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ABSTRACT. In this article, using variational methods, we study the existence of
solutions for the Kirchhoff-type problem involving tempered fractional deriva-
tives

M(/R DS u(e) Pt ) DA DI () = F(tu(t), tE R,
u € Wi*(R),

where Di’ku(t) are the left and right tempered fractional derivatives of order

a € (1/2,1], A > 0, W;\X’2(R) represent the fractional Sobolev space, f €
C(R x R,R) and M € C(RT,RT).

1. INTRODUCTION

Fractional calculus is a natural extension of ordinary calculus, where integrals
and derivatives are defined for arbitrary real orders. Since 17th century, when
fractional calculus was born, several kinds of fractional derivatives have been pro-
posed. Examples include Riemann-Liouville, Hadamard, Grunwald-Letnikov, Ca-
puto, tempered, etc. [4, Bl O 11, 12] 13 14} 17, 19], each of them having its own
advantages and disadvantages. The choice of an appropriate fractional derivative,
depending on the system under consideration, has led to a variety of researches for
fractional differential equations involving different fractional derivatives. For details
and examples, we refer the reader to a series of papers [2} [3], 26}, 27, [30, 311, 32, [33], 34,
35] and the references cited therein. One of the simplest description of a fractional
derivative relies on Fourier transform. If f(z) is a function with Fourier transform
f(w), then the Riemann-Liouville fractional derivative D f(z) is the function with
Fourier transform (iw)o‘f(w), which is an extension of familiar integer-order for-
mula [9,[17]. The foregoing arguments have motivated the researchers to investigate
the tempered fractional derivative D% f(t), defined in terms of a function having
Fourier transform () + iw)®%(w) with the tempered fractional integral 14 f(¢) as
its inverse, having Fourier transform (A-+iw)~*f(w) [, 5} 12, 13,[19]. In this paper,
we apply variational methods to establish the existence of infinitely many solutions
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to the following Kirchhoff-type problem involving tempered fractional derivatives:

M( [ D (0P 05 u) = fu(v). e R
u e W (R),

(1.1)

where Di’)‘u(t) denote the left and right tempered fractional derivatives of order
ae(1/2,1],A>0, fe CRxR,R) and M € C(RT,R™T).

In recent years, there has been a growing interest in the study of fractional
differential equations by means of variational methods and critical point theory.
One of the pioneering works in this direction was due to Jiao and Zhou [7], who
investigated the following fractional boundary value problem by using Mountain
Pass Theorem,

d

& (50D (0) + 3 DR (W (1)) + VE(u(®) =0, ae. te[0,7]

u(0) =u(T) =0,

where gD, # and tD;B are the left and right Riemann-Liouville fractional integrals
of order 0 < 3 < 1 respectively. For more examples, we refer the reader to a series
of papers [8] 22}, 23] 24| 28], 29] [15], 16}, 36] and the references cited therein.

In the sequel, we need the following assumptions:

(A1) M € C(R*,R*) and there exists T > 1 such that M(t)t < YM(t) for all
€ [0,00), and for all § > 0 there exists 0 = 0(8) > 0 such that M(t) > o
for all t > §, where M(t fo
(A2) M € C(R*,R") and there exist three constants 0 < my < mg < oo and
1 < B < oo such that

myt? < Z\/Z(t) <mot?, VteRT; (1.2)

(A3) f(t,u) = o(Ju|) as |u| — 0 uniformly for t € R,
(A4) f e C(R xR, R) such that there exist b € C(R,R™") with lim;_, 1o b(t) =0
and 2 < ¢ < +0oo such that

f(t,s) <b(O)]s|"™F, V(t,s) R xR;
(A5) There exist ¢ > 2T with T > 1 such that
0 <pF(t,¢) <Cf(t,¢), VC>0,

where F(t,u) = [ f(t,s)ds;
(A6) lim¢_g ‘C(‘Q%) = 0 uniformly for a.e. t € R;
(A7) There exist two constants b; > 0, 1 < 79 < 2 such that

F(t,s) > by|s|, V(t,s) e RxR;
(A8) fisoddin z,ie. f(t,—z)=—f(t,x), V(t,z) € R xR.

The rest of the paper is organized as follows. In Section 2, we describe some

basic concepts related to our main results (Theorems 3.12). In Section 3, the
1.1

existence of infinitely many solutions to the problem (|1.1) is established.
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2. PRELIMINARIES

Let us recall some basic definitions and lemmas that we need in the forthcoming
analysis.

Definition 2.1. For any A > 0, we define the positive tempered fractional integral
of a function f € LP(R) with 1 < p < oo as

@) = g | O gt g (2.1)
and the negative tempered fractional integral by
+oo
@) = g [ HO6 = e N ag (22)

If A = 0, these formulae reduce to the well-known Riemann-Liouville fractional
integrals [9] [14].

Definition 2.2. The positive and negative tempered fractional derivatives of order
0 < a <1 for a function f: R — R are defined by

DY f(x) = X f(z) + N 10‘_ ) /_ OC {ix:)fi (fl)e—A(w—ﬁ)dg, (2.3)

O F () — A o e f(x)—f(f)e_x(s—g;)
D @) = XS0 + ey | T N )

for any A > 0.

Define the fractional space

Wt = { € )5 [ (7 + )7 Fw)Pde < oo}, (2.5)
R
which is a Banach space with the norm

1/2

£l = ([ 02 +epifwPas) (26)

For any f € W{?*(R), let DY f(z) denote the functions with Fourier transform

(A £iw)* f(w) ([20]), where the Fourier transform of u(x) is defined as follows

oo

F(u)(€) = / ey (x)da.

— 00

Now we state the following known results.

Lemma 2.3 (See [20]). (i) For any a, A > 0 and f € L*(R), we have

DL f(2) = f(=), (2.7)
and for any f € Wy (R), we have
13D f(2) = f(2). (2.8)

(ii) For any a, A > 0 and f,g € W{"*(R), we have

(fs Di7)‘g>L2(R) = (D, 9)12(R)- (2.9)
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Lemma 2.4 (See [12]). (i) For any a, A > 0 and p > 1, 19 : LP(R) — LP(R) are
bounded linear operators with

||Hi’/\f||Lp(R) <A fllor - (2.10)

(ii) For any o, B, A > 0 and f € LP(R), we have
1T f(2) = I$H4 f (). (2.11)

(iii) For any a, A > 0 and f,g € L*(R), we have
(£ 1979 2wy = (I f, 9) 12y (212)

Next, for 0 < a < 1, we define fractional Sobolev space H*(R) as follows

H*(R) = C°(R )H llo

endowed with the norm
fullo = ([ fute)Pae+ [ o aw)Pd) 2 (213
R R

For 0 < a < 1, we have

a—1
277 flulla < Jlullax < lulas (2.14)
[ullar < Nlullan < A% Jufla,n, (2.15)
[ullan < llulla,r < A7 Julla,x, (2.16)

where |[u]|o.1 is the norm on W{%(R) and so W{"*(R) = H*(R) with equivalent
norms.

Lemma 2.5 (See [1]). Let o > 1/2. Then any u € Wf’Z(R) is uniformly continu-
ous, bounded and there exists a constant C = C,, such that

sup [u(t)] < Cllulla,x- (2.17)
teR

Remark 2.6. From Lemma and (2.13)-(2.15)), we have the following implica-
tion: if u € WS’Q with 1 < a <1, then u € L(R) for all ¢ € [2,00) as

/R ()] 9dt < 22 )2 < 2 CT2Jul?

Remark 2.7 ([21]). The imbedding of W in L(—T,T) is compact for g € (2, o0)
and any T > 0.

3. MAIN RESULTS

Definition 3.1. For every u,v € W/‘\x’z(R), a weak solution of problem (1.1)) is

M( /]R |Di’ku(t)|2dt) /R (A2 + w?)*T(w)D(w)dw = /]R £t u())o(t)dt

that iS
)) 7)\U = | u v d

Definition 3.2. We say that the functional d satisfies the Palais-Smale condition
if any sequence {uy}neny C X has a convergent subsequence provided {®(uy,)}nen
is bounded and ®'(u,) — 0 as n — +o0.
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Theorem 3.3 ([6, Theorem 2.2]). Let X be a real infinite dimensional Banach
space and K € CY(X) be a functional satisfying the Palais-Smale condition and
that

(i) K(0) =0 and there exist two constants & > 0 and p > 0 such that |op, >
a, where B, = {u € X : ||u|| < p};
(ii) K is even;
(iii) for all finite dimensional subspace X C X, there is R = R(X) such that
o(u) <0 on X\BR(X)

Then the functional K possess an unbounded sequence of critical values character-
ized by a minimax argument.

Consider a functional ® : W," (R) — R defined by
1~
=M /|]D)i’)‘ th /F tut)dt, Yue WP (R), (3.1)

where M fo s)ds. Obviously, by the conditions (A1) (or (A2)) and (A4),
deCt (W Q(R),R), and

’(u)v:M / \]D)j*r”\u(t)|2dt /R (Di‘r”\u(t)]]])j‘r”\v(t))dt

(3.2)

for every u,v € W{*(R)

Lemma 3.4. Assume that (Al), (A4)-(A6) hold. Then there exist p,5 > 0 such
that

®(u) > B, Yue WP(R), |[ullay = p.
Proof. In view of (A6), for all € > 0 there exists 6 = d(¢) > 0 such that

|F(t,u)| < elul®T, VY (t,u) € R x[0,6). (3.3)
Also, by (A4), for u >, there is a T' > 0 such that
IF(t, )] < elulf, (3.4)

for [t| > T'. Set by := maxyc|_7 77 b(t), then we have
[E(t, u)| < belul?, (3.5)
for u > ¢, where b, = max{br,e}.

As F(t,-) is even, it follows by (3.3)) and (3.5]) that for all £ > 0, there is a b > 0
such that

|F(t,u)| < elul®™ +be|ul?, for all (t,u) € R x R. (3.6)
Moreover, from (2.6) and (A1), we have M (¢) > 0 for all ¢ > 0 and
M(t) > M(1)tY, forall t € [0,1]. (3.7)

From (3.6) and (3.7), for all u € WS’Q(R) with [Jul|e,x < 1, we get
1~
®u) = Z3T( [ 7 u(oP) e [ )P de—a. [ fulo)ar
R R

1~ o
> §M(1)IIUIIi, — 2! P2l 2) — a2 T full2
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Choosing
M(1)
€T plmacer—2’
one obtains

o~

M1 o
o(w) > MW jn o002,
M) iaga-2(yi-2T
> 25 (S — a2t o2 ul 50,

Hence, for all u € W{"*(R) with [[ulla.x = p and 0 < p < 1 small enough, we have
M(1)

YR a:2172C12 a2 5 .

Therefore, by taking
M(1
8= pZT (74E ) — (152170‘C“"72pq72~r)7

we get O(u) > [ for all u € W/‘\)"2(R), |lee|]a,x = p. Thus the conclusion is achieved.
O

Lemma 3.5. Assume that (A1), (A3)—(A6) hold. Then, for any finite dimensional
subspace E of Wf"z, there exists Ry = R1(E) > 0 such that

O(u) <0, Vue Wy (R)\ Br,(r),
where B, (m) = {u € Wyt |ullax < Ri}.

Proof. In a straightforward manner, one can obtain F(¢,{) > K|¢|*, where

1
K:=— inf F(t¢) >0.
r# CEHgIlC\ZT (t.0)

Then, by (A3)—(A5), there exists M > 0 such that
F(t,¢) > K|¢|* — M[¢|?, for all (t,{) € R xR. (3.9)
Also, by assumption (A1), we have
M(t) < M(1)t". (3.10)
Let £ C WS’Z(R) be a fixed finite dimensional. Now, for any u € E with ||ul|o,x =

1, by Remark (13.9) and (3.10), we have
1~
B(su) = LM (s%) - / F(t, su(t))dt
R

1 o~
53”1\4(1)—1r<5#/ |u(t)\“dt+M/ u(t) 2t
R R

IN

1 e
< 58“1\4(1) — Ks"Mpllullt \ + M2 |Jull?

1 oo
= 532TM(1) — Ks" My + M2 — —00, ass— oo,
where Mg > 0 such that ||ul|r > Mgl||u||q, for all u € E. As Ry — oo, we have

sup O(u) = sup O(Ryu) — —o0.
wEE,||ulla,x=R1 UEE, [lulla,x=1
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Therefore, there exists Ry > 0 large enough such that ®(u) < 0 for all u € E with
l]lax = Ry and Ry > Ry. This completes the proof. O

Lemma 3.6. Assume that (A1), (A4), (A5) hold. Then ® satisfies Palais-Smale
condition.

Proof. Assume that {u,}nen C W/\Q’Q(R) is a sequence such that {®(u,)}nen is
bounded and ®'(u,) — 0 as n — co. Then there exists a constant D > 0 such that

[®(un)| <D and @ (u)l| ez gy < Do (3.11)

for any n € N, where (W{"?(R))* is the dual space of W{"*(R).

Firstly, we show that {u, }nen is bounded. Without loss of generality, we assume
that inf,, |un|la.x =7 > 0, denote by o = o(n) the number corresponding to § = 7>
in (A1) such that

M(||un||,21>\) > p for all n. (3.12)

In view of (A5) and (3.12]), one gets

1
D+ DHunHa,A > O(up) — *‘I)/(Un)un
i

1— 1
M ([[unl5.2) - oM (lun e lun e x

1
= Pt 0) = )0
> (g = ) M (a0 e
> ol = )l

Since p > 27T, the boundedness of {uy},en follows directly. So, there exist a
subsequence {u, tnen, and u € Wf’2 such that

u, —u  weakly in W?*(R), (3.13)
which yields
@/(un)(un — u) = M(Hu’ﬂ”i,/\) / (]Divkunﬂ))i’)‘(un — u))dt
® (3.14)
- / ft, un)(up —u)dt — 0 as n — oo.
R

Now we show that limy, o [ f(t, un)(un — u)dt = 0. To this end, by (3.13)), there
is some constant d > 0 such that

lunllar <d and |ullax <d, forneN,
u, — u strongly in LY(R) and a.e. in R.
Moreover, for any € > 0, (A4) implies that there exists T > 0 such that
flt uy) <elu,|?™t,  for |t| > T. (3.15)

Then, for n large enough, from (2.17), Remark and Young inequality, we obtain

’/Rf(t,un)(un —u)dt|
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< / ()t — uldt

R

T
< / (1)t — it + / (b ) [t — ]

-T [t|>T
< elfunlloo + / ot 7t — ]t

[t|>T

-1 1
< Cllunllanr +¢ / (Lt + L, — )
|t \ q 1%

< eCllunfla+ 2 1= Legiagn- *[lunllgn e Ly1-0 o2, —ullé
q 7

<ecd+ 4 521 «ca- 2dq—l—a 2l QHun—uHa)\
q H

Then
lim f(t Up ) (Un, — u)dt = 0.

n—oo

Therefore, by (3.14)), we have

N

Thus, by (3.12) and the boundedness of M (||u,|2 ), one can get

/ (Di’kunDi’A(un — u))dt — 0, asn— oo. (3.16)
R

In a similar manner, we can get
/ (Di’)‘uDi’)‘(un — u))dt — 0, asn— oo. (3.17)
R

Combining ([3.16)) and ( , we obtain
/ (Df‘r’)‘(un — u)ID)i’)‘(un — u))dt — 0, asn — oo.
R
Hence, ||ty — ul|a,x — 0 as n — oo and then @ satisfies Palais-Smale condition. O

Theorem 3.7. Assume that (A1), (A3)—(A6), (A8) hold. Then problem (Ll.1) has
infinitely many nontrivial solutions.

Proof. Assumption (A8) implies that F'(¢,) is even in R and so is ®. Since ®(0) = 0,
it follows from Lemmas [3.4H3.6] and Theorem [3.3] that there exists an unbounded
sequence of weak solutions of problem (]1.1)). O

To prove our second result, we will use the genus properties. So we recall the
following definitions and results (see [18]). Let X be a Banach space, g € C'(X,R)
and c € R. Set

Y={AC X\ {0}:Aisclosed in X and symmetric with respect to 0)},
Ke={rveX:g(x)=c, ¢ (z)=0},
¢ ={reX:g()<c}
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Definition 3.8 ([I0]). For A € X, we say genus of A is j (denoted by v(4) = j)
if there is an odd map ¢ € C(A,R7 \ {0}), and j is the smallest integer with this

property.

Theorem 3.9. Let g be an even C' functional on X which satisfies the Palais-
Smale condition. For j € N, let

Lj={A€X: 1(4) 24}, ¢= inf S‘éﬁg( u).
Ju

(1) If ¥; # 0 and ¢; € R, then ¢; is a critical value of g.
(i) If there exists r € N such that ¢; = cj41 = -+ = ¢j4r = c € R and ¢ # g(0),
then v(K.) >r+ 1.

Lemma 3.10. Assume that (Al) and (A4) hold. Then ® is bounded from below
and satisfies the Palais-Smale condition.

Proof. By a method similar to the one in [25], Lemma 3.3], for all € > 0, it follows
from (A4) that

|F(t,u(t))] < elu(t)?, forall t€R. (3.18)
For any u € W{"*(R), by (3-18), we get
1~
D) > M () - / F(t,u(t)dt
L= )2
> fM |u|| —€ |u dt

2> QM(”uHa,)\) - 5Hu||a,A~

If |Julla.x <1, then by (3.7), we have

M(1)
(u) > —

[ull25 = ellull n > —e. (3.19)
If [|ul|a,x > 1, then by (A1) and € = £, we get

P(u) >

0
or —ellulld x> leUlli,x (3.20)

Combining (3.19) and (3.20)), one can infer that ® is coercive. Thus ® is bounded
from below and satisfies the Palais-Smale condition. O

Theorem 3.11. Assume that (Al), (A4), (A7), (A8) hold. Then problem
has infinitely many nontrivial solutions.

Proof. The assumption (A8) implies that ® is even and ®(0) = 0, and by Lemma
J € CY(X* R) is bounded from below and satisfies the Palais-Smale condi-
tion. We make use of Theorem [3.9]to complete the proof. First, we show that there
exists € > 0 such that

v(®7F) >n for any n € N. (3.21)
For each k, we take k disjoint open sets K; such that U¥_; K; CR. Fori=1,...,k,
letting u; € (W*(R) N C°(K:)) \ {0} with [[ui]lan = 1, we set

Xy =span{ui,...,un}t, Sp={ue Xy :|ullar=1} (3.22)
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For an v € X}, we can write
= i)\iui(t) for t € R, (3.23)
for some \; e R, ¢ =1,2,...,n. So
o = ([ orea)) ™ = (S [lwora)™ g
i=1

and

full2s = [ 7 u(o)de = ZA?/um ws()Pt
—ZAQHuZHM—ZA?.
=1

Since all norms of a finite dimensional normed space are equivalent, there exists a
constant © > 0 such that

(3.25)

Ollullan < llullzwo for u e X (3.26)

From (A7), for u € S,,, we can take some Ag such that

/RF(M() / (Z)\u )dt>bl/0

We claim that ¢ > 0. To this end, suppose otherwise, for any bounded open set
A C R, there exists {ug}reny € S, such that

- 8!
/ |ur (t)|70dt = b1/ ’ Z)\ikui(t)‘ “dt — 0,
A Ali=1

as k — +oo, where up = Y1 Ajpu;(t) with > | A% = 1. Then we have

(t)‘%dt =0 (3.27)

lim A := Ao €[0,1] and Z)\Zo—

k—-4o0

Thus, for any bounded open set A C R, we get

/A ‘ Zj; /\ioui(t)‘vodt —0.

Since A is arbitrary, therefore ug = > .| Aioui(t) = 0 a.e. on R, which contradicts
that ||ug||xo = 1. Hence

/RF(t,u(t))dtZ/ ( qul )dt>b1/A0

n Yo
Z)\Zuz(t)‘ dt =0 > 0.
i=1
(3.28)
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From (A7), (3.24)-(3.26) and (3.28), we have

B(su) = 33T (Jsullsx) ~ [ F(t.su(®)a

<= 2 ;
< QOIQ%M(Z)S Z; /K F(t, su;(t))dt
n

1
<L ax M(@)s? = byso |x|vo/ s (£) [0t
2 0<i<1 ; R (3.29)
1
< Z 2 _ Y0 70
< 5 goax M(1)s” — bis™[Jul 25
1
< Z 2 _ o 70
< 5 mmax M5 — b2(09) ™ Jul 2
1
< — max M(l)s? —b1(0s)™, Yu€S,, 0<s<d,
2 0<iI<1
which implies that there exist € > 0 and o > 0 such that
O(ou) < —e Yu e S,. (3.30)
Let
Se={ou:ueS,}, Q={(A,...,\,) ER™: Z)\ZQ <o’}
i=1
Then it follows from (3.30) that
O(u) < —e VueSy. (3.31)
So, by (3.31) and the fact that ® € Cl(Wf’z(R), R) and is even, we get
Sy Cd el (3.32)

On the other hand, in view of ([3.23)) and (3.25|), there exists an odd homeomorphism
mapping ¥ € C(S7,01). Using properties of the genus (see [I8, 3° of Propositions
7.5 and 7.7 ]), one can obtain

Y(P7F) = (57) = n. (3.33)
Hence (3.21) is obtained. Set

cn = inf sup ®(u).

" Aes, ueﬁ (u)
As @ is bounded from below on X% and (3.33) implies that —oco < ¢, < —¢ <
0, therefore ¢, (for all n € N) is a real negative number. Thus it follows from
Theorem [3.9] that ® has infinitely many nontrivial critical points, which correspond
to infinitely many nontrivial solutions to system (1.1]). The proof is complete. [

Theorem 3.12. Assume that (A2), (A4), (A7), (A8) hold. Then, for2 < q < 20
and 1 < 9 < 26, problem (1.1) has infinitely many nontrivial solutions.

Proof. In view of (A2) and (A4) with 2 < g < 28, one can show that the functional
® is bounded from below and satisfies the Palais-Smale condition. The rest of the
proof is similar to that of Theorem [3.11] so we omit it. (]
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