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UNIFORM REGULARITY FOR A MATHEMATICAL MODEL IN
SUPERFLUIDITY

JISHAN FAN, BESSEM SAMET, YONG ZHOU

ABSTRACT. We prove uniform-in-u estimates for a mathematical model in su-
perfluidity. Consequently, the limit as u — 0 can be established.

1. INTRODUCTION

Let Q be a bounded domain in R? with smooth boundary 9€2, and v is the unit
outward normal vector to 2. We consider the following mathematical model in
superfluidity [6]:

24

W= gD 2 AV~ GAP +ifdivA— g~ 1+u), (L)
Ay = DA~ PP A+ (WY~ V) -V, (1.2)
we = T)(W) = Dut IV - [~ WPA+ - VT —9V8)],  (13)

in 2 x (0, 00) with boundary conditions
A-v=0, curlAxv=0, V¢-vr=0, (1.4)
Vu-v=0, ondQx (0,00) (1.5)

and initial data

(¥, A, u)(-,0) = (o, Ao, ug)(-) in Q CR®. (1.6)

The unknowns 1, A, and u are C-valued, R3-valued, and R*-valued functions, re-
spectively. ¢ denotes the complex conjugate of 1, [{)|* := 1) is the density of
superconducting carriers, and i := v/—1. v,k, 4, and 8 := %(kz'y — 1) are positive
constants and for simplicity we will take k = 1,y = 2 and thus § = 1. The function

I(u) is defined by
0, u<0
I = ’ ’ 1.7
() {1, w>0. (L7)

When v = 0in ([L.1) and (L.2)), then the system (1.1)) and (1.2) is the well-known

Ginzburg-Landau equations in superconductivity with the choice of the Lorentz
gauge, which has received many studies [8, @] 10, 111 12, 13, 16, 17].
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In [6], Berti and Fabrizio proved the global-in-time existence and uniqueness of
strong solutions when g, A9 € H'(Q) and vy € L?(2) when (1.5) is replaced by
the homogeneous Dirichlet boundary condition

u=20.

However, their proof also works here for (1.5). But their estimates depend on p.
The long-time behavior of the problem has been studied in [5].

The aim of this paper is to prove global-in-time estimates for solutions of —
uniform-in p. We will prove the following result.

Theorem 1.1. Let 0 < pu < 1. Let ¢, ug € H*(2), Ag € WH1(Q2) (3 < ¢ < 6),
with |o| < 1 and ug > 0 in Q. Then for any T > 0, there exists a unique strong

solution (¢, A, uy) of ([LI)-(1.6) such that
¥, € L(0,T; H*) N L*(0,T; H*), 0y1p, € L=(0,T; L*) N L*(0,T; H'),
A, € L0, T;Wh), 0,4, € L>=(0,T; L?), (1.8)
u,, € L>=(0,T; H*) N L*(0,T; W), 8yu,, € L*(0,T; L*) N L*(0,T; H')
with the corresponding norms that are uniformly bounded with respect to p > 0.

Remark 1.2. As soon as the uniform-in-y a priori estimates are established, we
can easily show by standard compactness arguments that the limit as y — 0 for

— exists.

‘We now collect several vector identities and the Gauss-Green formula which will
be used in the rest of the paper.

Lemma 1.3 ([3, Theorem 2.1]). Let Q be a regular bounded domain in R3, A : Q —
R3 be a sufficiently smooth vector field, and let 1 < p < oo. Then, the following
identity holds.

—/AA~A|A\”*2da:
Q
-2
:/ |A|p*2\VA|2da:+4p—2/ IV|A[P/2 | de (1.9)
Q b Q

- / |A[P~2(v - V)A - AdS.
a0
Moreover, recalling the vector identity:
v VA-A=(A-V)A- v+ (curlAxv)-A (1.10)
for a sufficiently smooth vector field A, we can also deduce that
—/ AA-AJAP~2de = / |A|P=2|V A|2dx + 419;22/ V| A[P/? [ de
Q Q p Q
- / |AP~2(A-V)A - vdS (1.11)
oQ

—/ |A[P~2(curl A x v) - AdS.
a0

Lemma 1.4 ([, Lemma 2.2]). Assume that A is sufficiently smooth, satisfying the
boundary condition (1.4) on Q. Then, the following identity for B := curl A holds.
0B

— % -B = (eljkewv + €2j1€28~ + Egjkegﬁ,y)BngakV,Y (112)
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on 0L, where €;j, denotes the totally anti-symmetric tensor such that (a x b); =
Eijkajbk.

Lemma 1.5 ([I, Lemma 7.44], [I4, Corollary 1.7]). Let a smooth and bounded
open set ) be given and let 1 < p < co. Then the following inequality holds. There
exists a constant C > 0, such that

1l om) < CUF i ay E 1T 0 e (113)
for any f € WhP(Q).
Lemma 1.6 ([7]). There exists a constant C' > 0, such that
1fllwre) < CUf ey + 1 div fll o) + [l curl f[ e (a)) (1.14)
for any 1 < p < oo and all f € WHP(Q).
When A satisfies A-v = 0 on 01, we will also use the identity
(A-VYA-v=—(A-V)v-A on 90 (1.15)
for any sufficiently smooth vector field A.
Lemma 1.7 ([2]). Let u be a smooth solution of the problem
ug —Au=divg in Qx (0,7),

%:0 on IQ x (0,7T),

u(-,0)=0 inQ
for any given T > 0. Then there exists a constat C' > 0, such that
IVullzao,r;209)) < Cllgllzago,r;n00))- (1.16)
with 1 < p,q < oo.

2. PROOF OF MAIN RESULTS

This section is devoted to the proof of Theorem Since it has been proved
that the problem (L.1)-(L.6) has a unique global-in-time strong solution [6], we only
need to prove a priori estimates uniformly in g. From now on, we drop the
subscript p.

It follows from (1.3]), (1.5) and (1.6]) that

u>0 ifug>0 (2.1)
and thus I(u) =1 in (L.3). Then we have
2f = Af — f(fP =1 +u+V2 inQx(0,00), (2.2)
Vf-v=0 ondfx(0,00),
f=/fo inQ

where
fi= ], = fe'? V= —A+ Vo
It follows from (2.2)), , and (12.4]) that
[¥] <1 in Q x (0,00). (2.5)
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Testing (|1.1)) by ¢, taking the real part and using (2.1)), we see that
d
G [wkdes [ivo s vapes [optan s [uppao= [ oz,
which gives
T
/ / [iVep + AP dedt < C. (2.6)
0

Here and in what follows, C' will denote a generic positive constant independent of
w> 0.
Testing (2.2)) by f and using (2.1]), we find that

%/fzdm+/|Vf|2d:c+/f2(f2+u+Vf)dl":/fzdl’,

which reads

T
/ /|V|¢|2¢2dxdtgc. (2.7)
0
We denote w := u — |1|%. Testing (1.3) by w, using (2.5, (2.6) and (2.7), we get
1d
5T w2da:+/\vw\2dzg/|V|¢|2|.|vw|dx+/|N¢+¢A\.|vw|dz

1
< /(|V\w\2|2 + [iV + A )dx + 3 / |Vwl|?dz,
which gives

||l Lo o,7:22) + w2051y < C,

[ull o< 0,7;22) + ull 220,701y < C.

Testing (L.2) by A, using (2.5)), (2.6) and (2), we deduce that

1d A%dx + u/(| div A]> 4 | curl A]?)dx
2dt
g/\ivw+¢A|\w\|A|dx+/|Vu||A|dx
g/\A|2dx+/|N¢+¢A|2dx+/|vu|2dx,
which implies
[ Al 0,702) + VRN All 20,7581y < C- (2.8)
Obviously, inequalities (2.5)), (2.6) and (2.8) imply

19U\ 20,711y < C. (2.9)
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Testing by —A4, taking the real part, and using (2.5)), we have
%/|V¢|2dm+/|Aw|2dx
2 [ |AlIvellavids + [ 9147 AvIda
+ [ 1wl div Alavtde + [ 19l(9P + 1+ )| Avids
< C(IAN s 98] s + A + 1 div Allzz + Jullgs + 1)1 A6 2
< 0<HAHL4||Aw||“2 1A+ | div Al + [Jull g2 + DAY
L AvIZ: + CllAIL + Cldiv A2 + Cllul2: + €,

*16

where we have used the Gagliardo-Nirenberg inequality:
IVe7a < C||¢||Loo||A1/1||L2.
Testing (1.2) by |A|?A, using (1.11] 7 , and , we derive
4dt/|A|4dx+u/\A| |VA|2dx + = /|V\A| | dx
/ |A]*(A-V)v-AdS — /Vw |A|>Adx — /V|¢|2 |A|* Adx
- / Re{(iV¥ + YA} A2 Adz
<I9olimpe | IAIS + (Ve +31 900 Al
< Cu/|A|4dx+ /W|A| Pde+ C AL
¢ [(vult +volt)do

for any 0 < e < 1.

It follows from ([1.2)), (1.4) and (1.5)) that [12]:

VdivA-v =0 on 9Q x (0,00).
Taking div to (1.2)), testing by div A, using (2.5 and (2.11)), we obtain

2dt/|d1vA|2dm+u/|Vd1vA| dm+/|z/J| | div A2 dz

(2.10)

(2.11)

(2.12)

(2.13)

§/|A||V|w| \-|divA|dx+2/|A¢||divA|dx+/|A(w+|w|2)||divA|dx
< C| Al [Vl sl div All g2 + C(|[Awl| 22 + [[A| 2 + [[V[|74) ]| div Al| 2

< C|ldiv A2 + Cll Al s + el AwlZ + e Al
for any 0 < e < 1. We rewrite (|1.3)) as

—Aw=ARP+ V[ - [pPA+ - (ww V)]

(2.14)

(2.15)
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Testing ([2.15) by —Aw, using (2.5) and (2.11]), we have

1d 9 9
ia/\VM dx+/|Aw| dx

< C/(|A¢| + V|2 + | div Al + | VY| |A]) | Aw|dz (2.16)

< e/|Aw|2dm+Co/|Az/1|2dx+0/|divA|2dx+C/|A\4d:1c.
By Lemma [1.7] from (2:15) and (2.5) it follows that

T T T
/ /|Vw|4dxdt < C+C/ /|V1/z\4d:vdt+0/ /|A|4dxdt. (2.17)
0 0 0

Integrating 2Cq x (2.10]) + (2.12) + (2.14) + (2.16]) over (0, T), using ([2.17)), (2.5)
and (2.11)), taking e small enough, we have

191 oo 0,511y + 1Yl 2 0,7512) < C, (2.18)
| Al oo (0,7;4) + | div A oo (0,7522) + VIV div Al £2(0,7;22) < C, (2.19)
|wl| Lo 0,131y + lwllL20,7552) < C. (2.20)

Testing with curl® A, and utilize the fact curl V = 0, [2.5), @.11), (1.14),
(2:18), and (2.19)), we have

1d
Ea/\curlA|2d:c+u/|cur12A|2dx

= —Re / curl[(iVy) + 1 A)] curl Ada

= —Re/(iV@ x Vo + [¥|? curl A + V|¢|? x A) curl Adz

< CIVIL + IVl all Al )| curl Al 2
< ClAY|L: + CllAlLs + Cl curl A7,

which gives
I All oo 0,751y + VBl All 2 0,7:m2) < C- (2.21)

On the other hand, from (L.I)), (T.2), (L.3), @.18), @.19), [:20) and (2.21) it

follows that

Vel 20,752y + [[AellL20,7:02) + llwellL2(0,722) + lluell 20,2y < C. (2.22)
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Now, taking ; to (L.1)), testing then by 1,, taking the real part, and employing

, , and (2.20]), we have
d
& [+ [1wopars [ 2P
<2 [ |AdVulilds + 2 [ |AIVGlvdde + 2 [ |A] Adilde

+|/¢EtdivAtda:| +C/\¢t|2dx—|—C/|u||wt|2dx+0/|ut|\wt|dx
< O Al 21Vl s |l s + CllA| Lol Vebe | 2 [|90e] 3

+ Al Az w5 + | [ AT, +5,90)dal (229

+C [ o + Clullps el + Cllul el
< CllA 196 s (el + [96l1) + CIT b sl
+ClA el + A 2|9l

+C [ o + Clunls + Cllusl
1
< T6||v¢t||2L2 + Olleell7e + CllAdl72 + Clluel 7z + CIVYIITa [ Ael 72
Taking 0; to (1.2), testing then by A;, and making use of (2.5) and (2.21f), we

have
1d

YT
sC/mwwﬂwmmuwmmwmm+c/MWMAMx

< C(IVrllze + IVellcollvelics + ¥ells| Al o) | Aellzz + Clluellza (2.24)
+ C| div A |2,

/|At|2da:+u/(|divAt|2+ \curlAt|2)dx+/|¢|2|At|2dx

1
< 6 IVelie + ClIIVEILs | Adzz + Clltallz:

+ C||Al|72 + Cllugll72 + C|| div A3 -

Taking div to (1.2]), testing by div A, using (2.5), (2.11)), (2.21), (2.20) and
(2.18]), we have

pd v A[? v A, 2
2dt/|Vd1VA\ d$+/|leAt| dx
< c/(| div A| + [Al[V] + |Au| + |A%] + |V [2)| div Ar|da

1
< §/|divAt|2dx+C’/|diVA|2dx—|—C/|Au|2dx
+C [ 18wPds + Ol AL |VuE:

1
< §/|divAt|2dx+O+C/(|Au|2+|A1/)|2)d1:



8 J. FAN, B. SAMET, Y. ZHOU EJDE-2018/06
which implies
T
/ /|divAt|2dxdt <C. (2.25)
0
Combining (2.23) and (2.24), using (2.18]), (2.22), (2.25) and the Gronwall in-

equality, we arrive at

[9ellLos0,1502) + 1€ell L2 0,m3m1) < C, (2:26)
| Atll oo (0,1522) < C. (2.27)

It follows from (L.1), (2.5), (2.18), (2-21), (2:20), and that
191l 0,1 m2) + 1Vl L20,7502) < C- (2.28)

Taking curl to (1.2)), testing by |curl A|?=2 curl A (3 < ¢ < 6), using curl V = 0,
(1.9, (1.12), (2.21)) and (2.28)), we have

1d
5%/|cuﬂA|qdw+,u/|curlA|q_2\chr1A|2dx—|—4q

-9 2
_ ,u/‘V|cur1A|q/2 dx
q
< Cu/ |[Vv|| curl A|?dS
a0
- Re/(iV@+ ]2 curl A + V[eh|? x A)| curl A|7~2 curl Adx

< C/i/ |cur1A\qu+C’/(|V1/)|2+|Vz/1|\A|)|cur1A|q_1dx
oN

q—2

2
SCﬂ/|cur1A|qu+2 ,u/‘VlcurlA\‘W dx

q2

+ CI V[ gaall curl A" + OVl [ All o | curl Al 7

whence,
d
Zlewt Allze < Clewl Al pa + CIVY 720 + CIVY 1=,

which implies

|curl Al Lo, r;00) < C (3 <q <6). (2:29)
Taking 0 to (1.3), testing then by w, using ([2.5)), (2.26), (2.28), and (2.21)), we
have
1d
Sd widr + / |Vw,|2dz

< C/(Ithl + [l [VO] + [Ae] + [1][ADVwe|da
1
< SIVwilize + ClIVelze + ClodlZslIVEITe + Cl AL + Cllvel7sl|AllZe

1
< §|\th||2m + OV 72 + Cllwbell7s + CllAdl 7,
which implies
||thL°°(O,T;L2) + ||wt||L2(O,T;H1) S C (230)
Taking div to (1.2)), testing by |div A|?"2div A (3 < ¢ < 6), using (2.5), ,
and (2.28]), we have

1d 2
*%/|divA|qu+u/|divA|q*2|VdivA|2d:c+4q
q

_ 2
2 /‘V|divA|Q/2) dz
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+/|1/)|2|divA|qu
<c / (AI[V] + |AY| + | Aul)| div A7 de

< C(|Al el V[l + 1A% Lo + [ AullLa)|| div Al
< C(IVYllL + 1A% + [[Aul|ga)|| div Al
whence
d ., .. .
il div Al7. < C(IVllze + [AY| e + [[Aul| o) || div Al La,
< C(IVYlTe + A% 7 + [|AulF0) + Cll div Al Z4,

which implies

t t
| div AJ|Z, < C+C/O (IVlT~ + Ae]Z. + ||Au||iq)ds+0/0 || div Al[7.ds

t t
< c+c/ HAu\|%qu+C/ I div A2 ds.
0 0

(2.31)
By the L?(0, T; W24)-theory of heat equation, it follows from (1.3)), (2.5)), (2.21))
and (2.28)), we have

AUl L20,420) < C + Cl| A% L2(0,4;20) + C|l div Al £2(0,4;1.0)
+ Cll Al oo (0,620 | V| L2(0,5100) (2.32)
< C+ Ol div Allp2(0,4;09)-

Inserting (2.32) into (2.31)), we have

| div Al oo o,7500) < C (3 < q <6), (2.33)
lull 20, 7w2.0) < C. (2.34)

It follows from (|1.14)), (2.29) and (2.33) that
[AllLo 0, 7;w10) < C (3 < g <6). (2.35)

It follows from (1.3]), (2.28)), (2.26)), (2.30) and (2.35) that

[ull o< (0, 7;m2) < C.

This completes the proof.

Remark 2.1. We do not need to assume ug > 0 in ©Q and then we take I(u) =1
in (1.3). Now we use the Lyapunov functional [6]:

1
G(t) = VFIZe + SIF* = UTe + 1 FVallZz + pll cwrl Vi|[Z: + fJullZe < G(0) < oo,
to prove that u € L>(0,T; L?). Then by the method of Stampacchia [15], it follows
from (2.2), (2.3) and (2.4) that
%1l oo 0,752 (2)) < C-
Then by the same calculations above, we can complete the proof.
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