.4), we have

eul=h)+ (1.20)

N | =

7 ((lul = k)+) = pkg "0 ((Jul = k)4) >
From (1.19) and (1.20) it follows that

V= (ful = K)) — kil = 9)2)) = 5 ()" V-
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which by (1.18) implies
/ Vul?® (o (u] — E)+) — g n((Ju] — £))) de
Ay (k)
> /A T (=) = k(=R e (121)

+

1,p_

> 5(%)”/ [Vug|P~ da.
Ay (k)

Similarly, choosing s > p; + i—‘; and taking into account , we obtain
/ " VP (g (Jul = k)+) = pk n((|u] = k)+)) dz
1
> 7(p+) / |Vwg|P+ da.
2 A_(k)

Since py > p_, inequalities and ) hold for » > py + 2“. Therefore,
adding inequalities (1.21] - and we obtaln

P—\p- / _ P+ \p+
—(— VopP-dz + = (— / Vwy|P+ dx
2% A+<k>| | 2(%) A7<k>| |
< / [Vl (Jul = k)+) = kg n((Jul = k)+)) de
A(k)
by (L.15)). Finally, from and ( we derive
1

p- p,/ L py /
—(— Voup P~ dr + Vwg|P+ dx
3(5) A+<k>| | 2(%) A7<k>| |

+ag / PO n((u] - k)4) dz
A(k)

(1.22)

(1.23)

< /A o Il =)

Since fA(k) fA+(k + 4 (k) by (L.15) we have

1, p_ 1
s [ e 3B [ Ve ds
2 = Ay (k) 2 A_(k)

+ ao / P n((ju] - k)) dz + ag / P @ ((ful - k)y)dr (1.24)
AL (k) A_(k)

Now, by (L.5)), (1.11) and (1.16)), we derive
ao [l n(ul = R dobao [ (] - b)) da
A (k) A_ (k)

< /,4+(k) |f(@)n((|u] — k)4) dz —&—/A " @) (] = &)+ da.

> aoky~ (/ vy dr + / wit dx).
A (R) A (k)

(1.25)
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From (1.24) and (1.25) it follows that

1,p_ 1
i(p—)p_ / |V [P~ dx+§(])i)p+/ |Vwy|P+ da
A4 () 2! Jaw

»

P— P D
+ aokf) (/4+(k) vy, d:r+/A(k) wy, dx)
<[ i@l - ados [ 1@l - ) do
Ay (K) A_(k)

Next, we have

/ @) (] - k)+) de

A4 (k)

- / F@In((ul - k)) da
Ag (k+d)

+ / F@n((ful - k)4) dz, ¥d > 0.
At (B)\AL(k+d)
By (1.6, we obtain
n((Jul - )
Then (1.16]) implies

/ F@)n((jul — F)4) de < M (@)}~ da;
Ay (k+d) Ay (k+d)

<u(l=R)

Ay (k+d)

/ F@) (] — k)y) de < M @)l d.
A_(k+d) A_(k+d)

Using the definition of  from Lemma [T.4] we arrive to

<e* Vd>0
Ay (K)\Ax (k+d)

n((Jul = k)+)

which implies

/ @) n((fu] - k)4) de < =4 / f ()] dr,
At (K)\Ax (k+d) At (K)\Ax (k+d)

for all d > 0. Now, we recall [, formula (6.3.9) page 145]:
6_—1

[ i@t ds
Ay (k+d)
¢ = - .
§5(1—0_)(/ vpde) e IIfIIL*(G)/ v da,
Ay (k) ° A (k)

/ |f(ac)|w£+ dx
A_(k+d) )

pu pT+ LJF_I % o
<e(l- 9+)(/ wht dx) g \|f||L:(G)/ wi* dz,
A (k) A_ (k)

V5>O,p§F:n

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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Then applying (1.31)) to (1.27)—(1.30), we obtain

[ 1@l - k) do
Ay (k)
u p;
ng(l—Q_)</ vy dx) v —i—e”d/ |f ()| da
Ay (k) Ay (k)
0_—1 1
+M0_5T||f||zg(a)/ o do
A (1.32)

/ @l — k) de
(k)

P4+

ﬁ 0
< Me(1 - 9+)( wht dx) b erd \f(z)| da
A_(k) A_(k)

9+—1 1
SMO S [l
A_(K)

By well known the Sobolev embedding theorem and taking into account ([1.31)), we

n p;
(/ U;Z’ dm) < c_/ (vp~ + [Vog|P~) da;
A (k) Ay (k) (1 33)

u pi
(/ w,t dm) k< c+/ (wpt + |Vwg|P+) de,
A_(k) A (k)

obtain

where ¢ are positive constants. Finally, (1.26)—(1.33) imply that

[E(p;)p, — Mc_(1—6_)¢] / |Vog P~ dx

2 = AL (k)

+ [%(%)f"+ ~ Mey(1-6,)e] / Vwe|P* do
A_ (k)

6_—1

+ a0kl — Me—(1—0_)e = Mo_ ™ || flI-c,] /A P ALTIEY)
+

6+—1 1
+ [G;Ok6)7 — MC+(1 — 9+)5 — Me.;,.f Ot ||f||19,:(G):| /A ( )wiJr dl‘
ge”d/ |f(z)|dz, Ve >O0.
A(k)
Further, at first, we choose
L 1 b—\p- 1 b+ p+}
- L - (= 1.35
c 4Mmm{c,(1—9,)(%) ’ c+(1—9+)(%) (1.35)
and next
2MFN 5=
> B .
ko> (5,5)7 (1.36)

where

F = max{c,(l —0_)e+0_¢

0_—1 1

— — 8+—1 %
TNy e (L= 00+ 0se T Ifl ) )
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Thus, by the above arguments, we derive

/ (V"= 40y 7) dx—i—/ ([Vwg [P+ +wp ) de < C |f(z)|dz, (1.37)
AL (k) AL AGK)

where C' = const(n, p_, py, ao, ko, it, 5, || fl| (@) > 0. The inequalities (1.33) and
([1.37) give

.= . Pt
(/ ’UZ_ dx) oy (/ wZJf d:c) < max{c_,c+}C’/ |f(z)|dz, (1.38)
Ay (k) A (k) A(k)

for all k > kg. At last, by the Holder inequality, we have

_1 n
/ /(@) de < [|f(2)]| 1. () meas' ™~ A(k); s> — > 1.
A(k) p-

Then from (|1.38) it follows that

(/ UZ’ dx) g + (/ wﬁ* dm) v
Ay (k) A_(k)

< max{c_,c; }C f(z)]

(1.39)
Lacymeas' ™ F A(k), s> —— > 1, Vk > ko.

Now, let I > k > ko. By (1.7) and the definition of the functions vi(x), wg(z), we
have vy, > p%(|u| — k), wg > i(|u| — k)4. Therefore,
l—k

# — # # #
/ vy de > (l—k)p* meas A4 (1), / wit de > (—)"* meas A_(1).
AL () - A_() P+

Hence, (|1.39) together with Ay () C Ay (k) imply that
meas A(l) = meas (A4 (1) UA_(l)) < meas Ay (l) + meas A_(l)

P— \p” p” P+ \p¥ p’
I AP LE Rl AT
Ay (k) A_(k)

7 p# 1 40)
D ?f P =(1-1 ( .
< O (7)1 @)}y meas™ "~ A(h)

% #
P+ \p¥ o PE(1-1
+ O () I @) gy meas™ 7 Ak)

# # #
/ . PP _p
for all i > k > ko, where C¢ = (Cmax{c,,ar})p¥ P* Since <o (see (1.31))),
we have
# #
pP_ 1—7+ (1_

-3 A(k) > meas™+ 2 A(k), if meas A(k) < 1.

meas”—

Moreover,

" #
1 1
Pra-9>20-951 fors> L1

pr s Tpo s p-
Let us introduce ¢ (k) = meas A(k). Then from (1.40)) it follows that

L_if 1—k>1,

1 < 200¢(k (1—=k)"=
Vi) < 2097 (k) L_if 0<l-k<]1,
(1—k)"*
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for

By

on

all | > k > ko, where ( = (1 — 1)1~ > 1,

C= COHSt(’I’L,p_,p_i_, ao, kOa,u7 S, ||f||Lb(G)) > 0.

the Stampacchia Lemma, we have that (kg + §) = 0 with § depending only
the quantities given in Theorem [L.6] This fact means that |u(z)| < ko + & for

almost all x E G Thus, we derive My = kg + §, where ky is defined by -,

with ( and - Then Theorem [1.6is proved.
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